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1 Introduction

Let H; and H, be two real Hilbert spaces, C and Q be nonempty closed convex subsets of
H; and H,, respectively, and A : H; — H, be abounded linear operator. The split feasibility
problem (SFP) is formulated as to find a point g € H; such that

geC and AgqeQ. (1.1)

It is easy to see that g € C solves equation (1.1) if and only if it solves the following fixed
point equation:

q=Pc(I-yA*I-Pg)A)q, x€C, (1.2)

where Pc (resp. Pg) is the (orthogonal) projection from H; (resp. H,) onto C (resp. Q),
y >0, and A* is the adjoint of A.

Let S:C— Cand T: Q— Q be two mappings. The so-called split common fixed point
problem (SCEP) for mappings S and T is to find a point g € C such that

q€F(S) and AgqeF(T), (1.3)
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where F(S) and F(T) denote the sets of fixed points of S and T, respectively. We use I" to
denote the set of solutions of SCFP for mappings S and T, that is,

I'={qeF(S):Aqge F(T)}. (1.4)

The SFP in finite-dimensional Hilbert spaces was first introduced by Censor and Elfving
[1] for modeling inverse problems which arise from phase retrievals and in medical im-
age reconstruction [2]. The split common fixed point problems in Hilbert spaces were
introduced by Moudafi [3] in 2010. Since then, various algorithms have been invented to
solve SFP and SCFP [4-16]. In 2014, Cui and Wang [17] investigated the split common
fixed point problems of t-quasi-strict pseudocontractive mappings in the setting of two
Hilbert spaces.

In 2015, Takahashi [18], Takahashi and Yao [19] first attempted to introduce and consider
the split feasibility problem and split common null point problem in the setting of a Banach
space. By using hybrid methods and Halpern-type methods and under suitable conditions,
some strong and weak convergence theorems for such kinds of problems are obtained. The
results presented in [18] and [19] seem to be the first outside Hilbert spaces.

Motivated and inspired by the research going on in the direction of split feasibility prob-
lems and split common fixed point problems, we have the purpose in this article to con-
sider and study the split common fixed point problem for a t-quasi-strict pseudocon-
tractive mapping and asymptotical nonexpansive mappings in the setting of two Banach
spaces. We construct an iterative scheme to approximate a solution for such kind of split
common fixed point problem in the setting of two Banach spaces. Our results are new and

seem to be the first outside Hilbert spaces on this problem.

2 Preliminaries
Throughout this paper, we assume that E is a real Banach space with the dual E* and C is
a nonempty closed convex subset of E. Let T be a mapping. We denote by F(T) the set of
fixed points of 7. We denote by ‘-’ and ‘—’ strong convergence and weak convergence,
respectively.

In the sequel, we denote by J : E — 2F" the normalized duality mapping defined by

Jr=|x* € E*:na®) = |x)% = |¢*]*), WxeE,

where (-, -) is the generalized duality pairing between E and E*.
A Banach space E is said to be strictly convex if ”xzi” <lforallx,ye U={z€E:|z| =1}
with x #y. The modulus of convexity of E is defined by

, 1
8e(e) = mf{l - H §(x+y)H Sl vl <Ll =yl > e}

for all € € [0, 2]. E is said to be uniformly convex if §£(0) = 0 and 8g(¢) >0 forall 0 < € < 2.
Let pg : [0,00) — [0, 00) be the modulus of smoothness of E defined by

1
pE(t) = sup 5(|Ix+y|| +le=yll) -1:xe U, |yl <t;.
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A Banach space E is said to be uniformly smooth if ”ET“) — 0ast— 0.Letqg >1bea fixed
number. Then a Banach space E is said to be g-uniformly smooth if there exists a constant
¢ > 0 such that pg(¢) < ct? for all £ > 0. It is well known that every g-uniformly smooth
Banach space is uniformly smooth.

Lemma 2.1 Let E be a uniformly convex Banach space. Then, for any given number r > 0,
there exists a continuous strictly increasing function g : [0,00) — [0, 00), g(0) = 0 such that

|t + @ =)y|* < el + @ - Olyl1% - £ - g (llx - y1)
forall x,y € Ewith ||x|| <rand |y| <r te[0,1].

Lemma 2.2 [fE is a 2-uniformly smooth Banach space with the best smoothness constants
k > 0, then the following inequality holds:

ll+y11> < ll%l1* + 20y, Jx) + 2]l kyll*,  Vx,y € E.
Definition 2.3 Let 7: C — C be an operator. Then
(i) T is said to be {k,}-asymptotically nonexpansive if there exists a sequence
{k,} C [1,00) with k,, — 1 such that

[T7% - T"y| < kulx=yll, Vn>1xyeC;

(i) T is said to be t-strict pseudocontractive if there exists a constant 7 € [0,1) such
that

1T - Ty < =yl + |- T)x— (U= T)y|*, VxyeC; 1)

(ii) 7 is said to be t-quasi-strict pseudocontractive if F(T') # @ and there exists a
constant t € [0,1) such that

ITx—pl? < lx—pl* + 7| - T)x|*, VpeF(T),xeC. (2.2)

Example of {k,}-asymptotically nonexpansive mapping Let C be a unit ball in a real
Hilbert /2, and let T: C — C be a mapping defined by

T :(x1,%,...) = (O,x%,ﬂzxz,ﬂgx:g,...), (2.3)

where {4;} is a sequence in (0, 1) such that ]_[;’:2 o; = %

It is proved in Goebel and Kirk [20] that

(i) I1Tx - Ty|| <2|x -y, Vx,y € C;

(ii) 17"x~ T”yll < ZH, 2 ajllx—yl,Vn>2andx,y € C.

Denote by k1 =2, kn =2[1., ai, n>2, then

2
lim k, = lim <2nal> =1.

i=2
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Therefore Vx,y € C, n > 1, we have
n n 2
1T7% = T"y||” < kallx = yl1%.
This implies that 7 is a {k, }-asymptotically nonexpansive mapping.

Example of 7-strict pseudocontractive mapping Now, we give an example of a t-strict
pseudocontractive mapping.
Let X = /2 with the norm || - || defined by

o0

2
E x5, Vx=(x1,%0...,%,...) €X,
i=1

llxll =

and C = {x = (x1,%2,...,%,,...) € 2 :x; € R',i=1,2,...} bean orthogonal subspace of X (i.e.,
we assume that the set C satisfies the condition that for any x,y € C, we have (x,y) = 0).Itis
obvious that C is a nonempty closed convex subset of X. For each x = (x1,%2,...,%,...) € C,
we define a mapping T': C — C by

T (1, %2, s Xy .. ) if [T, %<0, (2.4)
(=201, =%2, .oy =Xy ...)  if [ % > 0.

Next we prove that T is a t-strict pseudocontractive mapping and F(T') # ¢, therefore it
is a T-quasi-strict pseudocontractive mapping.

In fact, for any x, y € C, we have the following.

Case 1. If [ 5, x; < 0 and [ ], yi < O, then we have Tx = x, Ty = y, and so inequality (2.1)
holds.

Case 2. If [, #; < 0 and [ ]2 y; > 0, then we have that Tx = x, Ty = —y. This implies that

ITx = Tyl = llx = (<LylI* = ll%lI* + Iy 1%,
lle =117 = (lll® + 17117,
lx = Txe = (y = TH)I1* = [1 = (DI IIy 1>

Therefore inequality (2.1) holds.
Case 3. If []5, #; > 0 and ], 7: > 0, then we have Tx = (-1)x, Ty = (-1)y. Hence we
have

1% = Tyll* = | (~D)x = (~1)yl1> = llx = yII* = ll%01> + lyll>,
lle = 3117 = (lll® + 17112,
lx = T = (= THI* = [1 = ()Pl = yII* = [1 = DRl + [1y1%).

Thus inequality (2.1) still holds. Therefore the mapping defined by (2.4) is a T-strict pseu-
docontractive mapping. Since 6 = (0,0,0,...,0,0,...) € C and T(0) = 6, the set F(T) of
fixed points of T"in C is nonempty. Therefore T is also a t-quasi-strict pseudocontractive
mapping.

Definition 2.4
(1) Let T: C — C be a mapping with F(T) # #. Then T is said to be demiclosed at zero
if for any {x,} C C with x,, = x and ||x,, — Tx,|| = 0, x = Tx.
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(2) Let E be a Banach space. E is said to have the Opial property if for any sequence {x,,}
in E with x, — x*, for any y € E with y # x*, we have

lim inf”x,, —x* || < liminf ||, — y||.
n— 00 n—0o0

Definition 2.5 A mapping 7 : C — C is said to be semi-compact if for any bounded se-
quence {x,} C C such that ||x, — Tx, || = 0 (1 — o0), there exists a subsequence {xn].} of
{x,,} such that {%4;} converges strongly to x* € C.

Lemma 2.6 Let {a,}, {b,} and {5,} be sequences of nonnegative real numbers satisfying
an <1+38,)a,+b, VYn=>1.
IfY 2 8y <00 andy o2 b, < 00, then the limit lim,,_, o a,, exists.

3 Main results
Throughout this section, we assume that:
(1) E is areal uniformly convex and 2-uniformly smooth Banach space having the
Opial property and the best smoothness constant k satisfying 0 < k < %
(2) E, is a real Banach space.
(3) A:E; — E; is abounded linear operator and A* is the adjoint of A.
(4) S:E; — E; isan {[,}-asymptotical nonexpansive mapping with {/,,} C (1, 00) and
l, = 1. T : Ey — E, is a T-quasi-strict pseudocontractive mapping with F(S) # ¥ and
F(T) ##, and T is demiclosed at zero.

Remark It follows from condition (1) that £ is a real smooth, strictly convex and reflexive
Banach space. Therefore, as is well known, the normalized duality mapping /; : E; — 2E
is single-valued, one-to-one and onto. And J; 1 (Ef — 2E1 jsalso single-valued, one-to-one
and onto.

We are now in a position to introduce and study the following split common fixed
point problem (SCFP) for an asymptotical nonexpansive mapping S and a t-quasi-
pseudocontractive mapping T in the setting of two Banach spaces, i.e., to find

pEF(S) suchthat Ape F(T), (3.1)

where F(S) and F(T) are the sets of fixed points of S and T, respectively. In the sequel we
use I" to denote the set of solutions of (SCFP) (3.1) for mappings S and T, that is,

I'={peF(S):Ap e F(T)}. (3.2)

Theorem 3.1 Let Ey, Ey, A, S, T and {l,,} be the same as above. For each x| € E1, let {x,}
be the sequence generated by
Zn =%y + YITAY (T - DAxy, (3.3)
Xnsl = (1 - an)zn + Ol,,SnZ,,,, Yn=>1, '

where {a,} is a sequence in (0,1) with liminf,_,  a,(1 — ) > 0, y is a positive constant
. 2
satisfying 0 <y < mm{%, HIA;IIIZ

Yol —1) <oo0.

}, ) is a sequence in [1,+00) with L = sup,.{l,} and
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(D IfT ={p e F(S): Ap € F(T)} # 9 (the set of solutions of (SCFP) (3.1)), then the
sequence {x,} converges weakly to a point x* € T

(I1) In addition, if T = {p € F(S) : Ap € F(T)} # ¥ and S is semi-compact, then {x,}
converges strongly to a point x* € I'.

Proof Now we prove conclusion (I).
We divide the proof into four steps.

Step 1. We first show that the limit lim,,_, » ||x, — p|| exists foreach p e T.

Forany given p € I', we have p € F(S) and Ap € F(T). It follows from (3.3) and Lemma 2.2
that

llzs — pII?
= | @~ ) + VI AT ~ DA, |
< [P AT = DA, |* + 2y (%, — p, A (T = DAx,) + 2k 1%, — plI?
< V2 IAIP|(T = DA, |* + 2 (Ax, — Ap, Jo(T ~ DAx,) + 2K |12, — pII?
= VAT - DA, |* + 282 |1%, - p?
+2y(Ax, — TAx, + TAx, — Ap,Jo(T — ) Ax,,)
= VAR (T = DA%, |* + 263 |12, — pI?
— 2y |(T - DAx,|* + 2y (TAx, — Ap, Jo(T — DAx,)
< (V2IAI% = 2¢) (T - DAx, ||* + 26|, - pI1®
+y (I TAx, - Ap|® + | (T - DA, |*)
<2, - pI* v (1= ¥ IAIP) |(T - DAx, |

+yllAx, — Ap|)* + vt |(T - DAx,|*  (by (2.2))

< (2K + Y IAIP) Iy — pI* = y (1= 7 = Y IAI?) (T = DA%, |

< |l —pl? =y (1-7 =y IAIP) (T - DAz, |, (3.4)

It follows from (3.3), (3.4) and Lemma 2.1 that

(B
= 1= ez —p) + @u(S"z - p) |
<1 -au)llzs —19||2 T oy ||Snzn —19H2 —a(l- an)g(”Zn - 8"z, ||)

<1 -ayllzs —P||2 + tuly |z, —19||2 —a,(l _an)g(”Zn -8z, ||)
[1 +a,(l, - 1)] llzn —P||2 —a(l- Oln)g(nzn -8z, ”)

< [1+ @l = D]lln - pI* -y (1= 7 = ¥ 1AIP) | (T - DA%, |
- (1= g (20 = 52 )
]

[1+an (L= 1) |lI%n _P”2~ (3.5)



Tang et al. Journal of Inequalities and Applications (2015) 2015:305 Page 7 of 11

From the condition ) 7, (/,—1) < 0o and Lemma 2.6 we know that lim,_, », [|x, — p|| exists.
This implies that the sequence {x,} is bounded.

Step 2. We prove that lim,,_, o ||x,41 — %, || = 0 and lim,,  ||2441 — 24|l = 0.

From (3.5) we have

y(1=7 =y IAI?) (T = DAx,||* + @, (1 - @,)g(| 20 — Sz )
< [1+anllu = D]lI% = pI* = 1%0s1 — P11 (3.6)
Letting n — oo in the above inequality, we obtain
lim (T - D)Ax,|| =0 (3.7)

and
Jim g(|z, - $"2,) = 0.

By virtue of Lemma 2.1 and the property of g, we know that the sequences {z,} and {$"z,}
are bounded and

lim |z, — $"z,|| = 0. (3.8)
n— o0
It follows from (3.3) that

”xn+1 —Xn ” = || (1 - Oln)zn + OlnSnZn —Xn ||
= || (Zn - xn) + oy (Snzn - Zn) H
< |V A AT = DA%, | + | S" 2 - 2, |

<VIAIN(T = DA%, || + || S" 20 = 24 . (3.9)
From (3.7) and (3.8) we have that
nlingo %1 = x|l = 0. (3.10)
Similarly,

IZn1 = zull = [|%ner + VIT'ATAT = DARy1 — %0 — I Ao (T - D)Ax,||
< ot =%l + [ VIT AT = DARa || + ||y AT - DA, |

< %1 = %ull + VIAI (T = DA% | + ¥ JAI|[(T = DAz, |. (3.11)
In view of (3.7), (3.10) and (3.11), we get
lim ||zps1 — 2]l = O. (3.12)
n—00
In addition, since

1% = Zull = [J1(%n = 2) | = | Y A* (T = DAx, |

<yIAll|(T - DAx,

) (3.13)
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from (3.7) we obtain
lim ||x, —z,|| = 0. (3.14)
n—00
Step 3. We prove that lim,,_, o, ||z, — Sz,|| = 0
By the assumption that S is an asymptotical nonexpansive mapping and L = sup,,..;{/.},

it follows from (3.8) and (3.12) that

”Zn - SZ,,”

IA

2= "2 + "2 - Sz

|
|20 = 82| + L] "2 — 2
2

|
<
< ||2n = 8"2u]| + L[| S 20 = S" 2t | + | S" 201 = 2w | + 1201 = 2all)
< |20 = 8"2u|| + LI + Dllzw = 2pa | + L|S" 21 = 201 |

¥

0 (n— 00),

lim ||z, — Sz,|| = 0. (3.15)
n—0o0

Step 4. We prove that {x,} converges weakly to x* € T".

Since E; is uniformly convex, it is reflexive. By the boundedness of {x,}, there exists
a subsequence {x,,} of {x,} such that x,, — x*. By virtue of (3.14), this implies that the
subsequence {z,,} of {z,} converges weakly to x*, too. From (3.15) we obtain

1Zs; — Szl = O (1; — 00). (3.16)

S is an asymptotical nonexpansive mapping, it is demiclosed at zero. Hence x* € F(S).
On the other hand, since A is a bounded linear operator, we know that {Ax,,} converges
weakly to Ax*. From (3.7) we have

A%, — TA%y, || > O (1; = 00). (3.17)

Since T is demiclosed at zero, we have Ax* € F(T). This together with x* € F(S) shows
thatx* eI,

Now we prove that {x,} converges weakly to x* € I.

In fact, if there exists another subsequence {2} of {x,} such that {%4;} converges weakly
to y* € T, by virtue of Step 1 and the assumption that E; has the Opial property, we have

hmlnf”x,, - || <11m1nf||x,, -y || = lim ||x,, y ||
ni—00 nj—>00 n—00

—hmlnf”xn -y || <11m1nf||x,, -X H

711*)00 }’l]*>00
= lim ||xn —x || —hmmf”xn —x*“
n—0oQ n;j— 00

This is a contradiction. Therefore {x,} converges weakly to x* € I'. The proof of conclusion
(I) is completed.
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Next, we prove conclusion (II).

Since lim,,_, o ||z, — Sz4|l = 0 and S is semi-compact, there exists a subsequence {z,, }
of {z,} such that {z,,} converges strongly to u* € E;. By using (3.14), we know that the
subsequence {x,, } of {x,} converges strongly to u*, too. Due to {x,} converging weakly to
x*, we have u* = x*. Since lim,,_, oo [|%,, — x*|| exists and lim,, _, oo ||, — %*|| = 0, we know
that {x,} converges strongly to x* € I". This completes the proof of conclusion (II). (I

4 Application to hierarchical variational inequality problem in Banach spaces
In this section we shall utilize the results presented in Section 3 to study the hierarchical
variational inequality problem in Banach spaces.

Let E be a strictly convex and real reflexive Banach space and K be a nonempty closed
and convex subset of E. Then, for any x € E, there exists a unique element z € K such that
lx=z|| < |lx=yll, Yy € K. Putting z = Pxx, we call Px the metric projection of E onto K.

Lemma 4.1 [21] Let E be a smooth, strictly convex and reflexive Banach space, and K be a
nonempty, closed and convex subset of E. Let x € E and z € K. Then the following conditions
are equivalent:

(i) z = Pxx;

(i) (z-pJ(x-2))=0,VyeK,
where ] is the normalized duality mapping on E.

Definition 4.2 Let E be a smooth, strictly convex and reflexive Banach space, and K be a
nonempty, closed and convex subset of E. Let S : K — K be a nonlinear mapping with F(S)
being a nonempty closed and convex subset of K and V' : K — K be a nonlinear mapping.
The so-called hierarchical variational inequality problem for a mapping S with respect to
a mapping V in Banach spaces is to find x* € F(S) such that

(x* —x,J(Va* —x*)) =0, VxeF(S). (4.1)

By Lemma 4.1, the hierarchical variational inequality problem in Banach space (4.1) is
equivalent to the following fixed point equation:

x* = PF(S)V(x*). (4.2)

Letting C = F(S) and Q = F(Pg(s) V) (the fixed point set of Pr5)V) and A = I (the identity
mapping on E), then the hierarchical variational inequality problem (4.1) for a mapping S
with respect to a mapping V' in Banach space is equivalent to the following split common
fixed point problem in Banach space:

tofind x*€C suchthat x*€Q. (4.3)

Therefore the set of solutions I'; of hierarchical variational inequality problem (4.1) is just
the set of solutions of split common fixed point problem (4.3).

Hence from Theorem 3.1 we have the following.

Theorem 4.3 Let E be a real uniformly convex and 2-uniformly smooth Banach space
having the Opial property and the best smoothness constant k satisfying 0 < k < % Let
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S : E — E be an {l,}-asymptotical nonexpansive mapping with F(S) #). Let V : E — E be
a mapping such that the mapping T := Pr)V is a T-quasi-strict pseudocontractive map-
ping with F(T) # 0 and T is demiclosed at zero. For each x, € E, let {x,} be the sequence
generated by

Zp =% + Y (T = Dy, (4.4)
Xpe1 = (1= @)z + 0,8"z,, Y > 1,

where {a,} is a sequence in (0,1) with liminf,_,  a,(1 — ) > 0, ¥ is a positive constant
satisfying 0 < y <min{(1 — 2k2),(1 — 1)}, {L.} is a sequence in [1,+00) with L = sup,,>1{}
and Y 02 (L, — 1) < 0.
() IfT1 (the set of solutions of hierarchical variational inequality problem (4.1)) is
nonempty, then the sequence {x,} converges weakly to a point x* € T'y.
(I1) In addition, if 'y is nonempty and S is semi-compact, then {x,} converges strongly to

a point x* € I'1.

Proof Taking Ey =E; =E,A=1,T = Pr(S) o V in Theorem 3.1, and noting that in this case
J1 =J> =] (where J is the normalized duality mapping on E), therefore the conclusion of
Theorem 4.3 can be obtained from Theorem 3.1 immediately. O

5 A numerical example

Throughout this section we assume that E; = E; is a real Hilbert space 2, B is the unit
ballin /2, and D = {x = (x1,%2,...,%,,...) € :x; € R, i =1,2,...} is an orthogonal subspace
of 2 (i.e., ¥x,y € C, we have (x,7) = 0). Define C := BN D. It is easy to know that C is a
nonempty closed and convex subset of /2. Let S : C — C be a mapping defined by

S:(w,%,...) > (0,47, 422, a3%3,...),  (x1,%2,...) € C, (5.1)

where {a;} is a sequence in (0,1) such that [T, ; = % Let T : C — Cbeamapping defined
by

(X1, %2y .y Xy v ) if [T, %<0,

Tx =
(=21, —%2, .oy =X,...)  if [[ %> 0

(5.2)

for each x = (x1,%2,...,%y,...) € C. In (2.3) and (2.4), we have proved that S: C — C is
{{,}-asymptotically nonexpansive with }; = 2, [, = 2[]", a;, n > 2 and F(S) = {0}, while
T:C — C is a t-quasi-strict pseudocontractive mapping with F(T) = {0}. Hence from

Theorem 3.1 we can obtain the following.

Theorem 5.1 Let E; = E; = 2, C = BN D be the same as above. Let S : C — C be the
{l,}-asymptotically nonexpansive mapping and T : C — C be the t-quasi-strict pseudo-
contractive mapping defined by (5.1) and (5.2), respectively. Let A : C — C be a bounded
linear operator and A* be the adjoint of A. For each x, € C, let {x,} be the sequence gener-
ated by

zy = Pc(x, + yA*(T — )Ax,),

(5.3)
KXntl = (1 - an)zn + O[nSnZn, Vn > 1,
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where Pc is the projection from I* onto C, {a,,} is a sequence in (0,1) with liminf,_, o o, (1 -
a,) >0, and y is a positive constant satisfying 0 <y < ”114;“’2. If Y22 (L, — 1) < 00, then the
conclusions of Theorem 3.1 hold.
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