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1 Introduction

For r € R, the rth power mean M(a, b; r) of two distinct positive real numbers a and b is
defined by

r 7
(5E), 170,

M(a,b;r) = b 0
ab, r=0.

(1.1)

It is well known that M(a, b;r) is continuous and strictly increasing with respect to r €
R for fixed a,b > 0 with a # b. Many classical means are the special cases of the power
mean, for example, M(a, b; -1) = 2ab/(a + b) = H(a, b) is the harmonic mean, M(a, b;0) =
ab = G(a, b) is the geometric mean, M(a, b;1) = (a+b)/2 = A(a, b) is the arithmetic mean,
and M(a, b;2) = \/(a? + b)/2 = Q(a, b) is the quadratic mean. The main properties for the

power mean are given in [1].

Let
-b -b
L(a,b) = A P(a,b) = a.ib’
loga —logb 2arcsin(%7)
a->b a->b
Uab)=—2"" _ NSab=-—2"0__, (1.2)
\/iarctan(jz’a_bb) 2sinh 1(%
-b
T(a,b) 4 B(a, b) = Q(a, b)e @b/ T@h)-1 (1.3)

= b
2 arctan( %
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be, respectively, the logarithmic mean, first Seiffert mean [2], Yang mean [3], Neuman-
Sandor mean [4, 5], second Seiffert mean [6], Sindor-Yang mean [3, 7] of two distinct
positive real numbers a and b.

Recently, the sharp bounds for certain bivariate means in terms of the power mean have
attracted the attention of many mathematicians.

Rado [8] and Lin [9], Jagers [10] and Hésto [11, 12] proved that the double inequalities

M(a, b;0) < L(a, b) < M(a, b;1/3), (1.4)
M(a,b;log2/logm) < P(a,b) < M(a,b;2/3) 1.5)

hold for all 4, b > 0 and a # b with the best possible parameters 0, 1/3, log 2/log 7, and 2/3.
In [13-17], the authors proved that the double inequalities

M(a, b;a) < NS(a, b) < M(a, b; B), (1.6)

M(a,b; 1) < U(a,b) < M(a, b; 1) (1.7)
hold for all a,b > 0 and a # b if and only if @ < log2/log[2log(l + /2)], B > 4/3, A <
2log2/(2logm —log2) and u > 4/3.

Very recently, Yang and Chu [18] presented that p = 41og2/(4 + 2log2 — 7) and g = 4/3
are the best possible parameters such that the double inequality

M(a, b;p) < B(a,b) < M(a, b;q) (1.8)

holds for all @, b > 0 and a # b.

Let

b4 _ 614 1/4
Ly(a,b) = LV*(a*,b*) = [ ———— 1.9
+(@.b) (a ) 4(logb - loga) 19)

and

b2 _ az 1/2

Py(a, b) = P? (az,bZ) = (ﬁ) (1.10)
2 arcsin(lljz:;‘2

be, respectively, the fourth-order logarithmic and second-order first Seiffert means of a
and b.

Then from (1.4)-(1.10) we clearly see that M(a, b; 4/3) is the common sharp upper power
mean bound for Ly(a, b), U(a, b), Py(a,b), NS(a, b), and B(a, b). Therefore, it is natural to
ask what are the size relationships among these means? The main purpose of this paper is
to answer this question.

2 Lemmas
In order to prove our main results we need several lemmas, which we present in this sec-

tion.

Lemma 2.1 (See Lemma 7 of [19]) Let {ax}p2, be a nonnegative real sequence with a,, >0
and Yy, > 0, and

m o0
P(t) = —Zaktk + Z at®
k=0

k=m+1
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be a convergent power series on the interval (0,00). Then there exists t,,,1 € (0,00) such
that P(t,,41) = 0, P(¢t) < 0 for t € (0, t,,41) and P(t) > 0 for t € (£,,41,00).

Lemma 2.2 Let n € N. Then

9(n — 3)4%" — 8n(4n —11)3%" + 72n(n — 1)2%" — 72n(20n —13) > 0

foralln> 6.

Proof Let
vy =9(n —3)4% — 8n(4n —11)3*" + 72n(n — 1)2*" — 72n(20n - 13), (2.1)
ioox(3) -5

Then we clearly see that

. 4,495,024
vi= 0, (2.2)
59,049

Ve > 9(n — 3)4%" — 8n(4n — 11)3%" + 72n(n — 1)2'2 — 72n(20n — 13)
=9(n — 3)4*" — 8n(4n — 11)3*" + 72n(4,0761 — 4,083)

> 9(n — 3)4%" — 8n(4n —11)3*"

=(n-3)3" x v, (2.3)
i 4\* ., 8(28n® —1691> + 3341 —189)
Via—| =) vi= (2.4)
3 9(n-2)(n-3)
forn > 6.
It follows from (2.2) and (2.4) that
vi>0 (2.5)
forn > 6.
Therefore, Lemma 2.2 follows easily from (2.1), (2.3), and (2.5). O
Lemma 2.3 Lett >0 and
V2 4t sinh?(2¢)
)= — t 2sinh(¢)) — . 2.6
& 2 are an(x/— sinh( )) sinh(4t) sinh(¢) + 4¢ sinh(3¢) 26)

Then there exists a unique to € (0,00) such that g1(t) < 0 fort € (0, %), g1(¢o) = 0, and g, (¢) >
0 for t € (ty, 00).

Proof 1t follows from (2.6) that

a(0%) =0, lim g (¢) = %n >0, (2.7)

—>00
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16¢ sinh(z) cosh?(¢)
sinh(4¢) + 16¢ cosh?(¢) — 4¢’

ai(?) = ? arctan(ﬁ sinh(z)) —

cosh(z)

alt) = (1 + 2 sinh®(¢))(sinh(4¢) + 16¢ cosh?(¢) — 4¢)

ng(t); (2.8)
where

o) = £ [128 cosh?(¢) sinh?(¢) — 512 cosh*(¢) sinh?(¢) — 64 cosh?(¢) + 256 sinh*(¢)
+128sinh?(¢) + 16] + L‘[16 sinh(4¢) cosh?(¢) — 32 sinh(4¢) cosh?(¢) sinh?(¢)
+ 128 cosh(4¢) cosh(t) sinh®(¢) + 64 cosh(4¢) cosh(¢) sinh(¢)
— 64 sinh(4¢) sinh*(¢) — 32 sinh(4¢) sinh?(¢) — 8 sinh(4-t)]
+ sinh?(4¢) — 32 cosh(t) sinh(4¢) sinh®(¢) — 16 cosh(¢) sinh(4¢) sinh(z)
= —% cosh(8t) + 2t sinh(8¢t) — 16¢% cosh(6¢) + 12¢ sinh(6¢) + 16£2 cosh(4t)

3
— 4¢sinh(4¢) — 8022 cosh(2¢) + 12¢ sinh(2¢) + 32¢% + > (2.9)

Making use of power series formulas, (2.9) gives

&(t) = Z; 18:7'22”)!(%)2", (2.10)

where v, is defined by (2.1).
Note that

v =v3=0, vy = —258,048, vs = -940,032. (2.11)

From Lemma 2.1, (2.8), (2.10), and (2.11) we know that there exists # € (0, 00) such that
g1(t) is strictly decreasing on (0, 1] and strictly increasing on [t;, 00).

Therefore, Lemma 2.3 follows easily from (2.7) and the piecewise monotonicity of
gl(t). |:|

Lemma 2.4 The inequality
2 - 2 2 2 . 2 :
—2x°COoSx + Sin“xcosx + 2x° cos”“ x + x sinx + x° — 3xcosxsinx > 0

holds for all x € (0,7 /2).

Proof Simple computations lead to

2 2

—2x% cosx + sin® xcosx + 2x% cos® x + xsinx + x% — 3xCosx sinx

1 1 3
= x? cos(2x) — 2x% cosx + 2 cosx — 2 cos(3x) +xsinx — ix sin(2x) + 242

(2.12)

S 2n 2n 2
_ Z(_l)n_l 3% +4n(n — 2)2°" — 321" + 24n — leH.
~ 4 x (2n)!
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Let

Wy

4 x (2n)!
wh=3" +dn(n - 2)2"" —32n* + 24n - 1.

Then

4x°
w2=0, a)3=7>0,

_ 32" + 4n(n — 2)2*" — 32n* + 24n — 1 2,

wl > 4n(n—2)2° - 32n* + 24n = 8n(28n - 61)>0 (n>3),

w

wy  ® oy % 14336 ¥* 7’

=—— X <—.
w3 56w; 56 1,280 5 20

It follows from (2.13), (2.14), (2.16), and (2.17) that

w,>0 (n>3),

2 * 2
Ops1 X Wy 9x

wn  @n+)@n+2) wf  @n+1)@n+2) 40

=90k = —(5n* —18n +4)4™! +256n(n-1) <0  (n>4),

7'[2

(n > 4).
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(2.13)

(2.14)

(2.15)

(2.16)
(2.17)

(2.18)

(2.19)

(2.20)

Inequalities (2.18)-(2.20) imply that the sequence {w,} is strictly decreasing for n > 3,

lim,_, o w, =0and > -, (~1)""w, is a Leibniz series. Therefore, Lemma 2.4 follows from

(2.12), (2.13), and (2.15).
Lemma 2.5 The inequality

/2 sinh(2¢) cosh(¢) arcsin(tanh(2¢))
sinh(2¢) + cosh(2t) arcsin(tanh(2¢))

hold for all t € (0, 00).
Proof Let x = arcsin(tanh(2¢)) € (0,77/2) and

/2 sinh(2¢) cosh(¢) arcsin(tanh(2t))

- arctan(ﬁ sinh(£)) > 0

hi(t) = - t 2 sinh(¢)).
1) sinh(2¢) + cosh(2t) arcsin(tanh(2t)) are an(\/— sinh( ))
Then
. 1 1—-cosx
sinh(2t) = tanx, cosh(2t) = —, tanh(t) = —
Cosx sinux
h(0%) =0,
Sy
() = @ cosh(t) — arctan(ﬁ sinh(z)),
X+ sinx
() = i V2x s.inx d|arcsin(tanh(2¢))] cosh(®) + 2% s.inx sinh(¢
dx \ x+sinx dt X+ sinx

+
(x + sinx)2 cosh(2t) X+ sinx

V2 cosh(#)[2x% cosx — 2xsinx — &% + sin®x]  /2xsinx |
si

O

(2.21)

(2.22)

/2 cosh(t)
- cosh(2t)
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cosx(2x2 cosx — 2xsinx — x% + sinx)  asinx(l — cosx)
= +/2cosh(t) - : :
(x + sinx)? sinx(x + sinx)
/2 cosh(t)[-2x% cosx + sin® xcosx + 2x% cos? x + x sinx + &% — 3x cosx sin x]
- : . (2.23)
(x + sinx)?
Therefore, Lemma 2.5 follows easily from (2.21)-(2.23) and Lemma 2.4. (I

3 Main results
Theorem 3.1 The double inequality

)\.1L4(ﬂ, b) = U(a,b) < M1L4(ﬂ, b)

holds for all a,b > 0 with a # b if and only if \y < co and |11 = 0o, where

o = elog(sinh(to))—log(arctan(ﬁsinh(to)))—log(sinh(4t0)/to)/4+log2

and ty € (0,00) is defined by Lemma 2.3. Moreover, numerical computations show that
tp =1.1336...and ¢y = 0.9991....

Proof Since U(a, b) and Ly(a, b) are symmetric and homogeneous of degree 1, without loss
of generality, we assume that b > a > 0. Let ¢ = log+/b/a > 0, then (1.2) and (1.9) lead to

~ ~/2ab sinh(t) ~ sinh(4t) 14
U(a, b) = (3@ La(a,b) = M( m ) : (3.1)
0 Ua,b) _ log(sinh(z)) - lo (arctan(ﬁ sinh(z)))
g L.(a,b) =log g
- ilog(sinh(élt)) + ilogt +log?2. (3.2)
Let
g(#) = log(sinh(z)) - log(arctan(\/i sinh(z)))
- ilog(sinh(él-t)) + ilogt +log2. (3.3)
Then
g(0")=0,  lim g(t) = oo, (3.4)
J(0) - cosh(z) B V2 cosh(z) B cosh(4t¢) s l
sinh(£)  arctan(+/2sinh(¢)) cosh(2¢) ~ sinh(4¢) = 4¢
_ sinh(4¢) sinh(z) + 4¢sinh(3¢) B /2 cosh(z)
- 4t sinh(4¢t) sinh(z) arctan(~/2 sinh(t)) cosh(2¢)
V/2(sinh(4¢) sinh(¢) + 4¢ sinh(3¢)) 0, (3.5)

B 4¢ sinh(4¢) sinh(¢) arctan(+/2 sinh(t))g1

where g1(¢) is defined by (2.6).
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It follows from Lemma 2.3 and (3.5) that there exists a unique £y, € (0,00) such that
g1(to) = 0, g(t) is strictly decreasing on (0, tp] and strictly increasing on [ty, 00).

Therefore, Theorem 3.1 follows from (3.2)-(3.4) and the piecewise monotonicity of
g(2). O

Theorem 3.2 The double inequality
)"ZU(a: b) < PZ(“: b) < H/Zu(df b)
holds for all a,b > 0 with a # b if and only if \y <1 and py, > /7/2=1.2533....

Proof Since U(a, b) and P,(a, b) are symmetric and homogeneous of degree 1, without loss
of generality, we assume that b > a > 0. Let ¢ = log+/b/a > 0, then (1.10) and (3.1) lead to

sinh(2¢) 12
PQ(&Z, b) = @(m) ) (3.6)
og IZ;((Z: llj)) = log(arctan(+/2 sinh(t)))
- % log(arcsin(tanh(2¢))) — %log(tanh(t)). (3.7)
Let
h(t) = log(arctan(ﬁ sinh(t))) - %log(arcsin(tanh(ﬂ))) - %log(tanh(t)). (3.8)

Then simple computations lead to

1
h(O*) =0, tlim h(t) = §(logn —log?2), (3.9)
W /2 cosh(t) 1 1

) cosh(2¢) arctan(~/2 sinh(t)) ~ cosh(2t) arcsin(tanh(2¢))  sinh(2¢)
sinh(2t) + cosh(2¢) arcsin(tanh(2¢))
B sinh(2¢) cosh(2¢) arcsin(tanh(2¢)) arctan(+/2 sinh(¢))
|: /2 sinh(2¢) cosh(¢) arcsin(tanh(2¢))
sinh(2¢) + cosh(2¢) arcsin(tanh(2t))

- arctan(«/i sinh(t)):|. (3.10)

It follows from Lemma 2.5 and (3.10) that /(¢) is strictly increasing on (0, co). Therefore,
Theorem 3.2 follows easily from (3.7)-(3.9) and the monotonicity of 4(z). a

Remark 3.1 Letb>a>0and ¢ =1og+/b/a>0. Then
A(a,b) = Vabcosh(t),  Q(a,b) = Vabcosh?(2¢). (3.11)

It follows from Lemma 2.5 that

. sinh(2¢)
/2 sinh(¢) , einnh(0) + cosh(2t)

arctan(+/2 sinh(z)) 2 cosh?(t)

(3.12)
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Equations (3.1), (3.6), and (3.11) together with inequality (3.12) lead to the conclusion
that the inequality

P3(a,b) + Q*(a, b)

U(a,b) > 2. D)

G(a,b)

holds for all @, b > 0 with a # b.

Theorem 3.3 The double inequality
A3Ps(a, b) < NS(a, b)(a, b) < u3Ps(a,b)

holds for all a,b > 0 with a # b if and only if .3 <1 and us > /7/[21log(l + log2)] =
1.0055....

Proof Since NS(a,b) and P,(a,b) are symmetric and homogeneous of degree 1, without
loss of generality, we assume that b > a > 0. Let ¢ = log+/b/a > 0, then (1.2) and (3.6) lead

to
~ sinh(z)
NS(a,b) = @7sinh’1(tanh(t))’ (3.13)
NS(a,b) 1 B g
log Poab) 2 log(tanh(t)) log(smh (tanh(t)))
+ %log(arcsin(tanh(Zt))) - % log 2. (3.14)
Let
hy(t) = % log(tanh(t)) - log(sinh™ (tanh(z)))
+ %log(arcsin(tanh(Zt))) — %log 2. (3.15)
Then simple computations lead to
No )
h(07) =0, Jlim hy () = 1og(210g(1 ) (3.16)
o - 1 1
27 sinh(2¢) cosh(¢)~/cosh(2¢) sinh ™ (tanh(¢)) " cosh(2¢) arcsin(tanh(2t))
sinh(2¢) cosh(¢) + cosh(¢) cosh(2¢) arcsin(tanh(2t))
== 7 , h3(2), (3.17)
sinh(2¢) cosh(2¢) cosh(¢) sinh ™ (tanh(#)) arcsin(tanh(2¢))
where
o 2.4/cosh(2¢) sinh(¢) arcsin(tanh(2¢))
15(¢) = sinh (tanh(t)) ~ sinh(2¢) + cosh(2¢) arcsin(tanh(2¢))’ (318)
h3(0%) =0, (3.19)
I (8) = J/cosh(2t)[arcsin(tanh(2t)) — tanh(2£)][sinh(2¢) — arcsin(tanh(2t))] ‘ (3.20)

cosh(¢)[sinh(2¢) + cosh(2¢) arcsin(tanh(2¢))]?
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Let x = arcsin(tanh(2¢)) € (0,7 /2). Then
arcsin(tanh(2¢)) — tanh(2¢) = x — sinx > 0, (3.21)

sinh(2¢) — arcsin(tanh(2t)) =tanx —x > 0. (3.22)

From (3.17)-(3.22) we clearly see that /,(¢) is strictly increasing on (0, 00). Therefore,
Theorem 3.3 follows from (3.14)-(3.16) and the monotonicity of /,(¢). O

Remark 3.2 From the proof of Theorem 3.2 we know that

2./cosh(2t) sinh(¢) arcsin(tanh(2t))
sinh(2¢) + cosh(2¢) arcsin(tanh(2¢))

h3(t) = sinh™ (tanh(¢)) -

)

which is equivalent to

sinh(2¢) .
arcsin(tanh(2¢)) + COSh(Zt) Slnh(t)

2+/cosh(2t) g sinh™!(tanh(z))” (3.23)

Equations (3.6), (3.11), and (3.13) together with inequality (3.23) lead to the conclusion
that the inequality

P%(a,b) + Q*(a, b)

NS(a,b) < 20@.0)

holds for all @, b > 0 with a # b.
Theorem 3.4 The double inequality
AaNS(a, b) < B(a, b) < w4 NS(a, b)

holds for all a,b > 0 with a # b if and only if Ay <1 and j1s > /274 log(1 + V/2) =
1.0057....

Proof Since NS(a, b) and B(a, b) are symmetric and homogeneous of degree 1, without loss
of generality, we assume that b > a > 0. Let ¢ = log+/b/a > 0, then (1.3) and (3.13) lead to

B(a, b) _ \/ECOShI/Z(2t)earclan(lanh(t))/tanh(t)—l’

Bab) 1 arctan(tanh(¢)) sinh(?) (3:24)
o8 NS(a,b) 2 10g(cosh(2t)) ¥ tanh(z) - (sinh‘l(tanh(t))> -
Let
o1 arctan(tanh(z)) ~ sinh(t) ~
ft) = 5 log(cosh(2¢)) + @ lo (—sinh‘l(tanh(t))) 1 (3.25)
Then simple computations lead to
f(0*)=0,  limf(£)= % -1+ %logZ +log[log + v2)], (3.26)
fo)= A (3.27)

sinh?(¢) sinh™ (tanh(¢))’



Yang and Chu Journal of Inequalities and Applications (2015) 2015:299 Page 10 of 11

where
~ sinh?(¢) g
ﬁ(t) = m —sinh (tanh(t)) arctan(tanh(t)).

Let x = tanh(¢) € (0,1). Then

2

x
t) = — sinh™(x) arctan(x) := f5 (%), 3.28
fi(®) iy (x) () :=fo (%) (3.28)
£(07) =0, (3.29)
1 22 +2  sinh(x) :| fx)
(%) = x - —arctan(x) | := , 3.30
700 e et - g = s (830
f(07) =0, (3.31)
3
, x g x=x" | x
filx) = W |:s1nh (x) — m] = ey 1)3/2]‘4(96), (3.32)
f(0%) =0, (3.33)
, 2x% (2% +2)
Jilx) = W >0 (3.34)
for x € (0,1).
It follows from (3.27)-(3.34) that f(¢) is strictly increasing on (0, 00). Therefore, Theo-
rem 3.4 follows easily from (3.24)-(3.26) and the monotonicity of f (). O

Remark 3.3 From the proof of Theorem 3.4 we know that the inequalities

2

x
> sinh ™ (x) arctan(x), (3.35)
V1 +x2
x%+2  sinh™!(x)
X > + arctan(x), 3.36
+1° Jx2+1 (<) (336)
3
X —X
sinh ! (x) > (3.37)
Va2 +1

hold for all x € (0, 00). Inequalities (3.35)-(3.37) lead to the conclusion that the inequalities

NS(a,b)T (a,b) > A(a, b)Q(a, b),
A%*(a,b) NS(a,b)

G@ab) Qab)’

Ala, b) . Q(a, b) N Ala,b) s Qla, b)
Q(a,b) A(a,b) NS(a,b) T(a,b)

hold for all 4, b > 0 with a # b.

Remark 3.4 Let I(a,b) = (b”/a*)"/?~? /e be the identric mean of two distinct positive real
numbers a and b, and I,(a, b) = I''?(a?, b?) be the second-order identric mean. Then from
Theorems 3.1-3.4 and the inequalities M(a, b;2/3) < I(a,b) < M(a, b;log2) [20, 21] and
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Py(a,b) > Ly(a, b) [22] we get two inequalities chains as follows:

999
1,000

Li(a,b) < U(a, b) < Py(a,b) < NS(a, b)
< B(a,b) < M(a, b;4/3) < I,(a,b)

< M(a, b;2log2)
and

Ly(a,b) < Py(a,b) < NS(a, b) < B(a, b)
< M(a, b;4/3) < I;(a, b)

< M(a, b;21log2)

forall a,b > 0 with a # b.
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