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Abstract

In this article, geodesic £-convex sets and geodesic £-convex functions on a
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1 Introduction

Convexity and its generalizations play an important role in optimization theory, convex
analysis, Minkowski space, and fractal mathematics [1-7]. In order to extend the valid-
ity of their results to large classes of optimization, these concepts have been general-
ized and extended in several directions using novel and innovative techniques. Youness
[8] defined E-convex sets and E-convex functions, which have some important applica-
tions in various branches of mathematical sciences [9-11]. However, some results given by
Youness [8] seem to be incorrect according to Yang [12]. Chen [13] extended E-convexity
to a semi-E-convexity and discussed some of there properties. Also, Youness and Emam
[14] discussed a new class functions which is called strongly E-convex functions by tak-
ing the images of two points x; and x; under an operator E: R” — R” besides the two
points themselves. Strong E-convexity was extended to a semi-strong E-convexity as well
as quasi- and pseudo-semi-strong E-convexity in [15]. The authors investigated the char-
acterization of efficient solutions for multi-objective programming problems involving
semi-strong E-convexity [16].

A generalization of convexity on Riemannian manifolds was proposed by Rapcsak
[17] and Udriste [18]. Moreover, Igbal et al. [19] introduced geodesic E-convex sets and
geodesic E-convex functions on Riemannian manifolds.

Motivated by earlier research works [18, 20—25] and by the importance of the concepts
of convexity and generalized convexity, we discuss a new class of sets on Riemannian man-
ifolds and a new class of functions defined on them, which are called geodesic strongly
E-convex sets and geodesic strongly E-convex functions, and some of their properties are
presented.
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2 Preliminaries

In this section, we introduce some definitions and well-known results of Riemannian man-
ifolds, which help us throughout the article. We refer to [18] for the standard material on
differential geometry.

Let N be a C* m-dimensional Riemannian manifold, and T,N be the tangent space to
N at z. Also, assume that p,(x;,%2) is a positive inner product on the tangent space T,N
(x1,x%, € T,N), which is given for each point of N. Then a C* map u: z — u,, which
assigns a positive inner product u, to T,N for each point z of N is called a Riemannian
metric.

The length of a piecewise C! curve n: [a,a,] — N which is defined as follows:

Lin) = / i@ de.

ai

We define d(z1,2,) = inf{L(n): n is a piecewise C' curve joining z; to z,} for any points
21,22 € N. Then d is a distance which induces the original topology on N. As we know on
every Riemannian manifold there is a unique determined Riemannian connection, called
a Levi-Civita connection, denoted by v Y, for any vector fields X, Y € N. Also, a smooth
path n is a geodesic if and only if its tangent vector is a parallel vector field along the path
n, i.e., n satisfies the equation v7(t) = 0. Any path 7 joining z; and z, in N such that
L(n) = d(z1,22) is a geodesic and is called a minimal geodesic.

Finally, assume that (N, ) is a complete m-dimensional Riemannian manifold with Rie-
mannian connection v. Let x;, % € N and 5: [0,1] — N be a geodesic joining the points
x1 and %, which means that 7y, 4, (0) = %, and 7y, x, (1) = x;.

Definition 2.1 [18] A set B in a Riemannian manifold N is called totally convex if B con-
tains every geodesic 7y, ., of N whose endpoints x; and x; belong to B.

Note the whole of the manifold N is totally convex, and conventionally, so is the empty
set. The minimal circle in a hyperboloid is totally convex, but a single point is not. Also,
any proper subset of a sphere is not necessarily totally convex.

The following theorem was proved in [18].

Theorem 2.2 [18] The intersection of any number of a totally convex sets is totally con-
vex.

Remark 2.3 In general, the union of a totally convex set is not necessarily totally con-

vex.

Definition 2.4 [18] A function f: B — R is called a geodesic convex function on a totally
convex set B C N if for every geodesic 7, x,, then

S (e ()) < vf (1) + (1= y)f (x2)
holds for all x;,x, € Band y € [0,1].

In 2005, strongly E-convex sets and strongly E-convex functions were introduced by
Youness and Emam [14] as follows.
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Definition 2.5 [14]
(1) A subset BC R” is called a strongly E-convex set if there is a map E: R” — R” such
that

y(aby + E(by)) + (1—y)(aby + E(by)) € B

for each by, b, € B, € [0,1] and y € [0,1].
(2) A function f: B C R"” — R is called a strongly E-convex function on N if there is a

map E: R” — R” such that B is a strongly E-convex set and

Sy (aby + E(by)) + (1= y)(abs + E(by))) < vf (E(b1)) + (1 — y)f (E(b2))
for each by, b, € B, € [0,1] and y € [0,1].

In 2012, the geodesic E-convex set and geodesic E-convex functions on a Riemannian
manifold were introduced by Igbal et al. [19] as follows.

Definition 2.6 [19]

(1) Assume that E: N — N is a map. A subset B in a Riemannian manifold N is called
geodesic E-convex iff there exists a unique geodesic ngp,),zp,)(v) of length d(by, by),
which belongs to B, for each by,b, € Band y € [0,1].

(2) A function f: BC N — Ris called geodesic E-convex on a geodesic E-convex set B
if

S (nE@.Ee) () < ¥F(EB) + (1= y)f (E(b2))
for all by,b, € Band y € [0,1].

3 Geodesic strongly E-convex sets and geodesic strongly E-convex functions

In this section, we introduce a geodesic strongly E-convex (GSEC) set and a geodesic
strongly E-convex (GSEC) function in a Riemannian manifold N and discuss some of their
properties.

Definition 3.1 Assume that E: N — N is a map. A subset B in a Riemannian manifold
N is called GSEC if and only if there is a unique geodesic Ngp, +E(by)aby+E(by) () Of length
d(b1, by), which belongs to B, Vb, b, € B, o € [0,1], and y € [0,1].

Remark 3.2
(1) Every GSEC setis a GEC set when « = 0.
(2) A GEC set is not necessarily a GSEC set. The following example shows this

statement.

Example 3.3 Let N2 be a 2-dimensional simply complete Riemannian manifold of non-
positive sectional curvature, and B C N? be an open star-shaped. Let E: N> — N? be a
map such that E(z) = {y: y € ker(B),Vz € B}. Then B is GEC; on the other hand it is not
GSEC.
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Proposition 3.4 Every convex set B C N is a GSEC set.

Proof Let us take a map E: N — N such as E = I where [ is the identity map and « = 0,
then we have the required result. g

Note if we take the mapping E(x) = (1 — a)x, x € B, then the definition of a GSE reduces
to the definition of a t-convex set.

Theorem 3.5 If B C N is a GSEC set, then E(B) C B.

Proof Since B is a GSEC set, we have for each by,b, € B, « € [0,1], and y € [0,1],
Naby+E(by)aby +E(by) (V) € B.

For y = 0 and o = 0, we have ng@,),£1,)(0) = E(by) € B, then E(B) C B. O

Theorem 3.6 If {B;,j € I} is an arbitrary family of GSEC subsets of N with respect to the

mapping E: N — N, then the intersection ()., B; is a GSEC subset of N.

jel

Proof 1f (., B; is an empty set, then it is obviously a GSEC subset of N. Assume that
b, by € ﬂjel Bj, then by, b, € B}, Vj € I. By the GSEC of B}, we get ap, +E(by),aby +Eb) (V) € Bjs
Vjiel, a€(0,1],and y € [0,1]. Hence, Nap,+Eb;),aby+Epby) (V) € ﬂdej, Va € [0,1] and y €
[0,1]. 0

Remark 3.7 The above theorem is not generally true for the union of GSEC subsets of N.

Now, we extend the definition of a GEC function on a Riemannian manifold to a GSEC

function on a Riemannian manifold.

Definition 3.8 A real-valued function f: B C N — R is said to be a GSEC function on a
GSEC set B, if

S (Mab+E@aby £ (7)) < vf(E(b1)) + 1= y)f (E(b2)),

Vb1,by € B, a € [0,1], and y € [0,1]. If the above inequality is strict for all by, b, € B, ab; +
E(by) # aby + E(by), ¢ € [0,1], and y € (0,1), then f is called a strictly GSEC function.

Remark 3.9
(1) Every GSEC function is a GEC function when « = 0. The following example shows
that a GEC function is not necessarily a GSEC function.

Example 3.10 Consider the function f: R — R where f(b) = —|b| and suppose that
E: R — Ris given as E(b) = —b. We consider the geodesic 1 such that

—[aby + E(b) + y(aby + E(b1) — aby — E(by))];  biby = 0,

Naby+E(b1) by +E(by) (V) =
—[Olbz + E(bz) + ]/(C(bz + E(bg) - ab1 — E(bl))], blbz <0

—[(@=1)by + y((@ = 1)b1 + 1 - )b2)]; b1y >0,
—[(@-1)by + y((@ —1)by + A —a)b1)];  b1by < 0.
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If ¢ =0, then

(b2 + Y (b1 —Dby)]; b1y =0,

ME®).Eby) (V) =
(b2 + y (b2 —b1)]; b1by<O.

If b1, by > 0, then

S (EG).EG)()) = (b2 + v (b1 — b))
=—[A-y)by +yh].

On the other hand
Vf(Ebr)) + A= y)f (E(ba)) = vf(=b1) + A= y)f (=by) = =[(1 = y)ba + y bu].
Hence, f(nE@®y),Ew,) (V) < Yf(EDL)) + (1 - y)f (E(b2)), Yy €[0,1].

Similarly, the above inequality holds true when by, b, < 0.
Now, let b; < 0, by > 0, then

S (nEw)EG) (V) = f (b2 + v (b2 — b))
= [+ )by —yhi].
On the other hand
vf(E(b1)) + (L= y)f (E(ba)) = vf(=b1) + A= y)f (=b2) = yby — (1 = y)bs.

It follows that

F(nEwnEen (V) < vf(E(B1)) + A - y)f (E(by))
if and only if

[+ )by —ybi] <ybi—(1-y)by
if and only if

-2yby <0,

which is always true for all y € [0,1].

Similarly, f(nEwy) ey (V) < vf(E(b1) + 1 = y)f (E(b2)), Vy € [0,1] also holds for b, > 0
and b, < 0.

Thus, f is a GEC function on R, but it is not a GSEC function because if we take b; = 0,
by=-land y = %, then

1 1

S (Maby+E @) abr+E6) (V) =f<§0l - E)
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[

> —f(E(0)) + lzf(E(—l))

-1
=—, Yae(0,1]
5 Vee(o1]

(2) Every g-convex function f on a convex set B is a GSEC function when « = 0 and E is
the identity map.

Proposition 3.11 Assume that f: B— R is a GSEC function on a GSEC set B C N, then
flab + E(b)) <f(E(b)), Vb e Banda € [0,1].

Proof Sincef: B— Risa GSEC function ona GSEC set B C N, then ngp, +Eby),aby+Eb2) (V) €
B,Vby,by € B, x €[0,1], and y € [0,1]. Also,

S (aby e abrE6) (V) < v (E(By)) + (1 - y)f (E(b2))

thus, for y =1, we get Nop, +E(by)aby+Eby) (V) = by + E(b1). Then

flaby + E(by)) <f(Ey)). O

Theorem 3.12 Counsider that B C N is a GSEC set and fi: B — R is a GSEC function. If
fa: I — Ris a non-decreasing convex function such that rang(f;) C I, then f, o fi is a GSEC
function on B.

Proof Since f; is a GSEC function, for all b;,b, € B, @ € [0,1], and y € [0,1],

Si(NabysE@n) by +Ew) (7)) < VA(ED1)) + A= ¥)A(ED2)).

Since f, is a non-decreasing convex function,

So 0 fo(Naby+Ebr)abr+EG) (V)
= o (o (NabrsEGD.abr+EG) (V)
<h(VA(E®)) + (1 - y)A(ED2))
<vA(R(E®))) + 1 -y)h(A(E®)))
=y (fa o )(E(B1)) + A = ) 0 A) (E(B2)),

which means that f; o f; is a GSEC function on B. Similarly, if f; is a strictly non-decreasing
convex function, then f; o f; is a strictly GSEC function. O

Theorem 3.13 Assume that BC N isa GSECsetand f;: B— R, j=1,2,...,m are GSEC
functions. Then the function

is GSECon B,Vn; € R, n; > 0.
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Proof Since f;,j=1,2,...,m are GSEC functions, Vby,b, € B, « € [0,1], and y € [0,1], we
have

S5 (Mab+E@aba+Epe) (V) < V(E(br)) + (1= y)fi(E(B2)).

It follows that

1if; (Nabr 4 Ebn) b +Eo) (V) < v mifi(E(b1)) + (1= y)mfy(E(b2)).

Then

m

Z 1 (Nt +E ()b +E ) (V)

j-1

=V

nfi(E(by) + (1-y) Y nifi(Eb))

j=1

-

Il
—_

J

=yf(E(y)) + (1 - y)f (E(b2)).
Thus, f is a GSEC function. O

Theorem 3.14 Let B C N be a GSEC set and {f;,j € I} be a family of real-valued functions
defined on B such that sup;, f;(b) exists in R, Vb € B. If f;: B— R, j € I are GSEC functions
on B, then the function f: B — R, defined by f(b) = sup, fj(b), Yb € B is GSEC on B.

Proof Since f}, j € I are GSEC functions on a GSEC set B, Vb;,b, € B, « € [0,1], and y €
[0,1], we have

S5 (Maby+E@y)aby+E0y) (V) < VA(EDB)) + (1= y)fi(E(by)).

Then

sup (Mt +E )b +E o) (V)
je
< sup[y(E(br)) + (1= ) (Eb2)]
je
=y s‘u})ﬁ(E(bl)) +(1-y) s'u})ﬁ(E(bz))
je je

= yf(E(y) + (L - y)f (E(b2)).
Hence,
S (Naby+EGD.aby e (V) < vf (E(1)) + (1 - y)f (E(B2)),
which means that f is a GSEC function on B. 0

Proposition 3.15 Assume that hj: N — R, j=1,2,...,m are GSEC functions on N, with
respectto E: N — N.IfE(B) C B,then B={be N: hj(b) <0,j=1,2,...,m} isa GSEC set.
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Proof Since hj,j =1,2,...m are GSEC functions,

i (Naby+Eb)abr+Eb) (V) < YHi(E(by)) + (1= y)hyi(E(by))

<0,

Vbi,by € B, o € [0,1], and y € [0,1]. Since E(B) C B, Nab,+E(by),wby+Eby) (V) € B. Hence, B is
a GSEC set. O

4 Epigraphs
Youness and Emam [14] defined a strongly E x F-convex set where E: R” — R” and
F: R — R and studied some of its properties. In this section, we generalize a strongly
E x F-convex set to a geodesic strongly E x F-convex set on Riemannian manifolds and
discuss GSEC functions in terms of their epigraphs. Furthermore, some properties of GSE
sets are given.

Definition 4.1 Let BC N x R, E: N - N and F: R — R. A set B is called geodesic
strongly E x F-convex if (b1, B1), (b2, B2) € B implies

(Naby+E@r) by +EG) (V) VE(B1) + (1= ¥)F(Bo)) € B
forall @ € [0,1] and y € [0,1].

It is not difficult to prove that B C N is a GSEC set if and only if B x R is a geodesic
strongly E x F-convex set.
An epigraph of f is given by

epi(f) = {(b,a): beB,acR,f(b) < a}.

A characterization of a GSEC function in terms of its epi(f) is given by the following the-

orem.

Theorem 4.2 Let E: N — N be a map, BC N be a GSEC set, f: B— R be a real-valued
function and F: R — R be a map such that F(f(b) + a) = f(E(D)) + a, for each non-negative
real number a. Then f is a GSEC function on B if and only if epi(f) is geodesic strongly
E x F-convex on B x R.

Proof Assume that (by,a1), (b, az) € epi(f). If Bis a GSEC set, then 1gp, +E(by),aby+Eby) (V) €
B, Ya € [0,1] and y € [0,1]. Since E(b;) € B for « =0, y =1, also E(b,) € B for o = 0,
y =0, let F(a;) and F(ay) be such that f(E(b1)) < F(a1) and f(E(by)) < F(ay). Then
(E(b1), F(a1)), (E(b2), F(az)) € epi(f).

Let f be GSEC on B, then

S (Maby £y 1E6) (V) < vf(EB)) + A —y)f (E(2))

< yF(a) + (1 - y)F(ay).

Thus, (e, +E(br).aby+El) (V) Y Fla1) + (1 - y)F(as)) € epi(f), then epi(f) is geodesic strongly
E x F-convex on B x R.
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Conversely, assume that epi(f) is geodesic strongly E x F-convex on B x R. Let b1, b, € B,
a €[0,1], and y € [0,1], then (by,f (1)) € epi(f) and (b, f(b,)) € epi(f). Now, since epi(f)
is geodesic strongly E x F-convex on B X R, we obtain (1gp, +£(b)aby+Eby) (V) YE(f(D1)) +
(1= y)E(f(by))) € epi(f), then

S (Mabr+EGrabrE) (V) < VE(f(b1)) + (1 - y)E(f(b2))
= yf(E(b) + Q- y)f (Eb2)).
This shows that f is a GSEC function on B. O

Theorem 4.3 Assume that {B),j € I} is a family of geodesic strongly E x F-convex sets.

Then the intersection ﬂje 1 Bj is a geodesic strongly E x F-convex set.

Proof Assume that (by,a1), (b, a3) € ﬂjeIBj, so Vj € 1, (by,a1), (b2, a,) € B;. Since B; is the
geodesic strongly E x F-convex sets Vj € I, we have

(aby+E@ryaba+Ews) (V) Y E(a1) + (1 - y)F(a2)) € B;

Va € [0,1] and y € [0,1]. Therefore,

(Naby+E) by +E2) (¥ ), Y Fa1) + (1 = y)F(as)) € mB-,
jel

Va € [0,1] and y € [0,1]. Then

i Bj 1s a geodesic strongly E x F-convex set. O

Theorem 4.4 Assumethat E: N — N and F: R — R are two maps such that F(f (b) + a) =

f(E(D)) + a for each non-negative real number a. Suppose that {f;,j € I} is a_family of real-
valued functions defined on a GSEC set B C N which are bounded from above. If epi(f;) are
geodesic strongly E x F-convex sets, then the function f which is given by f (b) = sup;, f;(b),
Vb € B, is a GSEC function on B.

Proof If each f;, j € I is a GSEC function on a GSEC geodesic set B, then
epi(f)) = {(b,a): beB,acR,fib) < a}
are geodesic strongly E x F-convex on B x R. Therefore,

(epi(f) = {(b,a): be BacR,f(b) <a,jel

jel

= {(ba): beBacRf(b) <a)

is geodesic strongly E x F-convex set. Then, according to Theorem 4.2 we see that f is a
GSEC function on B. O
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