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Abstract

In this paper, we establish the existence of solutions to systems of Hammerstein
integral inclusions under mixed monotonicity type conditions. Existence of solutions
to systems of differential inclusions with initial value condition or periodic boundary
value condition are also obtained. Our results rely on fixed point theorems for
multivalued weak contractions on complete metric spaces endowed with a graph.

MSC: Primary 45G15; secondary 45N05; 47H04; 47H09; 47H10; 34B15

Keywords: Hammerstein integral inclusion; differential inclusion; system of
inclusions; multivalued map; contraction on graph; monotonicity; fixed point

1 Introduction

We consider the following system of Hammerstein integral inclusions:
1
x;(t) € / H;(t,5,%1(),...,xn(s)) ds  Vt€[0,1],Vi=1,...,N. (1.1)
0

Here, H;:[0,1] x [0,1] X E; x -+ x Exy — E; are multivalued maps with nonempty values
and E; are Banach spaces.

Existence results for this problem have been established by many authors when N =1.
In particular, in [1-3], the existence of a solution was obtained by applying a set-valued
Monch type fixed point theorem for multivalued maps while it was deduced from a fixed
point theorem for condensing multivalued maps in [4]. Lispschitz type conditions were
imposed on H; in [5] and [6], where existence results were deduced from Nadler fixed
point results for multivalued contractions and for (¢, A)-uniformly locally contractive mul-
tivalued maps, respectively. In [7], Hong and Qiu considered the case where E; is endowed
with a partial order. Assuming that H, is integrably bounded, increasing with respect to
x; and assuming the existence of lower and upper solutions, he deduced the existence of
a solution from a Monch type result for multivalued maps in ordered Banach spaces.

In 2004, Ran and Reurings [8] established a fixed point result which is, in some sense, a
combination of the Banach contraction principle and the Knaster-Tarski fixed point theo-
rem in a partially ordered set. They considered a continuous, monotone, order preserving
single-valued map f defined on a complete metric space endowed with a partial ordering.
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They assumed that f satisfies a contraction condition not necessarily for all x and y, but
for those such that x < y. Their result was generalized by Nieto and Rodriguez-Lépez [9,
10] who weakened the continuity and the monotonicity assumptions. Later, Jachymski [11]
presented an unification of the previous results by considering complete metric spaces en-
dowed with a graph G. He introduced the notion of single-valued G-contraction for which
he obtained fixed point results. Those results were extended to multivalued maps on com-
plete metric space endowed with a graph in [12]. In particular, the notion of multivalued
weak G-contraction was introduced. This notion was new even in the single-valued case.

Nieto and Rodriguez-Lépez [9, 10] applied their fixed point results to periodic boundary
value problems for a first order differential equation with a monotone right hand side
satisfying a Lipschitz type condition. Assuming the existence of a lower solution (or an
upper solution), they established the existence of a solution.

To the best of our knowledge, Opoicev [13, 14] was the first to establish fixed point re-
sults for single-valued operators defined on a Banach space ordered by a cone satisfy-
ing a mixed monotone condition. On the other hand, Guo and Lakshmikantham [15] ob-
tained the existence of a coupled fixed point to a mixed monotone single-valued operator
T :D x D — E; for D C E; and E; endowed with a partial order. Inspired by the results in
[9, 10, 15] and [8], Gnana Bhaskar and Lakshimikantham [16] established a coupled fixed
point result for a mixed monotone operator satisfying a contraction-type condition. They
applied their result to a periodic boundary value problem for a first order differential equa-
tion under a mixed monotone condition and under the existence of a coupled lower and
upper solutions. In [17], fixed point results were obtained for multivalued mixed mono-
tone operators. Those results were applied to establish the existence of a solution to an
initial value problem for a system of differential inclusions with the right hand side satis-
fying a mixed monotone condition.

In this paper, we study the problem (1.1) with Banach spaces E; endowed with a partial
order. We do not assume that the maps H; have closed or compact values. Our main exis-
tence result is established in Section 3 where we assume that the multivalued maps H; are
nondecreasing or nonincreasing with respect to each variable x;. The continuity type con-
dition imposed on H; is weaker than the notion upper semi-continuity. In Sections 4 and 5,
we consider the particular cases where the maps H; are, respectively, nonincreasing and
nondecreasing (upward or downward). This permits us to obtain existence results with a
weaker continuity type condition. This condition can be made even weaker if the order
on E; satisfies an extra condition. In Section 6, we consider the case where some maps H;
can be nondecreasing and nonincreasing with respect to some x;. Our existence results
rely on a slight modification of the fixed point result for multivalued weak G-contractions
obtained in [12] and which is presented in Section 2. The application of this fixed point re-
sult to our problem is very natural and appropriate. It is worth to point out that we do not
use the theory of coupled fixed point results for mixed monotone operators. In Section 7,
we present some examples of applications of our results to particular systems of integral
equations and to a system of integral inclusions.

In what follows, for E a Banach space, the space of continuous functions from [0,1] to
E is denoted by C([0,1],E) and endowed with the usual norm |[|u|lo = max{|lu(t)| : ¢ €
[0,1]}. For p € [0,00[, we consider L?([0,1],E) the space of Bochner measurable func-
tions u : [0,1] — E such that ||«||” is Lebesgue integrable on [0,1], and we denote ||u|, =
fol lu(s)||? ds. For p = oo, L*°([0,1], E) is the space of Bochner measurable functions which
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are essentially bounded. This space is endowed with the usual norm | #| . We denote by
W11([0,1], E) the Sobolev space of absolutely continuous functions u : [0,1] — E such that
u' e L([0,1],E).

2 Preliminaries on multivalued G-contractions

2.1 Multivalued contractions on a metric space endowed with a graph

We recall some notions and results concerning multivalued contractions on a metric space
endowed with a graph obtained in [12].

Let (X, d) be a complete metric space. We consider a directed graph G such that the set
of its vertices V(G) = X and the set of its edges E(G) has no parallel edges and contains A
the diagonal in X x X. We identify G with the pair (V(G), E(G)).

Forx,y € X and m € N, (x)", is called an m-directed path from x to y if x = 2%, y = x™,
and ("1, x%) € E(G) for every i = 1,...,m. We denote

[x]G = {y € X : there is an m-directed path from x to y},

[xle = | [#1e.

meN

Observe that [x] C [x]% C - -- C [x]g, since A C E(G).
For y € [x]Z and z € [x]g, we define

Pm(%,y) = inf{ Zd(xi’l,xi) : (xi):'io is an m-directed path from x to y ¢;
i=1
m
plx,z) = inf{ Z d(x’_l,x‘) : (x‘):zo is an m-directed path from x to z
i=1
for some m € N}.

Notice that p,,(x,¥) > pr+m(x, y) for all k € N, and
plx,z) = inf{p,,,(x,z) :m € Nsuch that z € [x]’é‘},
since A C E(G).

Definition 2.1 Let F: X — X be a multivalued mapping.
(1) Let m € N. We say that a sequence {x,} is a G,-Picard trajectory from x if
%y € [®u_1]E N F(x,21) for all n € N. We denote by T,,,(F, G, %), the set of all
G,,-Picard trajectories from xg.
(2) We say that a sequence {x,} is a G-Picard trajectory from xy if x,, € [%,-1]G N F(%,-1)
for all n € N. We denote by T(F, G, xy), the set of all G-Picard trajectories from xy.

Definition 2.2 Let F: X — X be a multivalued mapping.
(1) Let m € N. We say that F is G,,-Picard continuous from x, if the limit of any
convergent sequence {x,} € T,,(F, G, ) is a fixed point of F.
(2) We say that F is G-Picard continuous from xy if the limit of any convergent sequence
{x,} € T(F,G,xy) is a fixed point of F.
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We recall the notions of contractions with respect to G introduced in [12].

Definition 2.3 Let Y C X and F: Y — X a multivalued mapping with nonempty values.
(1) We say that F is a G-contraction if there exists A €]0, 1[ such that, for all (x,y) € E(G)
and all u € F(x), there exists v € F(y) such that

(#,v) € E(G) and d(u,v) <Ard(x,y).

(2) We say that F is a weak G-contraction if there exists A €]0,1[ such that, for all
x,y € Y with y € [x]g, and all u € F(x), there exists v € F(y) such that

velulg and p(u,v) < Ap(x,y).

It is easy to verify that a G-contraction is a weak G-contraction. An example of a weak

G-contraction which is not a G-contraction is presented in [12].

2.2 Fixed point results for G-contractions
Here is a fixed point result for G-contraction established in [12].

Theorem 2.4 Let F : X — X be a multivalued G-contraction. Assume there exist m € N
and xo € X such that [xog N F(xo) #9 and F is G,,-Picard continuous from xo. Then there

exists a G,,-Picard trajectory {x,} converging to x a fixed point of F.

Remark 2.5 (1) Arguing as in [12], it can be shown that if F : X — X is a multivalued
G-contraction, then there exists & € ]0,1[ such that, for all y € []7 and all € F(x), there
exists v € F(y) N [u]F such that p,, (i, v) < ap,,(x, ).

(2) The assumption of G,,-Picard continuity concerns

{{xn} € T,,(F,G,x0) : {x,} converges}.

Looking at the proof of Theorem 2.4, one sees that it is sufficient for the limit of a sequence

in the following set to be a fixed point of F:

(%} € Tou(F, G, %0) 1 ) pn(6n1,%0) <00 .

n=1

So, the assumption of G,,-Picard continuity can be weakened in Theorem 2.4.

In practice, one realizes that it happens that the pair (&, v) in the definition of G-contrac-
tion satisfies also some other properties. Taking into account this fact and the previous
remark, one can state a generalization of Theorem 2.4. Its proof is analogous to the proof
of Theorem 2.4 and it is left to the reader.

Theorem 2.6 Let F: X — X be a multivalued map and, for every (x,y) € E(G), let a prop-
erty P(x,y). Assume there exists m € N such that the following conditions hold:
(i) there exist xo,%1 € X such that x, € [xo]& N F(xo);
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(ii) there exists o €10,1[ such that, for all y € [x]§ and all u € F(x), there exists
ve F(y) N [ulg such that

Pm(u,v) < apu(x,y) and (u,v) satisfies the property P(x, y);

(ili) for any sequence {x,} € T,,(F, G, x0) (With xo, %1 given in (1)) such that (x,.1, %n+2)
satisfies property P(xy, xy.41) for every n € N and

[o¢]
> Pnnr, %) < 00,
n=1

its limit is a fixed point of F.
Then there exists a G,,-Picard trajectory {x,} converging to x a fixed point of F.

2.3 Fixed point results for weak G-contractions
Here is a fixed point result for weak G-contractions obtained in [12].

Theorem 2.7 Let F : X — X be a multivalued weak G-contraction. Assume there exists
x0 € X such that [xo]c N F(xo) # @ and F is G-Picard continuous from xo. Then there exists
a G-Picard trajectory {x,} converging to x a fixed point of F.

It is important to understand that if F is a G-contraction then for (x,y) € E(G) and u €
F(x), there is v € F(y) such that there is an 1-directed path from u to v such that d(u,v) <
Ad(x,y). On the other hand, if F is a weak G-contraction, for (x,y) € E(G) and u € F(x), one
cannot ensure that there is an appropriate element of F(y) on an 1-directed path from u.
Indeed, a suitable v € F(y) could be on an N-directed path from u for some N strictly
bigger than 1. A particular case of weak G-contraction is when such N is the same for all
(,y) € E(G). Also, it could happen in practice that (u,v) satisfies some other properties.
The proof of the following result is analogous to the proof of Theorem 2.7 (see the proof
of Theorem 3.4 in [12]) and it is left to the reader.

Theorem 2.8 Let F : X — X be a multivalued map and m,N € N. Let Py(x,y) be a prop-
erty for every y € [x]% for k = mN" with n € N U {0}. Assume the following assumptions:
(i) There exists xo € X such that [x]g N F(xo) # 9.
(i) There exists a €]0,1[ such that, for every x € X, u € F(x) and every y € [x]lé with
k=mN" and n € NU {0}, there exists v € [u]]g\’ N F(y) such that

pin(,v) < api(x,y) and (u,v) satisfies the property Pi(x,y).

(ili) For any sequence {x,} (with xo given in (1)) such that x, € F(x,_1) N [xn_l]g”Nn_l,

(%4, Xn41) satisfies property Pnn-1(%y-1,%,) for every n € N, and
o0
> P (6 Xna) < 00,
n=1

its limit is a fixed point of F.
Then there exists a G-Picard trajectory {x,} converging to x a fixed point of F.
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3 Main results with mixed monotonicity type conditions
3.1 Systems of Hammerstein integral equations with mixed monotone conditions
We consider the system of Hammerstein integral inclusions (1.1):

1
xi(t)e/ H;(t,5,%1(5),...,xx(s)) ds V£ €[0,1],Vi=1,...,N,
0

where H; : [0,1] x [0,1] x E; X - - - X Ey — E; are multivalued maps with nonempty values.
We assume that the Banach spaces E; are endowed with a partial order < satisfying:
(O) for u,v e LY([0,1], E;) such that u(s) < v(s) a.e. s € [0,1], one has

/01 u(s)ds < fol v(s) ds.

In this section, we establish existence results in the case where the maps H; satisfy mono-
tonicity type conditions with respect to each variable x;. This could be nondecreasing type
conditions with respect to some variables and nonincreasing type conditions with respect
to the others.

We denote E = E; x --- x Ey the Banach space endowed with the norm ||(xy,...,xx)| =
|22l + - + llxnl, and H : [0,1] x [0,1] x E — E the multivalued map defined by H(¢,s,x) =
(H(t,s,%),...,Hn(t, 5, %)).

We define the multivalued map H : C([0,1],E) — £ by

H(x) = {w e & :w(t,s) e H(t, s,x(s)) ae.s€(0,1],Vt e [0,1]}, (3.1)
where
£ = {w: [0,1] x [0,1] > E: w(t,-) € L'([0,1],E) V¢ € [0,1],
1
and t — / w(t,s)ds is continuous}. (3.2)
0

We look for solutions of (1.1) which are fixed points of the multivalued map
F:C([0,1],E) — C([0,1],E) defined by

1
F(x) = {u € C([O,l],E) : there exists w € H(x) such that u(t) = / w(t, s) ds}. (3.3)
0

Here is our first existence result.

Theorem 3.1 Let H:[0,1] x [0,1] X E — E be a multivalued map with nonempty values.
Assume the following conditions hold:
(i) There exist xy € C([0,1],E), wo € H(xo) and oo : {1,...,N} — {1, -1} such that

1
0 < op(i) </ Wo,i(t, s)ds — xoyl‘(t)> Vte[0,1],Vi=1,...,N.
0
(if) There exists ¢ :[0,1] x [0,1] — [0, oo[ such that

o(t,) e L'(10,1]) Vee[0,1] and sup ot )], <1,
te[0,1]
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and, forj=1,...,N, there is a map o;: {1,...,N} — {1, -1} such that, for every
x=(x1,...,2v) € C([0,1], E), w € H(x) and every x = (1, ...,%x) € C([0,1], E) such
that x; = X; for i # j and x;(s) < %;(s) for all s € [0,1] (resp. X;(s) < x;(s) for all

s € [0,1]), there exists w € H(x) such that, a.e. s € [0,1] and all t € [0,1],

|w(z,s) — (5, 9)| < (£, 9)llx - £llo,
and
0= G/(i)(ﬁ/i(t, s) — w;l(t, 5)) (resp, 0= aj(i)(wi(t, s) — vAvi(t,s))) Vi=1,...,N).

(iii) For every x,x, € C([0,1],E), w € £ and w, € H(x,), one has w € H(x) if
(@) x, — x and x,(t) = fol Wy-1(t,s)ds for all t € [0,1] and all n e N;
(b) w,(t,s) = w(t,s) and ||w,(t,s)|| < Mp(t,s) + |[wo(t,s)|| a.e. s €[0,1], all
t€[0,1], all n € N, and for some M > 0.
Then (1.1) has a solution.

Proof We consider on C([0,1], E) the graph G with V(G) = C([0,1], E) and
(E(G)) one has ((x1,...,2n), (1,...,¥n)) € E(G) if and only if one of the following
conditions holds:
(i) there exists j € {1,...,N} such that, for all s € [0,1], x;(s) < ;(s) and
x;(s) = yi(s) for all i #;
(ii) there existsj e {1,...,N} such that, for all s € [0,1], y;(s) < x;(s) and
x;(s) = yi(s) for all i .
Let

1
x1(t) = / wo(t,s)ds Vte[0,1],
0
where wy is given in Assumption (i). One has x; € F(xp). Observe that

(xo,l,xo,z, cees xO,N): (xl,lyx0,2: cen ,xo,N), cees (xl,ly e ,x1,1\1)

is an N-directed path from xq to x. So, x; € F(xg) N [xo]g.

We consider the following properties:

(P1) For (x,%) € E(G), we say that (i, 1) € Py(x,%) if, for all w € H(x) such that u(t) =

fol w(t,s)ds for all £ € [0,1], there exists w € H(x) such that
(2) it) = [ w(t,s)ds for all ¢ € [0,1];
(b) lw(t,s) —w(t,s)|| < ¢(t,8)||lx —X|lo a.e. s € [0,1] and all £ € [0,1].

(Py) Fory e [x]Y, we say that (1, v) € Py(x,y) if there exist (x* 1,:’:0 and (uk)i‘io N-directed
paths from x to y and from u to v, respectively, such that (1, u¥) € Py (%1, x5)
for k =1,...,N. Hence, for all w® € H(x) such that u(t) = fol wO(t, s) ds, there exists
wk € H(x*) such that

1
o= [ whes)d
u“(t) /0 (t,s)ds
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and

N
[w0(t,5) - wN (5, 9)] <D [wW (5 s) - wh(e9)| < bt s)pn(x,y)

k=1
a.e.s € [0,1],Vt € [0,1].
(Pyn) For m > 2 and y € %Y, the property Pnn(x,y) is defined inductively. Hence,
for (u,v) € Pyn(x,y), one has v € [u]]gHl and for all w € H(x) such that u(¢) =
fol w(t,s) ds, there exists w € H(y) such that v(¢) = fol Ww(t,s)ds and

||w(t, s) — w(t, s)|| < ¢(t,s)pnn(x,y) ae se0,1],Vt € [0,1].

We claim that F satisfies Condition (ii) of Theorem 2.8 with

ae |sup o )|,,1].
:Ite[O,l] ” ! [
Indeed, let (x,x) € E(G) and u € F(x). For w € H(x) such that
1
u(t) :/ w(t,s)ds Vte|0,1],
0

let w € H (%) be ensured by Assumption (ii) and define

1
u(t) =/ w(t,s)ds Yte[0,1].
0
Thus, by (O), fori=1,...,N,

u;(t) <u(t) Vveel0,1], or

w;(t) < u(t) Veelo,1].

One has i € [u]Y, since
(t1,...,un), (U1, u2, ... uN), -, (U1, UN)

is an N-directed path from u to #. Also, (u, it) € Py(x,%) and

pN(Ll,i:{) =< ||(ulr'-'1uN)_(i\thZ:unuN)”O+
+ ||(£t1,...,£tN_1,MN)—(itl,...,itN)”o
= llu—llo

< Allx - %llo,
with

%= sup [t )]
te[0,1]



Dinevari and Frigon Journal of Inequalities and Applications (2015) 2015:301 Page 9 of 33

Fixe > OsuchthatA(l1+e) <a.Lety e [x]g and # € F(x). There exists (ac")z,y=0 an N-directed
path from x to y such that

N

X:”xk_1 —xk Ho <(1+¢&)pn(xy).

k=1

The previous argument ensures that, for k = 0,..., N, there exists w* € H(x*) such that
0

u=u-,

1
Wk (f) = / wh(t,s)ds Vte[0,1],
0

and (X1, u*) € Py(x*1,x5). So, for v = u!, one has (u,v) € Py (x,9), ve F(y) N [u]gz, and

N
pa2(u,v) < ZpN(uk_l, uk)
k=1

N
ey

k=1
<oapn(x,y).

By induction on #, it can be shown that, for every y € [x] g” and every u € F(x), there exists

veF@y)N [u]lgﬁ1 such that (u,v) € Pyn(x,y) and

P (1, v) < apyn(x,y).

Finally, (iii) implies that Condition (iii) of Theorem 2.8 is satisfied. Indeed, let {x,} be
such that x,, € F(x,_1) N [xn,l]g" and (x,,,x,,41) € Pyn(x,_1,%,) for all # € N and

o0
ZPNM (%s X41) < 0O,

n=1

Since
00 00
Z ”xn _xn+l||0 < ZPN”+1(xn:xn+l);
n=1 n=1

{x,} is a Cauchy sequence converging to some x € C([0,1],E). Also, since (x,,%,.1) €
Pnn (%1, %,) for all n € N, there exists w,, € H(x,) such that x,,,; = fol w,(t,s)ds and

Wt (8 8) = w8, 9) | < b (t, ) (xn-1,%4)  a.e.s €[0,1], Ve €[0,1].

So,

|wa(t,9)]| < [wo(t,9)] + ¢(£:5) D prn (a1, 20)  ace.s€[0,1],¥2 € [0,1].

n=1
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It follows from the Lebesgue dominated convergence theorem that there exists w: [0,1] x
[0,1] — E such that w(¢,-) € L1([0,1], E) and

[w(t,) = wa(t, )|, > 0 Vre[0,1].

Also,
1 1
x(t) = lim x,(¢) = lim wy(t,s)ds =/ w(t,s) ds.
n—00 n—00 0 0

So, w € €. Assumption (iii) implies that w € H(x), and hence x € F(x).
Finally, Theorem 2.8 gives the conclusion. g

Remark 3.2 A multivalued map T': E; — E; is said to be
- nondecreasing upward (resp. downward) if for every x; € Ej, v € T(x;) and every X; € E;
such that x; < &; (resp. &; < x;), there exists ¥ € T'(%;) such that v <V (resp. ¥ <X v);
- nonincreasing upward (resp. downward) if for every x; € Ej, v € T(x;) and every &; € E;
such that x; < &; (resp. &; < x;), there exists ¥ € T(%;) such that ¥ < v (resp. v < );
- nondecreasing (resp. nonincreasing), it is nondecreasing (resp. nonincreasing) upward
and downward.
Condition (ii) of the previous theorem implies that H; is nondecreasing (resp. nonincreas-
ing) with respect to x; if 0;(i) = 1 (resp. o;(i) = -1).

Remark 3.3 Observe that Condition (iii) in the previous theorem is satisfied if x
H(t, s, x) is upper semi-continuous (i.e. {x € E: H(¢t,s,x) N B # {} is closed for every closed
BCE)ae.se[0,1] andall £ € [0,1].

3.2 Some corollaries with mixed monotone conditions
We present some corollaries of our main result. In the particular case where H is single-
valued, we obtain the following result.

Corollary 3.4 Let h:[0,1] x [0,1] x E — E be a single-valued map. Assume the following
conditions hold:
(i) Foreveryx € C([0,1],E), h(t,-,x(-)) € L'([0,1],E) for all t € [0,1], and
t— fol h(t,s,x(s)) ds is continuous.
(i) There exist € C([0,1], E) such that, fori=1,...,N,

1

Vi(t) < / hi(t,s,¥(s))ds Vee[0,1], or

0
1
f hi(t,s,9(s)) ds < ¥i(t) Vee[0,1].
0
(iii) For, i,j=1,...,N, the map x; — hi(t,s,%1,...,%j_1, %}, Xj41, ..., XN) is nondecreasing
a.e.s€0,1] and all t € [0,1], or it is nonincreasing a.e. s € [0,1] and all t € [0,1].

(iv) There exists ¢ :[0,1] x [0,1] — [0, oo[ such that

o(t,) e L'(10,1]) Vee[0,] and sup [p(t )], <1,
te[0,1]
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and, for every x,% € C([0,1], E) such that x; = X; for i # j and x;(s) < X;(s) for all
s €[0,1], one has

|72(2,5,5(5)) = h(t,5,%(5)) | < D(£,8)]1% = Zllo.

(v) Forevery x,x, € C([0,1],E), and h: [0,1] x [0,1] — E, one has il(t,s) = h(t, s, x(s))
ae.s€(0,1] andall t € [0,1], if
(@) x, > x and x,.1(t) = fol h(t,s,x,(s))ds forall t € [0,1] and all n € N;
(b) h(t,s,%u(s)) = h(t,s) and ||h(t,s,%4(5) | < Me(t,5) + |t 5, % ()| a.e.
s€[0,1],allt € [0,1], all n € N, and for some M > 0.
Then the following system of Hammerstein integral equations has a solution:

1
x(t) :/ h(t,s,x(s)) ds Vte]l0,1]. (3.4)
0

Here is an a corollary of Theorem 3.1 when H can be written H(t, s, x) = g(¢, s)K (s, x) with

g single-valued.

Corollary 3.5 Let K : [0,1] x E — E be a multivalued map with nonempty values and
g:[0,1] x [0,1] — [0,00[N a single-valued map. Let p € [1,00)] and q its conjugate. Assume
the following conditions hold:
(i) Foreveryte[0,1], g(t,-) € L1([0,1],RN) and t > g(t,-) is continuous.
(ii) There exist € C([0,1],E) and n € LP([0,1), E) such that (s) € K(s, ¥ (s)) a.e
s€[0,1], and foreveryi=1,...,N

1
%@5/gﬂ@m®% vie[01], or
0
1
fgmmmwmfmm Ve [0,1]
0

(iii) There exists | € L7([0,1], [0, 0o[N) such that

o= sup max{”ll( gt )||1, ()gn(t, ')Hl} <1

tef0,1

and forj=1,...,N, there exists 0j: {1,...,N} — {1, -1} such that, for every

x € C([0,1],E) and every k € LP([0,1], E) such that k(s) € K(s,x(s)) a.e. s € [0,1], one
has, for every X € C([0,1], E) such that x; = X; for i # j and x;(s) < X;(s) for all

s € [0,1] (resp. &(s) < x;(s) for all s € [0,1]), there exists ke LP([0,1], E) such that,
a.e.s€|0,1], k(s) € K(s,x(s)),

| ki(s) = kits) || < L) 13; = ;o
and

0 < 0;(i) (ki(s) - ki(s))  Vi=1,...,N
(resp. 0= aj(i)(ki(s) - /Aq(s)) Vi=1,. ..,N).



Dinevari and Frigon Journal of Inequalities and Applications (2015) 2015:301 Page 12 of 33

(iv) Forevery x,x, € C([0,1],E) and for every k, k, € L?([0,1], E) such that
ku(s) € K(s,x,(s)) a.e. s € [0,1], one has k(s) € K(s,x(s)) a.e.s € [0,1] if
(@) x, = x and x,,;(t) = folgi(t,s)k,,_l,,»(s) dsforallte€[0,1],neN,andi=1,...,N;
(b) ku(s) = k(s) and |ky,(s)| < Mli(s) + |ko,(s)| a.e.s€[0,1],alli=1,...,N, all
n € N and for some M > 0.

Then the following system has a solution:
1
xi(t) € / gi(t,9)Ki(s,x(s))ds Vee[0,1],i=1,...,N. (3.5)
0

Now, we consider the initial value problem for a system of differential inclusions:

®'(t) e K(t,x(t)) ae te0,1],
(3.6)
x(0) =r.

Corollary 3.6 Letr € Eand K :[0,1] x E — E a multivalued map with nonempty values.
Assume the following conditions hold:
(i) There exist ¥ € C([0,1],E), v € LY([0,1], E) such that v(s) € K(s, ¥ (s)) a.e. s € [0,1],
and foralli=1,...,N,

Y <ri+ /tvi(s)ds Vte[0,1], or
0
T+ /.tv,-(s)ds <y;(t) Vtelo,1].
0

(i) There exists [ € L'([0,1]) such that ||l||, <1 and forj=1,...,N, there exists
0j:{L,...,N} — {1,-1} such that, for every x € C([0,1],E) and every k € L*([0,1], E)
such that k(s) € K(s,x(s)) a.e. s € [0,1], one has, for every x € C([0,1], E) such that
x; = X; for i #j, xi(s) < x;(s) for all s € [0,1] (resp. x;j(s) < x;(s) for all s € [0,1]), there
exists k € LY([0,1],E) such that a.e. s € [0,1], /A<(s) € K(s,x(s)),

|ki(s) = ki(s) || < Us) 113 - xllo,
and

0 < 0;(i) (ki(s) - ki(s))  Vi=1,...,N

(resp. 0= o,-(i)(k,»(s) - IA<,»(S)) Vi=1,. ..,N).

(iii) For every x € C([0,1],E), x, € W*([0,1],E) and every k € L}([0,1], E) such that
x%,(0) =7, %,,,,(s) € K(s,%,(5)) a.e. s € [0,1], one has k(s) € K(s,x(s)) a.e. s € [0,1] if

n+l
%, — xllo = 0, x,(s) — k(s) a.e.s € [0,1] and

”x’n(s) || < Mli(s) + Hv(s)” a.e. s € [0,1],Vn € N for some M > 0.

Then (3.6) has a solution.
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Proof Let H:[0,1] x [0,1] x E — E be given by
H(t,s,x) =7+ Xjo,q(8)K(s, ).
The conclusion follows from Theorem 3.1. O

Remark 3.7 Observe that (i) of the previous corollary is satisfied if there exist
o:{1,...,N} = {1,-1}, ¥ € W([0,1],E) and v € L([0,1],E) such that v(s) € K(s, ¥(s))
a.e.s€[0,1],and, foralli=1,...,N,

ifo(i)=1, ¥(0) <7y, Yi(s) < vi(s) ae.sel0,1],
ifo(i) =-1, r; < 4(0), vi(s) < ¥i(s) ae.se(0,1].

In the particular case where N =1 and E; = R, such a function v is called a lower solution

(resp. upper solution) of (3.6) if (1) =1 (resp. o (1) = -1).
We consider the periodic boundary value problem for a system of differential inclusions:

x'(t) e K(t,x(t)) a.e. tel0,1],
(3.7)
x(0) = x(1).

Corollary 3.8 LetK :[0,1] x E — E be a multivalued map with nonempty values. Assume
the following conditions hold:
(i) There exist v € WY([0,1],E) and v € L*([0,1], E) such that v(s) € K(s, ¥ (s)) a.e.
se€[0,1], and, foralli=1,...,N,

Vi(0) <y (1) and ¥/(s) <vi(s) aesel0,1], or
Vi) <¥(0) and vi(s) <Yj(s) aesel01]
(ii) Thereexist0 <l<aandforj=1,...,N, there exists ;: {1,...,N} — {1,-1} such
that, for every x € C([0,1], E) and every k € L}([0,1], E) with k(s) € K(s,x(s)) a.e.
s € [0,1], one has, for every x € C([0,1], E) such that x; = x; for all i #j and

x;(s) < x;(s) for all s € [0,1] (resp. X;(s) < x;(s) for all s € [0,1]), there exists
k € L ([0,1], E) such that a.e. s € [0,1], k(s) € K (s,4(s)),

|kils) + ai(s) — ki(s) — axi(s) | < 11 - xlo,
and

0 < (i) (ki(s) + aki(s) — ki(s) — axi(s))  Vi=1,...,N

(resp. 0= aj(i)(k,»(s) + ax;(s) — IA<,<(S) — afci(s)) Vi=1,. ..,N).

(iii) For every x € C([0,1),E), x, € WY([0,1],E) and every k € L}([0,1], E) such that
2,(0) = x,(1), x,,,,(5) € K(8,%,(5)) + a(x,,(5) — x41(s)) a.e. s € [0,1], one has
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k(s) € K(s,x(s)) a.e. s € [0,1] if ||x, — x|lo = 0, x/,(s) = k(s) a.e. s € [0,1] and
||x;,(s) || <Ml + Hu(s)” a.e.s€[0,1],Vn € N for some M > 0.

Then (3.7) has a solution.
Proof Letg:[0,1] x [0,1] — [0, o0[ be defined by

ea(s—t+1)

_ i1 ’
8ts) = o

ed_1 7

ifo<s<t<l,

ifo<t<s<l.

A solution of (3.7) is a solution of
1
x(t) € / g(6,5)(Ki(s,x(s)) + axi(s))ds Vte[0,1],i=1,...,N.
0

The conclusion follows from Corollary 3.5. O

Remark 3.9 In the particular case where N =1 and E; = R, the function ¢ satisfying
Condition (i) of Corollary 3.8 is called a lower solution (resp. upper solution) of (3.7) if
o(1) =1 (resp. o (1) = -1).

Remark 3.10 In the previous corollary, we can replace [ < a by [ € L!([0,1]) such that

1
sup f g(t,8)i(s)ds < 1.
0

te(0,1]

4 Results with nonincreasing type conditions

4.1 Hammerstein integral equations with nonincreasing type conditions

In the previous section, we established the existence of a solution to the system (1.1), where
all H; satisfy monotonicity type conditions with respect to each variable ;. In this section,
we consider a particular case where H satisfies a nonincreasing type condition. In this
particular case, the continuity condition (see Condition (iii) of Theorem 3.1) can be weak-
ened. Also, the use of weak G-contraction will not be necessary in the proof, since the

associated operator will be a G-contraction.

Theorem 4.1 Let H : [0,1] x [0,1] x E — E be a multivalued map with nonempty values.
Assume the following conditions hold:
(i) There exist xy € C([0,1],E), wo € H(xg) and o : {1,...,N} — {1,-1} such that

1
0=<0o(i) (/ wo,i(t,5) ds—xo,i(t)) vt e€[0,1],Yi=1,...,N.
0
(ii) There exists ¢ :[0,1] x [0,1] — [0, oo[ such that

o(t,) eL'(10,1]) Vee[0,] and sup [p(t )], <1,
te[0,1]
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and, for every x € C([0,1],E), w € H(x) and every x € C([0,1], E) such that

0 < o (i)(%i(s) —xi(s)) Vse[0,1],Vi=1,...,N

(resp. 0 < o (i) (%i(s) — &:(s)) Vs€[0,1],¥i=1,...,N),
there exists w € H(x) such that, a.e. s € [0,1] and all t € [0,1],
|w(z,s) — (5, 9)| < (£, 9)llx — £llo,
and

0 <o (i)(wi(t,s) - Wi(t,s)) Vi=1,...,N

(resp. 0 < o (i) (Wilt,s) — Wi(t,s)) Vi=1,...,N).

(iii) For every x, € C([0,1], E) and w, € H(x,) such that
00 1
Z ”xn _xn+l||0 < 00, xn+l(t) = / W,,(t,S) dS,
n=1 0

and

”Wn(t: 8) = Wui(Z,5) ” < ¢, )% — xpan

a.e.s€[0,1],Yt €[0,1],Vn €N,

one has w € H(x), where ||x,, — x|lo — 0 and ||w, —w||; — 0.
Then (1.1) has a solution.

Proof We consider on C([0,1], E) the graph G" with V(G") = C([0,1],E) and

(E(G")) one has (x,y) € E(G") if and only if one of the following conditions hold:
(@) 0 <o(i)(x;(s) —xi(s)) forallse [0,1] and all i =1,...,N;
(b) 0 <o (i)(x(s) — xi(s)) forall s € [0,1] and all i = 1,...,N.

Let
1
x1(2) :/ wo(t,s)ds Yt e[0,1].
0

It follows from (i) that (xg,%1) € E(G") and x; € F(xg).
We consider the following property:

(P") For (x,%) € E(G"), we say that (u,) € P"(x,%) if for all w € H(x) such that u(f) =
fol w(t, s) ds, there exists W € H (%) such that
(@) #(2) = [y w(t,s) ds;
(b) |lw(t,s) —w(t,s)|| < ¢(t,8)|lx —X||o a.e. s € [0,1], and all £ € [0,1].

Let F be the associated multivalued map defined in (3.3). It follows from (ii) that F satisfies
Condition (ii) of Theorem 2.6 with nz = 1.
Finally, Condition (iii) of Theorem 2.6 follows from Assumption (iii). O
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Remark 4.2 If H satisfies (i) and (ii) of Theorem 3.1 with oy,...,ox such that
oo(j)oj(i) = —oo(i) Vi,j=1,...,N, (4.1)

then o = oy satisfies (i) and (ii) of the previous theorem. Indeed, without loss of generality,
let x,x € C([0,1], E) be such that

0 <0 (i)(%i(s) —xi(s)) Vse[0,1],Vi=1,...,N.

Let w € H(x). By (ii) of Theorem 3.1, there exists W' € H(#;,%,, ...,%xy) such that
[w(t,s) = (. )| < B(£:9) %1 = Z1llo,

and

ifo(l)=1, 0 < 01(i)(W}(t,8) —w;(t,s)) Vi=1,...,N,

ifo)=-1, 0= (wilt,s)-W;(ts)) Vi=1,...,N.
So, by (4.1),
0= a(i)(wi(t,s) - ﬁ/}(t,s)) = a(l)al(i)(ﬁ/}(t,s) —w(t, s)) Vi=1,...,N.
By the same argument, for j = 2,..., N, there exists W/ € H (&1, ... s &y Xjs1. .., %n) such that
|71t 5) - W (5.9 < &t 5)llx = F5llo,
and
0 <o () (W (t,5) - W)(t,9)) = o (Noy (D) (W(t,5) = W] ' (£,5)) Vi=1,...,N.

Therefore, w = WY e H (%) is such that

N N
|wit,s) = e, 9)| <[V (t5) - W(,5)] < d(t,5) Yl —Fllo
j=1

j-1

= ¢(t,9)llx = llo,

and
0 < o (D) (wilt,s) - Wilt,s)) Za(l W (t,s) - Wi(t,s)) Vi=1,...,N.

4.2 Some corollaries with nonincreasing type conditions
As in the previous section, we obtain as corollaries existence results for systems of differ-

ential inclusions with initial value condition or periodic boundary value condition.
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Corollary 4.3 Letr € E and K :[0,1] X E — E a multivalued map with nonempty values.
Assume the following conditions hold:
() Thereexisto :{1,...,N} = {1,-1}, ¥ € C([0,1],E), v € L*([0,1], E) such that
v(s) € K(s,¥(s)) a.e.s € [0,1], and

o(i)(iﬁi(t)—ri—/tvi(s)ds) <0 Vtel0,1],Vi=1,...,N.
0

(i) There exists [ € L*([0,1]) such that ||l||, <1 and for every x € C([0,1], E) and every

k € L}([0,1], E) such that k(s) € K(s,x(s)) a.e. s € [0,1], one has, for every
x € C([0,1], E) such that

0 < o (i)(%i(s) —xi(s)) Vse[0,1],Vi=1,...,N

(resp. 0 < o (i) (xi(s) — %i(s)) Vs€[0,1],Vi=1,...,N),

there exists k € LY([0,1], E) such that a.e. s € [0,1], lA<(s) € K(s,x(s)),
k(s) = k()| < Us) % —xllo, and

0 <o (i)(ki(s) —ki(s)) Vi=1,...,N

(resp. 0= a(i)(lAq(s) - ki(s)) Vi= 1,...,N).

(iii) For every x,, € WVY1([0,1], E) such that x,(0) = r, x.,,(t) € K(s,%,(s)) a.e. s € [0,1],

n+l

o0
Z ey — %ns1llo < 00,

n=1

and
%, (8) = &1 () || < U %nor = xallo  ae. s €[0,1],Vn € N;

one has k(s) € K(s,x(s)) a.e. s € [0,1], where ||x,, — x|l — 0 and ||x], — k|| — 0.
Then (3.6) has a solution.

Corollary 4.4 LetK :[0,1] X E — E be a multivalued map with nonempty values. Assume
the following conditions hold:
(i) Thereexisto :{1,...,N} = {1,-1}, ¥ € W([0,1],E) and v € L'([0,1], E) such that
v(s) € K(s,¥(s)) a.e. s € [0,1], and, foralli=1,...,N,

o () (yi(0) - (1) =0 and o (i)(Vi(s) - vils)) <0 a.e se[0,1].

(ii) There exist 0 <1< a such that, for every x € C([0,1],E) and k € L'([0,1],E) with
k(s) € K(s,x(s)) a.e. s € [0,1], one has, for every x € C([0,1], E) such that

0= a(i)(fci(s) —xi(s)) Vse[0,1],Vi=1,...,N

(resp. 0= a(i)(xi(s) —aAci(S)) Vs €[0,1],Vi= 1,...,N),
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there exists k € LY([0,1], E) such that a.e. s € [0,1], /A<(s) € K(s,x(s)),
| k(s) + ax(s) — k(s) - ai(s)| < 11~ xllo,
and

0 < 0 (i) (ki(s) + axy(s) — ki(s) — aki(s)) Vi=1,...,N

(resp. 0 < o (i) (lAq(s) + axi(s) — ki(s) —axi(s)) Vi=1,...,N).

(iii) For every x,, € WY([0,1], E) such that x,(0) = x,(1),

D Nt = Znaallo <00, x1() € K (5,24(5)) + @((s) — %41 (5)),

n=1

and

|%,(5) = %11 (5) + @xn 1 (8) = axu(s) | < Ulxws = 2allo

a.e.s€[0,1,Yn e N;

one has k(s) € K(s,x(s)) a.e. s € [0,1], where ||x,, — x|lo — 0 and ||x], — k|l — 0.
Then (3.7) has a solution.

Remark 4.5 Inthe particular case where N = 1, E; = R and K is a continuous single-valued

map, the previous corollary is due to Nieto and Rodriguez-Lépez [10].

5 Results with nondecreasing type conditions

5.1 Hammerstein integral equations with nondecreasing type conditions

In the previous section, we considered the particular case where H satisfies a nonincreas-
ing type condition. In this section, we establish the existence of a solution to the system
(1.1) in the particular case where H satisfies a nondecreasing (upward or downward) type

condition.

Theorem 5.1 Let H:[0,1] x [0,1] X E — E be a multivalued map with nonempty values.
Assume the following conditions hold:
(i) There exist xy € C([0,1],E), wo € H(xg) and o : {1,...,N} — {1, -1} such that

1
0=<0o(i) (/ wo,i(£,5) ds—xo,,-(t)> vt e€[0,1],Vi=1,...,N.
0
(ii) There exists ¢ :[0,1] x [0,1] — [0, oo[ such that

o(t,) e L'(10,1]) Veel0] and sup [p(t )], <1,
te[0,1]

and, for every x € C([0,1],E), w € H(x) and every x € C([0,1], E) such that

0 <0 (i)(%i(s) —xi(s)) Vse[0,1],Vi=1,...,N,
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there exists w € H(x) such that, a.e. s € [0,1] and all t € [0,1],
[wit,5) =it s) | < ¢(t:5)l1x ~ Zllo,

and
0= G(i)(ﬁ/i(t,s) - wi(t,s)) vi=1,...,,N.

(iii) For every x, € C([0,1],E) and w,, € H(x,) such that

S 1

Z e — xns1llo < 00, X () = / wu(t,5)ds
0

n=1

and

[Wa(£8) = Wi (£,5) || < bt 8) 1960 — K

a.e.s€[0,1],Vt€[0,1],Vn e N,

one has w € H(x), where ||x,, — x|lo — 0 and |w,, — wl|l; — O.
Then (1.1) has a solution.

Proof We consider on C([0,1], E) the graph G* with V(G?) = C([0,1],E) and

(E(GY)) one has (x,y) € E(G?) if and only if 0 < o (i)(&;(s) — x,(s)) for all s € [0,1] and all
i=1,...,N.

We consider the following property:

(P4) For (x,%) € E(G%), we say that (u,i) € P%(x,X) if for all w € H(x) such that u(t) =
fol w(t, s) ds, there exists w € H(x) such that
(a) it) = [, wlt,s)ds;
(b) [|w(t,s) —w(t,s)|| < @(t,s)|lx— x|l a.e. s € [0,1], and all £ € [0,1];
() 0 =<o(@)(wi(t,s) —wi(t,s)) fora.e.s€[0,1],all € [0,1] and all i =1,...,N.

It can be shown that the operator F defined in (3.3) satisfies the assumptions of Theo-
rem 2.6. 0

In the next result, we show that the continuity type condition (iii) of the previous result
can be removed if one assumes that H has closed values and if the order on the Banach

spaces E; satisfies an additional property.

Theorem 5.2 Let H : [0,1] x [0,1] X E — E be a multivalued map with nonempty closed
values. Assume that Assumptions (i) and (ii) of Theorem 5.1 are satisfied. In addition, as-

sume that the following conditions hold:

(i)’ For every i = 1,...,N, and every sequence {a,} in E; such that a, — a and 0 <
o (i)ans1 —ay) foralln e N, one has 0 < o (i)(a — a,) for all n € N.

Then (1.1) has a solution.
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Proof Let G* and P“(x,%) be the graph and the property introduced in the proof of the
previous theorem. As in its proof, it follows from (i) and (ii) that Assumptions (i) and (ii)

of Theorem 2.6 are satisfied.

We claim that F satisfies (iii) of Theorem 2.6 with m = 1. Let {x,,} in T1(F, G%,x,) be such

that (%, %,.1) € P (%,_1,%,) for all n € N and

o0
D o1 = Zullo < 00
n=1

This a Cauchy sequence converging to some x € C([0,1], E). Since (%, %,.11) € P (%_1, %)

for all # € N, there exists w,, € H(x,,) such that x,,,; = fol wy(t,s)ds,
||Wn—1(t’ 5) - w,,(t,s)” < ¢(t,9)1%n-1 — xullo,

and

0= a(i)(wn,i(t,s) - wn_l,i(t,s)) ae.s€(0,1],Vte[0,1],Vi=1,...,N,Vn e N.

Also,

[wa(ts)|| < [|wo(ts)| +¢>(t,s)Z %1 —%ullo  a.e.se[0,1],Vt € [0,1].

n=1

It follows from the Lebesgue dominated convergence theorem that there exists w: [0,1] x

[0,1] — E such that w(¢,-) € L1([0,1], E) and
|lw(t,-) = wa(t, )|, > 0 VEe[0,1].

Moreover,

— 00

1 1
x(t) = lim x,(¢) = lim / wy(t,s)ds =/ w(t,s)ds Vte[0,1].
n— 00 n 0 0

So, w € &. Also, by (iii)’, 0 < o (§)(xi(£) —x,,,;)(¢) forall £ € [0,1] and all i = 1,..., N. It follows

from (ii) that, for every u € N, there exists w,, € H(x) such that
Wit 8) = Wu(t,9)|| < D(E,8) %4 — %10,
and
0= o(i)(ﬁ/,,(t,s) - wy,(t,s)) a.e.s€[0,1,vt€[0,1],Vi=1,...,N.
Therefore,

Wu(t,s) = w(t,s) a.e.se[0,1],Vte[0,1].

The fact that H has closed values implies that w € H(x), and hence x € F(x).

Finally, Theorem 2.6 gives the conclusion.
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Remark 5.3 Assumption (ii) of Theorems 5.1 and 5.2 can be weakened by restricting the
condition to x € C([0, 1], E) such that 0 < o (i)(x;(s) —x0,(s)) foralls € [0,1] and i = 1,...,n.
So, Theorem 5.1 and 5.2 hold with (ii) replaced by

(ii)’ There exists ¢ : [0,1] x [0,1] — [0, oo[ such that

¢(t,) €L([0,1]) Vre[0,1] and sup |¢(t )], <1,
te[0,1]

and, for every x € C([0,1], E), w € H(x) and every x € C([0,1], E) such that

0= a(i)(xi(s) - xo,i(s)) and

0 <o (i)(%i(s) —xi(s)) Vse[0,1],Vi=1,...,N,
there exists w € H(x) such that, a.e. s € [0,1] and all £ € [0, 1],
[w(z,s) = w(z,9)|| < ¢(t,9)llx - llo,
and
0 <o (i)(wi(t,s) - wi(t,s)) Vi=1,...,N.
5.2 Some corollaries with nondecreasing type conditions

We state existence results for systems of differential inclusions with initial value condition
or periodic boundary value condition which follow directly from the previous theorem.

Corollary 5.4 Letr € E and K : [0,1] X E — E a multivalued map with nonempty closed
values. Assume the following conditions hold:
(i) Thereexisto :{1,...,N} — {1,-1}, ¥ € C([0,1],E), v € L}([0,1], E) such that
v(s) € K(s,¥(s)) a.e.s € [0,1], and

L
o (i) (Wi(t) —r —/ v,'(s)ds) <0 Vvtel0,1],Yi=1,...,N.
0
(i) There exists [ € L*([0,1]) such that ||l||, <1 and for every x € C([0,1], E) and every

k € L}([0,1], E) such that k(s) € K(s,x(s)) a.e. s € [0,1], for every & € C([0,1], E) such
that

0 <0 (i)(%i(s) —xi(s)) Vse[0,1],Vi=1,...,N,
there exists k € L}([0,1],E) such that a.e. s € [0,1], k(s) € K(s,&(s)),

| k(s) = k(s)]| < Us) 113 — o,

and

0 <o (i)(ki(s) - ki(s)) Vi=1,...,N.
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(i) Foreveryi=1,...,N, and every sequence {a,} in E; such that a, — a and
0 <o (i)(an —ay) foralln e N, one has 0 < o (i)(a — ay) for all n € N.
Then (3.6) has a solution.

Corollary 5.5 Let K : [0,1] x E — E be a multivalued map with nonempty closed values.
Assume the following conditions hold:
() Thereexisto :{1,...,N} = {1,-1}, ¥ € W¥([0,1],E) and v € L'([0,1], E) such that
v(s) € K(s,¥(s)) a.e. s € [0,1], and, foralli=1,...,N,

o (i) (1//,(0) - 1//(1)) <0 and G(i)(l/f[(s) - vi(s)) <0 ae sel0,1].

(ii) There exist 0 <1< a such that, for every k € L'([0,1], E) with k(s) € K(s,x(s)) a.e.
s € [0,1], one has, for every x € C([0,1], E) such that

0 <0 (i)(%i(s) —xi(s)) Vse[0,1],Vi=1,...,N,

there exists k € L'([0,1],E) such that a.e. s € [0,1], k(s) € K(s, %(s)),
| k(s) + ax(s) - k(s) - a&(s) || < 1l1% - xllo,

and
0 < o (i) (ki(s) + ak(s) — ki(s) —ax,(s)) Vi=1,...,N.

(i) Foreveryi=1,...,N, and every sequence {a,} in E; such that a,, — a and
0 < 0(i)(ans1 —an) for alln € N, one has 0 < o (i)(a — ay) for all n € N.
Then (3.7) has a solution.

Remark 5.6 In the particular case where N =1, E; = R and K is a continuous single-

valued map, the previous corollary is due to Nieto and Rodriguez-Lépez [9].

6 Other results

It could happen that a map H; satisfies at the same time a nonincreasing type condition and
a nondecreasing type condition with respect to some variables. For instance, for x,%,% € E
such that ¥; < x; < % and &j = &; = ¥; for j # 1, and for w; € H;(¢,s,x), there could exist
w; € Hi(t,s,%), w; € Hy(t,s,%) such that w; < w; and w; < ;. If such H; is single-valued,
that would imply that H; is constant with respect to x;. However, in the multivalued case,
such a H; does not need to be constant with respect to x;. In this section, we consider the
system (1.1) in which some of the maps H; satisfy this type of property. In some sense, we
combine assumptions used in Sections 3 and 5.

In order to simplify the notation, we write E = E, x E,, with

Niese

Ny
E.=[]E and E..=]]Eux.
i-1 i=1

where N = N, + N,,. We write (x,y) € E withx € E, and y € E,,.
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Theorem 6.1 Let H : [0,1] x [0,1] x E — E be a multivalued map with nonempty values.
Assume the following conditions hold:
(i) There exist (xo,¥o) € C([0,1],E), (vo, wo) € H(x0,90), 0% : {1,..., N} = {1,-1} and
Ows i {1, ..., Now} — {1, -1} such that

1
0 < 0.(i) (/ vo,i(t,s)ds —xo,i(t)) vVt e [0,1],Vi=1,...,N,;
0
1
0 = G**(l) </ WO,i(t:S) ds _yO,i(t)) Vt e [0; 1],Vl = 1;~~1N**~
0

(ii) There exists ¢ :[0,1] x [0,1] — [0, oo[ such that

¢(t,) e L'([0,1]) Vee[0,1] and sup ot )|, <L
te(0,1]

and, forj=0,1,...,N,, there is a map o; : {1,...,Ny..} = {1, -1} such that, for every
(x,9) € C([0,1],E), (v,w) € H(x,y), one has
(a) forevery x € C([0,1], E,) such that

0 < 0.(i)(%i(s) —xi(s)) Vs€[0,1],Vi=1,...,N,,

there exists (v, W) € H(&, y) such that, a.e. s € [0,1] and all t € [0,1],
|(v(t,9), w(t, s)) = (¥, 5), W(t,5)) | < D(2,5)l|1% — o

and

0 ja*(i)(f/i(t,s)—vi(t,s)) vi=1,...,N,,
0 < o(@)(Wi(t,s) = wilt,s))  Vi=1,...,Nus
(b) forj=1,..., Ny, and every y € C([0,1], E.) such that y; = y; for i #j and

¥i(s) < 3(s) for all s € [0,1] (resp. §;(s) < ¥;(s) for all s € [0,1]), there exists
(v, W) € H(x,y) such that, a.e. s € [0,1] and all t € [0,1],

|| (V(t! S)’ W(t,S)) - (f/(t: S), li/(lf, S)) || = ¢(t’ S)”y _5/”0;

and

0= G*(i)(ﬁi(t,s) - Vi(t,S)) Vi=1,...,N,,
0 ﬁo}'(i)(ﬁ/i(t;s)_wi(t¢s)) Vi=1,...,N**
(resp. 0 < cfj(i)(wi(t, s) — wy(t, s))) Vi=1,...,Nu).
(ili) Foreveryi=1,...,Ny, and every sequence {a,} in E; such that a,, — a and
0 < 0.())(ans1 — ay) forall n € N, one has 0 < 0, (i)(a — a,) for all n € N.

(iv) Forevery (x,y) € C([0,1],E), y, € C([0,1], Es), (v, w) € £ and (v, wy) € H(x, Yn),
one has (v,w) € H(x,y) if
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(@) yu — yandy,(t) = fol Wy1(t,s)ds for all t € [0,1] and all n € N;
(b) (vu(t,s), wu(t,s)) = (v(¢,s), w(t,s)) and

[ (va(£:9), wa(£,9)) | < Mp(t,5) + || (vo(t, ), wo(t,9)) |

a.e.s€[0,1],Vt €[0,1],Yn € N, and for some M > 0.

Then (1.1) has a solution.

Proof We consider on C([0,1], E) the graph G* with V(G*) = C([0,1],E) and

(E(G*)) one has ((x,), (% 7)) € E(G*) if and only if one of the following conditions holds:
(i) y=yand 0 < 0, (i)(®i(s) —x;(s)) forall s € [0,1] and all i = 1,...,N,;
(ii) x =4 and there exists j € {1,..., N} such that, for all s € [0,1], y;(s) < y;(s)
and y;(s) = y;(s) for all i #J;
(iii) x =& and there exists j € {1,..., Ny} such that, for all s € [0,1], ;(s) < y;(s)
and y;(s) = y;(s) for all i #}.

We consider the following properties with m = N, + 1:

(P1) For ((x9), (&,9)) € E(G*), we say that ((u, u), (&, 1)) € P; (), (%,)) if for all (v, w) €
H(x,y) such that

1 1
, = ,8) ds, ,8)d. A4 0,1],
(u(t) ,u(t)) </0 v(t,s)ds /0 w(t, s) S> t €[0,1]

there exists (¥, w) € H(x,%) such that

(a) onehas

1 1
u(t), f(t)) = W, s)ds, | w(t,s)ds| Vtel0,1];
(u(t) ,u(t)) </0 v(t,s) S/(; w(t, s) S> t €[0,1]

(b) [I(v(t,5), w(t,s)) — (V(t, 5), W(t, 9)) || < @(£,5)ll(x,9) = (%, 9)]lo a.e. s € [0,1] and all
t€[0,1];
(©) 0=<o.()(Wit,s) —vi(t,s)) ae.s€[0,1],all £ € [0,1],and all i = 1,...,N,.

(Pw) For (%,7) € [(x,»)]%, we say that ((u, u), (&, 1)) € Pu((x,9),(%,%) if there exist
((xk,yk)),’(”:0 and ((uf, ,uf‘))k’":0 m-directed paths from (x,y) to (%,%) and from (u, 1)
to (@, /1), respectively, such that ((z¥~1, u*1), (uf, u*)) e Pf((xk‘l,yk‘l), (xk, y%)) for
k=1,...,m. In particular, for all (v, w) € H(x, ) such that

1 1
) = ) d ’ ) d )
(u(t) ,u(t)) (/0 v(t,s)ds fo w(t, s) s)

there exists (¥, w) € H(x,%) such that, a.e. s € [0,1] and all £ € [0, 1],

1 1
u(t), i1 = e, s)ds, | w(t,s)ds ),
(u(t) ,u(t)) </0 v(t,s) S‘/O w(t, s) S>

| (v(£,9), w(t,9)) = (9(£,9), W(t,9)) | < B(t,9)pm((x,9), (%,5)),
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and
0= cf*(i)(f}i(t,s) - v,-(t,s)) Vi=1,...,N,.

(Pyn) For m>2and (%,9) € [(x, y)]’é’”, the property P, ((x,y), (%,7)) is defined inductively.
Hence, for ((&, n), (&4, 1)) € Ppyn((x,9), (%,%)), one has (&1, 1) € [(x,y)]’gn+1 and for all
(v,w) € H(x,y) such that

1 1
) = ,8) ds, ,8)ds |,
(u(t) ,u(t)) </0 v(t,s)ds ‘/0 w(t, s) S>

there exists (», w) € H(x,y) such that, a.e. s € [0,1] and all ¢ € [0,1],

1 1
a(8), u(t)) = t,s)ds, | w(t,s)ds |,
(u(t) ,u(t)) </0 V(t,s) S/O w(t, s) S>

| (v(t,5), w(t, s)) = ((t,5), W(t,5)) | < D&, 8)pmr ((%,9), (%,5)),
and
0= G*(i)(f}i(t,s) - v,'(t,s)) Vi=1,...,N,.

It follows from (i) and (ii) that Assumptions (i) and (ii) of Theorem 2.8 are satisfied.

Finally, (iii) and (iv) imply that Condition (iii) of Theorem 2.8 is satisfied. Indeed, Let
{(xnryn)} be such that (xn!yn) € F(xn—lryn—l) N [(xn—lryn—l)]ygnn and ((xn’yn)’ (xn+17yn+1)) €
P (%n-1,Yn-1), (®n, ¥,)) for all n € N and

merul ((xn!y}’l)! (anrl’y”*I)) < 0.

n=1

So, there exist (x,y) € C([0,1],E) and (v,w) such that ||(x,,y,) — (x,9)]lo — 0, and a.e.
s € [0,1] for all ¢ € [0,1], |[(v(¢,-), w(t,-) — (Vult, ), wu(E, )l = O, (vu(t,s), wy(t,s)) —
(v(¢,-), w(t, ) and, by (iii), 0 < 0. ()(x:(t,s) — x,,,i(t,s)) forall i = 1,...,N,.

It follows from (ii) that, for every n € N, there exists (,, w,) € H(x, y,,) such that

[ (v, 9), wn(£:9)) = (P, 8), Win(8,5)) | < D(&,9)lI%n — %0 ae.s € [0,1],VE € [0,1].
Therefore,
(f/,,(t, s), wu(t, s)) — (v(t,s),w(t, s)) a.e.s€[0,1],Vt €[0,1].

Assumption (iv) implies that (v, w) € H(x, y), and hence (x,y) € F(x,y).
Finally, Theorem 2.8 gives the conclusion. g

7 Examples
In this section, we present some examples to illustrate the previous theorems. For the sake
of simplicity, most of them will be given for systems of Hammerstein integral equations

and continuous functions.
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Example 7.1 Let E; and E; be two Banach spaces endowed with a partial order. Fori =1, 2,
let g;: [0,1] x [0,1] — [0, 00) be continuous maps such that

sup Hgl(t, )+ gt ~)H1 <1
te(0,1]

Fori,j=1,2,leta;;:[0,1] x E; — E; be continuous functions satisfying the following con-
dition:
(a) Forj=1,2and every u, i € C([0,1], E;) such that u(s) < #(s) for all s € [0,1], one has

aij(s,u(s)) < a;j(s,(s)) and

||a,»,}-(s, Ift(s)) - ai,j(s, u(s)) || <\tt—ulo Vse[0,1],Vi=1,2.

We consider the system of Hammerstein integral equations:

u(t) = fo1 &1(t,s)(ay1(s, u(s)) — aia(s, v(s))) ds, 71)

v(t) = fol &o(t,8)(—az1(s, u(s)) + azal(s,v(s)))ds, Vtel0,1]. ’
If there exists (ug, vo) € C([0,1], E; x E,) such that

uo(t) < folgl(t, 8)(a11(s, uo(s)) — ara(s, vo(s))) ds, (7.2)

vo(t) = [y ga(tss)(~aza(s, uo(s)) + azals, vo(s)) ds, Ve €[0,1], '

then Theorem 5.1 implies that there exists (u*,v*) € C([0,1], E; X E;) a solution of (7.1).
Indeed, fix (1) =1 and 0 (2) = —1. Let (&, v), (&1, ¥) € C([0,1], E; x E,) be such that

0 <o) (ils) -u(s)) and 0= (2)(s)-v(s)) Vse[0,1];
that is

uls) <iifs) and ¥(s) <u(s) Vse[0,1].
Let us denote for i = 1,2,

wi(t,8) = (-1)"'gi(t,8) (i1 (s, u(s)) — @ia (s, v(5))),
wi(t,s) = (-1)'gi(t, 5) (@i (s, 4(s)) — @i (s, 9(5))).

It follows from (a) that

wi(t,s) < wits),  Wa(t,s) wa(ts),
and

[wilt,s) = wi(t,9)|| < gi(t9)(Il —ullo + 17 =vllo) Vs €[0,1].
So,

0 <o (i)(Wi(t,s) —wi(t,s)) Vis€[0,1],Vi=1,2;
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and

(w1, 8), wa (£, 9)) = (Wi(L,5), Wa(,9)) |

< (@9 +@(69)]|(w,v) - (@& 9) ||0 Vt,s € [0,1].

Thus, Assumption (ii) of Theorem 5.1 is satisfied. Assumption (i) follows directly from
(7.2), and (iii) is trivially satisfied.
Observe that if one defines inductively

Un(t,5) = [ 1(,5)(@1,(5, tn1(5)) — a1 (s, vur (5))) ds,
Valt,8) = [ @a(t,5) (a1 (5, thn-1(5)) + ana(s, Va1 (5))) dis,

then {(o (1)u,, 5 (2)v,)} is a nondecreasing sequence converging to (o (1)u*, o (2)v*), where
(u*,v*) is a solution of (7.1).

In the following example, we reverse the signs in the right member of (7.1).

Example 7.2 For i,j= 1,2, let E;, g; and a;; be as in Example 7.1. We consider the system
of Hammerstein integral equations:

ult) = [ @(t,5)(—ari (s, u(s)) + ar2(s,v(s))) ds, 73)

Wt) = [ 2 (t,5) @z (s, u(s) — aza(s, v(s)ds, Ve e[0,1]. '
If there exists (ug, vo) € C([0,1], E; X E;) such that

uo(t) = folgl(t, 8)(=an,1(s,uo(s)) + a12(s,vo(s))) ds, (7.4)

vo(D) < [y @t 5) (@1 (s, to(s)) — ara(s,vo(s)) ds, ¥t € [0,1], '

then Theorem 4.1 implies that there exists (z*,v*) € C([0,1], E; x E;) a solution of (7.3).
The proof is analogous to the one given in the previous example by taking o (1) = -1 and
0(2) = 1. Observe that if we define inductively

Un(t,8) = [ g1t 8)(~ar1(s, tn1(5)) + ar2(s, Va1 (s))) s,
Va(t,s) = [} @2(6,8)(@2,1(5, U (8)) — @22(5, Vo1 (5))) s,

the sequence {(u,,v,)} converges to (u*,v*). However, it is not monotone. In fact,

U, > uy,1 and v, <Xv,, ifniseven,

U, <Uy,; and v, >v, Iifnisodd.

We can also consider other signs in the right member of (7.1).

Example 7.3 For i,j=1,2,let E;, g; and a;; be as in Example 7.1. We consider the system
of Hammerstein integral equations:

ult) = [} @i(t,5)(O11a1,(s, u(s)) + Oraar2(s, v(s))) ds,

1 (7.5)
v(t) = [y &2(t,8)(02,1a2,1(s, u(s)) + Oa2a22(5,v(s))) ds, V€ [0,1],
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where 0;; € {-1,1} for i,j = 1,2. We assume that there exist 0¢(1),00(2) € {-1,1} and
(19,vo) € C([0,1], E; x E,) such that, for all ¢ € [0,1],

(7.6)

0 < oo (V( [, &1(6,5) G115, 10(s)) + 1 2a12(s, vo(s))) ds — o (2),
0 < 00(2)(fly &(6,5)(B21a2,1(5, 10 (5)) + B222(5, v 5))) ds — v ().

It follows from Theorem 3.1 that there exists (z*, v*) € C([0,1], E; x E5) a solution of (7.3).
Indeed, let
oi(j) =6;; fori,j=1,2.
For (u,v), (it,v) € C([0,1], E; x E,) such that
u(s) <u(s) and v(s) <v(s) Vse[0,1],
let us denote, for i = 1,2,

wi(t,s) = gi(t,s) (Oinai1 (s, u(s)) + 6i2ai2 (s, (),
Wit,s) = gi(t, $)(Biaain (s, 4(s)) + Oipain (s, v(s))),

Wi(t,s) = gi(t, 8) (Binair (s, u(s)) + 0;2ai2(s,7(s))).
It follows from Condition (a) in Example 7.1 that

0 < 0:(1) (Wi(t, 8) — wilt, s)), 0 < 0i(2) (Wi(t, s) — wi(t, ),
and

” Wi(t)s) - wi(t:s) ” =< gi(t, S)”ﬁ - I/l”(),
|wi(t,s) = Wit s)|| < gt )|V =vllo, Vt,s€[0,1].
So, Assumption (ii) of Theorem 3.1 is satisfied. Assumption (i) follows directly from (7.6),

and (iii) is trivially satisfied.
Observe that if we define inductively

wn(t,5) = [ 1(t,5) (011011 (5, i 1(5)) + Or2a12(5, V1 (5))) s,
Vult,8) = [y @(t,5)(02,12,1(5, U1 (5)) + 022a2,5(5, v,u-1(5))) dis,

the sequence {(u,,v,)} converges to (u*,v*). However, it is not monotone. Moreover, we
can have

Uy Rtnsn and  u, F Uy VnEN,

Vi A Ve and v, vy VmeN

Here is an example where the contraction condition may not be satisfied between every
pairs of elements.
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Example 7.4 Let us consider the system of Hammerstein integral equations

1
u(t) :/ h(t,s, u(s)) ds, Vte]l0,1], (7.7)
0

where /:[0,1] x [0,1] x R* — R* is given by

h(t,s,u) ar (s, un, us) — b (t, s, Uz, Ua)

hy(t,s,u) arp(t, s, ur, uz) — bip(t, s, us, ua)
h(t,s,u) = =

h3(t,s,u) a1 (t, s, u1, uz) + by (t,s, Uz, Ua)

hy(t,s, u) as(t, 8,1, uy) + boo(t,s, us, ua)

with a;, b;; continuous functions satisfying the following conditions:
(a) There exists ¢1,¢; € (0,1] such that, for every (x1,%;), (X1,%,) € R? with x; <% and
%9 < Xy, 0ne has, for i =1,2 and for all ¢,s € [0,1],
0 <ap(t,s,%1,%2) — aip(t, s,%1,%2)
=c¢ (ﬂi,l(t,s,&pféz) —a;(ts, xhxz)),
0 =< bi,Z(t; S, 5\51’5&2) - bi,Z(t; S;xler)

< ci(bir(t,, %1, %) — bia (t,5,%1,%2)).

(b) Fori=1,2, there exist 1,2, Bi1, Biz2 : [0,1] x [0,1] — [0, 00) continuous such that

2
sup Y "ain(t, ) + ety )| <1,
te[0,1] i1 1

2
sup Z Bii(t, ) +ciBia(t, )| <1,
te[0,1] i-1 1

and, for every (xy, %), (&1,%2) € R? such that x; < &; and x, < &, one has for all
t,s € [0,1],

aii(t, s, %%2) — a1 (t,s,%1,%2) < a1 (t,8) (X1 — x1) + o (t, 8) (X2 — %2),

bia(t,5,%%2) — bii(t,8,%1,%2) < Bin(t,8)(&1 — x1) + Bia(t,s) (%o — %2).

(c) There exists 6,0, € {-1,1} such that

1 1
0<6, / s (5,0, 0) ds < brcr / In(t,5,0,0),
0 0

1

1
0< 92/ ha(t,s,0,0)ds < 92C2/ hs3(t,s,0,0) Vtel0,1].
0 0

Then Corollary 3.4 implies that there exists u* € C([0,1], R*), a solution of (7.7). Indeed,
for i = 1,2, let E; = R? endowed with the norm ||(x;,%,)|| = max{|x;], |x2|} and the partial
order

(x1,%2) X (K1, 42) <= 0<% —xy <ci(% —x1).
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It follows from (a) that, for all x = (x;,%,) <1 X = (#1,42) and for all y = (y1,7,) € R?,

0 < ha(t,5,%,9) — ha(t,5,%,9) < c1 (I (t,,%,y) — I (,5,%,))

0 S h4(tyS:9AC;y) - h4(t;3;x;)’) S Co (hs(tys;&ry) - hB(t;Syx7y)) Vtrs S [O) 1]'
So,

(hl(tv S;x1y)) hz(t; S;x;y)) fl (hl(tys;&,y); h2(t1 S;»;C1y));
(h3(tys’x7y)’h4(t1 erry)) =<2 (h3(t’ Sh;c’y)r h4(t;5,5&;)’)), Vt,S € [O’ 1]

Similarly, for all x € R? and all y <, 7, one has

(hl(t, S;xyj\/)r hZ(t; S’x;j})) =1 (hl(t;S,x,)’), h2(t1 S)x)y));
(hB(t’va)y)x h4(ty S)x,y)) =2 (h3(t1 Syxyjl), h4(t)31 x;j\/))y Vtys € [01 1]'

Thus, Assumption (iii) of Corollary 3.4 is satisfied.
Conditions (a) and (b) implies that, for all y € R? and all x <; &, one has

|| (hl(t; S, 56;)/), hZ(t) S, 50,)’)) - (hl (t) S, xJ’)’ hZ(t) va;y)) ||
< al,l(t) S"%) - al,l(tr S,x)
< ap1(t,8) (1 — x1) + 12(2,8) (X2 — x2)

< (11t 9) + croa2(5,9)) 13 — x|
Similarly, for all x <; * and all y <, 7, one has

| (1 (2,5,%,3), a8, 5,%,9)) = (ha (8, 5,%,9), ha (2,5, %) |
< (Built,s) + c1pra(t,9) 15 -y,

| (32, 5,2, 9), alt,5,39)) — (8, 5,2,9), a (8,5, 5%,9) |
< (@21(8,8) + r20(8,9)) 12 — %],

| (3t 5,5,9), a8, 5,2,9)) = (3 (t5,5%,9), ha(t,5,%,9)) |
< (B21(t,8) + 2B (t,9) 11§ =yl

Therefore, Assumption (iv) of Corollary 3.4 is satisfied.
Condition (c) implies that

1 1
(0,0) x; (/ hi(t,s, 0, O)ds,/ hs(t,s, 0,0)ds)
0 0

1 1
<0r (/0 hi(t,s, O,O)cis,/0 hs(t, s, 0, O)ds) =<1 (0, 0)),

1 1
(0) O) =2 </ h3(t,5, 0; 0) dsr/ h4(trs; 0’ 0) dS)
0 0
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1 1
(or (/0 hs(t,s, 0, O)ds,/(; h4(t,s,0,0) ds) =<, (0, 0)).

This ensures that Assumption (ii) is satisfied. Finally, it is clear that Assumptions (i) and
(v) hold. So, Corollary 3.4 implies the existence of u* € C([0,1], R*) a solution of (7.7).

Here is an example of a system of Hammerstein integral inclusions.

Example 7.5 Consider the system of Hammerstein integral inclusions:

x(t) € [y Hi(t,s,x(s), y(s)) ds, (7.8)
y(t) € [y Hats,%(9),5())ds, Ve e [0,1], |

where

Hi(t,s,x,9) = a(x)b(y) + (¢s)? [l%y,e_y];

[L,2 — e8] ifx<O0,

x-1’

Hz(t7 S)xry) = C(t; SJ’) +
[-(x+3)%e*8] ifx>0;

1 .
a(x): l—m lfoO,
ﬁ if x < 0;
Lo ify >0,
bo) =177
1—327), ify<0;
t+1)2y-5
sy~ L35

16/s

For (x,7), (%, 9) € R? such that x < X and y > J, and for u € H,(t,s,%,%), v € Hy(¢, s, %, ), one
has

1—
u=a(x)b(y) + (ts)*w for some w € [Ty,ey],

[L,2 - e8] ifx<0,

x-1’

v=c(t,s,y) +z forsomeze
[—(x+3)%e*®] ifx>0.
Let

i =a®)b®) + (ts)? max{w, % },

min{z,2 — "8}, ifx<0,

v=c(ts) + .
min{z, e */8} ifz> 0.

Observe that

(i1,9) € (Hi(t,8,%,7), Ha(t,5,%,7)), w<ihandV<v.
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Also,
N 1. 2 (ts)*\ .
|u—u|§;|x—x|+(§+%)|y—y|
1 (), . R
= <Z+T>(|x—x|+|y—y|);
. 1., 2(t+1) . t+1), . .
—v < Z|x- Yy < - —).
[P-vi= glk—al+ 1675 -yl < NG (1=l +17-1)
So,
1G9 - (,9)]| < 09| G5 - @9
with
1 () (t+1
¢(t,s):—+ﬂ+( * ).
4 2 8/s
Observe that
sup ||¢(t,-)||1 <1.
te[0,1]

Therefore, (H;, H,) satisfies Assumption (ii) of Theorem 5.1 with o(1) =1 and ¢ (2) = -1.
Let us take (xo, y0) = (0,0) and

1 —5(t+1
(uo(t’s); VO(t)s)) = <g + (ts)zt 1(67\;;)> € (Hl(tr's; 0) O);HZ(t;S) O’ 0))‘
One has
1 1
0 5/ ug(t,s)ds and 0 2/ vo(t,s)ds Vte[0,1].
0 0

So, Assumption (i) of Theorem 5.1 is satisfied. It is easy to see that (H;, H) satisfies As-
sumption (iii). Therefore, Theorem 5.1 ensures that (7.8) has a solution.
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