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Abstract

We construct the linear positive operators generated by the g-Dunkl generalization of
the exponential function. We have approximation properties of the operators via a
universal Korovkin-type theorem and a weighted Korovkin-type theorem. The rate of
convergence of the operators for functions belonging to the Lipschitz class is
presented. We obtain the rate of convergence by means of the classical, second order,
and weighted modulus of continuity, respectively, as well.
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1 Introduction
In 1912, Bernstein [1] gave the following polynomials for any f € C[0,1], x € [0,1]:

n
k
B,(f;x) := Z (Z)xk(l —x)”_kf<z>, neN.
k=0
In 1950, for x > 0, Szész [2] introduced the operators

%0 k
Sulfix)=e Y (n,:) f(g)

k=0

where f € C[0, 00).

g-calculus plays an important role in the natural sciences such as mathematics, physics,
and chemistry. It has many applications in number theory, orthogonal polynomials, quan-
tum theory, etc. There is a generalization of g-calculus, which is (p,g)-calculus where
0<g<p=<1l.Forp=1, (p,q)-integers reduce to g-integers. (p, q)-integers are introduced
to unify several forms of g-oscillator algebras in the representation theory of single param-
eter quantum algebras in physics. There have appeared some papers dealing with (p, q)-
calculus in recent years. Details are in [3].

We first mention some notations of g-calculus as found in [4, 5]. Let n € Ny and g € (0, 1).
The g-integer [n], and g-factorial [n],! are, respectively, defined by

n-1

=l+q+q*+---+q",
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[n],! = 1, ifn=0,
e mlyln-1]g--- g ifn=12,....

For n € N, we have g-binomial coefficients

n B &
|:k]q B [ — k1K1, 1<k<n,

with [g]q =1and [Z]q =0 for k > n. Then we give the following known representations:

n-1 k . 00
woll—ag"), ifn=12,...,
a;q)n = and (a; 1 a
(@q) {1, ifn=0 Do =[ [0 -ad)
k=0
g-Bernstein polynomials were first introduced by Lupas [6] in 1987. A most useful defini-
tion of g-Bernstein polynomials was given by Phillips [7] as follows:

5 o n kn —k-1 [k]
n,q(f;x)«—z X l_[ ] , neN.
q

k=0 s=

Many generalizations of g-Bernstein polynomials were given by authors such as Ostrovska
[8], Bitytikyazici [9, 10], Bitylikyazict and Sharma [11], Aral [12], Nowak and Gupta [13],
Gupta [14], Wang [15, 16], Wang and Wu [17], Phillips [18], Aral et al. [19], Acar and Aral
[20], Aral and Gupta [21] and Finta and Gupta [22]. On the other hand, some authors dealt
with generalizations of Szasz-type operators [2, 12, 23-29].

Sucu [24] defined a Dunkl analog of Szdsz operators via a generalization of the expo-
nential function given by [30] as

1 o (mx)* (k+2u9k)
Si(f3x) = , (1.1)
4 e, (nx) ; Vi (k)f n
where u>0,n€N, x>0, f € C[0,00),and e, (x) = ) - Oy
22K (k + 1+ 1/2)
2k) =
7u(2K) T(w+1/2)
and
22T (k + o+ 3/2)
vu@k+ D)= —F0

There is a recursion relation for y,,,
Yulk +1) = (k + 1+ 2ubk,1)yu(k), k€N,

where

0, ifke?2N,

O =
1, ifke2N+1
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(details are in [24]). Ic6z and Cekim [25] investigated a Stancu-type generalization of a
Kantorovich-type integral modification of the Dunkl analog of Szisz operators by

00 k+1+42010)

k n
T(fx) = n Z(nx) f(nt+a)dt,

e (nx) 4= yu(k) J2ut n+p

where u >0,neN,x> 0,0, € R(0 <« < B),and f € C[0,00).
Ben Cheikh et al. [31] stated the g-Dunkl classical g-Hermite-type polynomials. They
gave definitions of g-Dunkl analogs of exponential functions, recursion relations, and no-

tations for pu > —% and 0 < g < 1, respectively:

n(n-1)

o0 n o0 q 3 xn
eugx) =) ———, E,q(x) = (x eR), (1.2)
ol n2=0: yu,q(n) s n2=(): yu,q(”)
1-— q2u0n+1+n+l
Vu,q(n +1) = <T>Vu,q(l’l), neN, (1.3)
0, 2N,
6, = ne (1.4)
1, ne2N+1.
An explicit formula of y, 4(n) is
(", q%) m1, (g% %)
Ving(n) = i o : (1.5)

(1-q)

One can find some of the special cases y,, (1) below:

Vi) =L puel) = ——
1_q2/4+1 1_q2
2) = ,
e (52 (2
1= 2u+1 1-— 2 1-— 20+3
- (50 (D) (55,
-q 1-q l-¢g
1_q2u+1 l—q2 1_q2u+3 l_q4
i (S5 (2) (55 (22)
-q 1-¢q 1-¢q 1-¢g

Now, in this paper, we define a g-Dunkl analog of Szdsz operators as follows:

1 >\ ([n] %)k <l—q2“9k+k)
D, (i) = , 16
alfi%) e,q([n]gx) ; Vﬂ,q(k)f 1-q" o

where u > %, neN,x>0,0<g<1andf € C[0,00). Here e, , and y,, 4 are in (1.2), (1.5),
respectively. Note that, when we take ¢ — 1, then we have (1.1).

2 Approximation properties
In this section, the convergence of the operators D, ; is examined via a universal Korovkin-

type theorem and a weighted approximation theorem given by [32].
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Lemmal The operators D, given by (1.6) satisfy the following:

Dn,q(l;x) =1,
Dn,q(t; x) =X,

2 eu,q(q[”]qx)i . 2
(1-2palg? LTS e = Dy (53)

<[1+ 2M]qm,
q

euq(qlnlgn) x*

Dn,q(ts;x) -x° > (261 +1)[1- 2/~‘L]q e, ([1].%) [1]
wq q q
g _ g2 e @ Mex) %
+4q [1 Zﬂ]q eﬂvq([}’l]qx) [}’1]621 »

4 4 x 2 ¥
Dn,q(t ;x) <x + 6[1 + Zﬂ]qm + 7[1 + ZM]qW
1 q
x
1+2u] —.
+[1+2ul; (]2
Proof For f(t) =1, we have
([l

D, ,1;x) = =
g(1;%) g ([1]4%) P Ying(k)

From (1.3) and (1.6), we get

1 [ ([n]qx)k (l_q2/49k+k)

Dn, (t;x) =
g eu,q([n]qx) k=0 yﬂ,q(k) 1- qn

11 & (e
- [}’Z]q e,u.,q([n]qx) ; V//.,q(k -1)

=X.

By (1.3) and (1.6), we obtain

1 [} ([n]qx)k (1 _q2u9k+k)2
eu.,q([n]qx) k=0 V,U-,q(k) 1 _qn

1 1 00 ([Vl]qx)k (1 _ q2ﬂ91<+k)

D,y (t2 ;x) =

" T2 euq(Inlg%) = gk -D\ " 1-¢
) L 1 00 ([}’l]qx)k+l (1 _ q2M9k+1+k+1)
- [I’l]g e,u,q([n]qx) k=0 V;L,q(k) 1- q ‘

One can easily see that

216k + k +1]5 = 20k + k] g + g?Hok [Z,u(—l)k + l]q.
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(2.2)

(2.3)

(2.4)

(2.5)

(2.6)
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Using (2.6) and writing odd and even terms separately, we have

1 1 00 (In] x)k+1 1- q2ﬂ9k+k>
Dpg(thx) = — -
'q(t x) [Vl]é e,q([n]gx) k=0 Vinq (k) ( -4

1 [1+2u]y o~ (g™

(112 €00 (M%) 2= 7,q(2K0)

1 [l_zﬂ]q > ([n]qx)2k+2

e

2;1.92k+1+2k+1'
7 ena((Mg®) = Vuq(2k +1)

Using the inequality
[1-2uly <[1+2ul,
it follows that

1 [1-2ul; = ([n]gxg)*!

D, %) > 2% +
a(t%5%) q[n} enq((nlgx) = Yuq(2K)

L L-2uy s (Ilgxg)
(117 €nq([nlgx) 1= Viq(2k +1)

e,u,q(q[n]qx) X

2 1-2 2 ’
za = 2uded ™ ) T,

On the other hand, from (2.7), we have

1 [1+2u]y o ([0

Dy (%) <® + —
a(£5%) < 2%+ (112 e,,,4([n]4%) = Yuq(k)

=2+ 1+ 2;1]61%.
q

So we have (2.3).
By the same computations, one gets (2.4) and (2.5).

Lemma 2 The first, second, and fourth moments of the operators D, , are

D, (t —x;%) =0,

Dn,q((t _x)Z;x) = [1 + 2#]4]%’
q

_x)4
Dq((t —x)%5x) < (12 ol [, eq([n]gx)

(1+2u]}
(n]3

(7[1 + 2,u]2 ~ [1- ZM]g ” e.q(q* [n]qx)> )
(n]2 (n]2 euq([nl4x)

(1+2p]y  ,Cq+ DI -24ly 9, emq(Q[”Lﬂ)) 3
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Theorem 1 Let D, , be the operators given by (1.6). Then for any f € C[0,00) N E, the
following relation:

Tim Dyg(f3) = /()

holds uniformly on each compact subset of [0, 00), where
f (x )
=1f:x€[0, oo) is convergent as x — 00

Proof The proofis based on the well-known universal Korovkin-type theorem (see details
in [33, 34]). O

We recall the weighted spaces of the functions which are defined on the positive semi-

axis R* = [0, 00) as follows:

By(R*) = {f : [f@)] < Myp(x)},
C,(R") = {f :f € B,(R") N C[0,00)},

Co(R") = {f :f €Cy(R*) and lim — J&)

= k (k is a constant) ,
X—>00 Io(x

where p(x) =1 +x? is a weight function and M; is a constant depending only on f. C,(R*)

&)l
plx)

is a normed space with the norm ||f||, := sup,

Theorem 2 Let D, be the operators given by (1.6). Then for any f € C’;(R*), we have

Tim | Dy (f50) ~f )], =
Proof Using Lemma 1, one can easily prove the theorem. O

3 Rate of convergence

In this section, we compute the rate of convergence of the operators D, , with the help of
Lipschitz class functions, and the classical, second order, and weighted modulus of conti-
nuity. For the sake of simplicity, we just give the theorems and lemmas without proofs in

this section.

Lemma 3 Letf € Lipy () (0<a <1, M >0), ie.

Lipy () := {f : [f(€) —f(n)| < MI& —n]*,&,n € [0,00)}.
Then

[Dua(fi) - )] = M(4(0))

holds where 9,,(x) = Dy, 4((¢ — x)?; ).
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Theorem 3 Letf € C[0,00). Then the operators D, 4 verify

et~ 1 e o 7).

where C[0,00) is the space of uniformly continuous functions on [0,00), i.e. w(f;8) is the
modulus of continuity of the function f € C[0,00) defined by

o(f;8)= sup {|f(x) —fO)|:lx-yl <8}

x,y€[0,00)
Lemma4 Let g € C3[0,00). Then we get

|Dyq(g5%) — g(x)| < )||g||c2[o<>o)

where U,(x) is given in Lemma 3 and Cg[0, 00) is the space of all bounded and continuous
functions on [0, 00) and

C3[0,00) = {g € Cp[0,00) : ¢, ¢" € C5[0,00)}
with the norm

gl czp0,00) = lgllcpi0.00) + ”g/”CB[Ooo +g" ”CB 0,00)"

Also

lglcpton) = sup Ig x)|.

x€[0,00)

Theorem 4 For f € Cg[0,00) and x € [0, 00), we get

Do) —f ()] < 2M{ . (f; l’”f”) . min( , ﬁ”f”) |Lf||c3[o,oo)}, (3.0)

where M is a positive constant and w,(f; ) is the second order modulus of continuity of the
function f € Cg[0, 00) defined as

a)z(f 8) := sup “f (-+2t) - Zf( +1) +f HCB[OOO

0<t<$

and K;(f;8) is the Peetre K-functional defined by

Ky(f;8) = inf  {|If - gllcsoe0) + 81gll 2000 }-
geC210,00) 5

Theorem 5 Let f € C’; (R*). Then

sup Lralfi®) ~ /@] gsﬂ(u L)Q(f;i)

x€[0,00) (1 + x2)2 [n]q [l’l]q

holds. Here S, is a constant independent of n.
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4 Auxiliary results

In the section, we prove the theorems and lemmas given in the previous section.
Proof of Lemma 3 Since f € Lip,,(«) and by linearity of the function f, we get

Dg(f3%) = f()| < |Dug(f(£) = f(%); %) | < Dug(|f () = f(x)|; %)

<MD, q(It - x";%).

By using Lemma 1 and the Holder inequality, one gets

1 00 ([n]qx)k)%ﬂ (([n]qx)k)% 1_q2;u9k+k a
D, 3X) — <M _
Dualfio9 /] = M—e s ;( e )
1 o ([]g2)* 7
M
= enanl ) (kXO: g ) )
o0 ([I’l]qx)k 1_q2p,0k+k ~ 2 %
* (; Vigk) | 1-q" *
= M(Dyq((t - )% %)) z,
This ends the proof. O

Proof of Theorem 3 From Lemma 1, the property of the modulus of continuity, and the
Cauchy-Schwarz inequality, we have

o k _ 2ubi+k
Duglfi) —f0)] < 1 Z ([n]gx) P(l " ) )

ep,,q([n]qx) =0 V,u,q(k) 1-g"

E( 11 &gk

1- q2M9k+k

1+-

- X
8 eu_,q([n]qx) =0 yu,q(k)

)w(f;é)
1 & ([nqu)k<1—q2#9k+k_ ) N
: [“a<eu,q([n1qx>g ra® \ 1-gr %) ) [V

< {1 + % ﬁ[zu +1]q}w(f;8).

1-4"

1

Tl then we have desired result. O

If we choose § =4, =

Proof of Lemma 4 Using the generalized mean value theorem in the Taylor series expan-
sion for g € C2[0,00), we have

(t—x)*
2 )

2(t) =gx) + g ®)(t—x) +g" (&) £ €(xt).

By the linearity property of the operator D,, 4, we obtain

g'(&)

Dyq(g5%) — g(x) = g (¥)Dyq (£ - %); %) + Dy ((t = %)% %).
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From the above equality and Lemma 2, we conclude that

X 4
|Dn,q(g5x) _g(x)| = Tn]q[z'u“ + l]q”g ”CB[O,oo)

X
<
~ 2[nlq

2+ 1]q||g||C§[O,oo)'
This ends the proof. O
Proof of Theorem 4 Let g € C3[0,00). From Lemma 4, we have

|Dyg(f3%) = f )| < [Dug(f = g%)| + |Ding(gs %) — g@)| + |f(x) — g()|

P, (%)
<2|If - gllczro.00) + nTllgllcé[o,ooy

When we take the infimum over all g € C3[0, 00), then we obtain

|Dn,q(f; x) —f(x) | < 2K2 (f, ﬁnix) ) .

Now we recall the relation
K(f38) < Clawn(f; v/8) + min(L, 8) I},
where we have an absolute constant C > 0 [35], and we get (3.1). O

For arbitrary f € C’;(R*),the weighted modulus of continuity is defined by

Q(f;5) — sup |.f(x+h) _f(x)|

xeo,00)h<s (L +H2)(1 +x2)

and was introduced by Atakut and Ispir in [23]. There are two main properties of this
modulus of continuity, which are lim;_, o Q(f;3) = 0 and

|t — x|

If(6) -f)| < 2<1+ )(1+82)(1 +a7) (1 + (¢ - %)*)Q(f39), (4.1)

where f € C’; (R*)and £, x € [0, 00). One can find many properties of the weighted modulus
of continuity in [23].

Proof of Theorem 5 From Lemma 2 and (4.1), we have

> k 1O +k
|Dyq(f5) —f ()] < 1 ([n]gx) P(l_qz "

eu,q([n]qx) k=0 Vu,q(k) 1 _qn

) -f()

< 2(1 + 52)(1 + xz)Q(f;S)Tn]x)
g q

1_q2;40k+1<

o ([n] %)k | = — 1— g2k 2
X,(X:O: Ving (k) (1+ ) )<1+ (v_x> )
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= 2(1 + 82)(1 + xz)Q(f,cS)m
wq q

i ([I’l]qx)k o ([}’l]qx)k (1 _ q2;/.9k+k _x>2

+
k=0 V,u,q(k) k=0 Vu,q(k) 1- q"
1 o0 ([Vl]qx)k 1 _qZpﬁkJrk ‘
) k=0 yp.,q(k) 1- qn
1 ([n]qx)k 1-— q2u9k+k 1-— q2M0k+k 2
; ~(55%)
8 k=0 yﬂ,q(k) 1- qn 1- qn

Applying the Cauchy-Schwarz inequality for the above series, we obtain

| Dy g(f3 %) — f ()]

<2(1+8%)(1+%%)Q(f;9) (1 + Dy ((t = %)% %)

+ %‘/D”"I((t - x)z;x) + §\/Dn,q((t - x)z;x)D,,,q((t - x)‘*;x)) .

From (2.9) and (2.10), we find

’Dn,q(f; x) _f(x) ’

1 x
<2(1+8%)(1+4%)Q ;5){1+[1+2 lg t = [+ 2]y
( )( ) (f H q[l’l]q $ M Q[n]q
1 x 1+2ul, 7[1+2u]7 (1+2p]3
+= [{[1+2 ]—)(12 x3 + 2 x)t.
5 ( M7, [, (2 3
Choosing § = —— then the proof is completed. O
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