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1 Introduction

Let C be a subset of a real Hilbert space H. A mapping T : C — H is called Lipschitzian
if there exists L > 0 such that ||Tx — Ty|| < L|x — y||, Vx,y € C. If L =1 then T is called
nonexpansive and if L € (0,1) then T is called a contraction. The operator T is called pseu-
docontractive if for each x,y € C we have

(Tx—Ty,x—y) < lx—yl* (L1)
T is called strongly pseudocontractive if there exists k € (0,1) such that

(x—y, Tx — Ty) < k|lx —y||2, forallx,y € C,
and T is said to be a k-strict pseudocontractive if there exists a constant 0 < k < 1 such that

(x—y, Tx—Ty) < llx—ylI> — k| (I - T)x = (I - T)y|’,

forallx,y € C.

Observe that the class of pseudocontractive mappings is a more general class of mappings
in the sense that it includes the classes of nonexpansive, strongly pseudocontractive, and
k-strict pseudocontractive mappings.

Interest in pseudocontractive mappings stems mainly from their firm connection with
the important class of nonlinear monotone mappings, where a mapping A with domain
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D(A) and range R(A) in H is called monotone if
(Ax — Ay,x —y) >0, Vx,y€ D(A).

A mapping A is called «-inverse strongly monotone if there exists a positive real number «
such that

(Ax — Ay,x —y) > a||Ax — Ay|?>, Vx,y € D(A).

A mapping A is called a-strongly monotone if there exists a positive real number « such
that

(Ax—Ay:x—y)Za||x—)’||2: thyeD(A)

It is obvious to see that the class of monotone mappings includes the class of a-inverse
strongly monotone and «-strongly monotone mappings. Furthermore, we observe that
any «-inverse strongly monotone mappings A is a monotone and é—Lipschitzian mapping.

We observe that A is monotone if and only if 7' := I — A is pseudocontractive and thus
a zero of A, N(A) := {x € D(A) : Ax = 0}, is a fixed point of T, F(T) := {x € D(T) : Tx = x}.
It is now well known that if A is monotone then the solutions of the equation Ax = 0 cor-
respond to the equilibrium points of some evolution systems. Consequently, considerable
research efforts have been devoted to iterative methods for approximating fixed points
of T when T is nonexpansive or pseudocontractive (see, e.g., [1-10] and the references
therein).

Let C be a nonempty, closed, and convex subset of a real Hilbert space H. The classical
variational inequality problem is to find a u € C such that (v — u,Au) > 0 for all v € C,
where A is a nonlinear mapping. The set of solutions of the variational inequality is de-
noted by VI(C,A). In the context of the variational inequality problem, this implies that
u € VI(C,A) if and only if u = Pc(u — LAu), VA > 0, where P is a metric projection of H
into C.

It is now well known that variational inequalities cover disciplines such as partial differ-
ential equations, optimal control, optimization, mathematical programming, mechanics
and finance. See, for instance, [11-16].

Variational inequalities were introduced and studied by Stampacchia [17] in 1964. Since
then, several numerical methods have been developed for solving variational inequalities;
see, for instance, [12, 15, 18—23] and the references therein.

In 2003, Takahashi and Toyoda [24] introduced the following iterative scheme under
the assumption that a set C C H is closed and convex, a mapping T of C into itself is
nonexpansive, and a mapping A of C into H is a-inverse strongly monotone:

X0 € C, (1 2)
Xpa1 = Xy + (1 — ) TPc(x, — AyAx,), n>0, '

forall # > 0, where {«,} is a sequencein (0,1) and {A,} is a sequence in (0, 2«). They proved
that if F(T) N VI(C,A) is nonempty, then the sequence {x,} generated by (1.2) converges
weakly to some z € F(T) N VI(C,A).
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In order to obtain a strong convergence theorem, liduka and Takahashi [19] reconsid-

ered the common element problem via the following iterative algorithm:

xo=x€C, (1.3)
Xn+l = OpX + (1 - O5;4)TPC(‘7CH - )‘nAxn); n=>0, ’

for all m > 0, where T : C — C is a nonexpansive mapping, A : C — H is a «-inverse
strongly monotone mapping, {«,} is a sequence in (0,1) and {A,} is a sequence in (0, 2).
They proved that if F(T) N VI(C, A) is nonempty, then the sequence {x,} generated by (1.3)
converges strongly to some z € F(T) N VI(C, A).

In 2006, Nadezhkina and Takahashi [25] introduced the following hybrid method for
finding an element of F(S) N VI(C,A) and established the following strong convergence

theorem for the sequence generated by this process.

Theorem NT [25] Let C be a closed convex subset of a real Hilbert space H. Let A be
a Lipschitzian monotone mapping of C into H with Lipschitz constant L and let S be a
nonexpansive mapping of C into itself such that F(S) N\ VI(C,A) # 0. Let {x,}, {y,} and {z,}

be sequences generated by

xo=x€C,

Yn = Pc(xn — LuAxy),

Zy = oy + (1= ) SPc (% — AnAyn),
Co={zeC:llzys—2z| < x,—zll},
Qu={zeC:{x,-z,x~x,) >0},

Xn+l = PC,,ﬁan;

foreveryn > 0, where {A,,} C [a, b] for some a,b € (0, %) and {a,} C [0, c] for some c € [0,1).

Then the sequences {x,}, {y,} and {z,} converge strongly to the same element of Pr(snvi(c,4)%-

Our concern now is the following: can an approximation sequence {x,} be constructed
which converges to a common point of the solution set of a variational inequality problem for
a monotone mapping and the fixed point set of a continuous pseudocontractive mapping?

In this paper, it is our purpose to introduce an iterative scheme which converges strongly
to a common element of the solution set of a variational inequality problem for Lips-
chitzian monotone mapping and the fixed point set of a continuous pseudocontractive
mapping in Hilbert spaces. Our results provide an affirmative answers to our concern. In
addition, a numerical example which supports our main result is presented. Our theorems
will extend and unify most of the results that have been proved for this important class of

nonlinear operators.
2 Preliminaries
Let C be a nonempty, closed, and convex subset of a real Hilbert space H. It is well known

that for every point x € H, there exists a unique nearest point in C, denoted by Pcw, i.e.,

lloe — Pex|| < |lx—y|l forallyeC. (2.1)
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The mapping Pc is called the metric projection of H onto C and characterized by the
following properties (see, e.g., [26]):

PcxeC and (x—Pcx,Pcx—y) >0, forallxe H,ye Cand (2.2)

ly = Pcxl|* < llx = ylI> = llx = Pcxl|®>, forallxe H,ye C. (2.3)
In the sequel we shall make use of the following lemmas.

Lemma 2.1 [27] Let H be a real Hilbert space. Then, for all x,y € H and a € [0,1] the
following equality holds:

|ax + (1= )y| = allx]® + (1 = @) Iy - (1 — &) | — yI|

Lemma 2.2 Let H be a real Hilbert space. Then for any given x,y € H, the following in-
equality holds:

ll+ yI* < lll® + 20y, + ).

Lemma 2.3 [28] Let {a,} be a sequence of nonnegative real numbers satisfying the follow-
ing relation:

Apsl = (1 - an)an + 0,8, n>np,

where {a,} C (0,1) and {8,} C R satisfying the following conditions: lim,_, . a, = 0,

>y =00, and limsup,,_, 8, < 0. Then lim,_,« a, = 0.

Lemma 2.4 [11] Let {a,} be sequences of real numbers such that there exists a subsequence
{n;} of {n} such that a,, < a,,.1, for all i € N. Then there exists a nondecreasing sequence
{my} C N such that my — oo and the following properties are satisfied by all (sufficiently
large) numbers k € N:

Ay < Ayl ANA - Ax < Ay 1.
In fact, my = max{j < k:a; < aj..1}.

Lemma 2.5 [29] Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let T : C — H be continuous pseudocontractive mapping. For r > 0 and x € H, define a
mapping F, : H — C as follows:

1
Fox:= {zeC:(y—z,Tz)——
r

(y—z,(1+r)z—x)§0,VyeC}

for all x € H. Then the following hold:
(1) F, is single-valued,;
(2) F, is firmly nonexpansive type mapping, i.e., for all x,y € H,

IEx = Fyll® < (Fx = Fy,x = y);
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() F(F,)=F(T);
(4) F(T) is closed and convex.

Let C be a nonempty, closed, and convex subset of a real Hilbert space H.Let T: C — H,
be a continuous pseudocontractive mapping. Then, in what follows, T}, : H — C are de-
fined as follows: For x € H and {r,,} C [e, 00), for some e > 0, define

1
T, %:= {ZGC:(y—z,Tz)——(y—z,(1+rn)z—x>§0,\7’yeC}.
T

Now, we prove our main convergence theorem.

3 Main result

Theorem 3.1 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let T : C — C be a continuous pseudocontractive mapping. Let A : C — H be a Lips-
chitzian monotone mapping with Lipschitz constant L. Assume that F = F(T) N VI(C,A)
is nonempty. Let {x,} be a sequence generated from an arbitrary xy,u € C by

Zy = PC[xn - ynAxn]; (3 1)
K1 =tk + (1 — ) (@nXn + by Ty, % + CuPc %y — VuAz,)),

where Pc is a metric projection from H onto C, y, C [a,b] C (0, LY, and {a,}, {by), {c,} C
(a,b) C (0,1), {o,} C (0,¢) C (0,1) satisfying the following conditions: (i) a, + b, + ¢, = 1, (ii)
lim,— @, =0, Y a, = 0o. Then {x,} converges strongly to the point x* of F nearest to u.

Proof Let u, = Pc(x, — YsAz,) and w, = T, x, for all n > 0. Let p € F. Then from
Lemma 2.5 we get ||w,, — pll < | T;, %, — T;,p|l < |llx, — p||. In addition, from (2.3) we have

ltn =PI < 1% — VuAzu =PI = %0 — VuAzZy — tn?
= |12 = pII* = 190 — tnll® + 2V (A2, p — 1)
= llotn = pI* = %0 — tnll* + 27 ((Azw — Ap,p — 2)
+ (AP, P — Zn) + (AZy, 20 — )
< Notw =PI = %0 = 4 |* + 273 (Az 20 — 1)
< o6 = pII* = 1% = Zull> = 2060 — 2y 2y — 1)
— 120 = 1 + 27 (AZ0s 20 — th)

2 2 2
= o =PI = %0 = 2ull” = |1zn — unll

+ 2<xn - VnAZn —Zpy Uy — Zn); (32)
and from (2.2), we obtain

(xn - VnAzn —Zp, Uy — Zn) = <xn - ynAxn —Zp, Uy — Zn) + <VnAxn - ynAZn’ Uy — Zn)
< \VuAxy — YuAzZy, tty — 2p)

= VnL”xn - Zn” ”un - Zn”
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Thus, we get

2 2 2 2
lun =PI < 12 = pI" = %0 = 2ull” = 120 — 1l
+ 2VnL”xn - Zn” ”un - Zn”

2 2 2
= ||xn —P|| _”xn_znll _”Zn_un”

+ VnL[”xn - Zn||2 +|lzn — un”Z]
= “xn —P||2 + (VnL - 1)[||xn _Zn”2 + ”Zn - unHZ] (3‘3)
< Il = pII*. (3:4)

Furthermore, from (3.1) and Lemma 2.1 we have the following:

%1 =PI = [ttt + (1= ) @nn + by, + cutty) - p||”
<anllu—pl*+ 1 - )| an®. — p) + bu(ws - p)
+ euttn —p)|?
<apllu-pl*+ 1 -an)anlx, - plI* + bullw, - plI?
+ nllttn — pII°] = (1= ) anbu| Wy — %l

- -ay)auc,u, _xn||2 - —ay)bucullw, - unHZ’
and using (3.3) we get

[%0s1 =PI < @l = plI* + (A = an)anll%n — plI* + (1= an)byllxn — plI*
+ (L= ap)ea[ 18 =PI + L = D[ 0 = zall® + |20 — 24]|*]]
= (= an)anby Wy = xall* = (A = a)anc,llun — x>
— (L= an)bucpllwn — un?
<anllu-pl*+ 1 -a)lx, - pll

+ (1= an)en(yul - 1)[”xn - Zn||2 + |1z - un||2]

-1- an)ﬂnbn”Wn _xn”z - (1 - an)ancn”un - anZ
= (1= a)bucullwn — ). (35)
Since y,L <1, from (3.5) we get
nss =PI < atnlle = pI? + (1= e0p) o~ I (3.6)

Thus, by induction,
041 = plI* < max{llu - pl llx0 - plI*}, ¥n=>0,

which implies that {x,} and {z,} are bounded.



Alghamdi et al. Journal of Inequalities and Applications (2015) 2015:292 Page 7 of 15

Let x* = Px(u). Then, using (3.1), Lemma 2.2, and following the methods used to get
(3.5) we obtain that

|1 =% ||* = [Jatnt + (1= ) (@t + bywy + i) — |
< [l (s = 2) + (0 = @) [(@ntn + Buwyy + cots) — 2] |°
< (1-a,)|| @y + buwy + cotty, — x|
+ 20, (1t — X%, X1 — &)
< (- an)an |y — " + (- )by | wy - 57|
+ (L= an)n |t = 2| * = (1 = )b Wy — 22
= (L= ct)buCplltty = wall* = (1 = o)yl = vt

+ 2an<u — X" X1 — x*),
which implies that

||xn+1 _x* ”2 =< (1 —Oln)él,, ”xn _x* ”2 + (1 - an)bn Hxn _x* ”2
+ (L= a)en[ [0 =& |° + aL = D196 = 20 1? + 12 — 1]1?]]

”2 - (= an)bycyllu, - Wn||2

~ (= an)buanl|wn — x,
= (1= )%y — |1 + 200 (1 = 5%, 26,11 — )
< U= el =217 + (L= an)en(vul = D[ 120 = 241 + 12, = 24|
— (L= )bty | Wy — %ull* = (1 = )by |10 — i
— (1= o) anCullxn — tall® + 2000(tt — X%, 001 — ) (3.7)
<(1-a,) ”xn —x* H2 + 2an(u — X X1 — x*). (3.8)
Now, we consider two cases.

Case 1. Suppose that there exists 1y € N such that {||x, —x*||} is decreasing for all n > ny.
Then we get {||x, — x*||} is convergent. Thus, from (3.7) we have

Xy — 2, —> 0, Zy—U,— 0 asn— 0o, (3.9)
and

Wy —%, —> 0, U, —w, — 0, Xy —U,— 0 asn— oo. (3.10)
Moreover, from the fact that «,, — 0, as # — 00, (3.1), (3.9), and (3.10) we have

%641 = xall = ”an(u _xn) + (1 - an)(bnwn + Culky — (1 - ﬂn)xn) H

< aullu— x4l + (1 — a)bullwy — x4l + (1 = otp)culltey — x4l = O, (3.11)

as 71 — OQ.
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Furthermore, since {x,,;} is bounded subset of H which is reflexive, we can choose
a subsequence {x,,.1} of {¥,.1} such that x,,,;1 — z and limsup,,_, (4 — x*, %, — x*) =
lim,_, oo (¢4 — %%, %41 — x*). This implies from (3.11) that x,,, — z.

Now, we show that z € VI(C,A). But, since A is Lipschitz continuous, we have Az, —
Au, — 0,as n — oo and from (3.9) and (3.10) we have u,, — z and z,, — z. Let

_JAv+Nev, ifveC,
g, ifvecC.

Tv (3.12)

Then T is maximal monotone and 0 € Tv if and only if v € VI(C, A) (see, e.g. [30]). Let
(v,w) € G(T). Then we have w € Tv = Av + Ncv and hence w — Av € N¢v. So, we have
(v—u,w—Av) >0, for all u € C. On the other hand, from u,, = Pc(x, — v,Az,) and v € C,
we have (x,, — V,Az, — u,, u, —v) > 0,and hence, (v—u,, (u, —x,)/y, +Az,) > 0. Therefore,
from w — Av € N¢v and u,,; € C we have

(V= thyy W) = (V= Uy AV) = (v = ), AV = (v = ths,, (s, — %0,) ] Vi, + Azy)
= (V—uy, Av — Auy,) + (v — u,, Au,, — Az,,)
_ (v — U, (U, — x,,l.)/y,,i)
> (V - un,-yAMnl- _Aznl-) - <V - un,w (uni - xni)/yn,'>-
Hence, we have (v—z,w) > 0, as i — 00. Since T is maximal monotone, we have z € T~1(0)

and hence z € VI(C,A).
Now, we show that z € F(T). Note that, from the definition of w,,, we have

1
Y — Wy, Twy,) — —(y = Wy (T, + YWy, — xni) <0, VyeC. (3.13)
T

Putz;, =tv+ (1 -t)z for all £ € (0,1] and v € C. Consequently, we get z; € C. From (3.13)

and pseudocontractivity of T it follows that

1
Wy — 26 T2e) = (Wo, — 26, T22) + (26 — Wiy, Twy,,) — r—(zt = Wiy (L4 1) Wi, — %)

nj

1
_<Zt = Wu;» th - TWVI,‘) - _<Zt = Wy Wy, _xni) - (Zt - Wn,'»Wn,'>

——

v

_”Zt_wn,-| (Zt_Wn,-rWn,- _xn,-> - (Zt_Wn,-;Wni)

nj
Wn,' _xn,'
= Wy, — 26:2e) =20 = Wypy ——— ).

. . Wn.—Xn, . .
Then, since w, —x, — 0, as n — 00 we obtain ——= — 0 as i — oc. Thus, it follows that
ni
(z—2z4, Tze) > (z—z4,2;) asi— 00,

and hence

—(v—2,Tz;) > -(v—2z,2), VveC.
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Letting ¢ — 0 and using the fact that 7 is continuous we obtain
—(v—2,T2) > -(v—-2z,2), VveC.

Now, let v = Tz. Then we obtain z = Tz and hence z € F(T). Therefore, by (2.2) we imme-
diately obtain

limsup(ss — x*, %1 — &%) = lim (s — 2%, 2,41 — %)

n—00 =00

=(u-x"z-5")<0. (3.14)

Then it follows from (3.8), (3.14), and Lemma 2.3 that ||x,, —x*|] — 0, as # — oo. Conse-
quently, {x,} converges to the minimum norm point of F.
Case 2. Suppose that there exists a subsequence {»;} of {n} such that

Yy P

’

for all i € N. Then, by Lemma 2.4, there exists a nondecreasing sequence {m;} C N such
that m; — 0o, and

o =] = =7 and =] = [ =] 615)
for all k € N. Now, from (3.7) we get

Xy — Zmy —> 0, Zyy — U, — 0 as k— 00, (3.16)
and

Wiy = Xy — 0, Uy = Wiy — 0, Xmy — Um, —> 0 ask — oo. (3.17)
Thus, like in Case 1, we obtain %, .1 — %;,, — 0 and

lim sup(u — X" X1 — x*) <0. (3.18)

k—o00

Now, from (3.8) we have

”xmk+1 —x* H2 <(1-am) mek —x* ”2 + 2amk<u =X K1 — x*), (3.19)

and hence (3.15) and (3.19) imply that

Qe ”xmk - HZ = mek - ”2 - mekﬂ - ”2 + 2“"1k<” =& K1 —x*)

* *
< +2amk(u =X X1 — X )
But since that o, >0, we obtain

e
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Then, using (3.18), we get [|x,,, — x*|| — 0, as k — oo. This together with (3.19) imply
that [|%,,,+.1 — %"l — 0, as k — 00. But |lxx — x*|| < |%yy+1 — x*[|, for all k € N, thus we
obtain x; — x*. Therefore, from the above two cases, we can conclude that {x,} converges
strongly to the point x* of F nearest to u. O

If, in Theorem 3.1, we assume that T = I, the identity mapping on C, we obtain the
following corollary.

Corollary 3.2 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let A : C — H be a Lipschitzian monotone mapping with Lipschitz constant L. Assume that
VI(C,A) is nonempty. Let {x,} be a sequence generated from an arbitrary xy,u € C by

Zy = PC[xn - ynAxn]; (3 20)
Kpa1 = oth + (1= )@y + (L - an)Pclx, — vuAz,)), '

where Pc is a metric projection from H onto C, y, C [a,b] C (0, %), and {a,} C (a,b) C
(0,1), {an} C (0,¢) C (0,1) satisfying lim,, oy, = 0, Y a, = co. Then {x,} converges
strongly to the point x* = Pyyca)(u).

If, in Theorem 3.1, we assume that A = 0, we obtain the following corollary, which is
Theorem 3.1 of [29].

Corollary 3.3 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let T : C — C be a continuous pseudocontractive mapping. Assume that F(T) is nonempty.
Let {x,} be a sequence generated from an arbitrary xy,u € C by

Kna1 = 0th + (1= o) (@ndn + (L= @) Ty, %),

where {a,} C (a,b) C (0,1), {a,} C (0,¢) C (0,1) satisfyinglim,_, oo oy, = 0, Y ), = 00. Then
{x,,} converges strongly to the point x* = Pr(r)(u).

If, in Theorem 3.1, we assume that A is a-inverse strongly monotone then A is Lips-
chitzian and we obtain the following corollary.

Corollary 3.4 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let T : C — C be a continuous pseudocontractive mapping. Let A : C — H an a-inverse
strongly monotone mapping. Assume that F = F(T) N VI(C,A) is nonempty. Let {x,} be a
sequence generated from an arbitrary xy,u € C by

Zp = PC[xn - ynAxn], (3 21)
KXpa1 = At + (L= ay)(anxy + by Trnxn + ¢, Pclx, — ynAZn]);

where Pc is a metric projection from H onto C, y, C [a,b) C (0,«), and {a,},{b,},{c,} C
(a,b) C (0,1), {a,} C (0,¢) C (0,1) satisfying (i) a, + b, + ¢, = 1, (ii) limy— o0ty = 0,
> a, =00. Then {x,} converges strongly to the point x* = Pr(u).

If, in Theorem 3.1, we assume that C = H, a real Hilbert space, then P¢ becomes identity
mapping and VI(C,A) = A71(0), and hence we get the following corollary.
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Corollary 3.5 Let H be a real Hilbert space. Let T : H — H be a continuous pseudocon-
tractive mapping. Let A : H — H be a Lipschitzian monotone mapping with Lipschitz con-
stant L. Assume that F = F(T) N AY(0) is nonempty. Let {x,} be a sequence generated from
an arbitrary xo,u € C by

Zy =Xy — VA, (3.22)
Xnsl = Oyl + (1 - an)(ﬂnxn + bn Trnxn +Cy [xn - VnAZn]):

where vy, C [a,b] C (0, %) and {a,},{b,},{c,} C (a,b) C (0,1), {a,} C (0,c) C (0,1) satisfy-
ing the following conditions: (i) a, + b, + ¢, = 1, (ii) lim, o &0, = 0, Y_ &0, = 00. Then {x,}
converges strongly to the point x* of F nearest to u.

We also note that the method of proof of Theorem 3.1 provides the following theorem
for approximating the common minimum-norm point of the solution set of a variational
inequality problem for monotone mapping and fixed point set of a continuous pseudo-
contractive mapping.

Theorem 3.6 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let T : C — C be a continuous pseudocontractive mapping. Let A : C — H be a Lips-
chitzian monotone mapping with Lipschitz constant L. Assume that F = F(T) N VI(C,A)
is nonempty. Let {x,} be a sequence generated from an arbitrary xy,u € C by

z, = Pclx, - J/nAxn]; (3.23)
X1 = Pcl(1 — o) (anx, + bnTrﬂxn + ¢, Pclx, — VnAZn])]r

where Pc is a metric projection from H onto C, y, C [a,b] C (0, %), and {a,},{b,},{c.} C
(a,b) C (0,1), {an} C (0,¢) C (0,1) satisfying the following conditions: (i) a, + b, + ¢, = 1,
(ii) limy— 00 @ = 0, Yt = 00. Then {x,,} converges strongly to the minimum-norm point x*

of F.

Remark 3.7 Theorem 3.1 extends Theorem 3.1 of Takahashi and Toyoda [24] and The-
orem 3.2 of Yao et al. [22], Theorem 3.1 of liduka and Takahashi [19] and the results of
Nadezhkina and Takahashi [25] in the sense that our scheme provides a common point
of the solution set of variational inequalities for a more general class of monotone map-
pings and/or the fixed point set of a more general class of continuous pseudocontractive
mappings. Our results provide an affirmative answer to our concern.

4 Applications to minimization problems

In this section, we study the problem of finding a minimizer of a continuously Fréchet
differentiable convex functional in Hilbert spaces. Let f be a continuously Fréchet differ-
entiable convex functionals of H into (—00, 00) such that the gradient of f, (vf) is contin-
uous and monotone. For y >0,andx € H,let T, x:={z€ H: (y —z,(I - (vf))z) - %(y -z
(1+ y)z—x) <0,Vy € H}. Then the following theorem holds.

Theorem 4.1 Let H be a real Hilbert space. Let f be a continuously Fréchet differentiable
convex functionals of H into (—oo, 00) such that the gradient of f, (Vf) is continuous and
monotone such that N := argminyecf(y) # V. Let {x,} be a sequence generated from an
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arbitrary xo,u € C by
Xn+l = Opll + (1 - an)(anxn + (1 - an)T’nxn)’

where {a,} C (a,b) C (0,1), {&,} C (0,¢) C (0,1) satisfyinglim, . o, =0, Y, = 00. Then
{x,} converges strongly to the point x* € N nearest to u.

Proof We note that T := (I — vf) is continuous pseudocontractive mapping with F(T) =
(vf)71(0) and from the convexity and Fre¢het differentiability of f we see that the zero of
vf is given by N = argmin,ec f(y). Thus, the conclusion follows from Corollary 3.3. O

5 Numerical example

In this section, we give an example of a continuous pseudocontractive mapping 7" and a
Lipschitzian monotone mapping with all the conditions of Theorem 3.1 and some numer-
ical experiment results to explain the conclusion of the theorem.

Example 5.1 Let H = R with Euclidean norm. Let C = [-2,6] and T : C — R be defined
by

_ {—3x, x €[-2,0],

%, (0,6],
and
O, X € [_2)1],
Ax := 1y 1 2 (5.1)
3(x-3)% x€(3,6].

Then we easily see that T is continuous pseudocontractive with F(T) = [0, 6].
In addition, we observe that A is monotone with VI(C,A) = [-2, %]. Next, we show that
A it is Lipschitzian with L = 36. If x,y € [-2, %] then
|Ax — Ay| = |0 - 0] < 36]x —y|.

Ifx,ye (%, 6] then

|Ax —Ay| =3

(=2) -6m3)
ls)+ - 2) b))

=3lx+y-1flx -yl < 36[x -yl

Ifx e [-2, %] and y € (%,6] then

e = o351 | =5(r-2)
S (GHECHRCH)




Alghamdi et al. Journal of Inequalities and Applications (2015) 2015:292 Page 13 of 15

<3l +y—1lle—yl+(x-y)>
=3[lc+y—1]+|x+yl]lx -yl
<36x -yl
Thus, we see that A is a Lipschtzian mapping with L = 36. It is also clear that F(T) N

VI(C!A) = [0: 1] m [_21 l] = [0! %]
Furthermore, if x € (0, 6], the inequality

1
r

T,x:{zeC:(y—z,Tz) (y—z,(1+r)z—x>§0,VyeC}, (5.2)

shows that we may take 7,(x) = x. If x € [-2, 0], inequality (5.2) gives that
r(y —z)(=3z) - (y — z)[(l +71)z —x] <0, VyedC,

which implies that T,(x) = z = ;75 and hence we get

x, x € (0,6],
T,(x) := .
) X € [—2, 0].
. 1 1 2 .. _
Now, if we take, a,, = oo? An = b, = oo + 0L ¢y =08 - 55 1w =10, V> 1 and
¥, =0.01+ m, we observe that the conditions of Theorem 3.1 are satisfied and Scheme

(3.1) reduces to

(5.3)

z, = Pclx, - ]/nAxn];
X1 = ottt + (1 — o) (@ + by, Trnxn + ¢, Pclx, — VnAZn])'

When u = —0.1 and x = 0.8 we see that Scheme (5.3) converges strongly to x* = 0.0 as
shown in Figure 1.

x(0)=0.8
x=0.0 |

iterates, x
o

0 1000 2000 3000 4000 5000
iterations, n

Figure 1 Convergence of {x,} with u=-0.1 and xo = 0.8.
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When u = 0.6 and x = —2.0 we see that Scheme (5.3) converges strongly to x* = 0.5 as
shown in Figure 2.

x(0)=—2.0
x=0.5 B

0.8

0.6 4

n
o
N

I

iterates, x
o

L L L L
0 2000 4000 6000 8000 10000
iterations, n

Figure 2 Convergence of {x,} with u= 0.6 and xo = -2.0.
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