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Abstract

The purpose of this paper is to study fixed point theorems for a multi-valued
mapping concerning with three classes of Meir-Keeler contractions with respect to
the partial Hausdorff metric H in complete partial metric spaces. Our results
generalize and improve many recent fixed point theorems for the partial Hausdorff
metric in the literature.
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1 Introduction and preliminaries

Throughout this paper, by R*, we denote the set of all nonnegative real numbers, while
N is the set of all natural numbers. Fixed point theory is one of the most crucial tools
in nonlinear functional analysis and has application in distinct branches of mathematic.
In 1922, Banach [1] introduced the most impressed fixed point result, and he concluded
that each contraction has a unique fixed point in the complete metric space. Since then,
this pioneer work has been generalized and extended in different abstract spaces. One of
the interesting generalization of Banach fixed point theorem was given by Matthews [2] in
1994. In this paper, the author introduced the following notion of partial metric spaces and
proved the Banach fixed point theorem in the context of complete partial metric space.
We recall some basic definitions and fundamental results of partial metric spaces from the
literature.

Definition 1 [2] A partial metric on a nonempty set X is a function p: X x X — R* such
that for all x,y,z € X

(p1) x =y ifand only if p(x, x) = p(x,y) = p(,);
(p2) plx,x) < p(x,y);

(p3) px,y) =pO,x);

(pa) p(x,y) < p(x,2) + p(z,y) - p(z,2).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric
onX.
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Remark 1 [2] It is clear that, if p(x,y) = 0, then from (p;) and (p;), we have x = y. But, if
x =y, then the expression p(x, y) may not be 0.

Each partial metric p on X generates a 7 topology 7, on X which has as a base the family
of open p-balls {B,(x,y) :x € X,y > 0}, where B,(x,y) = {y € X : p(x, ) < p(x,x) + y} for all
x € X and y >0.If p is a partial metric on X, then the function d,, : X x X — R* given by

dy(x,9) = 2p(x,y) - p(x,x) = p(5,7)
is a metric on X.

Definition 2 [2] Let (X, p) be a partial metric space. Then

(1) asequence {x,} in a partial metric space (X, p) converges to x € X if and only if
plx,x) =lim,_, o p(x, x,);

(2) asequence {x,} in a partial metric space (X, p) is called a Cauchy sequence if and
only if limy,; —, oo P(%m, %) exists (and is finite);

(3) a partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X
converges, with respect to 1, to a point x € X such that p(x,x) = lim,,— 00 P(X, %4);

(4) asubset A of a partial metric space (X, p) is closed if whenever {x,} is a sequence in
A such that {x,} converges to some x € X, then x € A.

Remark 2 The limit in a partial metric space is not unique.

Lemmal [2, 3]
(1) {x4} is a Cauchy sequence in a partial metric space (X, p) if and only if it is a Cauchy
sequence in the metric space (X,d,);
(2) a partial metric space (X, p) is complete if and only if the metric space (X, d,,) is
complete. Furthermore, lim,,_, o0 dp (%4, %) = 0 if and only if

plx,x) = lim,_, oo p(x,,, %) = limy,_, oo P(Xy, X1).

Very recently Haghi et al. [4] proved that some fixed point results in partial metric space
results are equivalent to results in the context of usual metric space. Recently, fixed point
theory has developed rapidly on partial metric spaces; see e.g. [3, 5-12] and the references
therein.

Let (X, d) be a metric space and CB(X) denote the collection of all nonempty, closed and
bounded subsets of X. For A, B € CB(X), we define

H(A,B) := max{supd(a,B),supd(b,A) ,
acA beB

where d(x, B) := inf{d(x, b) : b € B}, and it is well known that # is called the Hausdorff met-
ric induced the metric d. A multi-valued mapping T : X — CB(X) is called a contraction

if

H(Tx, Ty) < kd(x,y),

forall x,y € X and k € [0,1). The study of fixed points for multi-valued contractions using
the Hausdorff metric was introduced in Nadler [13].
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Theorem 1 [13] Let (X,d) be a complete metric space and T : X — CB(X) be a multi-

valued contraction. Then there exists x € X such that x € Tx.

Very recently, Aydi et al. [14] established the notion of partial Hausdorft metric H,
induced by the partial metric p. Let (X, p) be a partial metric space and CB?(X) be the
collection of all nonempty, closed and bounded subset of the partial metric space (X, p).
Note that closedness is taken from (X, 7,) and boundedness is given as follows: A is a
bounded subset in (X, p) if there exist xy € X and M € R such that for all a € A, we have
a € B,(x0, M), that is, p(xo,a) < p(a,a) + M. For A, B € CB?(X) and x € X, they define

px,A) = inf{p(x, a):a eA},
8,(A,B) := sup{p(a,B) ta e A},
8,(B,A) := sup{p(b,A) : b € B},

H,(A, B) = max{8,(4, B),5,(B,A)}.

It is immediate to see that if p(x, A) = 0, then d,(x, A) = 0 where d,(x, A) = inf{d,(x,a) :a €
A}.

Remark 3 [14] Let (X, p) be a partial metric space and A a nonempty subset of X. Then
acA ifandonlyif p(a,A)=paa)

Aydi et al. [14] also introduced the following properties of mappings 6, : CB?(X) x
CB?(X) — Rand H, : CB?(X) x CB’(X) — R.

Proposition 1 [14] Let (X,p) be a partial metric space. For A,B € CBP(X), the following
properties hold:

(1) 8,(A,A) =sup{p(a,a):acA};

(2) 8,(A,A) < 8,(4,B);

(3) 8,(A,B) =0 implies that A C B;

(4) 8,(A,B) <8,(A,C) +6,(C,B) —infeec plc, c).

Proposition 2 [14] Let (X,p) be a partial metric space. For A,B € CB?(X), the following
properties hold:

(1) Hp(A,A) < Hp(A,B);

(2) Hp(A,B) =H,(B,A);

(3) Hp(A,B) < Hy(A,C) + H,(C, B) —infeec plc, ¢);

(4) H,(A,B) =0 implies that A = B.

And, Aydi et al. [14] proved the following important result.

Lemma 2 Let (X,p) be a partial metric space, A,B € CB?(X) and h > 1. For any a € A,
there exists b = b(a) € B such that

pla,b) < hH,(A,B).
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In this study, we also recall the notion of Meir-Keeler-type function (see [15]). A function
£ :R* — R* is said to be a Meir-Keeler-type function, if £ satisfies the following condition:

Yn>038>0VeeR" (n<t<n+8=£&()<n).
Remark 4 It is clear that if £ is a Meir-Keeler-type function, then we have
&(t)<t, forallteR".

We first introduce the notion of stronger Meir-Keeler-type function, as follows:

Definition 3 A function ¢ : R* — [0,1) is said to be a stronger Meir-Keeler-type func-
tion, if ¥ satisfies the following condition:

Vn>038>013y,€(0,1) VteR* (n§t<r)+8$1/f(t)<y,7).
In 1972, Reich introduced the following important function.

Definition 4 [16] A function ¥ : R* — [0,1) is said to be a Reich function (R-function,
for short) if

limsupv(s) <1, forallteR*.

s—>tt

Remark 5 It is clear that, if the function ¢ : R* — [0, 1) is a Reich function (R-function),
then ¢ is also a stronger Meir-Keeler-type function.

We next introduce the notion of weaker Meir-Keeler function, as follows:

Definition 5 A function ¢ : R* — R* is said to be a weaker Meir-Keeler-type function, if

¢ satisfies the following condition:
Vn>038>0VteR* (n§t<n+8:>3n0 eN,gp”O(t)<n).

The purpose of this paper is to study fixed point theorems for a multi-valued mapping
concerning three classes of Meir-Keeler contractions with respect to the partial Hausdorff
metric H in complete partial metric spaces. Our results generalize and improve many

recent fixed point theorems for the partial Hausdorff metric in the literature.

2 Fixed point theorem (I)
In the sequel, we denote by ® the class of functions ¢ : R** — R* satisfying the following
conditions:

(1) ¢ is an increasing and continuous function in each coordinate;

(2) for t e R*\{0}, ¢(t,t,t,t) <t and ¢p(ty, tr,t3,t) =0 iff ty =t = t3 = t4 = 0.

We now introduce the notion of (¥, ¢)-Meir-Keeler contraction on partial Hausdorff

metric spaces.
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Definition 6 Let (X,p) be a partial metric space, ¢ : R* — [0,1) and ¢ € . We call
T:X — CBP(X) a (¥, )-Meir-Keeler contraction with respect to the partial Hausdorff
metric H,, if the following conditions hold:

(c1) ¥ is a stronger Meir-Keeler-type function;

(cp) for all x,y € X, we have

, 1) v
Hy(Tx, Ty) < ¥ (plo, y))¢(p(x, 2,05, T), (3, T9), w>

We state and prove the main fixed point result for the (¥, $)-Meir-Keeler contraction

with respect to the partial Hausdorff metric H,,.

Theorem 2 Let (X, p) be a complete partial metric space. Suppose T : X — CB?(X) is a
(¥, ¢)-Meir-Keeler contraction with respect to the partial Hausdorff metric H,. Then T
has a fixed point in X, that is, there exists x* € X such that x* € Tx*.

Proof Let xy € X be given and let x; € Tx,. Since T': X — CB?(X) is a (¥, ¢)-Meir-Keeler

contraction with respect to the partial Hausdorff metric H,, we have

H,(Txo, Tx1)

2.1)

, 17 T
< w(mxo,xl))d)(p(xo,xl),p(xo, Tio), play, Ty), 20 T2 + P "°)).

2

Put p(xo,%1) = no > 0. Since V¥ is a stronger Meir-Keeler-type function, there exists y,, €
(0,1) such that

w([?(xo»xl)) <Vno- (22)

From (2.1) and (2.2), we have

, T , T
Hp(Txo, Tx1) < Vg - ¢(P(xo,x1),l9(xo, Txo), p(x1, Txl),p(xo #) +pln x0)>- (2.3)

2

From Lemma 2 with /7 = —2= > 1, there exists x, € Tx; such that
VYo

1

plx1, %) < Hp(Txo, Txy). (2.4)

no

Using (2.3) and (2.4), we obtain

2

(%0, TX1) + p(x1, Txo)
P, %) < \/Tng -¢(p(xo,xl),p(xo,Txo),p(xl, Ty, 250 U TP TR0

< T ¢>(p<xo,x1),p(xo,xl),pm,xz),’” (o, %) +p ("1”“1))

2

(2.5)

5«/%'¢><p(xo,x1),p(xo,xl),p(xl,xz),p(xo'xl)+p(x1’x2)>.

2
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If p(xo,x1) < p(x1,%,), then by the definition of the function ¢, we have

PO,%2) <y ¢(p(xo,xl),p(xo,xl),mxl,xz), plio,x) ;“’“"‘”)

= \/y_’l() : ¢(p(xlrx2)’p(xlrxZ)rp(xl)xZ)’p(xth))
= «/y_no (xl:xZ)r

which implies a contradiction, and hence p(x,x1) > p(x1,%2). Therefore, we have

Px%2) < 7g ¢(p(xo,xl),p(xo,xl),pm,xz),” o, ) ;P("l”‘z))

< 7o - (%0, %), p(x0, 1), p(0, %1), P (%0, %1))
< Vo - P(X0,%1). (2.6)

Put p(x1,%2) = n1 > 0. Since V¥ is a stronger Meir-Keeler-type function, there exists y,, €
(0,1) such that

1p(p(xlxe)) <Vm- (27)

i __1
From Lemma 2 with 4 = N > 1, we have

px2,%3) < Hp(Tx1, Txy). (2.8)

m

Since T : X — CBP(X)isa (¥, ¢)-Meir-Keeler contraction with respect to the partial Haus-
dorft metric #,, we have

Hp(Txlx sz)

, 15 T
< w(p<xl,x2))¢(p(xl,xzxp(xl, Ton), ey, Toy), PO T52) + P52 ’“l))

2

<V ¢(p(xl,xz),p(xl,x»,p(xz,xa), P, ) +p (’””‘2))

2

(2.9)

E y771 : ¢(p(xl’xZ)!p(xl’xQ)!p(xZ!xB)’p(xbxz) +p(x2,x3))'

2

Using (2.8) and (2.9), we obtain

p(x27x3) < \/V_ﬂl . ¢(p(xlrx2)7p(xlrx2)1p(x21x3):p(xl,xZ) ;p(xzrxg))'

If p(x1,%2) < p(x2,%3), then

p(x2’x3) < \/y_’ll : ¢(P(xbxz):P(xbxz):P(xz,m), p(xl:x2) ;p(xz,x3)>

= \/y_'ll : ‘f’(P(xZ’xB):P(xz, 3):19(952:?63)’19(952’963))
<V - p(x2,%3),
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which implies a contradiction, and hence p(x,x;) > p(x2,%3). Therefore

Px2,%3) < VoV - P(%0,%1). (2.10)
Continuing this process, we can obtain a sequence {x,} of X recursively as follows:

%, € Tx,_;, forallmeN.

Put p(x,,, X41) = 0, > 0. Since ¥ is a stronger Meir-Keeler-type function, there exists y,, €
(0,1) such that

(s K1) < Vi (2.11)

Since T': X — CBP(X)isa (¥, ¢)-Meir-Keeler contraction with respect to the partial Haus-
dorff metric H,,, we have for all » € NU {0}

Hp ( Txnr Txn+1)

< I/f(p(xmxm))qb(p(xn,xm), P Tx), pi1, Thni1),s
1
5 [p(xm TxVH-l) +p(xn+1r Txn)])
1
< Vnn¢(p(xnr xn+l);[9(xm Txn):p(xm-l; TXp41)s E [p(xm TXp41) +p(xn+1; Txn)])

1
<V b (p(xm X41)s DX X141), P(Ke1, X 12), 5 [p(xm Xns1) + P(Xns1, xn+2)]> . (212)

. _ 1
From Lemma 2 with /1 = N > 1, we have
p(xn+l:xn+2) = Hp(Txm Txn+1)v neNU {0} (213)

Vnn

Using (2.12) and (2.13), we obtain

PXi1,%012)
1
<Y, ® (p(xm Xn41)s DXy X41), D1, Xnv2), 3 [P(xmxnﬂ) +p(Xns1, xn+2)]) .
pr(xn: xn+1) Sp(x;ﬁl: xn+2)7 then

p(xn+1: xn+2) < A/ Vr]nd)(p(xnﬂ: xn+2);p(xn+lx xn+2))p(xn+lr xn+2)¢p(xn+11xn+2))
< A/ ynnp(xnﬂ’ xn+2)¢

which implies a contradiction, and hence p(xg,x;) > p(x1,x2). Therefore, we have

p(xn+1: xn+2) =< A/ )/n,,p(xn, xn+1)- (214')
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By the mathematical induction, we obtain

p(xn+1: xn+2) =< A/ )/n,,p(xn, xn+1)
= VY Vnn71p(xn—1,xn)

<...
S VY Vinr * VP K0, %1).
Put
k= max{\/y_,]n:n eNU {0}}.
Using (2.15) and (2.16), we obtain
PXnitr Xpia) < ()™ p(xo,x1), forall m e NU {0}).
Let n — o0 in (2.17). Then
Jim p(s,x41) = 0.
By the property (p2) of a partial metric and using (2.18), we have
lim p(x,,x,) = 0.

Using (2.17) and the property (p4) of a partial metric, for any m € N, we have

m-1

p(xmxm—m) =< Zp(xn+i—1:xn+i) - Zp(xn+i¢xn+i)

- i=1

—_

m m-1
< Z(E)””_lp(xo,xl) - Zp(xn+i:xn+i)
i=1 i=1
(%)n m-1
< = p(xOrxl) - p(xn+i¢xn+i)-
1-k) ;

Using (2.19) and (2.20), we get
lim p(x,, %4m) = 0.
n— o0
By the definition of d,,, we see that, for any m € N,

im dy(%s Xpam) < 1im 2p(%y, Xpim) = 0.
n— 00

n—00

Page 8 of 19

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

This shows that {x,} is a Cauchy sequence in (X,d,). Since (X,p) is complete, from

Lemma 1, (X,d,) is a complete metric space. Therefore, {x,} converges to some x* € X

with respect to the metric d,, and we also have

p(x*,x*) = lim p(x,,,x*) = lim p(x,,x,,) = 0.
n— o0

n— 00

(2.22)
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Since T : X — CB?(X)isa (¥, ¢)-Meir-Keeler contraction with respect to the partial Haus-
dorff metric H,, we have

’Hp(Tx,,, Tx*)

2

px,, Tx®) + p(x*,xm))
5 )

< w(p(xn,x*»qs<p(xmx*),p<xm T, (s, Tat), PO ) £ PO T""’)

< I/I(p(xmx*))qﬁ(p(xn,x*),p(xn,xnu),p(x*, Tx*),

By the definition of the mapping ¥ and using (2.22), we get

n—00

lim H,(Tx,, Tx*) < ¢ (0, 0,p(x*, Tx*), %p(x*, Tx*))
<p(x*, Tx"). (2.23)
Now %,,,.1 € Tx, shows
P(%ns1, Tx*) < 8,(Tn, Tx*) < Hyp(Txn, Tx™).
Using (2.23), we get
p(x*, Tx) = lim p(sn, Te") < pla”, Ta"),

a contradiction. So, we have
p(x*, Tx*) = 0.
Therefore, from (2.22), p(x*,x*) = 0, we obtain
p(x*,x") = p(x*, Tx"),
which implies * € Tx* by Remark 3. 0

Using the Reich function and stronger Meir-Keeler function, we establish the following
notion of (¥, ¢)-Reich’s contraction with respect to the partial Hausdorff metric H,.

Definition 7 Let (X,p) be a partial metric space, ¥ : R* — [0,1), and ¢ € . We call
T:X — CB’(X) a (¥, ¢)-Reich’s contraction with respect to the partial Hausdorff metric
H, if the following conditions hold:

(1) ¢ is a Reich function (R-function);

(2) forallx,y € X, we have

] T y T
Hp(T, ) < ¥ (p(x.2) <p(x,y),p(x, Tx), p(y, T9), W)

Apply above Remark 5, Definition 7, and Theorem 2, we are easy to get the following
theorem.
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Theorem 3 Let (X, p) be a complete partial metric space. Suppose T : X — CBP(X) is a
(¥, ¢)-Reich’s contraction with respect to the partial Hausdorff metric H,. Then T has a
fixed point in X, that is, there exists x* € X such that x* € Tx*.

3 Fixed point theorem (ll)
In this section, we let E be the class of all non-decreasing function ¢ : R* — R* satisfying
the following conditions:

(1) ¢ is a weaker Meir-Keeler-type function;

(2) forall £ € (0,00), {¢"(t)}sen is decreasing;

(3) o(t) >0 fort>0and ¢(0) =0,

(4) fort> 0, if lim,_00 ¢"(2) = 0, then lim,. oo Y 1, ¢'(2) = 0, where m > n;

(5) for t, € R*, if lim,_, £, = 0, then lim,_, o, ¢(t,) = 0.

We recall the notion of a-admissible function that was introduced in [17].

Definition 8 [17] Letf:X — X be a self-mapping of aset X and o : X x X — R*. Then f
is called a «-admissible if

xyeX, axy)=1l = a(fxfy)=1
In [18], the authors introduced the following notion of strictly «-admissible.

Definition 9 Let (X,p) be a partial metric space, T : X — CB’(X) and o : X x X —
R*\{0}. We say that T is strictly «-admissible if

a(x,y)>1 implies a(y,2)>1, xeX,yeTx,ze Ty.

We now introduce the notion of («, ¢)-Meir-Keeler contraction with respect to the par-
tial Hausdorff metric #,, as follows:

Definition 10 Let (X, p) be a partial metric space, ¢ € E, and o : X x X — R*\ {0}. We
call T: X — CBP(X) a (o, ¢)-Meir-Keeler contraction with respect to the partial Hausdorff
metric H, if the following conditions hold:

(c1) T is strictly a-admissible;
(cp) foreachx,ye X,

a(x,y)Hy(Tx, Ty) < (p(p(x,y)).

We now state and prove our main result for the (o, ¢)-Meir-Keeler contraction with
respect to the partial Hausdorff metric ,,.

Theorem 4 Let (X, p) be a complete partial metric space. Suppose T : X — CB?(X) is a
(o, @)-Meir-Keeler contraction with respect to the partial Hausdorff metric H,. Suppose
also that
(i) there exists xog € X such that a(xo,y) > 1 for all y € Txy;
(i) if {xn} is a sequence in X such that o(xy, %y.1) > 1 for all n and x, — x € X as
n— oo, then a(x,,x) > 1 for all n.
Then T has a fixed point in X (that is, there exists x* € X such that x* € Tx™).
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Proof Letx; € Txy. Since T : X — CB?(X) is a («, ¢)-Meir-Keeler contraction with respect
to the partial Hausdorff metric H,, we have

a (%0, %1) Hp (Tx0, Tx1) < @ (p(%0,%1)). 31
Put a(xg,%1) = hp > 1. From Lemma 2 with 4 = /g, there exists x, € Tx; such that

px1, %) < hoHp(Txo, Txy). 3.2)
Using (3.1) and (3.2), we obtain

p(x1,%2) < @(p(x0,%1)). 3.3)
Continuing this process, we can obtain a sequence {x,} of X recursively as follows:

X, € Tx,_1, forallmeN.

Since T is strictly «-admissible, we deduce that «(x;,x3) = /1; > 1. Continuing this process,
we have

(X, %,41) =h, >1, forallme NU{0}. (3.4)

And, since T : X — CB?(X) is a («, ¢)-Meir-Keeler contraction with respect to the partial
Hausdorff metric H,, we have

o (%0, %041) Hpp (T, Thn11) < @ (p(n,%001)),  for all m e NU{0}. (3.5)
From Lemma 2 with /4,,, we have

P Xt %pe2) < By Hp(Txp, Tps1), forallme NU{0}. (3.6)
Using (3.5) and (3.6), we obtain

PGt %012) < @ (PG 5s1)), forall e NU {0}, (3.7)

Therefore, we conclude that

p(xn+l:xn+2) =< (p(p(xn:x;ﬁl))
=< (/)2 (p(xn—l:xn))

< " (p(xo, x1)). (3.8)

By the condition (¢2), {¢" (p(x0,*1))}nen is decreasing, it must converges to some 1 > 0. We
claim that 7 = 0. On the contrary, assume that n > 0. Then by the definition of the weaker
Meir-Keeler-type function, there exists § > 0 such that for x,x; € X with n < p(xo, 1) <
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8 + 1, there exists ny € N such that ¢ (p(xg,x1)) < 1. Since lim,,_, o, " (p(x0,%1)) = 1, there
exists mg € N such that n < ¢"(p(xg,x1)) < & + 7, for all m > my. Thus, we conclude that
@00 (p(x0,x1)) < 1. So we get a contradiction. So lim,,_, o ¢" (p(x0,%1)) = 0, and so
lim p(x,,%,41) = 0. (3.9)
n—0o0
By the property (p;) of a partial metric and using (3.9), we have
lim p(x,,x,) = 0. (3.10)
n—0oQ

We will prove that the sequence {x,} is a Cauchy sequence. Using (3.8), we have

p(xm xn+m) = p(xm xn+1) + p(xnﬂ; xn+m) - p(xwrl’ xn+1)
< P&y Xi1) + P(Eni1s Xi2) + P X2 Xppim)

- P(xml; K1) _p(xn+2: Xns2)

o

-1

k
= Zp(xn+i—lrxn+i) - p(xn+i:xn+i)

1 i

Il
(=

i

m m-1

= Z 90n”_119(x0, x1) — Zp(xwrh Xpri)
i=1 i=1
m

< Y 9" plo, x).

I
—_

Letting n — 00, then, by using the condition (¢4), we have

lim p(x,, %4m) = 0. (3.11)

n—00

By the definition of d,,, we see that, for any m € N,

lim dp(xn:xwrm) < lim 2p(%, Xyim) = 0. (3.12)
n—00 n—0oo

This shows that {x,} is a Cauchy sequence in (X,d,). Since (X,p) is complete, from
Lemma 1, (X,d,) is a complete metric space. Therefore, {x,} converges to some x* € X
with respect to the metric d,, and we also have

p(x*,x*) = lim p(x,,,x*) = lim p(x,,x,,) = 0. (3.13)

n— 00 n—00

Since T : X — CBP(X) isa («, ¢)-Meir-Keeler contraction with respect to the partial Haus-
dorff metric H,, we have

a(xn,x*)Hp(Txn, Tx*) < (p(p(x,,,x*)).

By the definition of the mapping «, we have «(x,,x*) > 0. By the condition (¢s) and using
(3.13), we get

lim H,(Tx,, Tx*) = 0. (3.14)

n—00
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Now x,,,1 € Tx,, shows
p(x,,+1, Tx*) < Sp(Txn, Tx*) < ”Hp(Tx,,, Tx*).
Using (3.14), we get
p(x*, Ix*) = nlingop(xn+1, Tx*) = 0.
Therefore, from (3.13), p(x*,x*) = 0, we obtain
p(x*,x") = p(x*, Tx"),
which implies x* € Tx* by Remark 3. O

4 Fixed point theorem (lll)
In this section, we consider the family

Q={(1,&,8,8)6: R —> RY,i=1,2,3,4}

such that:

(1) &(2),62(2), &3(¢) < &a(2) forall£>0;

(2) &1(2), &2(2), £3(2), £4(2) are continuous;

(3) &i(t1) = &x(t2) = &3(t3) = &4(ts) = O ifand onlyif &y =t = £3 = £4, = 0;

(4) &, is a Meir-Keeler-type function;

(5) &u(ts + 1) < E4(tr) + &a(ta) forall 1,25 > 0.

We now introduce the notion of («, ¢, &1, &, &3, §4)-Meir-Keeler contraction on partial
Hausdorff metric spaces.

Definition 11 Let (X, p) be a partial metric space, ¢ € @, (&1,42,83,64) € 2, and o : X x
X — RN\ {0}. We call T: X — CB?(X) a («, 9, &1, &2, &3, E4)-Meir-Keeler contraction with
respect to the partial Hausdorff metric H,, if the following conditions hold:

(1) T is strictly «-admissible;

(2) for all x,y € X, we have

, 1) wk
(oYM, (T, T9) < 6 (a(p(x,y», &2 (ol ), £ (ply, ), ) +PU ’“”).

2

We now state and prove our main result for the (o, ¢, &1, &, &3, £4)-Meir-Keeler contrac-
tion with respect to the partial Hausdorff metric H,,.

Theorem 5 Let (X,p) be a complete partial metric space. Suppose T : X — CBP(X) is a
(o, @, &1, &9, &3, E4)-Meir-Keeler contraction with respect to the partial Hausdorff metric H,.
Suppose also that
(i) there exists xg € X such that a(xo,y) > 1 for all y € Txy;
(i) if {xn} is a sequence in X such that o(xy, %,.1) > 1 for all n and x,, — x € X as
n— oo, then a(x,,x) > 1 for all n.
Then T has a fixed point in X (that is, there exists x* € X such that x* € Tx™).
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Proof Let x; € Txy. Since T : X — CBP(X) is a (o, ¢, &1, &2, &3, E4)-Meir-Keeler contraction
with respect to the partial Hausdorff metric H,, we have

a(xo,%1)Hp(Txo, Tx1)

<o (sl (pleo, ), & (s, T), & (o, T ), XL P P T"°))). (1)

By the condition (i), we have a(xg,%;) > 1. Put (%9, ;) = /9. Note kg > 1. From Lemma 2
with & = \/hy, there exists x, € Tx; such that

p(x1,%2) < v/hoH,y(Txo, Tay). (4.2)

Using (4.1) and (4.2), we have

0 < p(x1,x2)
%h_oqs(s (bl 22), &2, ), £ (o, T, X ) £ PO T’“’”)
< J%Tf(ﬁ p(x0,%1)), &2 (p(x0,%1)), &3 (p(x1, %2)), &(p(xo’xl);p(xbxz)))
< = 0(600050), ol ), s o ), ELEID L)

(4.3)

Now, if &4(p(x0,%1)) < &E4(p(x1,%2)), then by using (4.3) and since ¢ € , (&1,&,&3,84) € Q,
we have

0 < p(x1,%2)

IA

~§\~§\~
(=] (=]

¢ (‘54 (p(x0,x1)), &4 (p(%0,%1) ), €4 (P (51, %2)), Salplto, @) + plo, %) )

2

¢ (54 (p(x1,%2)), Ea(p(%1,%2)), €4 (p(w1, %2) ), E4 (P (31, %2)) )
\/——54( p(x1,%2)).

By Remark 4, we also have
1
plxy,x2) < —h€4 (P(xl,xz)) <p(x1,x2),
0
which implies a contradiction. Therefore, we have

plx1,x2) < T E4(p(x0,%1)) < \/%P(xo,xl).
0

Since T: X — CB?(X)isa («, ¢, &1, &, &3, &4)-Meir-Keeler contraction with respect to the
partial Hausdorff metric H,, we have
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o (x1, %0) Hp(Tox1, Txa)

<o (sl (plx1,22)), 2 (P, Ti)), 5 (s, Tiy)), 5120 To2) + s, To)) ) (4.4)

2

Since T is strictly «-admissible, we have o (x1,%3) > 1. Put o (%1, %3) = h1. Note /11 > 1. From
Lemma 2 with / = \/J;, there exists x3 € Tx; such that

Plxa,x3) < VI Hy (T, Tcy). (4.5)

Using (4.4) and (4.5), we have

0 < p(x2,%3)

) T ) T
= \/Lh_l"b@ Pl 22) 2 (plos, To),  (pla, ), S22 x2)2+19(x2 xl)))
< \/Lh—lqﬁ(él (p(x1,%2)), &2 (p(x1,%2)), &3 (P (2, x3)), E4(P(x1,x2)2+p(xz,xa)))
= x/ih_fp(gl p(x1,%2)), 62 (p(x1,%2)), &3 (P2, x3)), §a(p(x1,%2)) ;54(10 xz,xs)))

(4.6)

Now, if £4(p(x1,%2)) < &a(p(x2,%3)), then by using (4.6) and since ¢ € D, (§1,52,&3,84) € 2,
we have

0 < p(x2,%3)
1

¢> (54 (p(x%1,%2)), E4(P(x1,%2) ), E4 (p(%2,%3)), Salpl, ) + Pl x3)) )

2

&‘

< Tqﬁ (&4 (plo2, x3)), Ea (P2, 83)), 4 (p(%2, %3)), 4 (p(%2, %3)) )

\/—54(17(362,?63 )-

By Remark 4,we also have
1
p(xa,x3) < —h§4 (p(%2,%3)) < plx2, %3),
1
which implies a contradiction. Therefore, we have

E4(p(x1,x0)) <

(%2,%3) 1(xx) (x0,%1).
Pz,s_f \/—PI:Z_\/—J—PO,I

Continuing this process, we can obtain a sequence {x,} of X recursively as follows:

x, € Tx,_1, forallmeN.



Jen et al. Journal of Inequalities and Applications (2015) 2015:279 Page 16 of 19

Since T : X — CB?(X) is a («, ¢, &1, &2, &3, &4)-Meir-Keeler contraction with respect to the

partial Hausdorff metric H,, we have

a(x,,, xn+l)Hp(Txm Txn+1)

= ¢ <§1 (p(xn’xm—l))’ 52 (p(xm Txn))’ %-3 (p(xn+11 Txn+1));

E4(p(xm Txp41) +p(xn+1r Tx,)) ) ) (4.7)

2

Since T is strictly «-admissible, we have o(x;,, x,,1) > 1 for all n € N. Put «(x,, x,11) = hyy.
From Lemma 2 with % = \/h,,, there exists x,,,» € Tx,,1 such that

p(xn+1:xn+2) =< \/I’Tan(Txm Txyi1)- (4.8)
Using (4.7) and (4.8), we have

0= p(xml: Xns2)

=

\/lh_nd) (El (p(xm xn+1))’ & (p(xn» Txn))» & (p(xnﬂr Txml))r

54(10(9% Tx 1) +p(xn+1¢ Txn)))
2

lh ¢ (gl (p(xm xn+1))¢ 52 (p(xm xn+1))r EB (p(xwrl) xn+2))’

&4 (p(xm K1) + P(xnw Xnv2)) )
2

=

=<

\/1]4—”(? (gl (P(xm xn+l)): & (p(xn: xn+l))r & (p(xn+1r xn+2));
E4(p(Xn Xns1)) + Ea(p(Xi1s xn+2)))

5 (4.9)

Now, if &4(p(xy,%4i1)) < Ea(P(Xni1,%412)), then by using (4.9) and since ¢ € @, (&1,4,
&3,&4) € @, we have

0= P(xnﬂ; Xn42)

=

\/1}1—,,¢ <E4 (p(xm xn+1)): %_4 (p(xm xn+1))’ 54 (p(xn+1’ xn+2))r

& (p(xm Xps1) + P(xnw Xns2)) )

2
1

=

¢ (54 (P(xwrl: xn+2))r §a (p(xrul» xn+2))» &4 (P(xnﬂ: xn+2))’ &a (p(xmlr xn+2)))

e

1

IA

e

%'4 (p(xn+17 xn+2))-
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By Remark 4,we also have

1
Vh,

P(xnﬂ, Kpp2) <

which implies a contradiction. Therefore, we have

1
p(xn+1’xn+2) S h E4(p(xnrxn+l))
< ——p ()
Kns Xn+
= U
=

1 1 1
<— s — (
NP e e

xOrxl)'

Since &, > 1 for all n € NU {0}, we get

1

<1, forallne NU({0}.

E

Put

E:max{ :neNU{O}}.

n

Using (4.10) and (4.11), we obtain
PFni1s %ni2) < (k)" p(xg, x1), forall me NU{0}.

Let # — o0 in (4.12). Then

lim p(x,, %441) = 0.
n—o0

By the property (p;) of a partial metric and using (4.13), we have

lim p(x,,x,) = 0.

Using (4.12) and the property (p4) of a partial metric, for any m € N, we have

m-1

m
p(xn:xn+m) = Zp(xnﬂ—l:xnﬂ’) - Zp(xn+i:xn+i)
i=1

i=1
m _ m-1
<D 0™ po,x1) = Y plneis Xnsi)
i=1 i=1

(%)n m-1
< 1- E)p(xo,xl) - ;p(xn+z:xn+z)~

& (p(xnﬂr xn+2)) < P(Kni1s Xni2),

Page 17 of 19

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)



Jen et al. Journal of Inequalities and Applications (2015) 2015:279 Page 18 of 19

Using (4.14) and (4.15), we get
lim p(es, %m) = 0.
By the definition of d,,, we see that, for any m € N,
Hm dy (s, Xpam) < 1M 2P (6 %1m) = 0. (4.16)

This shows that {x,} is a Cauchy sequence in (X,d,). Since (X,p) is complete, from
Lemma 1, (X,d,) is a complete metric space. Therefore, {x,} converges to some x* € X

with respect to the metric d,, and we also have

p(x*,x*) = lim (x,,,x*) = lim p(x,,%,,) = 0. (4.17)
n— o0

n—00
By the definition of the mapping «, we have «a(x,,x*) > 0. By using (4.17) together with the
properties of the auxiliary functions ¢, &, &, &3, &4, and the condition (ii), we get
Hy (T, Tx*)
< a (%, 6") Hp(Ton, Tx*)

E4(p(xn: Tx*) +17(x*, Txn)))
2

sqs(sl(p(xn,x*)),sz(p(xn, Te), & (p( To)),

<¢ <§1 (p(x, %)), E2(P(n 2001)), &3 (p (5%, Tx¥)),

Ea(p(x, x*) + p(x*, Tx*) — p(x*,x*) +p(x*,xn+1)))
2

<¢ <‘§4 (P(xn»x*))’ §a (p(xmxwrl)): §a (P(x*: Tx*)),

E‘L(p(xn:x*) +P(x*’ Tx*) —P(x*:x*) +P(X*;xn+1)))

5 (4.18)

Let n — o0 in (4.18). By Remark 4,
Tim Hy(Txn, Tx*)
1
=9(0,0,64(p(x", Tx)), S (p(+", T2"))

<&(p(", 7))
<p(x*, Tx*). (4.19)

Now x,,,.1 € Tx, shows
P(%ni1, Tx*) < 8, (T, Tx*) < Hp( T, Tx"). (4.20)
Using (4.18), (4.19), and (4.20), we get

p(x*, Tx*) = lim p(%us1, Tx*) <p(x*, Tx"),

n—00
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a contradiction. So, we have
p(x*, Tx*) = 0.

Therefore, from (4.17), p(x*,x*) = 0, we obtain
p(x*,x*) = p(x*, Tx"),

which implies x* € Tx* by Remark 3. O
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