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Abstract
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1 Introduction

Random metric theory is based on the idea of randomizing the classical space theory of
functional analysis. All the basic notions such as random normed modules, random inner
product modules and random locally convex modules, together with their random conju-
gate spaces, were naturally presented by Guo in the course of the development of random
functional analysis [1-4]. In the last ten years, random metric theory and its applications
in the theory of conditional risk measures have undergone a systematic and deep develop-
ment [5-13]. Especially after 2009, in [5] Guo gives the relations between the basic results
currently available derived from two kinds of topologies, namely the (¢, 1)-topology and
the locally L°-convex topology. In [6], Guo gives some basic results on L°-convex analy-
sis together with some applications to conditional risk measures and studies the relations
among three kinds of conditional convex risk measures. These results pave the way for
further research of the random metric theory and conditional convex risk measures.

In 1978, Clark presented Clark’s fixed pointed theorem [14]. It has been applied in many
fields such as optimization theory, different equations, and fixed point theory. Based on
the recent work of random metric theory, in this paper, we establish Clark’s fixed pointed
theorem on complete random normed modules under two kinds of topologies. A ran-
dom normed module is a random generalization of an ordinary normed space. Different
from ordinary normed spaces, random normed modules possess the rich stratification
structure, which is introduced in this paper. It is this kind of rich stratification structure
that makes the theory of random normed modules deeply developed and also becomes
the most useful part of random metric theory. When the probability (€2, F, P) is trivial,
namely F = {#, Q}, our results reduce to the classical Clark’s fixed pointed theorem. So

the extension of our results is nontrivial.
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The reminder of this article is organized as follows. In Section 2 we briefly recall some
necessary notions and facts. In Section 3 we present and prove our main results.

2 Preliminary
Throughout this paper, (2, F, P) denotes a probability space, K the real number field R or
the complex number field C, N the set of positive integers, L°(F) the set of equivalence
classes of extended real-valued random variables on Q and L°(F, K) the algebra of equiva-
lence classes of K-valued F-measurable random variables on €2 under the ordinary scalar
multiplication, addition and multiplication operations on equivalence classes, denoted by
L%(F) when K =R.

The pleasant properties of the complete lattice L°(F) (see the introduction for the no-
tation L°(F)) are summarized as follows.

Proposition 2.1 ([15]) For every subset A of L°(F), there exist countable subsets {a, | n €
N}and{b, |n e N} ofAsuchthat\/,.,a,=VAand \,., b, = NA. Further, if A is directed
(dually directed) with respect to <, then the above {a, |_n € N} (accordingly, {b, | n € N})
can be chosen as nondecreasing (correspondingly, nonincreasing) with respect to <.

Specially, LY(F) = {§ € L°(F) | £ = 0}, LY, (F) = {§ € L°(F) | £ > 0 on Q}.

Asusual, £ > n means £ > n and £ # n, whereas £ >  on A means £°(w) > n°(w) a.s. on A
forany A € F and £ and 7 in L°(F), where £° and n° are arbitrarily chosen representatives
of & and n, respectively.

For any A € F, A¢ denotes the complement of A4, A ={Be F|P(AAB) = 0} denotes the
equivalence class of A, where A is the symmetric difference operation, I4 the characteristic
function of A, and I, is used to denote the equivalence class of I4; given two & and 1 in
LO(F),and A = {w € Q: £° #1°}, where £° and 1 are arbitrarily chosen representatives of
& and 5 respectively, then we always write [§ # n] for the equivalence class of A and /jz
for I4. One can also understand the implication of such notations as Ijg <3, Iz and Jje_,).

For an arbitrarily chosen representative £° of & € LO(F, K), define two JF-measurable
random variables (§°)~! and |£°]| by (§°)7Y(w) = Eoia)) if £%(w) #0, and (£°) Y (w) = 0 other-
wise, and by |£°|(w) = |€%(w)|, Yo € Q. Then the equivalence class £7! of (£§°)7! is called
the generalized inverse of £ and the equivalence class |£| of |£°| is called the absolute value
of £. Itis clear that & - £ = [j¢ ).

Definition 2.2 ([16]) An ordered pair (E, || - ||) is called a random normed space (briefly,
an RN space) over K with base (2, F, P) if E is a linear space and | - || is a mapping from
E to L%(F) such that the following three axioms are satisfied:

(1) llzll = 0 if and only if x = O (the null vector of E);

(2) llax|| = la|ll%|l, Yo € K and x € E;

@3) Il +yll < llxll + llyll, Vx,y € E,
where the mapping | - || is called the random norm on E and |x| is called the random
norm of a vector x € E.

In addition, if E is left module over the algebra L°(F, K) such that the following is also
satisfied:

(4) lIEx] = 1&]lIxll, V&€ € L°(F,K) and x € E,
then such an RN space is called an RN module over K with base (€2, F,P) and such a
random norm || - || is called an L°-norm on E.
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There are two important topologies in random metric theory as follows.

Proposition 2.3 ([4]) Let (E,| - ||) be an RN module over K with base (2, F, P). For any
real numbers e >0,0 <A <1,let Ny(e, ) ={x € E | P{lw € Q| ||x||(w) <&} >1 - A} and Uy =
{No(e,A) | € >0,0 <A <1}, then Uy is a local base at 0 of some Hausdor(f linear topology,
called the (g, A)-topology induced by | - ||. Further, we have the following statements:
(1) L°(F,K) is a topological algebra over K endowed with its (e, \.)-topology, which is
exactly the topology of convergence in probability P;
(2) E is a topological module over the topological algebra L°(F,K) when E and L°(F,K)
are endowed with their respective (e, 1)-topologies;
(3) A net {xy,a € A} in E converges in the (g, 1)-topology to x € E iff {||xy — x|, € A}
converges in probability P to 0.

From now on, for all RN modules, (¢, 1)-topology is denoted by 7.

Proposition 2.4 ([17]) Let (E, | - ||) be an RN module over K with base (2, F, P). For any
e€ L (F) let B(s) = {x € E| ||x|| <&} and Up = {B(s) | ¢ € L° (F)}. A set G C E is called
T.-open if for every x € G there exists some B(e) € Uy such that x + B(e) C G. Let T, be the
family of T.-open subsets, then T, is a Hausdor{f topology on E, called the locally L°-convex
topology induced by || - ||. Further, the following statements are true:
(1) L°(F,K) is a topological ring endowed with its locally L°-convex topology;
(2) E is a topological module over the topological ring L°(F, K) when E and L°(F,K) are
endowed with their respective locally L°-convex topologies;
(3) A net {xy,a € A} in E converges in the locally L°-convex topology to x € E iff
{Il%o — x|, € A} converges in the locally L°-convex topology of L°(F,K) to 6.

From now on, for all RN modules, locally L°-convex topology is denoted by 7; . Since 7.
is not necessarily a linear topology as proved in [4], but (E, 7;) is always a topological group
with respect to the addition operation for any RN module (£, | - ||), and hence 7.-Cauchy
nets and 7.-completeness are still well defined.

Let (E,| - ||) be an RN module over K with base (2, F,P), pa = n - p is called the A-
stratification of p for each given A € F and p in E. The so-called stratification structure
of E means that E includes every stratification of an element in E. Clearly, p4 = 8 when
P(A) =0 and p4 = p when P(Q2 \ A) = 0, which are both called trivial stratifications of p.
Further, when (€2, F, P) is a trivial probability space, every element in E has merely two
trivial stratifications since F = {2, @}; when (2, F, P) is arbitrary, every element in E can
possess arbitrarily many nontrivial intermediate stratifications. It is this kind of rich strat-
ification structure of RN modules that makes the theory of RN modules deeply developed
and also becomes the most useful part of random metric theory.

To introduce the main results of this paper, let us first recall the definition of the count-
able concatenation property as follows.

Definition 2.5 ([5]) Let E be a left module over the algebra L°(F,K). A formal sum
ZneNTAnx,, is called a countable concatenation of a sequence {x, | n € N} in E with re-
spect to a countable partition {4, | n € N} of Q to F. Moreover, a countable concatena-
tion Y, Ia, %, is well defined or 3, _\ s, %, € E if there is x € E such that Ly, x = Iy,
Vn € N. A subset G of E is said to have the countable concatenation property if every
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countable concatenation Y, I, %, with x,, € G for each 1 € N still belongs to G, namely
Y onen jAnx,, is well defined and there exists x € G such thatx =), jAnx,,.

Definition 2.6 ([17]) Let E be a left module over the algebra L°(F) and f be a function
from E to L°(F), then
(1) fis LO(F)-convex if f(Ex + (1 - £)y) <&f(x) + (1 — £)f(y) for all x and y in E and
& € L%(F) such that 0 < & < 1. (Here, we make the convention that 0 - (00) = 0 and
00 — 00 = o)
(2) f is said to have the local property if iAf(x) = jAf(iAx) forallx e Eand A € F.

Now, we introduce a kind of lower semicontinuity for L°-valued functions, which is very
suitable for the study of conditional risk measures [6].

Definition 2.7 ([17]) Let (E, || - ||) be an RN module over R with base (£2, F, P). A function

f:E— L°(F) is called T; ,-lower semicontinuous if epi(f) := {(x,7) € E x L°(F) | f(x) < r}
is closed in (E, T;,,) % (L°(F), Tz.1). A function f : E — L°(F) is called 7 -lower semicon-
tinuous if epi(f) is closed in (E, 7;) x (L°(F), T.).

Let E be a left module over the algebra L°(F,K), a nonempty subset M of E is called
LO(F)-convex if éx + ny € M for any x and y € M and & and n € L%(F) such that & +n = 1.

It is well known from [17] that f : E — LO(F) is L°(F)-convex iff f has the local property
and epi(f) is L°(F)-convex.

3 Main results
The main results in this section are Theorem 3.10 and 3.13 below. To introduce them, we
first give some necessary notions and terminology.

Definition 3.1 Let E be a left module over the algebra L°(F). A nonempty subset K of E
is called a random cone of Eif £ - x € K, V& € LO(F), x € K.

Definition 3.2 Let K be a random cone of an L°(F)-module E. K is called
(1) LO(F)-convex if x; + x5 € K, Vx1, %, € K;;
(2) pointedifx € K, -x€ K = x=0.

Lemma 3.3 Let (E, || - ||) be an RN module over R with base (2, F, P) and o € LY, (F) with
0 < o < 1. Define Ky, := {(x,7r) € E x L°(F) : a||x|| < —r}. Then K, is a T, -closed L°(F)-
convex random cone.

Further, if E has the countable concatenation property, then K, has the countable con-
catenation property.

Proof 1t is easy to see that K, is L°(F)-convex and 7, -closed.

Let {(x,,7,),n € N} be in K,, namely «||x,|| < -r,, Vn > 1. For any countable partition
{A,,n>1}of Q to F, it follows that « || Zﬁzl Iy, %ull < Zﬁ;l T4, - %]l < Zﬁ;l(—jAn T
By the countable concatenation properties of E and L°(F), one canhave || Y oo I 4 %l <
Zil(—jAn -ry), namely > 07, In, (%, 1) € Ky d

Remark 3.4 If K is a pointed and L°(F)- convex random cone of an L°(F)-module E,
then we can define a partial ordering ‘<, namely x <x y < y — x € K. And the partial
ordering satisfies:
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(1) x <gy <& rx <g Ay, VA € LO(F);
(2) x<xky=>x+z<kgy+zVxyz€E.

In classical metric spaces, the following result Lemma 3.5 is clear. But when we come to
RN modules, it is not easy to be proved.

Lemma3.5([9]) Let(E, | -||) bean RN module over R with base (2, F, P), G C E be a subset
with the countable concatenation property and f : E — L°(F) have the local property. Iff |G
is proper and bounded from below on G (resp., bounded from above on G), then, for each
¢ € LY, (F), there exists x, € G such that f(x.) < Af(G) + & (accordingly, f (x.) > Vf(G) —¢).

Lemma 3.6 Let (E,|| - ||) be a T, ,-complete RN module over R with base (2, F,P), A C
E x LO(F) be a nonempty T, ,-closed subset such that A has the countable concatena-
tion property. If o € L° (F) with 0 <o <1 and \{r € L°(F): (x,r) € A} = 0, then for each
(%0, 70) € A, there exists (x,7) € A such that:

1) (x7) e AN[Ky + (x%0,70)];

(2) &7 =AN[K, + (x,7)].

Proof Define a function f : E x L°(F) — L°(F) by f(x,r) = r, V(x,r) € E x L°(F). And
define a mapping || - ||« : E x L%(F) — LY(F) by |||« = [|E]| V |r], Vx = (§,7) € E x LO(F).

It is easy to check that (E x LO(F), || - ||+) is an RN space.

Furthermore, E x L°(F) is an RN module if we define a module multiplication - : L°(F) -
(Ex L°(F)) = Ex L)(F) by y - (§,7) = (y&,yr), Vy € LO(F), V(§,7) € E x LO(F).

For each x = (£,7) € E x LO(F), it follows that Iy - f(Ig - x) = Iz - f(Ig - (£,7)) = Iz - f(p - &,
Ig-r)=Ig-(g-r)=Ig-r=1Ig-f(x), VB € F, which means f has the local property.

Since E has the countable concatenation property, by Lemma 3.3 K, has the countable
concatenation property. Further, since A has the countable concatenation property, it im-
plies that A N [K, + (x,7)], Y(x,7) € E x L°(F) has the countable concatenation property.

Obviously, A{r € L°(F): (x,r) € A} = 0 implies that f is bounded from below on A.

Lemma 3.5 yields a sequence {(x,,7,) : # > 0} such that (x,.1,7441) € Ay = AN [Ky +
()] and i1 = f(ni1, Pna1) < Af(An) + 75, V> 0.

One can have A,,; C A,, Vi > 0, which follows from K, + (x,.1,7m41) C Ky + [Ky +
s )] = Ky + (%, 7).

We now prove that {x,, 7 > 0} and {r,, n > 0} are 7; ,-Cauchy sequences of E and L°(F),
respectively.

For each (y,s) € A,, it is easy to see s > Af(A,) and (y,s) € Ky + (x4, 7,), namely o[y —
%xy|| < ry —s. Thus one can have a|ly — x,|| <r, —s < Af(A,-1) + % -s < Af(Ay) + % —
s < 1, V(% r4) € Ay1, (9,5) € Ay. Then it follows that alyr — yall < allyr — %]l + ally2 —
xull < 2 and |s; — 51| < [so = 7l + |1 — s1] < 2, V(31,51), (92, 52) € A,r. Hence diam(A,,) :=
\/(y1y81),(y2.52)EAn l(y1s81) = (2, 82) I+ = \/(yl,sl),(yzys2)€,4n(||yl -yl Visi—s]) < % — 0 in the
(e, 1)-topology as n — 00. Since for each ¢ € R with ¢ >0 and each A e Rwith0 <A <1,
there exists N such that P{w : %(w) <e&}>1-A,Vu> N, then ||(x,,71) — K 7o) |5 = |16 —
K|l V|1 = 1| < diam(Ay) < ﬁ, Vm,n > N. Therefore P{w : ||x, — % ||(w) < &} > P{w:
A%(w) <e¢}>1-2, Vm,n > N, which verifies that {x,,n > 0} is a 7, -Cauchy sequence
of E. Similarly, {r,, n > 0} is a 7, ,-Cauchy sequence of L°(F).

Since E and L°(F) are both 7T ;-complete, there exist X € E and 7 € L°(F) such that
{x, : n € N} converges in the (¢, 1)-topology to x and {r, : n € N} converges in the (g, A)-
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topology to 7, which implies {(x,,7,) : n € N} converges in the (¢, 1)-topology to (x,7).
Both A and K, are 7 -closed, so A,, = AN [K, + (x,,,7,)], Vi > 0 is also T ;-closed. From
A1 CAy, Vi > 0, one can have (%,7) € (o g An.

For each (%,7) € (oo A (%,7) € A, implies [|x — x,|| < ﬁ, Y(x,,7,) € A,_1. Then it fol-
lows that {x, : n € N} converges in the (g, A)-topology to x. Similarly, we can prove that
{r, : n € N} converges in the (g, A)-topology to 7. Since 7., is Hausdorff on E and L°(F),
one can have (x,7) = (%,7). Thus we have {(x,7)} = (7o An-

From (x,7) € Ay, (1) is proved.

If (5,5) € AN [Ky + (x,7)], then (y,5) € (o An» which follows from K, + (x,7) C K, +
[Ky + (%4, 74)] = Ky + (x4,7), Y1 > 0. Hence (y,s) = (x,7), namely (x,7) = A N [Ky + (%,7)].
Thus (2) is proved. 0

To prove Theorem 3.10 below, we need Lemma 3.7, which is very easy and thus its proof
is omitted.

Lemma 3.7 Let (E,| - ||) be an RN module over R with base (2, F,P) such that E has
the countable concatenation property, and let f : E — L°(F) have the local property. Then
epi(f) has the countable concatenation property.

Theorem 3.8 Let (E, | - ||) be a T, -complete RN module over R with base (2, F,P), G bea
7T s-closed subset of E,e € L° (F)and ¢ : G — L°(F) be proper, T ,-lower semicontinuous
and bounded from below on G. Then for each point xy € G satisfying ¢(xo) < A@(G) + ¢ and
each o € L° (F), there exists z € G such that the following are satisfied:

(1) ¢(2) < p(xo) —allz = xoll;

2) lz—xll<a™ &

(3) foreach x € G such that x # z, (x) £ ¢(2) — a||lx — z||.

Proof We can, without loss of generality, suppose /A{¢(x),x € E} = 0. Then ¢(x,) < ¢,
Ve € L, (F).

Since ¢ is T, ;-1.s.c, it follows that epi(p) is closed in (E, T, ;) x (LO(F), T ).

Take A = epi(p) and (xo, ro) = (%0, 9(x0)) € A.

By Lemma 3.7, A has the countable concatenation property.

According to Lemma 3.6, there exists (z,7) € A such that:

@) (zr) € AN[Ky + (%0, ¢(x0))];

(b) (z,r)=ANI[K, + (z,1)].

From (a), one can have ||z —xo|| < ¢(x0) — 7 < ¢(x0) — ¢(2) < @(xo) < &, which yields (1)
and (2).

Now, we prove (3) as follows.

We can deduce ¢(z) = r. Otherwise, one can have (z,7) # (z,¢(z)). By (b), we have
(z,9(2)) € Ky + (2,7), namely 0 < r—¢(z) does not hold. That is in contradiction to (z,r) € A.

(3) is obvious, when ¢(x) = co. If ¢(x) < 00 and x # z, then (x, p(x)) # (z,¢(2)) = (2, 7).
From (b), one can have (x, ¢(x)) € K, + (z, ¢(2)), namely «||x — z| £ ¢(2) — ¢(x). O

Theorem 3.9 Let (E,| - ||) be a T, -complete RN module over R with base (2, F,P), ¢ :
E — L°(F) be a proper T, -lower semicontinuous function which is bounded from below,
and T : E — E be a mapping such that ¢(Tu) + ||Tu — u|| < ¢(u), YVu € E. Then T has a
fixed point.
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Proof 1t follows from Theorem 3.8 that there exists some point z € E, for every x # z,
there exists A, € F such that P(4,) >0 and « - ||x — z|| > ¥ (2) — ¥ (x) on A,. We deduce
that 7z = z. If Tz # z holds, it follows from Theorem 3.8 that there exists A7, € F such
that P(A7,) >0 and « - || 7z — z|| > ¥(2) — ¥ (T%z) on A7, which is in contradiction with
o |lu—Tu| <) -y (Tu), Vu € E. O

In 1978, Clark presented Clark’s fixed point theorem [14], which means that in a com-
plete metric space, ‘directional contraction’ admits a fixed point. Now we establish ran-
dom version of Clark’s fixed point theorem on a 7, ; -complete RN module, namely The-
orem 3.10 below.

Theorem 3.10 Let (E, | - ||) be a T, ,-complete RN module over R with base (2, F,P), A €
L (F) with0 <X <1on Q and f : E— E be a T, ,-continuous function with the local
property. If for each v € E, there exists x € E satisfying xo # v and

@) Mv=xoll + If V) =xoll = [lv=fW)II;

@) IfF &) =f o)l = Allv —xoll.
Then f has a fixed point.

Proof Define a function g : E — E by g(v) = xo, when f(v) # v and g(v) = v, when f(v) = v.
It is obvious that f and g have the same fixed points.

Define a function ¢ : E — L(F) by ¢(v) = (1-1)7L- |[v=f(v)||. Since f is T; ,-continuous,
¢ is T, -continuous. Thus we have ¢ is 7T, ,-l.s.c. From the local property of f, it follows
that Iy - @Iy -v) = Lo - A= 2) " [Lav—fUav)| = A=A - [Lav = Iaf W) = L - (), VV € E,
A € F, which means ¢ has the local property. Clearly, 0 is the lower bound of ¢.

In order to prove that g has a fixed point, we only need to prove ||[v—g(v)|| < ¢(v)—p(g(v))
by Theorem 3.9.

If v=g(v), it is obvious that |[v — g(v)|| < ¢(v) — d(g(v)) .

If v # g(v), then g(v) = xo. By (1) and (2), one can have 0 < A|lv — x| — [|[f(v) — f(x0)]| <
My =xoll = IIf (x0) = xoll + llxo =fW)| < (A =Dllv =0l = [If (x0) = %0l + [v=f (W), which
means [[v— g()l| < ¢(v) - (V). 0

To obtain Clark’s fixed point theorem under the locally L°-convex topology, we need the
following key results obtained in [5, 6].

Proposition 3.11 ([5]) Let (E, | - ||) be an RN module over K with base (2, F,P). Then E is
Te.-complete if and only if E is T.-complete and has the countable concatenation property.

Proposition 3.12 ([6]) Let (E, || - ||) be an RN module over R with base (2, F, P) such that
E has the countable concatenation property, let f : E — L°(F) be a function with the local

property. Then f is T, -lower semicontinuous iff f is T .-lower semicontinuous.

From both the relations of completeness of a random normed module and lower semi-
continuity of a function under 7, and 7, ;, we can obtain Clark’s fixed point theorem under
the topology 7. as follows.

Theorem 3.13 Let (E, || - ||) be a T.-complete RN module over R with base (2, F, P) such
that E has the countable concatenation property, ) € L%, (F) with 0 <A <1 on Q and f :
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E — E be a T -continuous function with the local property. If for each v € E, there exists
xo € E satisfying xo # v and

M v =2l + If() = %oll = v —F O

(2) If W) =fxo)ll < Allv —x0ll.
Then f has a fixed point.

Remark 3.14 From the results above, it is easy to see that Clark’s fixed point theorem on
complete RN modules is essentially independent of a special choice of 7, and 7 ;. It is an
algebra result.

When the base space (€2, F, P) of the RN module is trivial, namely F = {#J, 2}, our re-
sult automatically degenerates to the classical Danes theorem. So our result is a nontrivial
random extension.
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