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1 Introduction

This paper introduces the theory of ¢-Jensen variance. Our main motivation is to extend
the connotation of the analysis of variance and facilitate its applications in probability,
statistics and higher education. Our research results have important theoretical signifi-
cance and reference value for the higher education systems. The proofs of these results
are both interesting and difficult. A large number of algebraic, functional analysis, proba-
bility, statistics and inequality theories are used in this paper.

Higher education is an important social activity. One of the interesting problems in
higher education is whether we should advocate a hierarchical teaching model. This prob-
lem is always controversial in educational circles, which has attracted the attention of some
mathematics workers [1-5]. In this paper, we study the problem from the angle of the
analysis of variance, so as to decide on the superiority or the inferiority of the hierarchical
teaching model and the traditional teaching model. The research methods of the problem
are based on the theory of ¢-Jensen variance.

Now we recall the concepts of the hierarchical teaching model and the traditional teach-
ing model as follows [1].

The usual teaching model assumes that the scores of each student in a university is
treated as a continuous random variable written as X;, which takes on some value in the
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real interval I = [0,1], and its probability density function p; : I — (0,00) is continuous.
Suppose we now divide the students into m classes written as

Class[ag,a1], Class|ai,az], ..., Classla;,ai1], ..., Class[a,_1,dm],

where 0 =ag <a; <---<a, =1, m> 2,and a;, a;,; are the lowest and the highest allow-
able scores of the students of Class[a;, a;,1], respectively. Then we say that the set

HTM{‘IO; e 1am1p1} £ {Class[ﬂo, ﬂl]’ Class[al, aZ]r ceey Class[am,l, ﬂm]:PI} (1)

is a hierarchical teaching model such that the traditional teaching model, denoted by
HTM({ay, 4, p1}, is just a special HTM{ay, ..., a,,, p1} where m = 1.

Ifag = —00, a,, = 00, then the HTM{-o09,...,00, pr} and the HTM{—00, 00, pr} are called
generalized hierarchical teaching model and generalized traditional teaching model, re-
spectively, where, and in the future, R £ (00, 00).

In order to study the hierarchical and the traditional teaching models from the angle of
the analysis of variance, we need to recall the definition of the truncated random variable
as follows [1].

Let X; € I be a continuous random variable with continuous probability density func-
tion p;: I — (0,00). If X; € ] C [ is also a continuous random variable and its probability
density function is

A pi(t)
f/PI’

py:J] — (0,00), py(t) 2)

then we say that the random variable Xj is a truncated random variable of the random
variable X;, written as X; € X;. If X; € X; and ] C I, then we say that the random variable
Xj is a proper truncated random variable of the random variable X;, written as X; C Xj.
Here I and J are n-dimensional intervals (see Section 2).

We point out a basic property of the truncated random variable as follows [1]: Let X; € /
be a continuous random variable with continuous probability density function p; : I —
(0,00). If X;, € X;, X+ € X; and I, € I*, then X, € X+, while if X;, € X, X € X; and
I, C I*, then X, C Xp=.

According to the definitions of the mathematical expectation E¢(X;) and the variance
Var ¢(X;), we easily get

A B f/lﬂlw
Ep(X)) 2 /] b= .
and
2 2
Varp(X)) £ E[p(X)) - Ep(X)]” = e (f;PI‘P) ' "
Jipi Iz

In the HTM{ay, ..., a,, p1}, the scores of each student in Class[a;, 4;,1] is also a random
variable written as X[, 4;.,]. Since [a;,a;.1] C I, it is a truncated random variable of the
random variable X;, where i = 0,1,...,m — 1. Assume that the j — i classes

Class|a;,a;.1], Class[a,ai,0], ..., Classlaj,a]
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are merged into one, written as Class[a;, 4;]. Since [a;,a;] € I, we know that Xiaya) 18 also
a truncated random variable of the random variable X;, where 0 < i <j < m. In general,

we have
Xiaya)) gX[al-/,a//] CX, Viijj:0<i<i<j<j<m. (5)

In the HTM{ay, ..., a,,, p1}, we are concerned with the relationship between the variance
Var X4, 4 and Var X}, so as to decide on the superiority or the inferiority of the hierarchical

and the traditional teaching models. If

Var Xia,.q < Var Xia a1, Vilij:0<i<i<j<m, (6)
then we say that the HTM{ay, . .., a,,, p1} is left increasing. If

Var Xig;a) < VarX[ai,uj,], Vi,j,j:0<i<j<j <m, @)

then we say that the HTM{ay, ..., a,, pr} is right increasing. If the hierarchical teaching
model is both left and right increasing, i.e.,

Var Xjg, ) < Var Xigya,) < VarXp, Vij,i'\j 10 <i' <i<j<j <m, (8)

then we say that the hierarchical teaching model is increasing.

If a hierarchical teaching model is increasing, then in view of the usual meaning of the
variance, we tend to think that this hierarchical teaching model is better than the tradi-
tional teaching model. Otherwise, this hierarchical teaching model is probably not worth
promoting.

In this paper, we study the hierarchical and the traditional teaching models from the
angle of the analysis of variance. In other words, we study the monotonicity of the hierar-
chical teaching model, so as to decide on the superiority or the inferiority of the hierarchi-
cal and the traditional teaching models. In particular, we need to find the conditions such
that inequalities (6), (7) and (8) hold (see Theorem 6) by means of the theory of ¢-Jensen
variance.

In order to facilitate the description of the theory of ¢-Jensen variance, in Section 2, we
introduce the relevant concepts and properties of the interval functions, in Section 3, we
study several characteristics of the log-concave function. In particular, we will prove the
interesting quasi-log concavity conjecture in [1]. In Section 4, we introduce the theory of
¢-Jensen variance and study the monotonicity of the interval function JVarg ¢(X{, ;) by
means of the log concavity. In Section 5, we demonstrate the applications of our results in
higher education, show that the hierarchical teaching model is ‘normally’ better than the
traditional teaching model under the appropriate hypotheses, and study the monotonicity
of the interval function Var o7 (X,)).

2 Interval function
To study the theory of ¢-Jensen variance, we need to introduce the relevant concepts and

properties of the interval functions in this section.
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We will use the following notations in this paper.

aé(ﬂlyuwan); bé(bl)"wbn); )»é()\l,...,)\.n), Oé(();;o)y
Aa+(1-)b = (Mar+ A= A)by, ..., nay + (1= 1n)by),
Aa2 (Aay,...,Aa,),  Ab2(Aby,...,Ab,),

a<b <& a <bh, s a, <b,.
If a < b and there exists j € {1,2,...,n} such that a; < b;, then we say that a is less than b
or b is greater than a, writtenasa<b orb > a.
Let ; C R, j=1,...,n be intervals. Then we say that the set / 2 x---x1I,isan n-

dimensional interval, where the product x is the Descartes product.
If a,b € I, then we say that the set

[a,b] £ {ra+ (1-A)blr €[0,1]"}

is an n-dimensional generalized closed interval of 1.

Clearly, for the n-dimensional generalized closed interval, we have

[a,b] = [a1,b1] X --- x [a,, b,] = [b,a], Va,beR. 9)
Let I € R” be an n-dimensional interval. Then we say that the set

e {[a,b]|a,b el}

is a closed interval set of the interval I.
We remark here that the closed interval set I is a convex set, i.e.,

Jel, K €], 0el0,]] = 1-0)J+6Kel, (10)
here we define
0[a,b] £ [#a,0b], VO eR.

Let I be the closed interval set of the interval /. We say that the mapping G:1 — R is
an interval function. The image of the closed interval [a,b] is written as G[a, b], and the
interval function G : 1 — R can also be expressed as G[a,b] ([a,b] € I).

By (9), for the interval function G : I — R, we have

G[a,b] = G[b,a], Va,bel. (11)

That is to say, the image G[a, b] of the closed interval [a,b] is a symmetric function.
Let G:1 — R be an interval function, and let a; < b;, j = 1,..., n. If

[a,b]C[a,b+ Ab]CI = G[ab]<G[a,b+ Ab], 12)
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then we say that the interval function G : I — R is right increasing. If
[a,b] C[a—Aa,b]C] = Gla,b] <G[a- Aa,b], (13)

then we say that the interval function G : I — R is left increasing. If the interval function
G :I — R is both left increasing and right increasing, i.e.,

[a,b]C[c,d]S] = G[ab]<Glcd] (14)

then we say that the interval function G : I — R is increasing.

If G or —G is left increasing, then we say that the interval function G : I — R is left
monotonous. If G or —G is right increasing, then we say that the interval function G: 1 —
R is right monotonous. If G or —G is increasing, then we say that the interval function
G:I — R is monotonous.

We remark here that if an interval function G : I — R , here [ is an interval, is increasing,

then the graph of the function
Z=Glxyl, (xy) el

looks like a drain or a valley. For example, the interval function

G:[0,1] >R,  Glxyl=lx-yl
is increasing, the graph of the function
Z=lx-yl, (®y) e[0,1*
looks like a drain or a valley, see Figure 1.

If X € I, where I C R” is an n-dimensional interval, is a continuous random variable, and
its probability density function p : I — (0, 00) is continuous, then the interval function

G:1—[0,1], Ghmé/ p
[ab)

is increasing, where

P(X € [a,b]) £ G[a,b]

Figure 1 The graph of the function z=|x - y|,
(x,y) €0, 112
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is the probability of the random event ‘X € [a,b]’ In other words,
[ablClcd]CI = 0<P(Xelab])<P(Xelcd]) =<1 (15)
For the monotonicity of the interval function, we have the following proposition.

Proposition 1 Let G: I — R, where I CR" is an n-dimensional interval, be an interval
function, and the partial derivatives of G[a,b] exist, where [a,b] € I. Then we have the
following two assertions.

O 7

9GJa,b]

ﬂ/‘<bj ab1

>0, j=1,...,n, (16)
then the interval function G : I — R is right increasing.
(In If

9G[a,b]
db;

a; > b; <0, j=1,...,n 17)

then the interval function G : I — R is left increasing.
Proof We first prove assertion (I). Let
aj<b, 1<j<mn, [a,b] C [a,b + Ab] C I,
here Ab > 0. Hence there exists j € {1,...,n} such that Ab; > 0. According to the theory

of analysis and (16), we know that the function G[a,b] is strictly increasing with respect
to bj, hence

G[a,b] < G[a,b + Ab].

That is to say, the interval function G : I — R is right increasing. Assertion (I) is proved.
Next we prove assertion (II) as follows. Let

aj<b, 1<j<mn, [a,b] C [a— Aa,b] C ],

here Aa > 0. Hence there exists j € {1,...,n} such that Ag; > 0.
By (11), and using the switch a <> b in (17), we get

9GIb,a] ~ 0G[a,b]

bi>a = 0, j=1,...,n.
/ / Ba,- 8(11' < J
Hence
0G[a,b
aj<b, = [ ]<O, j=1,...,n.

Baj
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That is to say, the function G[a, b] is strictly decreasing with respect to a;, hence
G[a,b] < G[a— Aa,b].

In other words, the interval function G : I — R is left increasing. Assertion (II) is proved.

The proof of Proposition 1 is completed. O

In Section 4.5, we will demonstrate the applications of Proposition 1.

As an application of Proposition 1, we have the following example.

Example 1 Let X € I, where I is an interval, be a continuous random variable, and let
its probability density function p : I — (0,00) be continuous, as well as let the function

¢ : I — R be continuous and strictly increasing. Then the interval function

12 p)p(x) dx

latZ7 7 a b,
o) 21 fPowas 47

a, a=>b,

Via, bl el (18)

is right increasing, and the interval function —E¢(X[,5)) is left increasing, where X, < X,

and E¢(X[,4)) is the mathematical expectation of ¢(X(4)).

Proof Let [a,b] €I and a # b. Then we have

IE(Xias) _ PBI(B) [} p0) dx - p(b) [} plx)ep() dx

db [/ plx) dx]?
_p®) [} lo®) - p()]p(x) dr
[/ plx) dx]?
> 0.

By Proposition 1, Ep(X[, ) is right increasing and —E@(X,5) is left increasing. This ends
the proof. O

In Section 4.6, we will demonstrate the applications of Example 1.
Now we introduce the convexity and the concavity of the interval functions as follows.
The interval function G : I — R is said to be convex if

Jel, Kel, 0€[01] = (1-60)G/+0GK=>G[1-06)]+6K], (19)
where (1-6)J + K e I by (10). The interval function G : I — R is said to be concave if -G

is convex.

For example, the interval function

Gy:R—>R,  Glxyl=lx—yl", y=1

is convex.
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Indeed, since the function |£|” (¢ € R) is convex, by Jensen’s inequality [6—10], we know
that for any [a,b] € R, [c,d] € R, 6 € [0,1], we have

(1-6)Gyla,b]+0G,[c,d] = 1-0)la—Db|" +0|c—d|"
> |(1—9)(a—b)+6(c—d)}y
=G, [(1 —-0)[a,b] + H[C,d]].

We remark here that the interval function G : I — R is convex if and only if the function
G.:I’ >R,  G.x) =Glab]
is convex, where
x= (X1, %20), X = dj, Xnsi=b;, 1<i<n,
and the function G, is convex if and only if the following Hessian matrix
392G, (x)
|: d2x; 0%; :|2n><2n

is non-negative.

3 Log concavity and quasi-log concavity
Convexity and concavity are essential attributes of functions, their research and applica-
tions are important topics in mathematics.

To study the theory of ¢-Jensen variance, in this section, we need to study the log con-
cavity and the quasi-log concavity of functions.

3.1 Log concavity
There are many types of convexity and concavity for functions. One of them is the log
concavity which has many applications in probability and statistics.

Recall the definition of a log-concave function [1, 11-20] as follows.

The function p : I — (0,00), here I is an n-dimensional interval, is called a log-concave
function if log p is a concave function, i.e.,

p[@a +(1- G)b] >p’(a)p'?(b), V(a,b) e’ V0 e[0,1]. (20)

If —logp is a concave function, then we say that the function p : I — (0, 00) is a log-convex
function.

In [20], the authors apply the log concavity to study the Roy model, and several interest-
ing results are obtained. In particular, we have the following (see p.1128 in [20]): If D is a
log concave random variable, then

0 Var[D|D > d] 0 Var[D|D < d]
- and ————=>0

<0

ad ad 2)

Unfortunately, their results did not include the case where D is a truncated random vari-
able.
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In this paper, we apply the log concavity of functions to generalize the inequalities in
(21) to the case where D is a truncated random variable (see Remark 2).

To prepare for the proofs of the results in Section 4.5, we need to study several charac-
teristics of the log-concave function as follows.

For the log-concave function, we can easily get the following Propositions 2 and 3 by the
theory of analysis [1].

Proposition 2 Let the function p : I — (0, 00), here I is an interval, be differentiable. Then
the function p is a log-concave function if and only if the function (logp)’ is monotone de-
creasing, i.e., ifa,b € I, a < b, then we have

(logp)'(a) > (logp)'(b), (22)
where (logp)' is the derivative of the function logp.

Proposition 3 Let the function p : I — (0,00), here I is an interval, be twice differentiable.
Then the function p is a log-concave function if and only if

(logp) <0 & pOp'O-[p®] <0, viel (23)
where (logp)” is the second order derivative of the function log p.

For other characteristics of the log-concave function, we have the following non-trivial
result.

Theorem 1 Let the function p : I — (0,00), here I is an interval, be differentiable. Then
the function p is a log-concave function if and only if

pb) (°

) p(t)dt >0, ¥(a,b)el’ (24)

p(b) - pla) -

Proof Assume that the function p is a log-concave function, we prove inequality (24) as
follows.
We define an auxiliary function as follows:

b
F:I’ - (-00,0),  F(a,b) é}9(19)—10(61)—(10g10)'(l?)/ p(t)de.

If a = b, then F(a, b) = 0. Inequality (24) holds. We assume that b # a below.
Note that the function p : I — (0, 00) is differentiable. By the Cauchy mean value theo-
rem, there exists a real number 6 € (0,1) such that

pb)—pla) p'la+6(b-a)]

[Ppeyde  pla+ob-a)] (logp)[a+6(b - a)]. o5

If a < b, then

a<a+6(b-a)<b. (26)
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Combining with Proposition 2, (25) and (26), we obtain that

F(a,b)

Ppoa oeplar0-a]-(oep) (B =0 o
P

Since f: p(t)dt > 0, we have F(a,b) > 0 by (27). This proves inequality (24) for the case
where a < b.
If a > b, then

b<a+60(b-a)<a. (28)

Combining with Proposition 2, (25) and (28), we obtain that

F(a,b)

m = (logp)'[a +6(b-a)] - (logp) (b) < 0. (29)
Since fab p(t)dt < 0, we have F(a, b) > 0 by (29). So inequality (24) is also valid for the last
case.

Next, assume that inequality (24) holds, we prove that the function p is a log-concave
function as follows.

According to Proposition 2, we just need to prove (22) where a,b € I and a < b.

Assume that 4,b € I and a < b. By exchanging a <> b in (24), we get

( )_P’(a) “

pla)-p) =" | plodezo. (30)

By adding (24) and (30), we get

b
[(log ) (a) - (logp) (5)] / p(t)de = 0. (31)

a
Since fab p()dt > 0, we get (22) by (31). The proof of Theorem 1 is completed. O

In Sections 3.2 and 4.5, we will demonstrate the applications of Theorem 1.
For the log concavity, we have the following interesting example.

Example 2 Let the function p: («, 8) — (0, 00) be a probability density function of a ran-
dom variable X, and let the probability distribution function of X be

P: (o, B)— [0,1], P(x) é/ p(t)de.

If p: (o, B) = (0,00) is a differentiable log-concave function, then P: («, 8) — [0,1] is also

a log-concave function, i.e.,
0<Pla<X<1-0a+6b]<[Pla<X<a)] ’[Pla<x<b] <1, (32)

where (a,b) € (a, B)%, 0 € [0,1],and P(a < X < x) = P(x) is the probability of random event

‘a<X <x
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Proof Set
px) = ¥ vxe(a, B).

Since p : (o, B) — (0,00) is a differentiable log-concave function, by Proposition 2, we
know that the function

(logp)' (x) = ¥'(x), x€(a,pB),
is monotone decreasing, hence
¥x) <y'(t), Vi:a<t<xVx:a<x<p. (33)
By
Px)=p),  P'(x)=p ) =¢"x)px),
and (33), we have
POP'W) - [PW] = v/t [ plerde-pe
= o) [ Wi _p(x)}
<p0)| [ vepoa —p(x)]

- p(x) f " dy (1) —p(x)]

— p(x)[e‘/’(") _ e¥(@+0) —p(x)]
= —p(x)p(a +0)
<0, Vxe(ap).

According to Proposition 3, we know that the function P: («, 8) — [0,1] is a log-concave
function. The proof is completed. d

In Section 5.1, we will demonstrate the applications of Example 2.

3.2 Quasi-log concavity
Now we recall the definitions of the quasi-log concavity and the quasi-log convexity as
follows [1].

A differentiable function p : I — (0, 00), here I is an interval, is said to be quasi-log con-
cave if

b
Gpla,b] = (/ 19) [¢/(6) - (@] - [pb) - pl@)]’ <0, Vabel. (34)

If inequality (34) is reversed, then the function p : I — (0, 00) is said to be quasi-log convex.
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We remark here that the function

b
G,:I—>R,  Gylab]= ( / p) [0 (6) - P (@] - [p®b) - p@)]’

is an interval function. If the function p : I — (0, 00) is twice continuously differentiable,

then inequalities in (34) can be rewritten as

Gp[a,b]Aprth/’—(Abp’)2§0, V[a,b] €1. (35)

The significance of the quasi-log concavity in the analysis of variance is as follows (see
Theorem 5.1 in [1]): Let X; be a continuous random variable and its probability density
function p : I — (0,00) be twice continuously differentiable. Then the function p: [ —
(0,00) is quasi-log concave if and only if

0 < Var(logp) (X(a))] < ~E[(l0gp)" (Xiap)], Viab] €. (36)

We remark here that for the twice continuously differentiable function, quasi-log con-
cavity implies log concavity, and quasi-log convexity implies log convexity, as well as log
convexity implies quasi-log convexity [1].

An interesting conjecture was proposed by Wen et al. in [1] as follows.

Corollary 1 (Quasi-log concavity conjecture [1]) Let the function p : I — (0,00), here I is
an interval, be differentiable. If p is log concave, then p is quasi-log concave.

Now we prove Corollary 1 which is a corollary of Theorem 1.

Proof Let p be differentiable and log concave, and let a4, b € I. Without loss of generality,
we may assume that a < b.

Since p is log concave, by Proposition 2, we have

/ / b
2@ _ ogpY(a) > logpy(h) = 2L, 37)
pla) p(b)
Assume that p(b) — p(a) > 0. By Theorem 1, we know that (24) holds. Hence
2 p' (D) b
[p6)-pt@)] = [p)-p@) 25 [ 39)

According to (37), (38) and fabp > 0, we get

b
Gyla,b] 2 ( / P) [P () -V (@)] - [p®) - p(@)]’

b , , ~ ~ p/(b) b
< ( / p)[p )= @] - [p6) -pl@) 2 / P

_ PP (B) - p(@)] - P B)p(b) - pl@)] /1’
2(b) 7
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_ —pb)p'(a) + p'(b)p(a) f b
p(b) a

[P @]
"’(“)[p(b) p(a>]/ap

<0.

That is to say, (34) holds.
Assume that p(b) — p(a) < 0. Then p(a) — p(b) > 0. By the proof of Theorem 1 we know
that (30) holds. Hence

/( ) a
[pta) -8 = ) - P02 5 fb p. (39)

According to (37), (39) and f:p >0, we get

AT , pla) [
< ( / p)[p )= @] - [pla)-p(t)] 22 /b P
(" \ro , pla) [
- ( f p)[p ) -7 @)~ [p0)-p@] 5 / p
@I ®) - p(@)] - (@) pb) — pla)] /b
= p

pla) a
_ p@p/(b) - p'(a)p(b) /”p
pla) a

i p/(b)_p/(a)} b
P ””[p(b) ) /ap

<0.

That is to say, (34) still holds. Hence p is quasi-log concave.
We remark here that if the function (logp)’ is strictly decreasing, then the equation in
(34) holds if and only if @ = b. This completes the proof of Corollary 1. g

Corollary 1 implies the following interesting corollary.

Corollary 2 Let the function p : I — (0,00), here I is an interval, be twice continuously
differentiable. Then p is quasi-log concave if and only if p is log concave.

4 Theory of ¢-Jensen variance

The covariance and the variance are important qualitative features of random variables.
Indeed, the research and the application of these indexes are important topics in probabil-
ity and statistics. In this section, we generalize the traditional covariance and the variance
of random variables, and define ¢-covariance, ¢-variance, ¢-Jensen variance, ¢-Jensen co-
variance, integral variance and y -order variance. We also study the relationships among
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these ‘variances. In Section 4.5, we study the monotonicity of the interval function involv-
ing the ¢-Jensen variance by means of the log concavity.

In the following discussion, we assume the following.

I is an n-dimensional interval (or z-dimensional, closed and bounded domain in R").
The X £ (Xy,...,X,) €I is an n-dimensional continuous random variable, and its proba-
bility density function p : I — (0, 00) is continuous. The functions ¢;: I — Jand ¢ : [ — ]
are continuous, where J is an interval and i = 1,...,m, m > 2. The function ¢ : ] - R is
continuous and non-constant. The ¢'(x), ¢”(x) and ¢"’(x) are the derivative, second order
derivative and third order derivative of the function ¢(x), respectively.

4.1 ¢-Variance
The signed square root of the real number ¢ is defined as

Jit& \/HSign(t) eR,

where sign(¢) is the sign function, which is similar to the function /z.
The functional

Covy(9i ) ZE[ Vo(p:) - p(Ee) - To(e) - d(Eg)], 1<ij<m, (40)

is called the ¢-covariance of the random variables ¢;(X) and ¢;(X), and the non-negative
functional

Varyg £ Covy(¢,¢) = E|¢(¢) — p(Ep)| (41)

the ¢-variance of the random variable ¢(X), here the functional

Ewé/pso
I

is the mathematical expectation of the random variable ¢(X).
We remark here that [21] studied the convergence of the generalized integral

Ep(y +6) 2 /1 PO +5),

which is a generalized mathematical expectation of the random variable ¢[¥ (X) + §(X)]
in the interval [1, 00).

We now define the ¢-covariance matrix [Covy(¢;, ¢j)lmxm of the random variables
01(X), ..., m(X) as follows:

by by - b
A b2,1 b2,2 e b2,m

[Cove(pi o)), = | . . . ) (42)
bm,l bm,2 e bm,m

mxm

where

bi,j = COV¢(‘P1‘» gpj)v l)] = 1, e, M. (43)
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For the ¢-covariance matrix, we have the following proposition.

Proposition 4 The ¢-covariance matrix [Covy (i, 9)lmxm of the random variables
01(X), ..., om(X) is non-negative.

Proof Indeed, if we set

ax = ¢(or) - (Ep), k=1,...,m, (44)

then

bij=E(¥a;- ¥a), ij=1,...,m.

Hence, for any x = (x1,...,%,,) € R™, we have

(3w i) <] S 2 B sl v o)
k=1 k=1

1<i<j<m
m
= D E(Va- Ya)xi+2 ) E(Yai- Ya)xm;
k=1 1<i<j<m
m
= Zbk,kxﬁ +2 Z b;jxix;
k=1 1<i<j=m

= x[COV¢((Pi» ‘Pj)]mxmxT
> 0.

That is to say, the ¢-covariance matrix [Covg(¢;, ¢j)]mxm of the random variables ¢;(X),

..., @m(X) is non-negative. The proof of Proposition 4 is completed. g

According to Proposition 4 and the quadratic form theory, all the principal minors of
the ¢-covariance matrix are non-negative. In particular, all the 2 x 2 principal minors of

the ¢-covariance matrix are non-negative. Hence

bii bi j
det |: ’ ’1:| = bi,ib/',j — (b,‘,j)z > 0.
bj;i b,

So, if b;; > 0, b;; > 0, we can define the functional

by
s (01, 9) & ——"— € [-1,1] (45)
V' biiy/bjj

as a ¢-correlation coefficient of the random variables ¢;(X) and ¢;(X), where b;; is defined
by (43),and i,j=1,...,m.

4.2 ¢-Jensen variance
We say that the function
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Jab, a#b,

aob:R? >R, aob=
a, a=b

is a signed square root product of two real numbers a and b [22].
For the signed square root product a o b, we have

limaob:\/a_:|a| and aoa=a, V(a,b)eR%

b—a

Hence the function g o b is discontinuous if a = b < 0, and a o a = a is similar to the formula

Va® = a.

Since

a,beR, afb = aob=3ax Vb and uxb:aob\/la_b, (46)
and

abeR = aob=boas< Vax Vb, (47)

we know that the properties of the signed square root product 4 o b are similar to the

product a x b and the formula
Jab = ¥a x Vb.

The graph of the function a o b is depicted in Figure 2.
Assume that the function ¢ is a convex function. Then we say that the functional

JCovy(9i ) 2 E[p(@) — ¢(Ep)] o [¢(9) - d(Ep)], 1<ij<m, (48)

Figure 2 The graph of the function ao b, (g, b) € [-1, 12,
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is a ¢-Jensen covariance of the random variables ¢;(X) and ¢;(X), and the functional
IVary ¢ = JICovg(e, @) (49)

is a ¢-Jensen variance of the random variables ¢(X).
According to the definition and Jensen’s inequality [6—10], we have

JVar, ¢ = E¢(p) - ¢(Ep) > 0. (50)

According to the above definition, we have the following relationship between the ¢-
Jensen covariance JCovg(¢;, ¢;) and the ¢-covariance Covg (g, ¢;).

Proposition 5 If[|Q;;| = 0, where
Qi = {te Qo[ei(t)] - d(Ep) = d[0;(0)] - d(Eg)}, 1=<i#j<m,
and |Q;| is the measure of the set Q;j, then we have
JCovy (@i, @) = Covg(pi, ¢)). (51)

Proof Since |2;;] = 0, by (44), we have

J

From (46) and (52), we get

pa;oa;=0 and /p%/c?ix aj=0. (52)
Ql,]

if

JCovy(9i¢) = E[9(@:) — ¢(Ep)] o [¢(9) — P(Eg))]

= / pa;o ﬂ/
Q

:/ pﬂjoﬂj+/ paioaj
Qi Q\Q;

= / pa;o ﬂj
Q\Q;
= / pai x ¥4
Q\Q;
- [ pi@x e [ piax @
Qi Q\Q;,
Q
= Covy (¢i, ¢))-
This ends the proof of Proposition 5. g

In addition, according to inequality (47), we have

ICovy(0i, @) < Covy(ei, @), (53)
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and
0 < JVarg ¢ < Vargg. (54)

Unfortunately, the ¢-Jensen covariance matrix [JCov(¢;, @)l mxm of the random vari-
ables ¢(X), .., o (X) is not non-negative in general. But since
|JC0v¢(q)i, (pj)|
= [E[¢(w) - d(Epi)] o [6(¢)) - $(Eg)]|
<E|[o(@) - dEp)] o [¢(e) - (Ep)]]|
= E(/|0(e) - 0(Ep)| x |/ |6(6) - #(Eg)])

< JEl¢() - 6(Eg)| x \JE|#() - 6(Eg)|

= \/Covq>(<ﬂt;<ﬂz’) X \/COVqs((Dj»‘Pi)f

if \/ Covy (@i i) >0, \/ Covy(gj, @) > 0, we can define the functional

ICovy(9i, ¢))
VCovy (@i, 0:)/Covy (9, ¢))

IR € [-1,1] (55)

as a ¢-Jensen correlation coefficient of the random variables ¢;(X) and ¢;(X) , where i,j =
1,...,m.

A natural question is why we define the ¢-Jensen variance. One of the reasons is that we
have the following relationship between the ¢-Jensen variance JVar, ¢ and the variance
[9, 10]:

Varg £ E(p - Eg)* = Ep® — (Ep)*. (56)

Theorem 2 Let the function ¢ : ] — (—00,00) be twice continuously differentiable and
¢@"(x) > 0,Vx € ], and let the function ¢ : I — ] be continuous. Then we have the inequali-
ties

1 JVaryo 1

Zinf{¢"[e()]} < —2F < =5 "lo@®)]}. 57

21t€1{¢> [e@®)]} < Varg = 2 tg?{d) [e®)]} (57)

Suppose that I,] C (0, 00) are two intervals, and ¢ : I — ] is a monotonic function. If we

set ¢” =71 >0, then

¢=/f¢f1é/ dt/wl(t)dt,

where ¢! is the inverse function of the function ¢. Hence inequalities (57) can be rewrit-

ten as

2JVar /-
M < Sup{t}. (58)

inf{£} <E,(X) £
ltrell{}_ o0 Var ¢ tel
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We say that the functional E, (X) is the p-mathematical expectation of the random variable
X; and the functional JVar -1 ¢ is an integral variance of the random variable ¢ (X).

In order to facilitate applications in Section 5, now we introduce a special ¢-Jensen vari-
ance, which is called a y -order variance.

We define a function ¢, as follows:

¢, :(0,00) > (0,00),  ¢,(t) =

2
', y#0,1 (59)
vy -1
Then

¢y (t)=2t""2>0, Vte(0,00),¥y €R.

Hence ¢, is a convex function.
Let ¢(¢) > 0, Vt € I. Then we say that the functional

Varl"lp & JVary, ¢ =

5D [E¢” - (Ep)” ] (60)

is a y-order variance of the random variable ¢(X).
In general, for any real number y, we define the y -order variance of the random variable
¢(X) as follows [22]:

7o E¢” — (Ep)], v 70,1
Var o £ L 1im, o Varl”l ¢ = 2[In(Eg) - E(In )], v =0, (61)
lim, _,; Varl ¢ = 2[E(p Inp) — (Ep) In(Ep)], y =1.

Noting that from the definition (61), we have
Varlg >0, vy eR. (62)
Hence we may say that the functional (Var”! ¢)!/" is a y-order mean variance of the ran-

dom variable ¢(X), where y #0.

Since ¢, is a convex function, according to Theorem 2 and the continuity, we have

Var[”]<p y-2
Varp <sup{[p()]"7}, vy eR. (63)

. y-2
inf{[¢(0)]} <
In [22], the authors defined the Dresher variance mean V, 5(¢) of the random variable
¢(X) and obtained the Dresher-type inequality (see Theorem 2 in [22]) and the following
V-E inequality (see (7) in [22]):

Varl?] 5
P Dy, (64)
Var! ¢ y

where y > § > 1, and the coefficient §/y is the best constant, and the authors demonstrated

the applications of these results in space science (see (55)-(60) in [22]).
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Based on the above analysis, we know that the ¢-Jensen variance and the y -order vari-
ance are natural extensions of the traditional variance

Vargp £ Varl? Q.

According to Theorem 2, we may use the ¢-Jensen variance JVar, ¢ to replace the tradi-
tional variance Var ¢. For example, we may use the integral variance JVar -1 ¢ or y -order
variance Var”! ¢ to replace the traditional variance Var ¢. If some ¢(t) < 0, 3¢ € I, then we

may use the ¢ -Jensen variance JVarg; ¢ to replace the traditional variance Var ¢, where

* * A 2
(byZR—) [0,00), ¢y(t):m|t|y, ]/>]., (65)

which is a convex function.

We remark here that
JVarys ¢ = Varlg ifg>0andy >1. (66)
Remark1 Theorem 1 in [7] implies the following results: Let the function ¢ : [0,00) - R

be twice continuously differentiable, and let ¢ with ¢” be convex, and let the function
¢ : I — [0,00) be continuous. Then we have the inequalities

//(Vafm w) _ 2Vary g _ max{g"(p)} + E¢"(¢) + ¢"(Ep) (67)

Var ¢ Varop 3
Therefore, there are close relationships among the JVary ¢, Varl”! ¢ and Var ¢.

4.3 Proof of Theorem 2

In this section, we will use the following notations [23-25]:
xé(xlt"'!xn): d’(x) £ (¢(xl)!---:¢(xn))! Pé(plv"!pn)y

Qe ip € (0, 00)"

n
ZP:‘=1}: S {(ti, 1) € (0,000t + 1, <1},

i=1

n
A(X, P) £ Zpixi, WiJ(X, P, t1, tz) = hx; + tzxj + (1 -t — tz)A(X, P)
i=1

In order to prove Theorem 2, we need three lemmas as follows.
In [22], the authors proved the following Lemma 1 by means of the theory of linear

algebra.

Lemma 1 (Lemma 1 in [22]) Let the function ¢ : ] — R be twice continuously differen-
tiable. If x € J", p € Q", then we have the following identity:

A(p(x),p) - ¢(A(x,p)) = Z Pipj{//s ¢"[wij(x,p 11, 2) | diy dtz}(xi -x).  (68)

1<i<j<nm
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Lemma 2 Let the function ¢ : ] — R be twice continuously differentiable and ¢" (x) > 0,
Vxe]. Ifxe]", p € Q", then we have the following inequalities:

A(¢(X), ) ¢(A(X,p)) - up{ ”(t)}. (69)

infle" @) = A(x2,p) - A%(x,p) =3 teJ

2 te}

Proof We just need to prove the second inequality in (69), because the proof of the first
inequality in (69) is similar.
In identity (68), set ¢(¢) = . From [, dt; dt; =1/2, we get

A(X,p)-A’(xp)= Y pipylxi-x). (70)

1<i<j<n
According to Lemma 1 and (70), and noting that w;;(x, p, &1, £2) € J, we get

A(p(x),p) - p(A(x, p))
A(xzr P) —A? (x, P)

- Lizigen P15 Wi (%, 11, 12)] dty b} — )’
B D 1<icj<n Pilj(%i — x)?

- Y1<igenPibiLfJs5upies (0" (8)} dtr i) (: — %)’

B D 1<icjzn Pibj(%i = x)?

/ f sup @"( t) dt; dty
S tef

=3 SUP{¢”(t)}

te]

The second inequality in (69) is proved. This ends the proof. d
One of the integral analogues of Lemma 2 is the following Lemma 3.

Lemma 3 Under the hypotheses of Theorem 2, we have the following inequalities:

J1p9(@) - $1J,p9(9)] lsup{ o' To0)]). (71)

1
—inf t) <
nflelewli < [,p0? = ([, po)* 2 el

Proof We just need to prove the second inequality in (71), because the proof of the first
inequality in (71) is similar.
Let T £ {AL,..., AL,} bea partition of /. Pick any n; € Al;, 1 <i <m, and set

Ay m
nEMun....nm) €I”,  |TI= max max, {Ix-x1},
p:(0) £ (pa (), .., Pam(m)) 2 - ,
(P ) 7 P AL

where | X — Y| is the Euclid norm of X — Y, | Al is the measure of Al i.e., n-dimensional

volume, p.(n) € ", ie.,

Zp*i(n) =L
i=1
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Since
DAL
Jim Zp miati= [p=1
according to the definition of the Riemann integral and Lemma 2, we get
ip9(@) = olipp@)) . A@e(n),p.(n) - $(Alp(n), p.(n))
[pe? = (fipp)*  ITI=0  Al@*(n), p(m) = A2(e(1), P+ ()
< lim —sup{¢”
170 2 te]jo{(p Le®]]
1 1
- 2 suplaTpl0)]).
tel
The second inequality in (71) is proved. This ends the proof of Lemma 3. O

The proof of Theorem 2 is now relatively easy.

Proof We just need to prove the second inequality in (57), because the proof of the first
inequality in (57) is similar.
According to (56) and Lemma 3, we get

JVary o Ed(p) — (Ep) f,Pd’(‘ﬂ) olf;ro(9)] 1

= = —sup{o”[e@®)|}.
Voo T Eg-Er e Uper 2 O]
This proves the second inequality in (57). The proof of Theorem 2 is completed. O

A large number of algebra, functional analysis and inequality theories are used in the
proof of Theorem 2. Based on these theories, we obtained Lemma 3, which is the discrete
form of Theorem 2. According to Lemma 3 and the definition of the Riemann integral, we
obtained the proof of Theorem 2. Therefore, the proof of Theorem 2 is both interesting
and very difficult.

4.4 An example in the generalized traditional teaching model
In order to illustrate the significance of the ¢-Jensen variance, integral variance and y -
order variance, we provide an illustrative example as follows.

In the generalized traditional teaching model HTM{-o0, 00, pr}, suppose that the score
of a student is X €], where J = (u,00), 0 < p < 00, and u is the average score of the stu-
dents. In order to stimulate the learning enthusiasm of a student, we may want to give the
student a bonus payment .27 (X), where X > . The function o7 : ] — (0,00) is called an al-
lowance function of the HTM{-o00, 00, pr} [1]. In general, we define the allowance function
o/ as follows:

o ] — (0,00), ) Ect-p)* c¢>0,a>0. (72)

Assume that s = &/ (X), X € J. Then

o s 1/
X=o (S):<Z> + L. (73)

Page 22 of 40
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Hence

—l/a 1/01+2 1
s / d f A (syds= — S , 74
¢= / f 5 W= D) ghs +Gs+ G 74)

here we define the constants Cy £ 0 and C; £ 0. Therefore, the integral variance of the
random variable <7 (X) is
JVarﬂ'dfl o = E¢($Z/) - (ﬁ(Eﬂ)

c—l/a%l/aﬂ 1 ) C—l/a (E%)l/a+2
[(l/a DWar2)  2M } - [(

1 2
Vo DWas2) 2HED }

—1/a 1
—— Va2l (g7) + EM Var (/)
1 1
= Ecz Varl 2 (X — p)* + ECZM Var(X — u)*

1
= Ec2 [Var[”‘“z] (X = W) + p Var(X — )"},

1
JVar o1 o = ECZ [Var[l/‘“z] (X =) + p Var(X - /L)"‘], (75)

and the 7 -mathematical expectation of the random variable X is

2JVarp g1/ Va2 (x — )

Ex(X) £ = . 76
o (X) Var o7 Var(X — 0 +pnej (76)
On the other hand, by inequality (64), we have
1/a
Ex(X) > E(X — w)® , Ya>0, 77
000z TS [BX- 0] s, Vs 77)

where [E(X — 1)*]"® is the a-power mean [22, 26, 27] of the random variable X — j.

4.5 Monotonicity of the interval function JVarg ¢(Xqs))
In this section, we apply the log concavity of function to study the monotonicities of the
interval function JVar, ¢ (X[, ) involving a ¢-Jensen variance. In particular, we generalize
inequalities in (21) to the case where D is a truncated random variable (see Remark 2).
Our purpose is to study the hierarchical and the traditional teaching models from the
angle of the analysis of variance, so as to decide on the superiority or the inferiority of the
hierarchical teaching model and the traditional teaching model.

Let X, be a truncated random variable of X, where the probability density function
p: I — (0,00) of X is continuous. Then, by (4), (50) and the definition of the truncated
random variable, we know that the ¢-Jensen variance of the random variable ¢(X|, ;) is

Lppeo  [py
TVaty ¢(Xap) 2 Ja R R (78)

’ a:br

which is a non-negative interval function, where ¢ ® ¢ = ¢(p) is a composite function.
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The main results of this section is the following Theorem 3.

Theorem 3 Let the function p : I — (0, 00) be differentiable and log-concave, and let the
functions ¢ : ] — R and ¢ : I — ] be thrice differentiable and twice differentiable, respec-
tively, which satisfy the following conditions:

@' (x)>0, Vxe] and ¢'(t)>0, Vtel,

where I and ] are intervals. Then we have the following two assertions.
(D) If¢” (x) = 0,Vx €], and ¢" (t) > 0, Vt € I, then the interval function IVary (X4 )
([a, b] €1) is right increasing.
(II) If¢" (x) <0,Vx €], and ¢"(t) <0, Vt € I, then the interval function JVary p(X5,p))
([a, b) €1) is left increasing.
Here the interval function JVary ¢(X(4 ) is defined by (78).

Two real numbers « and S are said to have the same sign [28], written as o ~ 8, if
a>0 = >0, a=0 = B=0 and <0 = <0 (79)
In the following discussion, we set

fope _ [ p0e)dt
L [/pod

A
w=

(80)

In order to prove Theorem 3, we need four lemmas as follows.

Lemma4 Letthe functionsp : 1 — (0,00) and ¢ : I — ] be continuous, and let the function
¢ : ] — R be differentiable. If we set

b b
H@b) 2 [¢ o o(b) ' w)(0(5) - w)] f p- / péew, (81)

then we have

d JVar,,, QO(X[qu])

b ~H(a,b), Vla,b)el, (82)

where I and ] are intervals, JVarg ¢(X(, ) and w are defined by (78) and (80), respectively.

Proof According to the above definition, we have the following formula:
c>0, aeR = ca~a. (83)

By the identity

o (Poa 0 [
o[ 12 [ rod=ro, vaper 84
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we get

w pb)w(b)f p-pb) [ pe _pb)

w o(b) - w), (85)
% 'p Ja P( "

and
0 Jippey _p®)egB) [/ p-pb) [Py
LSO da (86)
b Jp ;P

According to (83)-(86) and (78), we have

b
8JVar¢a</;(X[a,b]) _ %[fa Zzﬁpofﬂ _¢(W)i|
_pD)pep®) [[p-pb) [ ppep

i lp
_pb)pegb) [, p- 0 [ g e

Sp

SN O ——

p(b) {[ }
= ¢ o p(b) — ¢’ (w)(p(b) - y 20X X%
(f p) / /

N
-¢ (W)%

p(b) (0

-¢'(w ) (b) - w)

b b
~[pe0®)- ¢ () -w)] [ p- [ poes
= H(a,b).
Hence (82) holds. This ends the proof. O

Lemma 5 Let the function p : I — (0,00) be continuous, and let the functions ¢ : [ — ]
and ¢ : ] — R be differentiable and twice differentiable, respectively. Then we have

9H(a, b)
ab

b o(b) ) -
= (w/(b) / p> ¢" () dt — p(b)p" (w)(p(b) —w)", Vla,bl€l,  (87)

where I and ] are intervals, w and H(a, b) are defined by (80) and (81), respectively.
Proof By (85), we have

o[ @ p(b) — ¢'(W)(@(b) — w)]
ab
_0[pepd)] 3[p'(W)(p(b)—w)]
B ab ab

d d
=9/ 2 p(B)y'(0) ~ ¢ ()5 (9 (B) ~ w) - ¢' () (q,/(b) _ a_;)
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b b
= ¢ 0 o) ) — 8" WP (o1~ W)’ — 5/ w) [w’(b) 20 b - w)]
l.p fp
b b
~[#' o 0(0) 6 W] ®) - 6" P (0() - w)” + ¢’ P (o) - w).
l.p . p

Hence from (81) and (84), we get

dH(a,b) 9 , b b
2= i losv-0teer-w] [ o= [ psec)

_0[p e (D) - ¢'(W)(p(b) —w)] /b
- ob P

+[¢ 0 9(b) = ¢’ (W) (p(b) — w) [p(b) — p(b)¢ ® (b)
=[¢" e p(b) - ¢'(W)]¢' () /ﬂblﬂ ~ " (W)p(b)(p(b) - )’

+¢' Wp(B)(¢(b) - w) + ¢  p(b) — ¢'(W)((b) - w) |p(b) - p(b) @ ¢ (b)
= (w/(b) /;p> [¢' « 0(b) - &' (W)] - p(B)" (W) ((b) — w)*

b w(b) N
= <¢/(b) / p> ¢"(t)dt - p(b)g" (w)(@(b) - w)".

The proof is completed. d

Lemma 6 Let the function p : I — (0,00) be differentiable and log-concave, and let the
function ¢ : I — ] be twice differentiable and satisfy the following condition:

0'(t)>0, Vtel

If we set

b
Ha(ab) 2 ¢'(b) / =) (p(b) - w), (88)

where w is defined by (80), then we have

9H,(a, b)
ab

b
> <p”(b)/ p, Vla,blel,a#b. (89)

Proof By (84) and (85), we get

0H,(a,b) o[ , . ("
8;’ :%[ b) / p—p(b>(¢(b)—w)]

b 9
=0'®) [ P+ Gplb) - )08 - ) -0 (¢/(b) . 8_2”)

b 9
) / PP B)(B) W)+ pB)
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) / p—0/(B)(0(b) - w)+p(b)";( PO () —w)

P
v [P p(b) [ P [* }
—¢"(b POV o) = w)| pb) - ,
w()/awf:p(q)() w)| p(b) o0 ). 7
ie.,
0H, (a b) Y P (b) b
D ) f (6(b) - )[ -2 | p}. (90)

Since the function p : I — (0,00) is differentiable and log-concave, according to Theo-
rem 1, we have

p'(b)

p(b) - o0

b
p=>pla)>0, Y(a,b)el’. (91)
If a < b, then, by ¢'(¢) > 0, V¢ € I, we have

b
a fabpﬂ/’ <

pla)<w= p(b). (92)
a b1

Combining with (90)-(92) and fabp > 0, we get (89).
If a > b, then, by ¢'(¢) > 0, V¢ € I, we have

b
. P19
p(b)<w= J — < gla). (93)
Ja Pr
Combining with (90), (91), (93) and fabp < 0, we get (89). This ends the proof. O

Lemma 7 Under the hypotheses of Theorem 3, if

a,bel, a<b, and ¢"(x)>0, VxeJ, (94)
or

a,bel, a>b, and ¢"(x)<0, VxeJ, (95)

then we have

0H(a,b)
ab

> [@(b) - w]¢" (W)H.(a, b), (96)
where H(a,b), H(a,b) and w are defined by (81), (88) and (80), respectively.

Proof First, we assume that (94) holds. Then (92) holds by the proof of Lemma 6. Now
we prove that inequality (96) holds as follows.
From (94), we know that the function ¢” is increasing, hence from (92) we get

¢"(w) < ¢"() < ¢"(¢(b)) forw=t=<epb). 97)
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By (92) and (97), we have

»(b) »(b)
#Ode= [ ¢ = (o6) - ) ) >0, 98)

From ¢'(¢) >0,Vt €l,and a,b € I, a < b, we know that

b
o/ (b) / p>0. (99)

By (98), (99) and Lemma 5, we have

H(a,b)
b

b ¢(b) )
( '(b) / > ¢"(8)dt - p(b)¢" (W) (¢(b) - w)

(w (b)/ ) @(b) - w)o" (w) — p(b)¢" (w)((b) - )2
= [o(b) - w]¢" (w)H.(a, b),
that is to say, inequality (96) holds.
Next, we assume that (95) holds. Then (93) holds by the proof of Lemma 6. Now we
prove that inequality (96) also holds as follows.
From (95) we know that the function ¢” is decreasing, hence from (93) we get

@"(w) <¢"(t) <¢"(p(b)) forpb) <t=<w. (100)

By (93) and (100), we have

[ ooz [ ¢ de= (w-pb)sw>0. (101)

»(b) »(b)

From ¢’(¢t) >0,Vt €I, and a,b € I, a > b, we know that

¢'(b) / p>0. (102)

b

By (101), (102) and Lemma 5, we have

8H(6l, b) /(b) /b

ob Pl],

(go b) /b p) / 6" (0)dt = p(b)g" (w) (p(b) — W)

o(6) ,
9" (1) dt - p(b)p" (w) (¢ (b) — w)

> (w/(b) fb p)( ~ (b)) (w) ~ p(b)g" (W) (p(b) — W)’

b
=(¢'(d) f p)( (b) = w)¢" (w) - p(B)" (W) () — w)*

That is to say, inequality (96) still holds. This ends the proof of Lemma 7. O
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The proof of Theorem 3 is as follows.

Proof We first prove assertion (I). By Proposition 1, we just need to prove that

8 IVary o(X(4,5)

b >0, V][a,blel,a<b. (103)
Suppose that
xe] = ¢"x=0, tel = ¢" >0, abela<bh. (104)

We prove (103) as follows.
By (104), we have

b
@"(b) / p=0. (105)

According to Lemma 6 and (105), we have

D o) [ pro o UEeD, (106)
According to b > a, (106) and

lim w = ¢(a), (107)
we get

H.(a,b) > H(a,a) = 0. (108)
From ¢”(x) > 0, Vx € ] and (92), we get

[¢(b) - w]o"(w) > 0. (109)

Combining with (108), (109) and Lemma 7, we get

8H;Z’ b > [p(b) - w]¢" (W)H,(a,b) >0 = aHa(Z’ b) > 0. (110)
From (107), (110) and a < b, we get
H(a,b) > H(a,a) = 0. (111)

Combining with (111) and Lemma 4, we get

aJV. X aJV. X
ary ¢ (Xja,) ~H@bB)>0 = ary ¢Xiap)

0.
ab ab

Hence (103) holds. Assertion (I) is proved.
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Next, we prove assertion (II) as follows. By Proposition 1, we just need to prove that

0 JVar¢ QO(X[a,b])

= <0, V[a,blel,a>b. (112)
Suppose that
xe] = ¢"x)<0, tel = ¢"t)<0, abela>h. (113)

We prove (112) as follows:

dH,(a,b b
a>b = #xﬂ”(b)/pzo = H.(a,b)<H.a,a)=0
0H(a,b
= MO0 (o)) L@ b) >0
BRAY Xia
= H(a,b)<H(a,a)=0 = W“H(ﬂ,b)<0.

Hence (112) holds. Assertion (II) is also proved.
We remark here that the proof of Theorem 3 can be rewritten as

aJV X dH(a,b
8 IVary ¢(Xiap) ~ H(a,b) ~ (b -a) (a,) ~ (b-a)[¢(b) - w]H.(a,b)
b b
dH.(a,b 0, b,
~Hy(a )~ (p-a) @0y )20 as
ab <0, a>b.
The proof of Theorem 3 is completed. O

A large number of analysis and inequality theories are used in the proof of Theorem 3.
Based on these theories, we obtained Theorem 1 and Lemmas 4-7, and according to The-
orem 1 and Lemmas 4-7, we obtained the proof of Theorem 3. Therefore, the proof of

Theorem 3 is also both interesting and very difficult.

Remark 2 Let D € R be alog concave random variable. In (103) and (112), if we set ¢(x) =
x2, p(t) = t, I = R, then we get the inequalities

dVarDyo) 8 [fdool’(t)’fz de (fdoop(t)tth} <0, VdeR (114)
d odl poa \[Fpoa) = '
and
OVarDLsa _ 0 [[op@fde ([ pOrdnNT o o (115)
ad Cod| ! pryde [opwde/) 177 ’

where p: R — (0,00) is a differentiable log-concave function. In other words, we have
generalized the inequalities in (21) to the case where D is a truncated random variable.

In Section 4.6, we will demonstrate the applications of Theorem 3.
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4.6 Corollaries of Theorem 3
The connotation of Theorem 3 is very rich, which implies the following four interesting

corollaries.

Corollary 3 Let X be a continuous random variable and its probability density function p :
I — (0, 00) be a differentiable log-concave function, and let the twice differentiable function
@ : I — ] satisfy the following conditions:

1,] C (0,00), o' () >0, 0"(t) >0, Vtel,

where I and ] are intervals. Then the interval function JVar -1 ¢Xiap) ([a,b) €1) is right
increasing.

Proof Set ¢" = ¢, where ¢! is the inverse function of the function ¢. Since
I,] C (0,00), ¢'(t) >0, ¢"(() >0, Viel,
we have
¢ (x) >0, 9" (x)>0, Vxe].
By assertion (I) in Theorem 3, the interval function
JVar -1 9(Xiap)) = JVary ©(Xiap) ([a, bl e 7)
is right increasing. This ends the proof. O
In Theorem 3, if we set ¢(x) = x? and ¢(t) = t, then we get the following.

Corollary4 Let X be a continuous random variable and its probability density function p :
I — (0, 00) be differentiable and log-concave. Then the interval function Var X, ) ([a, b] €
1) is increasing.

In Section 5.2, we will demonstrate the applications of Corollary 4 in the hierarchical
teaching model.

Corollary 5 Let X be a continuous random variable and its probability density function
p:1— (0,00) be a differentiable function, and let the twice differentiable function ¢ : I — ]
satisfy the following condition:

©'(t)>0, Vtel,
where I is an interval. If the function
peo(0) 2p(e) (0™

is a log-concave function, then the interval function Var p(X|,p)) is increasing, where o' is
the inverse function of ¢, and X, € X.
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Proof To be more precise, we set that
Var?? @(Xiap) = Varo(X,p) and pr=p, Var? Xiap) = Var X, ).
Without loss of generality, we may assume a < b. Set

x=9(t) & t=¢'), p=pree(¢), xeJ=0l),
a* = g(a) < p(b) = b",

then

py(x)>0, /p}k=/p1=1'
J 1

Hence pj is a probability density function of a random variable on /. Since

_pe*0de (ffpf(t)w(t) dt)2
[y prwde J. Py de

W @) e ([ pr@e(e (1) dx )
L pds < Jor Py ) dx )
~ f:: P (x)x* dx f:: p(x)xdx?
T ( ) dx)

= Var(pj) X[tl*,h*]’

Var®” o(X(4,)

and p7 = p; e ™' (¢™') is a differentiable log-concave function, by Corollary 4, the interval
function Var®?)’ X[*u*,b*] ([a*,b*] €]) is increasing, i.e.,

[a*,b*] C [c*,d*] cJ] = Var(p}‘)X[’;*,b*] < Var(”;)X[*C*'d*].
Since ¢'(£) > 0, Vt € I, and

[a*,b*] C [c*,d*] CJ] & [ablClcd <, Var®? ©Xap) = Var(pf)Xf‘u*,b*],
we have

[a,blCled] €I = Var? ) Xiap) < Var(pI)X[C,d].

That is to say, the interval function Var¢(X,s) ([@,b] € I) is increasing. The proof of
Corollary 5 is completed. O

In Section 5.3, we will demonstrate the applications of Corollary 5 in the generalized
traditional teaching model.

In Theorem 3, if I is an n-dimensional interval, then we have the following result.
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Corollary 6 Let the probability density function p; : I; — (0, 00) of the random variable
X; be a differentiable log-concave function, and let ¢; : I; — (0,00) be twice differentiable,
which satisfy the following conditions:

<p}f(t,») >0, go}'(t}-) >0, Vtel,

wherel <j<mn,n>2,and let
n
91— (0,00, o) =] ]eit)
j=1

where [ =1} x --- x I, t = (t1,...,t,). If y = 2, and Xj,...,X, are independent random
variables, then the interval function

2 Jam P Japl 2%y b
Varl o(Xpap)) £ § 70" Jaw? Gawp /71 27D
0, a=b,

V[a,b] €1, (116)

is right increasing, where p : I — (0,00) is the probability density function of the n-
dimensional random variable X = (X,,...,X,), and Xjap € X.

Proof Let
aj<b, 1<j<n, [a,b] C [a,b] <1, y >2.

We just need to prove that

Varl?] ©(Xpap)) < Varl?] ©Xpap))- (117)
Set
b/' Y bj . v, v,
La faj pi%; B & (fa,- p,g01>1/ 4 fa,-}ijﬂ,?/ B2 (fa,-lpj(pj>y
] b ’ 7 b; /Y ’ a v, ’
Joy P Juy P Ja] pj Ja bj

According to the facts that

¢y (x) =x"7>0, ¢)/(x)=(y —2)x"> =0, Vxe(0,00),

(p;(t]) >0> (plﬁ(t]) ZO’ Vt] Glj,jzl,...,l’l,
and Theorem 3 with Example 1, we have

0<Aj—Bj§A;—B;, jzl,...,l/l, (118)

0<B/§B]/-, ji=1...,n (119)

and there is j: 1 <j < n such that the equations in (118) and (119) do not hold, where the
function ¢, is defined by (59).
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Since X, ..., X, are independent random variables, we have

n n
pX) =1]p» / py’ = ]_[/ pi9) s
j=1 [a.b] j=1 Y [4b)]

2 - -
v 0 Xop) = — 2 A — B: ).
ar o (Xia0) v —1) Q_l[ ! 1_1[ ]>

Hence inequality (117) can be rewritten as
n n n n
o<[T4-TI8<[14-115: (120)
j=1 j=1 j=1 j=1

We prove inequalities (120) by means of the mathematical induction as follows.
(I) Let n = 2. From (118) and (119), we get

< (A1 - B1)(A2 - By) < (A} - B) (4} - BY), (121)

0 < Bi(A; - By) < B} (A} - By), (122)

0 < By(A1 - By) < By (A} - By). (123)
From

A1Ay = B1B; = (A1 = B1)(Az = By) + Bi(Aa — By) + Ba(A1 — By),

AjA, - BB) = (4] - B}) (4} - By) + By(4) - B)) + By (4] - By),
and (121)-(123), we get

0<A1Ay — BiB, < A|A, - B,B),. (124)
Since there is j: 1 <j < n such that the equations in (118) and (119) do not hold, the equa-

tion in inequalities (123) does not hold. That is to say, inequalities (120) hold when n = 2.
(IT) Suppose that

n-1 n-1 n-1 n-1
o<[Ta-TI8=[]4-]]8 n=3 (125)
j=1 j=1 j=1 j=1

By (118), (119), (125),

n-1 n-1
o<[[B=]]5
j=1 j=1

and the proof of the case n = 2, we have

n-1 n-1 n-1 n-1
0<A, ][4 -B.]]B <4, []4;-B,[[5;
j=1 j=1 j=1 j=1
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1 -1

j1 j=1

Since there is j : 1 <j < n such that the equations in (118) and (119) do not hold, the equa-
tion in inequalities (126) does not hold. That is to say, inequalities (120) hold. The proof
of Corollary 6 is completed. O

As an application of Corollary 6, we have the following example.

Example 3 In Corollary 6, if we set

i
I = (o), B)), (p;(lfj)=/ pp» j=L...,n,

J

then

n
o) 2] [ot) = Ples <Xy < ty,..., 00, < X,y < ),
j=1

which is the probability of the random event
0‘1<X1§t1r [ERN] an<Xn§tn;
and ¢ : I — [0,1] is the probability distribution function of X, where Xj,..., X, are inde-

pendent random variables. If p; : I; — (0, 00) is differentiable, increasing and log-concave,
then

9;(4) =pi(t) >0, ¢/ () =pj(t) =0, Vel
where 1 <j < n. By Corollary 6, the interval function
Var” o(Xap))  ([a,b] €7)
is right increasing.
5 Applications in higher education
5.1 k-Normal distribution
The normal distribution [29-32] is considered as the most prominent probability distri-
bution in probability and statistics. In order to facilitate the applications in Sections 5.2

and 5.3, in this section, we need to recall the concept of k-normal distribution as follows:
If the probability density function of the random variable X is

K jt - pul*
s, 0, é - ’ 12
P oK) & S exp( - ) (127)
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Figure 3 The graph of the function p(t; 0, 1, k),
where-4<t<4,1<k<3.

then we say that the random variable X follows a k-normal distribution [1], or X follows
a generalized normal distribution [32, 33], denoted by X ~ Ni(u, o), where ¢ € R, the pa-
rameters u € R, o € (0,00), k € (1,00), and I'(s) is the gamma function. The graph of the
function p(t; 0,1, k) is depicted in Figure 3.

Clearly, p(t; ,0,2) is just the standard normal distribution N(u, o) with mean u and
mean variance o, as well as p(; 4, 0, k) and the probability distribution function

X
P(x;u,a,k)é/ plt;pn,o,k)de

are log-concave functions by Proposition 3 and Example 2. By (127) and [1, 32], we easily
get

EX=u,  EX-EXF=06F

SRC I IO 128
VarX=W 2 =02, k=2,
-
<02 k>2,

here p, 0% and o are the mathematical expectation, the k-order absolute central moment
and the k-order mean absolute central moment of the random variable X, respectively.

We remark here that there are close relationships between the k-normal distribution
and the Weibull distribution [1].

5.2 Applications in the hierarchical teaching model

In the hierarchical teaching model or the traditional teaching model, the score of each
student is treated as a random variable X; € I = [0,1]. By using the central limit theorem
[34], we may think that X; € X ~ Ny (i, o), where w is the average score of the students and
o is the mean variance of the score. If the top and bottom students are insignificant, that
is to say, the variance Var X of the random variable X is very small, according to formulas
(128) and Figure 3, we may think that there is a real number k € (2,00) such that X; C
X ~ Ni(u,0). Otherwise, we may think that there is a real number k € (1,2) such that
X1 € X ~ Ni(n,0). Here u € (0,1) is the average score of the students and o is the k-order
mean absolute central moment of the score. We can estimate the number k by means of a

sampling procedure.
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Based on the above analysis, ¢//(x) = (y — 2)x”~3, where the function ¢, is defined by

v
(59), Theorem 3, Corollary 4 and formulas (128), we get the following proposition.

Proposition 6 In the hierarchical teaching model HTM{ay, ..., d,,, pr}, assume that X; C
X ~ Ni(u,0), k > 1. Then we have the following three assertions.
(I) Ify 22,0 <i<j<j <m, then we have the following inequality:

Var[V]X[ui,a/] < Var[V]X[ai,a/]. (129)
() Ifl<y <2,0 <{ <i<j<m,then we have the following inequality:

Va1 Xy, 01 < Var 1 X(g, 4. (130)
(III) If0 <i <i<j<j < m,then we have the following inequalities:

-1 _
Kk

VarX[aL.,aj] < VarX[u’,,,aj,] <VarX; <VarX = N

(131)

Remark 3 According to Proposition 6, we know that the HTM{ay, ..., a,,, p;} is increasing
under the hypotheses

X; C X ~Ni(u,0), k>1.

Therefore, we may conclude that the hierarchical teaching model is ‘normally’ better than

the traditional teaching model by the central limit theorem and Proposition 6.

Remark 4 In [1], the authors proved that the probability density function of the k-normal
distribution is quasi-log concave and showed that the generalized hierarchical teaching
model is ‘normally’ better than the generalized traditional teaching model. That is to say,
in the HTM{-o00,...,00, pr}, if Xg ~ Na(u, o), then we have the following inequalities:

VarX[ai,a/.] < VarXg =02, Vi,j:0<i<j<m. (132)
Therefore, Proposition 6 is a generalization of (132).

5.3 Applications in the generalized traditional teaching model
Next, we demonstrate the applications of Corollary 5 in the generalized traditional teach-
ing model.

In the generalized traditional teaching model HTM{-o0, 00, pr}, according to the cen-
tral limit theorem, we may assume that the score X of each student follows a k-normal
distribution, i.e., X ~ Ni(u, o), k > 1, where u > 0 is the average score of the students and
o > 0 is the k-order mean absolute central moment of the score.

In the HTM{-00, 00, pr}, assume that

Xiap) C X(j,00) C Xr ~ Nie(w,0), A (x)=clx—pn)?, k>Lec>0,x>u>0,
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then we have the following inequalities (see Theorem 5.3 in [1]):
0 < Var o/ (Xjup)) < co“Ea? (X(4p)- (133)

In the HTM{-o00, 00, pr}, for the general allowance function (72), we have the following.

Proposition 7 In the HTM{-o00, 00, pr}, assume that the score X of each student follows a
k-normal distribution, where k > 1. Then we have the following two assertions.

(I) If0 <« <1, then the interval function Var &/ (X, p)) ([a, b] € (u,00)) is increasing.

(II) If1<a <k, then the interval function Var &7 (Xja,p) ([a,b] € [n*, 00)) is also
increasing. Here

b /2 b 7\ 2
o (£) £ et - p)*, Varsz(X[a,b])éfﬂlz _<faf ),
Ja P J.p
ale—1) K
,Ha[ o ] ,

Proof By (72), we have

*

w

(1>

') =calt—u)* >0, Vi>pu.
According to Corollary 5, we just need to prove that the function pj = p e &/~ (/™) isa
differentiable log-concave function under the hypotheses of assertions (I) and (II).

By (72) and (73), we have

log p;(s) = logp e /() (7 ~(s))’

TR |7 ) -l \d
= 10g|:721"(k1)a eXp<_7kak )aﬂ (s)i|

-kt 1 (s 5
= log [zr(kl)a] B W(Z)

()]
+log| —| -
ac \ C
Sl 1
=1 _
Og[zr(kl)a} Kokt

Qx>

(o4 1
r— logs — log (ac¥),

R

and
d? d? 1 %« l-o k—a « l-«
_1 * - (_ 1 l - _ 572 _ -2
ds? 0gj(s) ds? ( kokck e o ogs) alokck § o §
k
s o
~—(k—a)<—) —a(l-a).
co“
Hence

2

d *
I logpy(s) <0

k

o —(k—a)<wia)“ _a(l-a)<0



Wen et al. Journal of Inequalities and Applications (2015) 2015:270 Page 39 of 40

c(t — pn)”

k
- i| —a(l-a)<0
co

=3 —(k—a)|:

t—u k
< (k—Ol)(T> +O{(1—O[)ZO

oz(ot—l):|/1<

& O<a<l t>p or l<acxk, tZ/L*Zl,L+O'|:/
k—a

Therefore, the function py £ pe.o/ (/1) is a differentiable log-concave function under
the hypotheses of assertions (I) and (II). This completes the proof of Proposition7.  [J

6 Conclusion

Variances and covariances are important concepts in the analysis of variance since they
can be used as quantitative tools in mathematical models involving probability and statis-
tics. The motivation of this paper is to extend the connotation of the analysis of variance
and facilitate its applications in probability, statistics and higher education. In the appli-
cations, one of our main purposes is to study the hierarchical and the traditional teaching
models from the angle of the analysis of variance, so as to decide on the superiority or the
inferiority of the hierarchical teaching model and the traditional teaching model.

In this paper, we first introduce the relevant concepts and properties of the interval
functions. Next, we study several characteristics of the log-concave function, and prove
the interesting quasi-log concavity conjecture in [1]. Next, we generalize the traditional
covariance and the variance of random variables and define ¢-covariance, ¢-variance, ¢-
Jensen variance, ¢-Jensen covariance, integral variance and y -order variance, and study
the relationships among these ‘variances;, as well as study the monotonicity of the interval
function JVar, ¢(X|,,5). Finally, we demonstrate the applications of our results in higher
education. Based on the monotonicity of the interval function Var[V]X[a,b] ([a,b] € 1), we
show that the hierarchical teaching model is ‘normally’ better than the traditional teaching
model under the hypotheses that X; C X ~ Ni(u,0), k > 1. We also study the monotonic-
ity of the interval function Var &7 (X|,;) involving an allowance function /. Theorems 1
and 2 are the main theoretical basis and Theorem 3 is one of main results of this paper.

A large number of algebraic, functional analysis, probability, statistics and inequality
theories are used in this paper. The proofs of our results are both interesting and difficult,
and the problems of proof of these results are difficult to be solved by means of the existing
probability and statistics theories. Some of our proof methods can also be found in the
references of this paper.

Based on the above analysis, we know that the theory of ¢-Jensen variance is of great the-
oretical significance and application value in inequality, probability, statistics and higher
education.
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