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Abstract

Leviatan has investigated the behavior of higher order derivatives of approximation
polynomials of a differentiable function f on [-1, 1]. Especially, when P, is the best
approximation of f, he estimates the differences || = PRI, 119, k=0,1,2,....1n
this paper, we give the analogies for them with respect to the differentiable functions
onR.
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1 Introduction
Let R = (—o0,00) and R* = [0,00). We say that f : (0,00) - R* is quasi-increasing in
(0, 00) if there exists C > 0 such that f(x) < Cf(y) for 0 < x < y. The notation f(x) ~ g(x)
means that there are positive constants C;, C, such that for the relevant range of x,
C; <f(x)/g(x) < C,. A similar notation is used for sequences and sequences of functions.
Throughout C, Cy, Cs, ... denote positive constants independent of #, x, t. The same sym-
bol does not necessarily denote the same constant in different occurrences. We denote the
class of polynomials with degree #n by P,,.

First, we introduce some classes of weights. Levin and Lubinsky [1] introduced the class

of weights on R as follows.

Definition1.1 Let Q:R — [0, 00) be a continuous even function, and satisfy the following
properties:

(a) Q'(x)>0 for x> 0 and is continuous in R, with Q(0) = 0.

(b) Q"(x) exists and is positive in R\{0}.

(c) limy_, o Qx) = 00.

(d) The even function

_xQ'(x)

Ty(x) := Q) ’

x#0

is quasi-increasing in (0, 00), with

T,(x)>A>1, xeR\{0}.
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(e) There exists C; > 0 such that

Q" (%) - |Q (%)
i ST 4 ]
Q' (x)] Q(x)

aexelR.

Furthermore, if there also exist a compact subinterval J (3 0) of R and C; > 0 such
that

QW _ . 1QI
— L2
QM= QW)

, aexeR\,

then we write w = exp(-Q) € F(C?+).

For convenience, we denote 7 instead of T, if there is no confusion. Next, we give some
typical examples of F(C2+).

Example 1.2 [2]
(1) If T(x) is bounded, then we call the weight w = exp(—Q(x)) the Freud-type weight
and we write w e F* C F(C?+).
(2) When T'(x) is unbounded, then we call the weight w = exp(—Q(x)) the Erdos-type
weight: For o > 1, [ > 1 we define

Q(x) := Qi () = expy(|xI*) — exp(0),
where exp;(x) = exp(exp(exp - - -expx) - - -) (! times). More generally, we define
Quam(®) = 12" {exp; (|%]%) — @exp(0)}, a+m>1,m=>0,a>0,

where @ = 0 if @ = 0, and otherwise & = 1. We note that Q;,,, gives a Freud-type
weight, and Q4 (o > 0) gives an Erdos-type weight.
(3) Fora>1, Qu(x) = (1+ |x)H* -1 gives also an Erdos-type weight.

For a continuous function f: [-1,1] — R, let

E,(f) = inf |f = Pll,_ i = inf — P(x)].
n(f) = inf 1If = Pl p‘e%”xi?i’iﬂf(") ()|

Leviatan [3] has investigated the behavior of the higher order derivatives of approximation
polynomials for the differentiable function f on [-1,1], as follows.

Theorem (Leviatan [3]) Forr > 0 weletf € C")[-1,1], and let P, € P, denote the polyno-
mial of best approximation of f on [-1,1]. Then for each 0 < k <r and every -1 <x <1,

) - PO ()| < %A;k WE(f®), n=k,

where A,(x) := ~/1—x2/n +1/n* and C, is an absolute constant which depends only on r.

In this paper, we will give an analogy of Leviatan’s theorem for some exponential-type
weight. In Section 2, we give the theorems in the space L,,(R), and we also make a cer-
tain assumption and some notations which are needed in order to state the theorems. In
Section 3, we give some lemmas and the proofs of the theorems.
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2 Theorems and preliminaries
First, we introduce some well-known notations. If f is a continuous function on R, then
we define

Wl oo ) = sup|f(O)w(D)],

teR

and for 1 < p < co we denote

1/p
wllL,®) = (/R[f(t)w(t) |p dt> .

Let1 <p < oo. If [[wfl|L,®) < 0o, then we write wf € L,(R), and here if p = 0o, we suppose
that f € C(R) and lim,_, o [w(x)f (x)| = 0. We denote the rate of approximation of f by

Epu(wf)i= inf [ (f =Pow],

The Mhaskar-Rakhmanov-Saff numbers a, is defined as follows:

2 1 /
P L

mTJo 1-u?

To write our theorems we need some preliminaries. We need further assumptions.

Definition 2.1 Let w = exp(—Q) € F(C?+) and let r > 1 be an integer. Then for 0 < A <
(r +2)/(r + 1) we write w € F,(C™2+) if Q € CU*?(R\{0}) and there exist two constants
C >1and K > 1 such that for all |x| > K,

Q//
Q'(x)

QW)
96 =€ ™ 50

‘Qk-d

for every k =2,...,r and also

Q r+2 ?C)
Qi) | ~

‘ Q (r+1) (x)

In particular, w € F; (C?+) means that Q € C®(R\{0}) and

Q/// (x) _
Q' (x)

QW)
Gy =C |

‘ Q" (%)
Q'(x)

hold for |x| > K. In addition, let F, (C2+) := F(C?+).

From [2], we know that Example 1.2(2), (3) satisfy all conditions of Definition 2.1. Under
the same condition as of Definition 2.1 we obtain an interesting theorem as follows.

Theorem 2.2 ([4], Theorems 4.1, 4.2 and (4.11)) Let r be a positive integer, 0 < X < (r +
2)/(r +1) and let w = exp(—Q) € F,.(C"*2+). Then, for any u,v,a, B € R, we can construct a
new weight w,,q.p € Fo(C™+) such that

TEx)(1+x%)" (1+ QW) (1+|Q(x) |)ﬂw(x) ~ Wy (%)
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on R, and for some ¢ > 1,

ﬂn/c(w) =< ﬂn(wu.v,a,ﬂ) < ﬂcn(w);

Tw,,0p )~ Ty(x)
hold on R\{0}.

For a given n € R and w € F;(C?+) (0 < A < 3/2), we let w,, € F(C?+) satisfy w,, (x) ~
T (x)w(x) (see Theorem 4.1 in [4]). Let Pyt w, € Py be the best approximation of f with
respect to the weight w,,, that is,

” (f = Pusfw, )W ”LDO(R) =E,(wy.f) = Piengn ” (f —Pyw, “LOC(R)'
Then we have the main result as follows.

Theorem 2.3 Let r > 0 be an integer. Let w = exp(—Q) € F,(C™3+), where 0 < A < (r +
3)/(r + 2). Suppose that f € C?(R) with

| 1|im TY*(x)f O (x)w(x) = 0.

Then there exists an absolute constant C, > 0 which depends only on r such that, for 0 <
k<randxeR,

|(FO@) - P ) w)| < C T @) Epi(wiar f )
r—k
< Cer/z(x)(%) Enr(wyja f0).

When w € F*, we can replace wy;q with cw (c is a constant) in the above.
Applying Theorem 2.3 with w or w_;,4, we have the following corollaries.

Corollary 2.4
(1) Let w=exp(-Q) € F,.(C™3+) and 0 < 1 < (r + 3)/(r + 2), r > 0. We suppose that
f e COR) with

lim TV (x)f " (x)w(x) = 0,
[%]—o0
then for 0 < k <r we have
3
I (f(k) _P,(W)QW)W—k/Z [ Lo®) = CrEnic(Wianf (k))

r—k
< Cr (6:1_%) En—r (W1/4’f(r))'

(2) Let w=exp(-Q) € Fo(C™4+),0 <A < (r+4)/(r +3), r > 0. We suppose that
f e COR) with

lim fOx)w(x) =0,

|x|— 00



Jung and Sakai Journal of Inequalities and Applications (2015) 2015:268 Page 5 of 15

then for 0 < k <r we have

[F% =P )=kl gy < CoBaci(w ™)
r—k
< Cy(%) En_r<w,f(7)).

When w € F*, we can replace w, (i = —k/2, u = —(2k +1)/4, 0 < k <r, and u =1/4) with
cw (c is a constant) in the above.

Corollary 2.5 Let r > 0 be an integer. Let w = exp(—Q) € F)(C™*+), 0 < A < (r + 4)/(r +
3), and let w(ars1y/af ") € Loo(R). Then, for each k (0 < k <r) and the best approximation
polynomial Py, .

N = Pugyo ) Wira ||LOO(R) = E,(Wis2, /),
we have

” (f(k) - Pz('tljj)”,wk/z)W”Loo(R) < GEyik (W(2k+1)/4’f(k))

an

r—k
< Cr(_> En—r(w(2k+1)/4¢f(r))'

n

When w € F*, we can replace w,, (i =k/2, i = (2k +1)/4, 0 < k <r) with cw (c is a con-
stant) in the above.

3 Proofs of theorems
We give the proofs of the theorems. First, we give some lemmas to prove the theorems.
We construct the orthonormal polynomials p,,(x) = p,(w?,x) of degree n for w?(x), that is,

/ Pn (wz,x)pm (wz,x)wz(x) dx =6,,, (Kronecker delta).

o0

Let fw € Ly(R). The Fourier-type series of f is defined by
flx):= Z ax(W. o (W %), ar(w?,f) = / FOpr(wW?, e)w? () dt.
k=0 o

We denote the partial sum of f(x) by

n-1

Sulf>x) = s,,(wz,f,x) = Zak(wz,f)pk(wz,x).

k=0

Moreover, we define the de la Vallée Poussin means by

2n

vu(f %) := % Z S;(wz,f,X)o

j=n+1

Theorem 3.1 (Theorem 1.1, (1.5), Corollary 6.2, (6.5) in [5]) Let w € F;,(C3+),0 < A <3/2,
and let 1 < p < co. When T"*wf € L,(R), we have, for n > 1,

[l = CIT WA,y
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and so
|- V"(f))W”L,,(R) < CEpu(T"*w.f).
So, equivalently,
”Vn(f)W”Lp(R) < Cliwyaf llL, )
and so
(=)l oy < CEanloanh). (31)

When w € F*, we can replace wi s with cw.

Lemma 3.2 Let w € F(C?+).
(1) (Lemma 3.5(a) in [1]) Let L > O be fixed. Then, uniformly for t > 0,

aps ~~ Ag.

(2) (Lemma 3.4, (3.17) in [1]) For x > 1, we have

, VT
|Q(ax)|~% and  |Qlay)| ~ 7f“(ax).

(3) (Proposition 3 in [6]) If T(x) is unbounded, then for any n > 0 there exists C(n) > 0
such that for t > 1,

ar < C(nt".

To prove the results, we need the following notations. We set
. ay
o(t):= mf{au — < t}, t>0
u

and

Dy(x) := '1—ﬂ +T%(o(t)), xeRR.

o(t)

Define for fw € L,(R), 0 < p < 00,

w(x) {f(x + g@t(x)) —f(x - ngt(x))}

+ Inf RAIGIC] P

wp(f, w,t) := sup
O<h<t

Ly(lx[<0(28))

(see [7, 8]).
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Proposition 3.3 (c¢f. Theorem 1.2 in [8], Corollary 1.4 in [7]) Let w € F(C*+). Let 0 <p <
oo. Then forf : R — Rsuch that fw € L,(R) (Where for p = 00, we require f to be continuous,
and fw to vanish at £00), we have, for n > Cs,

ay
Ep,n(er) = Clwp <fr w,C, 7)7

where C;, j =1,2,3, do not depend on f and n.

Proof Damelin and Lubinsky [8] or Damelin [7] have treated a certain class &; of weights

containing the ones satisfying conditions (a)-(d) in Definition 1.1 and

yQ0) _ (Q_(y)

C
Q@) Q(x)>' yzx>0, (32)

where C > 0 is a constant, and they obtain this Proposition for w € &£,. Therefore, we may
show F(C%+) C &. In fact, from Definition 1.1(d) and (e), we have, for y > x > 0,

Q) _ (yQ”(w ) ( 7 Q) >:(Q_(y)>c‘
Q) P / Q@ %)= Cl/x a0 )=\ aw

and

y ’1 1 (7Q(@) Q) *
p(/ E””f)f‘”‘p(x . Q0 "”)z(@) ’

Therefore, we obtain (3.2) with C = C; + %, that is, we see F(C%+) C &;. O

Theorem 3.4 Let w € F(C?+).

(1) Iff is a function having bounded variation on any compact interval and if

f w(x)|df(x)| < 00,

o0

then there exists a constant C > 0 such that, for every t > 0,

)

o mo=c : W) |df @)
and so
Eutwf) <% | : W) df ().
(2) Iff is continuous and limyy o0 | (v Twf)(x)| = 0, then we have
lim o f,w,£) = 0.

To prove this theorem we need the following lemma.
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Lemma 3.5 (Lemma 2.5(b) in [7] and Lemma 7 in [6]) Let w € F(C*+). Uniformly for
u > 0 large enough and |x|,|y| < a, such that

lx =yl <tP:(x), t=au/u,
then
w(x) ~ w(y).

Proof of Theorem 3.4 (1) Let g(x) := f(x) — £(0). For ¢ > 0 small enough let 0 < # < ¢ and
|x| < o (2t) < o(t). Hence we have ®,(x) < 2 for |x| < o(2t). Then by Lemma 3.5,

/ w(x) g(x + Eth(x)) —g(x - ﬁd>t(x)> dx
vl <0 (20) 2 2
x+%<l>z(x)
/ w(v)df (v)| dx

x+%<l>t(x)
[ [ awav=c |
x|<o(2t) 2By ) lxl<o@t) | Ja- B oy (x)

/ / w(v)\df(v)|dx</ w(v) , hdx|df(v)|

< Zh/ w(v)|df(v)|.

Hence we have

h h oo
/ w(x) g(x + 5@(&6)) —g(x - ECD,(x)) dx < 2tf wix)|df (x)). (33)
I#l <0 (20) -
Moreover, we see
inf W =) |y iz000) = Gioam) (4t)) Q@ | LD oty (3.4)
From Lemma 3.2(2), for 4¢ =: %%,
T(ay T
Qo 40) = Qay) ~ Y1) TN

On the other hand, we have

f Q ()w(@)|g ()| dax =f Qwix) dx
0 0

fo i dg(u)

< /0 Qwix) /0 df )] dx

= —w(x) /0 \df )|, + /0 w(u)|df (u)].

Here we see

|—w<x> /0 ldf )|

< /0 w(in)|df ().
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Therefore, we have

/ Q'(x ‘dx<2/ w(u)’df(u)‘.

Similarly, for x < 0 we see

0 0
/ iQ/(x)w(x)g(x)|dx§2/ w(x)|df(x)|.

o]

Consequently, we have
/_ :|Q’(x)W(x)g(x)| dx <2 /_ : w(x)|df (%))

Hence we have
lQwel <2 | wlwlarol

Therefore, using (3.4) and (3.5), we have
i ) = I,y = OO [ w0,

Consequently, by (3.3) and (3.6) we have

o (f, w,t) < Ct/ w(x)’df(x)’.

Hence, setting ¢ = C, %, if we use Proposition 3.3, then

a o0
Eutwf) = €% [~ wtolaro).
(2) Given ¢ > 0, and let us take L = L(g) > 0 such that

sup |w(x x)| < sup |\/ T (x) w(x)f(x)| <&,

[x|=L

since T'(x) > 1. Hence, if |x| > 2L and 0 < t < £y, then
h h
’w(x) {f(x + Ed%(x)) —f<x - ECDt(x)) } ‘

<C ’/ X+ = d>(x) x+ th(x) <x+ d>t(x))}
T<x— -0 (x)) <x— ) (x))/(x— —® (x))H

+

<2Ces,

Page 9 of 15

(3.5)

(3.6)
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where for the first inequality we used Lemma 3.5(2), and for the second inequality we used
the fact that |x &+ %d%(x)l > L. On the other hand,

h h
lim sup ||w(x) {f(x + —<I>¢(x)> —f(x - —d>t(x)> } =0.
=0 gepzt 2 2 Loo(ixl<2D)
Finally, we will show
inf[w(f = I, uizotany = 0 =0 (3.7)

If we let 4t := “7”, then we see n — oo and o(4t) = a, — 00 as t — 0. Hence using
limy - 00 |(VTwf)(x)| = 0, we have for |x| > o (4t),

Ay, <xX— 00 = [f(x)w(x)! < ‘T”Z(x)f(x)w(x)‘ -0

and |ew(x)| < cw(a,) — 0 as t — 0. Therefore, (3.7) is proved. Consequently, we have the
result. 0

Lemma 3.6 (¢f Lemma 4.4 in [9]) Let g be a real valued function on R satisfying

llgwll L (r) < OO and, for some n > 1,

/ gPw*dt=0, PeP,. (3.8)

o]

Then we have

X
An
o [[etrat| < cZigwiie (39)
0

Loo(R)

Especially, if w € F,(C3+), 0 < A < 3/2 and TV*wf' € Lo(R), then we have

< C%En(wm, ). (3.10)

Hw(x) /0 (F(0) = valF') (0)) dit

Loo(R)

When w € F*, we also have (3.10) replacing wys with cw.

Proof We let

Bu(t) = [ Wi, 0st=x (3.11)

0, otherwise,

then we have, for arbitrary P, € P,,,

/ 0 dt‘ - ‘ / " g0 OWA (o) dt’
0 —00

= ’ / g(®)(x(2) = Pu(£)) W (2) dt‘. (312)
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Therefore, we have
X o0
‘/ g(t) dt‘ =< ”gW”Loo(]R) inf / ’(px(t) - Pn(t)|w(t) dt
0 PuePn J_oo
= |lgWll Lo ® Ern (W b2).

Here, from Theorem 3.4 we see that

Ein(w ) < C22 f w(®)|dpu0)
n

@ ¥ / —2
scnfo w(t)|Q (0) w2 () dt
_ d_n ¥ / -1
_CVI/O Q(tyw () dt
<),

n

So, we have

X
‘W(x) f g(t) dt‘ < llgwllzoo Ry WX)EL (W, %)
0
a,
<C— .
=C- llgWll oo ®)

Therefore, we have (3.9). Next we show (3.10). Since

! 1 = 4
w)O =5 2 500

j=n+1

and, forany Pe P,,j>n+1,

/ (') - si(f32)) P(e)w*(t) dt = 0,

we have
/m(f/(t) —vu(f) (@) PO)W*(£) dt = 0. (3.13)
Using (3.9) and (3.1), we have (3.10). O

Lemma3.7 Let w = exp(—Q) € F(C?+), 0 < A < 3/2. Let |[wijaf || L) < 00, and let q, 1 €
Pu-1 (n = 1) be the best approximation of f' with respect to the weight w, that is,

“ (f/ - ‘lnfl)W”Lm(R) =Eu (W’f/)'

Now we set

Flx) = fx) - /0 dra (D),
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then there exists Sy, € Pa, such that
|w(F = San) ||Lm(R) <cE, (wiaf")
n
and
[wSh HLOQ(R) < CEpi(wyaf')-
When w € F*, we have the same results replacing wyq with cw.

Proof Let
Sou(®) =f(0) + | valf’ = guar) (@) dt, (3.14)
0
then, by Lemma 3.6 and (3.10),

H W(F = S5p) ”LDO(R)

- Hw<f_/oan—1(t)dt—f(0)_/Oxvn(f'_qn_l)(t)dt)
i HWU:D”(t) —va(f ’)(t)]m)

Leo(R)

= Ca_nEn (W1/4’f/)'
Loo(R) n

Now by Theorem 3.1, (3.1),

”WS/Zn HLOO(]R) = ”W(V't (f' = qn1)) ”LOO(JR)
= |0 =Nl oy + 167 = @)W ] ey
< E,(wya,f') + Ect(Wof ') < 2By (Wiaof')- O

To prove Theorem 2.3 we need the following theorems with p = co.

Theorem 3.8 (Corollary 3.4 in [6]) Let w € F(C?+), and let r > 0 be an integer. Let 1 <
p < o0, and let wf? e L,(R). Then we have, for n > r,

k
a
Epn(fow) < c(;") Owl, gy k=12
and equivalently,
a\k
E,.(w,f) < C(;") Ep,n,k(w,f(k)).

Theorem 3.9 (Corollary 6.2 in [4]) Let r > 1 be an integer and w € F,(C™%+), 0 < A <
(r+2)/(r +1), and let 1 < p < co. Then there exists a constant C > 0 such that, for any
1 <k <r, any integer n > 1, and any polynomial P € P,,

k
n
”P(k)W”Lp(]R) < C(a_n) I Tk/2Pw||Lp(R).
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Proof of Theorem 2.3 We show that for k =0,1,...,r,
|(FP @) - Py ) w)| < CT*WE, -« (wia, f©). (3.15)

If r = 0, then (3.15) is trivial. For some r > 0 we suppose that (3.15) holds, and let f €
CU*D(R) be satisfying

lim TV 4(x)f(”'l)(x)w(x) =0

J%/—00
Then f € C"(R), and

Jim TV @) (x)w(x) = 0.
So we may apply the induction assumption to f’, for 0 < k < r. Let g,.; € P,_1 be the
polynomial of best approximation of f” with respect to the weight w. Then from our as-
sumption we have, for 0 <k <r,

| (F*D () - g2, () wi) | < CT () E i i (wra, f <),
thatis,forl <k <r+1,

(O @) - %P @) wi)| < CT'T ®)E, i (w1ja f®). (3.16)
Let

F0)i=f0) - [ a0~ Qo) (3.17)
then

|F')w(x)| < CE,a(w.f").
As (3.14) we set Sy, = f(f(vn(f/)(t) —qu-1(2)) dt + £(0), then from Lemma 3.7

[ = S2wl, ) < CZEn(wuanf) (3.18)
and

“S/ZVIWHLOO(]R) < CEpa(wya.f').

Here we apply Theorem 3.9 with the weight w_g_1)/2. In fact, by Theorem 2.2 we have
W__1)/2 € F1(C™2+). Then, noting a,, ~ a, from Lemma 3.2(1), we see

k-1
]S(zlg(x)w_(k—l)/z(xﬂ < C(g) ||S/2"W||LOQ(R)
n

O\
SC(—> Eu1(wyaf'),
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that is,

n/ T(x)
a

k-1
S5 (pw()| < c( ) Eci(wyaf), 1<k<r+l. (3.19)

Let R, € P, denote the polynomial of best approximation of F with w. By Theorem 3.9
with w_ k again, for 0 <k <r+1, we have

k
(R = 83w _g ()] < c(f) [ R = Sanw_s T, )

k
n
= C(a) ” Ry — SZW)WHLOO(]R) (3.20)
and by (3.18)
”(Rn - SZ”)W”LOO(]R) = C[” (F_R”)WHLOO(R) + ” (F_SZ”)W”LOO(R)]
=< C|:E,,(W, F) + %En (W1/4’f/)i|
< C|:_En—l (w.f') + %En—l (W1/4,f/):|

< C%En—l (wijarf").- (3.21)

Hence, from (3.20) and (3.21) we have, for 0 <k <r+1,

n

- C(n«/ T(x))kan

|(RY - 85 @)wix)] = C|T@)|(RY - 83, @)w_y (4]

Py 75171 (wia, f'). (3.22)
Therefore by (3.19), (3.22), and Theorem 3.8,
n \ K1
RO < T 2 ) B ()
ay
< CT*(W)E, ik (wija, f V). (323)
Since E,(w,F) = E,(w,f) and
EH(W’ F) = || W(F - RV!) “Loo(R) = || W(f - QVI - R}’l) ||LDO(R) (3'24)

(see (3.17)), we know that Py, := Q, + R, is the polynomial of best approximation of f
with w. Now, from (3.16), (3.17), and (3.23) we have, for1 <k <r+1,
(@) - P, @) w)| = |(FO ) - QP () - RY () wiw)|
< |(FP® - 0,5 @)w@)| + R @wi)|

< CTM*(x)E,pci (wrjar f©).
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For k = 0 it is trivial. Consequently, we have (3.15) for all » > 0. Moreover, using Theo-
rem 3.8, we conclude Theorem 2.3. O

Proof of Corollary 2.4 Tt follows from Theorem 2.3. O

Proof of Corollary 2.5 Applying Theorem 2.3 with wy/», we have, for 0 <j <r,

” (f(j) - Pg;)f,wk/z)W”Loo(R) = CE”—k(W(2k+1)/4’f(j))'

Especially, when j = k, we obtain
| (7 - Pi(ql;)’,wk/z)W”Loo(R) < CE, i (woaksnyar f©).- 0
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