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1 Introduction

Let {a,} and {b,,} be two sequences of nonnegative real numbers. The well-known
Hilbert’s inequality says thatif p>1, 5 + 2 =1,0 < 37" @, < 00 and 0 < 32, bjf < 00,
then

mbn
Z Z :ln e Sinjz%) (Z; a‘,';) (2—1: bZ) ’ .

where the constant factor Sm’(’? is the best possible [1]. This inequality has been gener-
alized in numerous ways with introducing suitable parameters and weight coefficients.
(For example, see [2-13] and the references therein.) In particular, by introducing a
Hilbert-type linear operator with a symmetric homogeneous kernel, one can obtain var-
ious Hilbert-type inequalities with the best constant factors. For this purpose, let k(x, y)
be a nonnegative symmetric function defined on (0, 00) x (0, 0), i.e., k(x,y) = k(y,x). For
p>1and I% + é =1, let £" (r = p,q) be two normed spaces. If T is a bounded self-adjoint

semi-positive definite operator defined by

(Ta)(n) := Zk(m, na,, #neN
m=1
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for a = {a,}5., € €7, or similarly,

(Tb)(m):= Y k(m,m)b,, meN

n=1

for b = {b,}32, € £1. The operator T is called the Hilbert-type operator and the function
k(x,y) is called the symmetric kernel of T. In view of this point, Hilbert’s inequality (1) can

be expressed by
(Ta,b) < —— llallp|Ibllg
( )
where the kernel k(x,y) = %y and the formal inner product (7z,b) between Ta and b

is given by (7a,b) := > -, (Ta)(n)b,. Motivated by this observation, Yang [14] deﬁned a

Hilbert-type linear operator T : £" — £" (r = p,q) with the kernel k(x,y) = (zcy )yzx of de-

gree —1. As a consequence, he was able to prove that if p > 1, }7 + é =1, ay,b, >0,

1 — 2 min{ 117, %} <A <1+2min{ 1%’ é}, then the following two inequalities are equivalent:

& ()T aby, 1 _[(qO+1)=2 p(a+1)—2
DD <38 : lallp b1l
= m+n A 2gA 2pA
1
> (& (mn) T a,, 17 1 gr+1) =2 p(A+1)-2
YA ) < : lal,,
il \m VTR A 2g) 2pA

where B(u, v) denotes the beta function defined by

B(u,v):= /000 % dt = B(u,v) (u,v>0).

1 A;qlk 2 @2;1*)72) is the best possible. In 2010, Jin and

Debnath [15] generalized the Hilbert-type linear operator whose kernel is symmetric and

Moreover, the constant factor 1B(

homogeneous of degree —1. In fact, they obtained several extended Hilbert-type inequal-
ities by using the kernel k(x,y) =

(A > 0). For instance, they proved that if p > 1,
(@i 4y T
1

1% ;Lo B>0,0<x <min{Z, £}, then the following two inequalities are equivalent:

)(im(pl)(l ak)|a |p> (an 1)(1-B1) |]9 |q)

0 00 a Py A )~
Bi-1 m p q (p-1)1-ah) p
{zn (Z—(m)) } £t (z o |)

B(:,2
where the constant factor ({’ ql) is the best possible. See [16—23] for other Hilbert-type

adpP
operators and the corresponding extended Hilbert-type inequalities with the best factors.
Most of the previous results were, however, obtained by using the Hilbert-type opera-
tor with the symmetric homogeneous kernel of —A-order, which depends on a parameter

A > 0. In this paper, we introduce a more general homogeneous kernel whose degree is
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given by two parameters (Definition 2.3). We establish the equivalent inequalities with
the norm of a new Hilbert-type operator (Theorem 3.1). As applications, we provide new
extended Hilbert-type inequalities with the best possible constant factors (Corollary 4.1
and Cases 1-3).

2 Hilbert-type operator with a symmetric homogeneous kernel whose degree
is given by two parameters
For completeness, we begin with the following definitions and notations.

Definition 2.1 Let p > 1, ny € Z, w(n) > 0 (n > ny, n € Z). Define the normed space £, ,,
by

00 1/p
Efv,no =1a= {an};ﬁno : ”ﬂ”p,w = (Z W(Vl)lﬂnlp) < OO}

n=ng

Definition 2.2 Let 11,15, A > 0 satisfying that A = A; + A,. Denote by F,, (r) (19 € Z) the
set of all real-valued C'-functions ¢(x) satisfying the following conditions:
(1) ¢(x) is strictly increasing in (19 — 1, 00) with ¢((ng — 1)+) = 0, ¢(o0) = o0.

(2) Fora >0, ¢(x‘§;(f1)%i is decreasing in (19 — 1, 00).

Letp>1, }7 + é =1, 1 =Xy + A, A, Ag, A > 0. For ¢(x) € Fy, (7) and Y (y) € Fuy(s), 1,5 > 1,
we define the following weight functions:

y (m) ._ ¢(m)p(ot+1—)»2)—1 y (n) '_ W(n)q(oul—kl)—l
AT R O
S R )
1 . w(n)p(cx—)q)ﬂ’ 2 . ¢(m)q(a—)»2)+l'

Definition 2.3 Let 11,12, A > 0 satisfyingthat A = A1+ Ap. Fora > 0 and %,y > 0, K, ;. (%, y) is
a continuous real-valued function on (0, 00) x (0, 00) satisfying the following properties:
(1) Ky (x,9) is a symmetric homogeneous function of degree 2« — A, that is,

1<a,k(x;)’) = I<0t,)»(yr x)y
Ko (tx, ty) = 27K, ; (x,y) foranyt>0.

(2) Ky,.(x,9) is decreasing with respect to x and y, respectively.
(3) For sufficiently small ¢ > 0, the following integral

o0
Koy (Mive) = / Ko (L)t =8 gt
0

exists for i = 1,2. Moreover, assume that I?a,)\()\.i, 0) := K,(A;) >0 and
Ko (Mir€) = Ky () + 0(1) as & — 0+
(4) Givenp > 1, ¢(x) € Fpyy (1), and ¥ (y) € Fy;(s) (r,s> 1),

[e.¢]

v [
" Ko (L5 dr = 0(1)
Z w(n)lﬂ" 0 A

n=ng

ase — 0+.
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Lemma 2.4 Let Ay, Ay, A > 0 satisfying that A = Ay + Ay. For any o > 0, we have
Ko (A1) = Ko (R2).
Proof Since
~ o0
Ka) =Ros0,0) = [ Kottt
0
letting ¢ = % gives
oo
Ko () = / Ko (Ls)sTH27% ds = Ky (As). O
0

In view of Lemma 2.4, we may assume that
Ky (A) = Ky (A1) = Ky (Xo).

Lemma 2.5 Letp >1, }7 + [11 =LA +Xy=X A, A >0, a>0. For ¢(x) € Fpp (1) and Y (y) €
F,(s), 7,5 > 1, define the weight coefficients Wy(m) and W (n) by

0o Ay—a
Wi(m) := Z Ky (¢(m), ¥ (n)) RiUOks

a+l-A
farmd ¥ (n)e+i-h

v (n),

S Al—a
Wl = 3 K (90m), ) - ),

o+1-A
oo P(m)e =42

Then
Wi(m) < K,(A) and Wr(n) < Ky(A)
forany m = my, n>ng (m,n € 7).

Proof We have

& a—A1
Wit = Y- Ko (1508 )

p d(m) ) Yr(m)*r1-11
) v\ Vs
) /nol Ka (L ¢(m)) P ()erl-m ¢ (m) dx.

Setting t = q'f((:l)) , we get

o0
Wi (m) < / Ko, (L, 17 dt = K, (M).
0
Similarly, one can obtain W5 (n) < K, (1). O

Lemma 2.6 Let p > 1, }7 + % =1, A1 + Ay = A, A1, A2 > 0. For a,,, b, > 0 (mg,ng € Z), let
a = A{am}yey € Cuymo and b = {b,}32, € L3y ny. Then, for ¢(x) € Fyy(r) and y(y) € Fyy(s)
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(r,s >1), we have
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iKa,x((f’(m)»‘ﬂ(”))ﬂm <KiMlallpw, and
m=mo P
S Ko (00m), 0)a|| < Kbl
and hence
iil(a,,\@)(m),w(n))am}oo et and
{ i Ko (¢(m) w(n))bn}oo €L o
Proof Applying Holder’s inequality, we observe
i Koy (¢(m), ()
i(f@x (om0 2 ) w(n)%i am)(*“"’ff; ¢/<m>%>
et YT mt N T )
S )

)Y

(Vl) (o +1-211)(g-1)

¢'(m)

x (Z Ko (¢(m), ¥ ()

¢(m)a+1 Ao

By Definition 2.2, we get
o0
D Kap(¢0m), yr(m)a
m=my

. :
5( / I(a,)\(l,t)tl"““dt) (
0

w (n)q(a+1—k1)—1

Y/ (n)at

) .

)31

W
= Plm) 0D i)\
" Q%Km(‘b(m)’w(”)) Yo ¢/<m>ﬂ1af”>'

Therefore, by using Lemma 2.5, we get

Z I<a,k (¢(m)» W (Vl))(lm

|

P

[ee]

2

n=ng

[e¢]

( K
m=myq

v
Y (n)ple-r+

2.

p
a,h (¢(Wl), l/f(”))tlm> }

1
p
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= pome D g\
El(a q (Z Z I<a)» (,‘b(l’l’l l[f( )) v/(n)oﬁl—)q ¢’(m)p_1u€n)

n=ngp m=my

1 (a+1-A2) }%
5 ( Z Wl 7¢(M)‘n )p 1 ﬂlrjn)

m=mq

<Ko (M) llallp,w, -

In the same manner, one can obtain

Z Ka,k (¢'(WI), w(”))bn

n=ng

< KoeW)1Dll g,

)

In view of Lemma 2.6, we can define a Hilbert-type operator T : &, ., — Kf‘q o DY

(Ta)(n) := Z Ko (¢p(m), ¥ (n))ay, n>no,neZ.

m=my

Similarly, define T': €%, ,, — €% by

w2,mq

ZK‘“ w(n)) M > mg,mE 7.

n=ngo

It immediately follows from Lemma 2.6 that

ITllp:= sup [ITall,m <Ko(R)

llall 3, =1

and

ITllg:= sup [ Tbllgm, <Ka(2).

lallpm, =1
Hence the operator T is bounded. The formal inner product (7a, b) of Tz and b is defined

by

(Ta,b) —Z ZKM $(m), Y (m)) @by

n=ny m=my

Lemma 2.7 Letp > 1, l + l =L Letd = {du}y,_,, and b = {Z,,}i‘ino with d,, = z;(ln_q;ﬁg
¢(m) 4
and b, = w()’é’%for0<s<pkl,l—l 2. Then, as ¢ — 0+,
00 / o /
K, () (1-0(1)) Z )M T4,b) < K, (W) (1 +0(1)) Z e )M
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Proof We have

D=3 3 Kslotmvtn) o v

)a+l—A2+i " (n)a+1—)q+ g

<Z/m K (90, () — 20 v

(x)a+1 Ayt w(n)oul—kﬁ%

Setting ¢ = 5—)), we get

(Ta,5) < Z( /O Ko (L0670 dt ) f(n()'f)

n=ngp
1 +o(1 Z )1+8
n= no
Moreover,
o0 00 ,
b flna-a—p Y’ (n)
(13,5)> Y ( L oy K1)t 5t ) S
n=ng ' Yn)
Y’ (n) «ygw
( )1+s (/ Kax(l 0t 1+hg—a—5 dt— I<u¢)L(1 Ot 1+Ap—a—£ dt)
Y(n

Note that the definition of K, (x, y) implies that
oo
f Kop (L2775 dt = Ky (ha) + 0(1)
0

and

oo

Yo [ I
2 v (n)ie Ko, (1,2)t b dt = 0(1).
n=ng 0

Thus, using the fact that for a > 0,

VW 1L om) and Z 1/’(”) - 0(1)

l+e 1+u+—
n=ng I/f(l’l) € n= no

as ¢ — 0+, we obtain

(T%5) > K (3) (1 +0(1)) <Z Lo _0(1))

n=ng

=K, (A)[HO(I) 0(1)Z<w( )w)_ ] Z )“5

/

= K, (M) (1-0(1)) Z )M

which completes the proof. d
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Theorem 2.8 Let p > 1, l + l =1L, A1+ Ay =X, A, Ay > 0. For ap, by, > 0 (mo, ng € Z), let
a = {amYpy o € Cormo and b= {b 10, € Lhy o Then, for ¢(x) € Epny (r) and yr(y) € Fyy(s)

n=ng
(r,s>1),
1T, = 1Ty = Ke(R).
Proof Suppose that |||, < Ky(A). Consider @,, = ¢>/(m)¢(m)_1”2_“_§ and b, = ¢'(n) x

w(n)_m‘l_a_q, where m > my, n > ny, m,n € Z,0 < g < pk;, i =1,2. A simple computation

shows that @ € €, ,,,, and b € €%, ., with [|@],, >0 and |[Bl4w, > 0. Then

00 P }7
I Tl = { Y ¥ ()Y (npP 41 (ZKM (m), ¥ (n))a )}

n=ng m=m,

ST lp el -

Moreover, we have

(Tdb) =Y Y Kup(¢0m), ¥ (1)) by

n=ng m=my

00 r [l? N
Z{lﬁ (m)yr (1) (Z Koy (p(m), w(n))am> } 1211w,

< IT Ny 151l g5
© gm) \ (S v ]
:”T“p(Z ¢(m)1+a> (Z 'l/,(n)l‘i’é‘) ! (2)

On the other hand, from Lemma 2.7 it follows

KW (1-01) Y w‘/;n()'ﬁg <(T3,D). 3)

n=ng

Therefore, combining these inequalities (2) and (3),

Ka(k)(l—o(l))<z f(n()’f)) s||T||p<Z j(’n(q';ﬂg) :

n=ngp
Since

= ¢'(m)

1 1
Z W(Vl)h‘o = 1 + (1)) and Z W = g(l + 0(1))

as & — 0+, we obtain that K, (1) < || T'||,, which is a contradiction. Thus we conclude that
T, = Ky(A). Applying the same argument, we have || T'||, = K, (), which completes the
proof. g
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3 Two equivalent inequalities for the Hilbert-type operator
Equipped with the Hilbert-type operator defined as above, we have the following theorem.

Theorem 3.1 Let p > 1, l + l =1, A1 + Ay = A, A, Ag > 0. For a,,, b, > 0 (mg,ng € 7.), let
a = {amYmy € Lonmgs b = {b },3“,,0 € Lo 1@l pw, > 0, 1Bll g, > O. Then, for (x) € Frpy (1)

and Y (y) € F,y(s) (r,s > 1), we have the following equivalent inequalities:

(Ta,b) =Y~ >~ Ky (¢(m), ¥ (1)) @mby < Ke(W)l|@ll sy [1Dll gy (4)
n=ny m=myg
” Ta”p,Vvl < I<ot()\)||a”p,w1' (5)

Furthermore, the constant factor K, (1) is the best possible.

Proof 1t follows from Holder’s inequality that

(Ta,b) = Z Z I<a,x(¢(m),¢(n))<¢(WI)M1‘7A1 v’ (n)p m)

Y(n) » ¢'(m)

1

> & I AN
Z Z I<ak ¢(m w( )) w(n)cﬁ—l—}q ¢’ (m)P 1 f;’l>

IA
S
C%
3
3
(=}

© o0 Iﬂ(l’l)(a+1_)‘1)(‘1_1) &' (m) %
’ (Mome:OK“ P 00) = i w/(mqle)

( )P(Ot+1 A2)-1 V(n )q(a+1 A1)-1 %
o ) (Z T Z) |

n=ngp

Il
P
§
§
(=)

§

Applying Lemma 2.5, we see that
(Ta,b) < [(a(k)”“”p,wl ”b”q,m'

In order to prove that inequality (4) implies inequality (5), we define b as follows:
p-1
Zn = L Z Ky ¢>(W1) 1ﬁ(”))
Y (apaio | 2

for n > ny, n € Z. Then we see that be 24, 4 and ||Z||q,W2 > 0 as before. Thus using in-

equality (4) shows that

oo b
151, = > " (nl)pp(i”mﬂ ( > Koo m),w(n))am)

=3 Ko (¢0m), (1) by < Ko (W allpon 16 g

n=ny m=my
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which gives ||Ta 5 = ||l9||qW2 < Ky(M)lallpw,- Hence inequality (4) implies inequal-
ity (5).
Now suppose that inequality (5) holds for any a € £}, ., -

(Ta,b) =Y > Kup(¢(m), ¥r(n)amby

n=ny m=my

> oz—)q+}7
- Z( ‘ (”); 5 Ko (00m n))%) (7‘“") bn)
yh o 1+—

n=no (n) P m=mg w’(n)Ilf
— Y Y
= {V; W(mzm Ky ¢(Wl) 1//(1'1)) ) } 151l g

<Ko M) llallpw 18]l g »

which means that inequality (5) implies inequality (4). Therefore inequality (4) is equiva-
lent to inequality (5). Furthermore, Theorem 2.8 implies that the constant factor K, (1) in
inequalities (4) and (5) is the best possible, which completes the proof. a

4 Applications to various Hilbert-type inequalities
In this section, we apply our previous theorems to obtain several Hilbert-type inequalities.
Recall that the beta function B(y, v) is defined by

o0 u—1
B(u,v):= /0 (lj—w dt = B(u,v) (u,v>0).

Define the function K, , (x,) by

()™
(x+y)*

I<a,k (xy )’) =

for > & > 0. Then K, (,) is a symmetric homogeneous function of degree 2o — A and
is decreasing with respect to x and y, respectively. Moreover,

<y [
" Kop (L, )25 de = O(1).
Z 1[/(;,1)1-*—5\/0 A

n=ng

To see this, for 0 < & < pA,,

o0mg) 45, E , ¢(mg)
i V' (n) / o £p J < i v'(n) / e g g
S v Jo @+ 7 g (n)te

‘Z V' () ((mo )MZ
Y A - £\ Y(n)

<z>(mo) 2T 2 Y ()

_ £ 1+k2+ =
2 n=nqy W

- 0(1).
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Note that since

S}
I<a,k()\ir 8) = / [<a,k(1; t)t_HM_a_s dt
0

00 t—1+ki—s
= ——a,
/o (L+t)

we see that

00 -1
Rasloore) = [ o di= Bl 3a) = Kul0) = K,0)
0

as € = 0+. Therefore from Theorem 3.1 we observe the following.

Corollary 4.1 Let p > 1, 1%+$:1,)L1+)\2:A AyAy >0, A >a > 0. For a,,,b, >0

(mo,ng € 1), let a = {an);,. mo € Efvl,mo: = {by, }20;40 € Zffll/z,no and ||allpw, > 0, [Bllguw, > 0.
Then, for ¢(x) € Fu,(r) and Y (y) € Fyy(s) (r,s > 1), we have the following equivalent in-
equalities:

Z Z % < B(r1, 22) 2l 101l gy

[ee) o o » %

Furthermore, the constant factor B(L1, L2) is the best possible.

As applications, we have the following.
Casel. Let ¢(x) = x® and Y (x) =¥ (B, >0) formg=no=1.ForO< ;<o + min{%, %}
and 0 < « < A, one has the following equivalent inequalities:

oo o0
(mﬂny)“ ( ’ )
Y b < 22 s Bl
) Biyr

1
py L
Z yp(a-a)-1 Z (mPn?) a v B(M,Kz) 1l
< (mP +nv)* ﬁ}l "
where w; (m) = mP1-228+F)-1 and wy () = pa0-41y+ey)-1,
(I) Fora; =2 andkz & w1th0<k <a+m1n{ }and0§a<)»,onehasthe

followmg equlvalent inequalities:

o0 00 Ao

(mPnv)® B(%,%
————— by < —— |l 1 D]l g0

B Y)A 11

n=1 m=1 (Wl tn ) ﬂqyp

1
o0 oo Py AoA
Y (ompot)1 (mPnv)® » B(p,q)
Z”l Zﬁﬂm <—7 7 ||ﬂ||p,w1,

n=1 m=1 (Wl tn ) ﬁ?yﬁ

where wy () = mP-VIE)B and w, (1) = nl@-DA-4r)+aay,
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(II) For A; = % and A, = 2 with 0 < A; < @ + min{4, 2
q P

7 ;} and 0 < & < A, one has the
following equivalent inequalities:

el pw 1811 g,
bt Lt (mﬁ +nY)* m éy}’ pw1 qwo
1
6y P1p B2
an(p 1)-pay-1 Z (m”n”) < G ")||a||pwl,
(mb +nV)k ﬂ%yé ’

where wy (m) = mP-1B*PB and wy (1) = nd-1-v*+aay
(IlI) LetA; = 1%’2, hy = ‘1+2*2

,A>max{2—p,2—q},0<ﬁ<m 0<y<m
0<ac< mln{’%, %}. Then one has the following equivalent inequalities:

oo o0 B v\« B(p+A—2,q+A—2)
D I

— g,y 1151l gw
Biyr
1
PYp ot g
¥ (p+A-2)—pay -1 (mPn?) r B r ' 4 )
Z” Z raid B B N
— (mP +n") Biyr

where wy () = mPDU=-Fari=2)+pef and w,y (n) =

n@- D=y (p+2-2))+qay
(IV) Let Ay = q*; 2 g = 222

A>max{2—p,2—q} O<,3< m 0<y<m,
0<ac< mm{p e A 2} Then one has the following equivalent inequalities:

oo o0 B v\« B(p+A—2,q+A—2)
224((’%”) anb,< —L2 1 °

ﬁéy%

1
o0 oo PYp p+A 2 q+A 2
(mPnv)® P B(==, )
§ :ny(pl)(q+k2)pay1<§ : a < . 4
n=1 m

am ;
:l(mﬁ+n1’) ﬂ "

mb- 1-B(p+1-2)+paf and wz(n) ni- 1-y(g+1— 2)+qay
Case 2. For A,B > 0, let ¢(x) = A(Inx)? and v (x) = B(lnx)” (8,y > 0), mg = ny = 2. For

O<ii<a+ mln{ﬁ, %} and 0 < « < A, one has the following equivalent inequalities

1l .1 161l g0

lallpwr»

mw

where wy(m) =

i‘i (nm(uryrye - BOwdo)
“~ £ (A(Inm)P + B(Inn)? }* e AAZBxllgqy} LA
« PY»
(A -a)-1 ((lnm)ﬁ(]nn)y) B()”I:)\Z)
Z (lnn)py " Z (A(lnm)ﬂ +B(lnn)y)kﬂm 7 l@llpw»
w2 A*2BMBayp

where w;(m) =

mPL(In m)P—*28+B)~1 and wy (n) = nq‘l(ln p)d0-Ary+ay)-1,
(I) For Ay =

—andkz—5w1th0<k <a+m1n{

} and 0 < & < A, one has the
following equivalent inequalities:

A A
ZZ o UV o P02 bl
(A lnm)ﬁ + B(Inn)v)* ARBMBiyD
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(S (N7
{Z (Inn)? 727~ (Z (A(lnmﬁ+B(1n”)y)Aam> }

AL
r’q
< ——— 1 lallpws

A2BMBayr

where wy (m) = m?~!(In m) P DU2B)+04B and wy (n) = n97}(In ) @-VA-27)+qey,
(I Let hy = 222, 4y = 722, 4 > max(2 - p,2 - q), 0 < B < B,
0<ac< min{’%fz, %}. Then one has the following equivalent inequalities:

O<y<q+k2qa

B p+rA-2 g+i-2

((In m)B (In )7 )® 7 g
mbn<7 a w b W9
ZZ(A Inm)f + B(nn)”)* A2 BN By Il [Plgw,

((Inm)? (Inn)7)* ok
(p+r-2)—pay-1
Z (Inn)” Spar (Z (A(Inm)P +B(1nn)V)*am) }
(l’*‘)h 2, g+i— 2)

< —F—Tllallpw
AlthquyP

where wy(m) = m?~(In m)P-D0-Blarr-2)+pef gnd
wo(n) = n97(In n) @00~y (pr2-D)+qey
Case 3. For A,B > 0, let ¢(x) = A(Inx)? and ¥ (x) = Bx” (B,y > 0), mgy = 2, ny = 1. For
O<Xti<a+ min{%, %} and 0 < « < A, one has the following equivalent inequalities:

iimm—m“ b <Mnan 5]
Z(A(lnm)ﬂ+Bl’lV) men A)QB)‘lIBq)/[l’ w1 q,wor

n=1 m

P
((Inm)Pn? )™ r B(A1,12)
an/ M-a)-1 Z—a < —— llallpwm»
* (A(lnm)? + Bnv)*

AlzBM'qup

where wy(m) = m?~}(In r;/t)p(l‘“‘g*"‘s)‘1 and wy(n) = nd-Mv+ey)-1,
()Forkl_—andkz w1thO<A <oz+m1n{ }and0§a<k,onehasthe

followmg equlvalent inequalities:

ii nmPy By
— _a.b,<— _a W
— ( (Inm)f + Bnr)» " A)LZBM'B},),}, prafERan

00 By PY5 B(%
_ ((Inm)”n”) (G
S G 3] [ < e Vel
— (A (Inm)# + Bn?) A2 BBy
where Wl(m) mp_l(ln m)(p_l)(l_}hﬁ)‘*paﬂ and Wz(n) (q_l)(l—)uy)"'qay

(I) Let hy = 222, 4y = 722, A > max(2 - p,2 - q), 0 < B < b, et
0<ac< mm{l%z, %}. Then one has the following equivalent inequalities:

O<y<

Bp+k 2 q+i-2

EOO §w (L0 S S R W R 1Y
a,,by, < allp,w wo»
(A(Inm)P + Bnv)* " A)\ZBxllgq),p P fmRame

n=1 m=
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1 A2 gia-2
Y (p+A—2)—pay -1 = ((Inm)Pnr) 17 (p+p ’q+
Z" Z |  <——Tlalpm,
(A(lnm)ﬂ+3ny) AlzBMﬁqyp

Where wl(m) = mp_l (ln m)(P—l)(l—ﬁ(q”»—Z))eraﬂ and Wz(l’l) = n(q—l)(l—V(P“»—Z)quW.
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