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1 Introduction
Let {X,,,n > 1} be a sequence, independent and identically distributed with EX; = 0. De-
note S, =Y 1, X;,n>1.For0<r<2andp >0, it is well known that

E|Xi|"<oo, ifp<r,

E[|Xi]"log(1 + [Xi)] < 00, ifp=r, (11)
E|XilP <00, ifp>r,
P
Elsu < 00, 1.2
(n>ll) nl/r ) (12)
S, P
E(ilill) e ) <00 (1.3)

are all equivalent. Marcinkiewicz and Zygmund [1] obtain (1.1) = (1.3) for the casep > r =
1, Burkerholder [2] gets (1.3) = (1.1) for the case p = r = 1, Gut [3] proves that (1.1)-(1.3) are
equivalent in the case p > r, and Choi and Sung [4] show that (1.1)-(1.3) are equivalent in
the case p < r.For 0 < r < 2 and p > 0, Chen and Gan [5] prove that (1.1)-(1.3) are equivalent
under the dependent case such as p-mixing random variables.

By using the method of dominated by a nonnegative random variable, we investigate
the randomly weighted sums of martingale differences under some weakly conditions.
A sufficient condition to (1.2) and (1.3) is presented. To a certain extent, we generalize
the result of Chen and Gan [5] for p-mixing random variables to the case of randomly
weighted sums of martingale differences. For the details, please see our main result of
Theorem 2.1 in Section 2.
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Recall that the sequence {X,,n > 1} is stochastically dominated by a nonnegative ran-
dom variable X if

sup P(|Xn| > t) <CP(X >t) forsome positive constant C and all £ > 0

n>1

(see Adler and Rosalsky [6] and Adler et al. [7]). A bound on tail probabilities for quadratic
forms in independent random variables is seen by using the following condition. There ex-
ist C>0and y > 0suchthatforall#z >1andallx > 0, we have P(|X,,| > x) < Cfxoo et dt.
For details, see Hanson and Wright [8] and Wright [9].

Meanwhile, the definition of martingale differences can be found in many books such
as Stout [10], Hall and Heyde [11], Shiryaev [12], Gut [13], and so on. There are many re-
sults of martingale differences. For example, Ghosal and Chandra [14] gave the complete
convergence of martingale arrays; Stoica [15, 16] investigated the Baum-Katz-Nagaev-type
results for martingale differences; Wang et al. [17] also studied the complete moment con-
vergence for martingale differences; Yang et al. [18] obtained the complete convergence
for the moving average process of martingale differences; Yang et al. [19] investigated the
complete moment convergence for randomly weighted sums of martingale differences,
etc.

On the other hand, randomly weighted sums have been an attractive research topic in
the literature of applied probability. For example, Thanh and Yin [20] studied the almost
sure and complete convergence of randomly weighted sums of independent random ele-
ments in Banach spaces; Thanh ez al. [21] investigated the convergence analysis of double-
indexed and randomly weighted sums of mixing processes and gave its application to state
observers of linear-time-invariant systems; Kevei and Mason [22] and Hormann and Swan
[23] studied the asymptotic properties of randomly weighted sums and self-normalized
sums; Cabrera et al. [24] and Shen et al. [25] investigated the conditional convergence for
randomly weighted sums; Gao and Wang [26] and Tang and Yuan [27] investigated the
randomly weighted sums of random variables and have given an application to ruin the-
ory and capital allocation; Chen [28] obtained some asymptotically results of randomly
weighted sums of dependent random variables with dominated variation, and so on.

Throughout the paper, I(A) is the indicator function of set A and C,C;, C,,... denote
some positive constants not depending on n. The following lemmas are our basic tech-
niques to prove our results.

Lemma 1.1 (¢f Hall and Heyde (Theorem 2.11in [11])) If{X;, ;1 <i < n} is a martingale
difference and p > 0, then there exists a constant C depending only on p such that

k

>

i=1

V4 n pl2
< 2z, ( ip) , > 1.
E(II?]?SXH ) < CiE(ZlE(Xl |-Z; 1)) +E max 1 X;| } n>1

Lemma 1.2 (¢f. Adler and Rosalsky (Lemma 1 in [6]) and Adler et al. (Lemma 3 in [7]))
Let {X,;,n > 1} be a sequence of random variables, which is stochastically dominated by a
nonnegative random variable X. Then, for any o > 0 and b > 0, the following two statements
hold:

E[1Xu|"I(1X| = D)] = GHE[X"I(X < )] + b"P(X > b)},

E[1X|*I(1Xu| > b)] = GEIX*I(X > b)],
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where Cy and C, are positive constants not depending on n. Consequently, for all n > 1, one
has E|X,|* < C3EX®, where Cs is a positive constant not depending on n.

2 The main result and its proof
Theorem 2.1 Let 0 <r<2,0<p<2, and {X,, #u,n > 1} be a martingale difference se-
quence, which is stochastically dominated by a nonnegative random variable X such that

CiEX<oo, if0<r<l,

forp<r, CE[Xlog(l+X)] <00, ifr=1,

GEX" <00, ifr>1,

CyEX <00, if0<r<l,

forp=r, CsE[X1og?(1 + X)] <00, ifr=1, (2.1)
CeE[X"log(l + X)] <00, ifr>1,

CEX<oo, if0<p<l,

forp>r, CsE[Xlog(l+X)] <00, ifp=1,

CoEXP <00, ifp>1.

Assume that {A,,n > 1} is an independent sequence of random variables, which is also
independent of the sequence {X,,,n > 1}. In addition, it is assumed that

Y EA} =O(n). (2.2)

Let S, =) ", A;X;, n>1. Then one has the result (1.3), which implies the result (1.2).

Remark 2.1 In Theorem 2.1, {A,X,,, %,,n > 1} may be not a martingale difference, since
A, is not required to be measurable with respect to .%,_;. We use the property of inde-
pendence and the method of martingales to study the moments of maximum normed (1.2)
and (1.3) and give a sufficient condition (2.1) for them.

Proof It can be argued that

P 0 Sn
E(sup ) :/ P(sup —_
n>1 0 n>1| 1

1/r
Sy
<Py ZP max
oplr = 2k-1<p<ok

Su
i

> t”") dt

I’l/

> tl/p> dt

<orlry f ZP max |S,| > 2%Vt 1”")dt (let s = 2%-1P/ry)
Zp/r

1<n<2k

o0
= Pl +2P/’22 kplr /k/ P( max |S,| >sl/1’> ds. (2.3)
2kpir

k
k=1 1<n<2

Let % ={0,Q)}, 9, =0(X1,...,X,), n>1,and X;; = X;1(|X;| < s'?), where s'7 > 0. It can be
argued that

AXi = AXI(1X] > s'P) + [AiX — E(AiXyi|91)| + EAiXal9m), 1<i<n.
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Then
ad [e¢]
> /2 o P<1$i’§k 1Sl >7) ds
T o |
=2 "L (131’3 2 AXI(Xil > 517) >s/'“/z) ds
~kp! " .
+Zz vl / i (ﬂ}i’ék ;[Aixsi—E(AixsiM_l)] > p,4> e
+ ZZ kplr /W/r <1$23 ZE(A Xl Y1) >S1/p/4) Js
=L+ +1;. (2.4)

Combining Holder’s inequality with (2.2), we have

n n V2, 1-1/2
> ElAl < (ZEA?) (Z 1) = O(n). (2.5)
i=1 i=1 i=1

In view of {A,,n > 1} is independent of the sequence {X,,, n > 1}; by Markov’s inequality,

)ds

- 222 kplr /kp/r -1p (ZE|A |E1XG (1G] >51/p)> ds

k=1 2 i=1

(2.5), and Lemma 1.2, we get

ZAXI (1X;] > s'P)

L <2Z2 kp/r/k/ _l/pE< max
plr

2 1<n<2k

m+1 plr

<G sz "P”Z / sTPE[XI(X > s'F)]ds

mplr

<G, sz kplr szp/r—m/rE[X[(X > 2m/r)]
m=k

00 m
C, Z 2mp/r—m/rE[XI(X > 2m/r)] Z 2k—kp/r

m=1 k=1
C3) o 2m=mIrE(XI(X > 2™, ifp<r,
<{ G Y m2mEIXI(X > 2M)], ifp=r, (2.6)

Cs S0 2 mir E[XI(X > 2)],  if p> 7.

For the case p < r,if 0 < r <1, then

Z zm—m/rE[X[(X > 2m/r)]

m=1

o0 oo
— sz—m/ ZE[XI(2](/V <Y < 2 (k+1) /r)]
k=m

m=1
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k
= iE[XI(Zk/V <X < 2(k+1)/r)] Z zm(l—l/r)
k=1 m=1

<G Y E[XI2M < x <20 < GEX.
k=1

If r =1, then
00
Z 2m—m/rE[X[(X > 2m/r)]

m=1

oo

= m=1 k=m

k 0o

M2

>
L

1 m=1 k=1
<G ZE[X log(1 +X)I(2% < X < 2k*1)]
k=1

< GE[Xlog(1+X)].

Otherwise, for r > 1, one has

> 2 E[XI(X > 2]

m=1

00 00
Z o= mlr Z X[ 2k/r <X < 2k+1 /r)]
m= k=m

00

k
= ZE[XI(zk/r <X < 2(k+1)/r)] Z om-mir

k=1 m=1

o0
<G sz_k/rE[X](zk/r <X< 2(k+1)/r)]
k=1

o]

<GC3) E[XTI(2" <X <20V < GEX'.

k=1

Similarly, for the case p =r, if 0 < r <1, then

[e¢]
> m2mE[XI(X > 2]

m=1

oo o0
— Z mzm—m/r ZE[XI(Zk/r <X 5 2(k+1)/}")]

m=1 k=m

s k
= ZE[X[(Zk/V <X < 2(k+1)/r)] Z mzm(l—llr)
k=1 m=1

oo
<Ca) E[XI(2"" <X <28N)] < C4EX.
k=1

=Y E[XI(x>2")] iiE XI(2% <X <2M1)]
m=1

E[XI(2F <X <2)] Y 1= kE[XI(2F < X < 2")]

Page 5 of 13
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If r =1, then

[e¢]
> m2m I E(XI(X > 2]

m=1
[e.¢] o]
=Y m Yy E[XI(2F <X <2)]
m=1  k=m
00 k 00
=Y EXI(2 <X <2"N]Y “m < G5 Y KE[XI(2° < X < 28]
k=1 m=1 k=1

<GCs ZE[X log?(1 + X)I(2% < X < 2F1)] < GE[Xlog?(1 + X)].
k=1

Otherwise, for r > 1, it follows that

oo
> m2mE[XI(X > 2]

m=1

00 00
_ Zm2m m/rZE XI 2k/r <X < 2 (k+1) /r)]
m=1

k=m
00 k
Z XI 2/(/7' <X< 2k+1 /r ksz —mlr
k=1 m=1

< Cs Zkzk MrE[X1(28 < X < 2%DM)] < GE[X" log( + X)].
k=1

On the other hand, for the case p > r,if 0 < p < 1, then

00
Z zmp/r—m/rE[XI(X > 2m/r)]
m=1

)

2m(p—1)/r ZE[XI(Zk/r <X < 2(k+1)/r)]

k=m

k
E[Xl(zk/r <X < 2 (k+1) /V sz(p 1)/r

1 m=1

Me 1M

>
I

<Gy ZE[)Q(W <X < 2% ")) < GEX.
k=1

If p=1, then

00
Z 2mp/r—m/rE[X[(X > 2m/r)]

m=1

[09) o0
Z Z XI 2/(/7‘ X < 2(k+1)/r)]
m=1 k=m

Mg

k
E[Xl(zk/r X < 2 (k+1) /r Z 1
m=1

>
L

1
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=Y KE[XI(2"7 < X < 2(+Din)]
k=1
< CyEXlog(1 + X).

For p > 1, one has

)
Z 2mp/r—m/rE[X[(X > 2m/r)]

m=1

2m(p—1)/r iE[XI(Q.k/r < X E 2(k+1)/7’)]

k=m

k
E[Xl(zk/r <X < 2(k+1)/r)] Z 2m(p—1)/r

1 m=1

(e I0]e

>
L

o0
< Cpo sz(p—l)/r E[XI(287 < X < 200m)]
k=1

o0
< Cio Y E[XPI(2"" <X <2%7)] < CEX?.
k=1

Page 7 of 13

Consequently, in view of (2.6), the conditions of Theorem 2.1, and the inequalities above,

we have
Ci Y oo 2" MIE(XI(X > 2™, ifp<r,
L<{GCY o m2" ™ EXI(X >2"")], ifp=r,
C3 Y oo 2mPIr-mIrE[XI(X > 2"T)], ifp>r
CyEX <00, ifO<r<l,
forp<r, CsE[Xlog(1+X)] <00, ifr=1,
CeEX" <00, ifr>1,
C,EX <00, ifO0O<r«l,
<{forp=r, GeE[Xlog?(1+X)] <00, ifr=1,
CoE[X"log(l+ X)] <00, ifr>1,
CoEX <00, if0<p<l,
forp>r, CnE[Xlogl+X)] <00, ifp=1,
CpEXP <oo, ifp>1.

It can be checked that for the fixed real numbers ay,...,a,,
{aiXsi _E(aiXsiKgi—l): %71 <i= Vl}

is also a martingale difference. So one has by Lemma 1.1

., 2
E{ max Y [AXy - E(AiXg|9)] }

1<n<2k )

n 2
= E{E< max Y [a:X— E(aiXsil%l)]) ‘Al =ay,...,A, = an}

k
1<n<2 i-1

(2.7)
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<GE {ZE (a?X2)

=a,..., Ay = ﬂn}

e ZEAZEXZ

si?

(2.8)

by using the fact that {A;,...,A,} is independent of {Xj,...,X;,}. Consequently, by
Markov’s inequality, (2.2), (2.8), and Lemma 1.2, one can check that

n

2
L <C 22 kplr /k / _2/pE{ max [AiXsi —E(AiXsi|gi_1)]} ds
plr

k
P 2 l<n<2t ‘7

< C 2 kp/r —2/]7 EAZEXZ
zz [.s z

2!

<G Zz kpir+k / o sTPE[X*I(X < s'7)] ds

k=1 2

+Cy 22 kp/r+kf (X>Sl/p) ds

okplr

=: C3121 + C4122. (29)

For I, it follows that

2(m+1)p/r

kplr+k —2/_p 2 1/p
Zz Z/mw E[X*1(X <s'F)]ds
00 00
< Z szp/nk Z 2mp/r—2m/rE[X21(X < 2(m+1)/r)]
k=1 m=k
00 m
— Z 2m(p—2)/rE[X2[(X < 2(m+1)/r)] Z 2k(1—p/r).
m=1 k=1
Ifp<r,onehasbyr<2
00 m
Z 2m(p—2)/rE[X2[(X < 2(m+1)/r)] Z 2k(1—p/r)
m=1 k=1

S Cl i 2m(772)/VE[X21(X S 2(m+1)/r)]

m=1

oo
— Cl Z 2m(V72)/rE[X2I(X < 21/r)]

m=1
00 m
+C Z 2m(r—2)/r ZE[XZI(ZL'/V <X < 2(i+1)/r)]
m=1 i=1

o0 o0
< C2 + Cl ZE[XZI(zi/r <X < 2(i+l)/r)] sz(V—Z)/r

i=1 m=i
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oo
S C2 + C32(2—r)/r Zz(iJrl)(r—Z)/rE[XZI(zi/r < X E 2(i+1)/r)]
i=1

<Cy+ C5EXV.

For the case p =r, by r < 2, one has

i 2m(P*2)/rE[X2](X E 2(m+1)/r)] i 2/((1*17/’")
m=1 k=1

00
< Cl Z m2m(r—2)/rE[X2I(X < 2(m+1)/r)]

m=1

oo
=C Yy m2"E[X (X <2')]

m=1

oo m
+ Cl Z mzm(f—z)/r ZE[XZI(zl/r <X < 2(i+1)/r)]
m=1

i=1

> o0
<G+ G Y E[XI27 < X < 200m)] Y g2

i=1 m=i
oo
< C2 + C32(27r)/r Z i2(i+1)(772}/rE[X21(2i/V <X < 2(i+1)/r)]
i=1

<Cy+ C5E[X’log(1 + X)].

For the case p > r, it can be checked by p < 2 that

Z 2m(p—2)/rE[X2I(Y < 2(m+1>/r)] < CEXP?.

m=1
Consequently, it follows that

Cr Yo 2MAIEX2I(X < 20 D), ifp <,
Iy < G Yoo m2"ATECI(X < 2D, ifp =,
Cs3 Yooy 2" DE[X2I(Y <200, ifp>r

Ci+ GEX" <00, ifp<r,
Ce + CZE[X"log(1+ X)] <00, ifp=r, (2.10)
CsEXP <00, ifp>r.

IA

On the other hand, similar to the proofs of (2.6) and (2.7), we obtain
o0

0]
Iy <) 2k / sYPE[XI(X > s')] ds
k=1 2

kplr

g m
<y 2 E[XI(X > 2m)] Y ke

m=1 k=1
C3 Y% 2 EIXI(X > 2], ifp<r,
< CaYopoym2"MEIXI(X > 27)], ifp=r, (2.11)

Cs Y 0 2mplr-mIr E[XI(X > 2"7)], ifp>r.
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For the case p < r,if 0 < r <1, then

00
Z 2m—m/rE[X[(X > 2m/r)]
m=1

oo oo

om= mlr X[ 2k/r <X < 2k+1 /r)]

™Mz i

k
E[Xl(zk/r <X < 2(k+l)/r')] 2m(1—1/r)

>
L

1

<G ZE[X](zk/’ <X <209 ] < GEX.
k=1

If r =1, then
oo
sz—m/VE[XI(X > 27”/7’)]

m=1

[e¢] [o olNe o]

=Y E[XI(X>2")] =) "> E[X1(2* <X < 2]
m=1

= m=1 k=m

M2

>
1

1 m=1 k=1

<G ZE[X log(1 +X)I(2* < X <2")] < GE[ X log(1 + X)].

k=1

Otherwise, for r > 1, we have

oo
Z 2m—m/rE[X1(X > 2m/r)]
m=1
oo oo

_ m mlr X] 2/</V <X < 2k+1 /r)]

k
E[X[(zk/r <X< 2(k+1)/r)] sz_m/r
! m=1

Mz I

>
I

< C3 sz*k/rE[XI(zk/r <X < 2(k+1)/r)]
k=1

<G Y E[XTI(2" <X <2%M)] < GEX.

k=1
Similarly, for the case p =, if 0 <r <1, then

> m2mE(XI(X > 2]

m=1

00
_ Zmzm —mlr ZE XI 2k/r X< 2 (k+1) /r)]
m=1 k=m

k ]
E[XI(2* <X <251)] ) 1<) kE[XI(2" <X < 2%7)]

Page 10 0of 13



Yao and Lin Journal of Inequalities and Applications (2015) 2015:264

k
= iE[XI(Zk/V <X < 2(k+1)/r)] Z mzm(l—llr)
k=1 m=1

oo
<Ci) E[XI(2"" <X <2%9N)] < C4EX.
k=1

For r =1, it follows that

[e¢]
> m2m I E(XI(X > 2]

m=1

[e.¢] (o]
=Y “m Y E[XI(2F <X <27)]
m=1 k=m
00 k 00
=Y E[XI(2 <X <2°N)]Y “m < G5 Y KE[XI(2° < X < 28]
k=1 m=1 k=1

[e¢]
<G5 Y E[Xlog?(1+X)I1(2" < X <2°")] < GE[Xlog*(1 + X)).
k=1

Otherwise, for r > 1, it follows that

oo
> m2mE[XI(X > 2]

m=1

00 00
m2m= —ml/r E XI 2k/r <X < 2k+1 /r)]
DI

k=m

00 k
Z XI 2’(/7‘ <X < 2 k+1 /r ZmZ}’n mlr
k=1

m=1

< Cs Zkzk MrE[X1(28 < X < 2%DM)] < GE[X" log( + X)].
k=1

Therefore, by (2.7) for case p > r, (2.11), and the inequalities above, we obtain

Cy Y oo 2" MITEIXI(X > 2], ifp<r,
Ip < § G Y o m2™EXI(X >2™7)], ifp=r,
C3 Y oo 2mPI=mITE[XI(X > 2™7)], ifp>r

CyEX <00, ifO<r<l,
forp<r, CsE[Xlog(1+X)] <00, ifr=1,
CeEX" <00, ifr>1,

C,EX <00, ifO<r<l,
forp=r, GeE[Xlog?(1+ X)] <00, ifr=1,
CoE[X"log(l + X)] <00, ifr>1,
CpEX <oo, ifO<p<],
forp>r, CnE[Xlogl+X)] <00, ifp=1,
CpEXP <00, ifp>1.

A

Page 11 0f 13

(2.12)
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Page 12 0f 13

Obviously, it can be seen that {X,,¥,,n > 1} is also a martingale difference, since
{X,, #,,n > 1} is a martingale difference. Combining with the fact that {4, n > 1} is inde-

pendent of {X,,,n > 1}, we have

E(AiXi|%i1) = E[E(AiXi|9)|9:1] = E[XE(Ail4)|%i-1 |

= EAE[X;|%9] =0,

as,l1<i<n.

In view of the proofs of (2.6), (2.7), and the inequality above, we obtain by Markov’s in-

equality and (2.5)
00 o9
I; < 422’]@/’/ sVYPEl max
k
k=1 2helr 1=n=280
00 o9
= 422_1(1’/’/ sYPE[ max
k
k=1 2l A=
0 00
= 422‘kp/r/ sYPE[ max
k
k=1 2holr =
ok

& 00
E 4 Zz—kp/r/
15

ko1 okplr

i=1
k—kpir -1, 1
< C1k2:1:2 P /W/rs pE[XI(X>s ”)]ds
CiEX <00, ifO<r<l,
forp<r, CLE[X log(1 + X)] < oo,
C3EX" <00, ifr>1,
CyEX <00, ifO<r<l,
<?forp=r, CsE[Xlog?(1 + X)] < 0o,
CeE[X" log(1 + X)] < 00,
CEX<oo, ifO<p<l,
forp>r, CgE[Xlog(1 + X)] < 0o,
CoEX? <00, ifp>1.

ZE(AiXsilgi—l) ds
D E(AXI(1Xi] <57)1%0)| | ds
> E(AXAI(1X| > 5"7)|%i) | | ds

s " E|AJEIXAI(1X| > s77) ds

ifr=1,

ifr=1,

ifr>1,

(2.13)

ifp=1,

Consequently, in view of (2.1), (2.3), (2.4), (2.7)-(2.10), (2.12), and (2.13), one has (1.3).

By (1.3), it is easy to get (1.2).
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