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1 Introduction

As far as we know, optimal control problems [1] have been extensively utilized in many
aspects of the modern life such as social, economic, scientific, and engineering numeri-
cal simulation. Thus, they must be solved successfully with efficient numerical methods.
Among these numerical methods, finite element method is a good choice. There have been
extensive studies in the convergence of finite element approximation of optimal control
problems; see [2—6]. A systematic introduction to finite element methods for PDEs and
optimal control can be found for example in [7-9].

Recently, the adaptive finite element method has been investigated extensively. It has
become one of the most popular methods in the scientific computation and numerical
modeling. An adaptive finite element approximation ensures a higher density of nodes in
a certain area of the given domain, where the solution is more difficult to approximate,
indicated by a posteriori error estimators. Hence it is an important approach to boost the
accuracy and efficiency of finite element discretizations. There are lots of works concen-
trating on the adaptivity of various optimal control problems. See, for example, [10-19].

In many control problems, the objective functional contains the gradient of the state
variables. Thus, the accuracy of the gradient is important in numerical discretization of
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the coupled state equations. Mixed finite element methods are appropriate for the state
equations in such cases since both the scalar variable and its flux variable can be approxi-
mated to the same accuracy by using such methods; see, for example, [20-23].

We shall use the lowest order Raviart-Thomas mixed finite element to discretize the
state and the co-state, and use the piecewise constant space to approximate the control
variable. Using some proper duality problems, we derive a posteriori L*(0, T; L*(Q)) error
estimates for the scalar functions. The optimal control problems that we are interested in
are as follows:

uglggu{%/oT(”P—Pd”z +lly—yal? + ||u||2)dt}, (11)
ye+divp+ey=f+u, xe€Q,te], (1.2)
p=-a(Vy+by), xeQ,t€], (1.3)
yx,t)=0, x€dQte], y(x,0) =yo(x), x€, (1.4)

where the bounded open set 2 C R? is a convex polygon with the boundary 9./ = [0, T.
Let K be a closed convex set in the control space U = L2(J; L%(Q)), p, pa € (L*(J; H(R2)))?,
u,,5a4 € L*(J; HA(R)), f € L*(J; L*(R)), y0(x) € H}(S2). Moreover, we assume that 0 < ag <
a<a®, a(x) e W (Q), c(x) € WH®(Q), b(x) € (W-®(Q))>.

We assume that the constraint on the control is an obstacle such that

K={uel:u(xt)>0,ae inQxJ}.

In this paper, we adopt the standard notation W"?(<2) for Sobolev spaces on 2 with a
norm || - |, given by ||V||Ifn,p = Z‘a‘ﬁm ||D°‘V||Izp(9), a semi-norm | - |, given by |v|fn,p =
> e 1DV p ) We set W™(Q) = {v e W™P(Q) : v]sq = 0}. For p = 2, we denote
H™(Q) = W™X(Q), Hy () = W5 (Q),and [| - llw = | lmas - 1= 11 lloz2-

We denote by L*(0, T; W™ (Q2)) the Banach space of all L* integrable functions from J
into W?(Q2) with norm [|v||sg,wmr () = (foT ||V||3Wm,p(m dt)é for s € [1,00), and the stan-
dard modification for s = co. Similarly, one can define the spaces H'(J; W"*(Q)) and
Ck(J; WP (R)). In addition C denotes a general positive constant independent of / and
At, where / is the spatial mesh-size for the control and state discretization and At is the
time increment.

The plan of this paper is as follows. In next section, we shall give a brief review on the
mixed finite element method and the backward Euler discretization, and then we con-
struct the approximation for the optimal control problems (1.1)-(1.4). Then, using two
duality problems, we derive a posteriori L*(0, T; L*(S2)) error estimates for the scalar func-
tions in Section 3. Finally, we give a conclusion and indicate some possible future work.

2 Mixed methods of parabolic optimal control problems

In this section, we shall study the mixed finite element and the backward Euler discretiza-
tion approximation of convective diffusion optimal control problems (1.1)-(1.4). For the
sake of simplicity, we assume that the domain €2 is a convex polygon. Now, we introduce
the co-state parabolic equation

—zt—div(a(Vz+p—pd))+b~(Vz+p—pd)+cz=y—yd, xeQ,te], (2.1)
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which can be written in the form of the first order system
—z,+divq-a'b-q+cz=y-ys, q=-a(Vz+p-pa)xcQte] (2.2)
and
z(x,£)=0, x€dQ,te], zZ(x, T)=0, xeQ. (2.3)

To be definite, we shall take the state spaces L = L2(J; V) and Q = H'(J; W), where V and
W are defined as follows:

V=H(iv;Q) = [ve (12(@)" divve [X(Q)),  W=LXQ).
The Hilbert space V is equipped with the following norm:
)1/2

2 : 2
IVllz@ive) = (IIVIIG,q + 1 divviig g

Let o =a! and B = ab. We recast (1.1)-(1.4) as the following weak form: find (p, y, u) €
L x Q x K such that

in L o=t ey + ) e, 2.4)
(@p,v) - (0 divy) + (By,v) =0, VveV,te), (2.5)
(s w) + (divp,w) + (cyw) = (f + 1w, w), ¥we W,te), (2.6)
J(5,0) = yo(x), VxeQ. 2.7)

It follows from [1] and [16] that the optimal control problem (2.4)-(2.7) has a unique
solution (p, y, 1), and that a triplet (p, y, u) is the solution of (2.4)-(2.7) if and only if there is
a co-state (q, z) € L x Q such that (p, y, q, z, u) satisfies the following optimality conditions:

(@p,v) - (,divv) + (By,v) =0, WveV,te/, 2.8)
Yo w) + (divp,w) + (W) = (f + w,w), Ywe W,te), (2.9)
y(x%,0) = yo(x), VaeQ, (2.10)
(@qV) - (z,divv) = —(p—pa,V), WweV,te/, (2.11)
—(ze,w) + (dive, w) — (B qw) + (cz,w) = () —ya,w), Ywe W,te/, (212)
2, T)=0, VxeQ, (2.13)
/OT(mz,a-u)dtzo, Viie K, (2.14)

where (., -) is the inner product of L%(2).
Let 7, be regular triangulations of Q. /4, is the diameter of 7 and /# = max/,. Let
Vy, x W), C V x W denote the lowest order Raviart-Thomas space [24] associated with



Hua and Tang Journal of Inequalities and Applications (2015) 2015:272 Page 4 of 16

the triangulations 7 of Q. Px denotes the space of polynomials of total degree of at most
k (k> 0).Let V(t) = {v € P3(t) + x - Po(t)}, W(t) = Po(t). We define

Vii={vi € ViVt € Tpvil: € V(1)},

Wi = {wy € WiVt € Tpwil: € W(r)},

Ky, :=KNW,

The mixed finite element discretization of (2.4)-(2.7) is as follows: compute (py, yi, un) €
L*(J; V) x H'(J; W},) x K}, such that

thgtl)lef}(h{ % /OT(HPh = pall® + lyn = yall* + llunl?) dt}, (2.15)
(@pn, Vi) = 7, divvy) + (Byn,vi) =0, Vv, eV, te], (2.16)
e wi) + (div pr, wp) + (cym wi) = (f + up, wi),  Ywy, € Wit €], (2.17)
yu(x,0) = yi(x), Vxeg, (2.18)

where yg (x) € W), is an approximation of y,. The optimal control problem (2.15)-(2.18)
again has a unique solution (py,ys, uy), and that a triplet (py, yu, uy) is the solution of
(2.15)-(2.18) if and only if there is a co-state (qy,z) € L*(J; Vi) x H (J; W3) such that
(Pn> Y1 Qi 20, un) satisfies the following optimality conditions:

(@pn Vi) = O, divvi) + (Byn,vi) =0, Vv, €Vpte], (2.19)
e wi) + (div pi, wi) + (cymwi) = (f + un, wy), Ywp e Wyt €, (2.20)
yu(x,0) = y5(x), Vreq, (2.21)
(aqu, vi) = (2, divvy) = —(Pr — pa, Vi), Vv € Vit €], (2:22)

—(zne wi) + (div qu, wi) — (B - Qs wi) + (czin, W)

= (yh _ydr Wh)r th € Wh; te ]! (223)
zu(x, T) =0, Vxeg, (2.24)
T
f (up, + zp, ty, — Lth)dt >0, Viu,eKj. (2.25)
0

We now consider the fully discrete approximation for the above semidiscrete problem.
Let At >0,N=T/At e Z,and t; = iAt, i € Z. Also, let
) w.i _ 1p.i—l
ayp' = ——.
Y Az
We address the fully discrete approximation scheme to find (p}, ,, #.) € Vi x W), x K,
i=1,2,...,N, such that

1Y o o ,
min {33 ol -+ -l 141 220

”ZEKh i-1
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(P Vi) = (¥} divvi) + (BY}vi) =0, Vvi €V, 2.27)
(deyiowi) + (divpl, w) + (cyfwi) = (FF + ulyy wi),  Ywy € W, (2.28)
Y = yh(x), VxeQ, (2.29)

where f = f'(x) = f(x,1,), y; = ya(%, t;), and p}; = pa(, ;).

It follows that the control problem (2.26)-(2.29) has a unique solution (pj,y;,4;,),
i=12,...,N, and that a triplet (PZ 3’2’ uZ) eV, x W, x Ky, i=12,...,N, is the so-
lution of (2 26) (2.29) if and only if there is a co-state (qh ,zh -1) e Vh x W), such that
(ph, h,qh ,zh , uh) € (Vi x W,)? x Kj, satisfies the following optimality conditions:

(apjpvi) = (¥ divvi) + (BY,,vi) =0, Vv, €V, (2.30)
(e wi) + (divp, wa) + (v wi) = (F + wjywn),  Ywy, € Wi, (2.31)
) =yh(x), VxeQ, (2.32)
(e, vi) = (21, div i) = —(p), = Pip Vi), YV € Vi, (2.33)

- tz,',,wh 1vqh ,wh -qﬁ,’,wh + czﬁ,’,wh
(e wi) + (di )= (B-ai wi) + (2" wa)

=} = pwh),  Ywy € Wi, (2.34)
ZN(x) =0, VxeQ, (2.35)
(uy + 257 iy — ) > 0, Vit € K. (2.36)

Fori=0andi=N, we let
(appvir) = (0 divvy) + (BY),vi) =0, Vv, €V, (2.37)
(eq),vi) = (2, divvy) = =(py =Py, Vi), YVi €V (2.38)

Fori=1,2,...,N,let

(t —t)y +(t—t;_ 1))’;,)/At,

Yh'(ti—l t] (
Zh|(t,;1 t;] ((tz - t)Z;,l_l + (t - ti_l)Z )/At,
= (

(ti —t)p; " + (t - ti1)p},) /AL,

Qulie 1) = (=) )qj, "+ (- i—l)qZ)/At’

Ppl_y.4

uh'(ti—l’ti] = ulh
For any function w € C(J; L*(R2)), let

W, )l e8] = W 1), WX, D)re( ) = WK, Lin).
Moreover, we let

f’d'(t,’,l,t,’] = ((t - t)Pd + (t tl I)PHI)/Atr l = 1, 2; e )N - 17 f’d'(tN,l,tN] = sz

Pyl = (G =), + (€ = ti)P) ) /AL i=1,2,..,N=1,  Pyley en] =Py -
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Then the optimality conditions (2.30)-(2.36) satisfy

(@, vi) = (Y, divvy) + (BY),vi) =0, Vv, €V, (2.39)
(Yne, wi) + (divﬁh, wy) + (cf/h, wy) = (f + Uy, wy), Yw, e Wy, (2.40)
Yi(x,0) = yh(x), Vxeg, (2.41)
(@Qu Vi) = (Zp,divvy) = =Py = Par Vi), Vi € Vi, (2.42)

~(Zty i) + (div Qpy wi) = (B - Quywi) + (cZpywi) = (Vi = Y, wn),  Ywy € Wi, (2.43)
Znx,T)=0, Vxeg, (2.44)
uy, + Zh,ljlh -Uu,)>0, Vu,ek,. (2.45)

In the rest of the paper, we shall use some intermediate variables. For any control func-
tion Uj, € K, we first define the state solution (p(U},), y(Uy), q(Uy), z(Uy)) to satisfy

(ap(Un),v) — (y(Up), divv) + (By(Uy),v) =0, ¥veV, (2.46)
(e(Un), w) + (divp(Up), w) + (cy(Un), w) = (f + Up,w), Ywe W, (2.47)
y(Up)(x,0) = yo(x), Vxe€ R, (2.48)
(aq(Un),v) = (2(Up),divy) = —(p(Up) — pasv), VVEV, (2.49)
—(z(Up), w) + (div q(U), w) = (B - q(Un), w) + (cz(Up), w)

= ((WUn) —yarw), YweW, (2.50)
2U)x, T) =0, VYxeQ. (2.51)

Let Ry, : W — W), be the orthogonal L%(S2)-projection into W}, [25], which satisfies

Ryw—-w,x)=0, weW,xeW, (2.52)

IRyw = wllog < Chllwlhg ifwe W N W(Q). (2.53)

Let Iy : V— V}, be the Raviart-Thomas projection operator [26], which satisfies: for

anyvevy,
fwh(v— I,v) - veds=0, w,e W,,Ec&, (2.54)
E
f(v ~T,v) -vydxdy=0, v,eVyteT, (2.55)

where &, denotes the set of element sides in 7j,.
We have the commuting diagram property

div Onh = Rh odiv:V — Wh and diV([ - Hh)V 1 Wh, (2.56)

where I denotes the identity operator.
Further, the interpolation operator ITj satisfies a local error estimate:

Iv—Tuvloq < Chlvlz, veVNH(T). (2.57)
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3 Aposteriori error estimates
In this section we study a posteriori error estimates for the mixed finite element approxi-
mation to the parabolic optimal control problems.

For the following analysis, we divide the domain €2 into three parts:

Q. ={xeQ:Z,x <0},

Qo {x €Q: Zy(x) >0, Up(x) = 0},

Q, = {xe Q: Zu(x) > 0, Up(x) > 0}.

It is easy to see that the partition of the above three subsets is dependent on ¢. For all ¢,
the three subsets are not intersected each other, and

Firstly, let us derive the a posteriori error estimates for the control u.

Theorem 3.1 Let (y,p,z q,u) and (Yy, Py, Zy, Qu, Uy) be the solutions of (2.8)-(2.14) and
(2.39)-(2.45), respectively. Then we have

4 2
”I/l - uh”iZ(];LZ(Q)) E CU% + ”Zh - Z(Uh)HLZ(];LZ(Q))I (31)

where

9 > 12
= WUn+ Zill2g0200_ug,)

Proof 1t follows from (2.14) that

” u- uh ”iz(];LZ(Q))

T
:/ (u— Uy, u—-Uy,)dt
0
T T ~
=/ (u+z,u—L[h)dt+/ Uy + Zy, Uy, — u) dt
0 0
T T
+/ (Zh—z(uh),u—uh)dt+/ (z(Uh)—z,u—LIh)dt
0 0
T ~ T
5/ (Uh+Zh,Uh—u)dt+/ (Zh—z(l,lh),u—l,[h)dt
0 0

T
+ / (z(Un) —zyu — LI;,) dt
0
=111 +12 +13. (32)

We first estimate I;. Note that
T ~
L =/ Uy + Zp, Uy, — u) dt
0

T T
= /0 /&'Z_UQ+(Uh +Zn) Uy —u)dxdt + A LO(Uh + Zp)(Uy — u) dx dt. (3.3)
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It is easy to see that

T
/ f (U + Zp)(Uy, — u) dx dt
0o Ja_ua,

< CONUn+Znll321200_va.y * S8 = Unl 220 o

= C((S)ﬂ% + 8”” - Uh”%Z(];LZ(Q)), (34)

where § is an arbitrary small positive number, C(8) is dependent on §~!. Furthermore, we
have

Uh+2h22h>0, U,—-u=0-u<0 on&.
It yields
T ~
/ / (U + Zp)(Uy — u)dx dt < 0. (3.5)
0 Qo

Then (3.3)-(3.5) imply that

L < COMT + 8llu = Upl7a 2 (3.6)
Moreover, it is clear that
T ~
L= / (Zn = 2(Up), u - Uy) dt
0
fd 2
< CO||Zn = 2Un) || 121200 + SN = Unll o 12 (37)

Now we turn to I3. Note that
¥(x,0) = y(Up)(x,0) = yo(x) and  z(x, T) = z(Up)(x, T) = 0.

Then from (2.8)-(2.13) and (2.46)-(2.51), we have

T T
13=/ (z(uh)—z,u—Uh)dtz/ (u— Up,2(Uy) - 2) dt
0

0
T
= /0 (v = y(Wn)), 2(Un) - 2) + (div(p — p(Un)), 2(Uy) - 2)) dt
T
+/0 ((c(y = y(Un)),2(Un) - 2) = (B(y - y(Un)), q(Up) - q)) dt
T
- /0 (e (p - P, () - ) - (- ¥, div(aWs) - q))) dt

T
= /0 (—((z(Un) = 2),,y = y(U)) + (div(q(Un) — @),y — y(Un))) dit

T
+ /0 ((c(=(Un) = 2),y = y(Un)) = (B - (a(Un) - q),y - y(Up))) dt
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T
- /0 ((«(aq(Un) — ), p - p(Un)) — (2(Un) - z,div(p - p(Up)))) dt
T
=/0 (W) = 3,y = (W) + (p(Uy) - p,p - P(Un))) dt < 0. (3.8)

Thus, we obtain from (3.2) and (3.6)-(3.8)

5 2
flae - uh”iZ(];LZ(Q)) = C’?f + ||Zh - Z(uh)“LZ(];L2(Q))’ (39)
which proves (3.1). a
In order to estimate the error || Z;, — z(U},) ||i2 g2 We need the following well-known

stability results (see [27, 28] for the details) for the following dual equations:
¢y —div(aVe +bp) +cp=F, xe€Q,te],
®lag =0, tel, (3.10)
d’(xr 0) =0, xeQ

and

Yy —div@aVy)+b-Vy +cy =F, xeQ,te],
Ylaa =0, tej, (3.11)
w(x) T)ZO, x € Q.

Lemma 3.1 [28] Let ¢ and v be the solutions of (3.10) and (3.11), respectively. Let Q be a
convex domain. Then, for ¢ = ¢ or ¢ =V,

/S;‘(P(x’ t)‘zdx S C”FHEZ(]’LZ(Q)Y Vit E];
T

| [ verasar = CiFiy g,

0 Q
T

/0 /Q D" dxdt < ClIFI% 200

T
2 2
[ [ 1o dsae = 1P

where |D*@| = max{|3%@/0x; 0x;|,1 <i,j <2}.
We also need the following Gronwall lemma.

Lemma 3.2 [29] Let f and g be piecewise continuous nonnegative functions defined on
0 <t < T, g being non-decreasing. If, for each t € ],

£ <g(t) + /o () ds, (3.12)

then f(t) < e'g(¢).

In the following two theorems, we shall estimate the error ||Zh - zZ(U) | 12g;12(0))-
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Theorem 3.2 Let (Yy, Py, Zy, Qu, Uy) and (y(Uy), p(Uy), z(Uy), q(Uy), Uy) be the solutions
0f (2.39)-(2.45) and (2.46)-(2.51), respectively. Then we have

7
|| Yh _y(uh) “iZ(];LZ(Q)) S C Z nlz; (3.13)
i=2

where

T
,732/0 Zhﬁ/(yhﬁdivﬁ“cf/h —f = Uy)* dx dt;
T T

T
N3 = fo Yor f (@Py+ BY;) dxdt; 0} = 1Py~ Pul 2oy
T T

u A 2

’7% = ”f _f||]%2U;L2(Q)); 772 = ” Yh - Yh”%Z(];LZ(Q)); TI% = ”)’g(x) _yO(x)”LZ(Q)'
Proof From (2.30) and (2.37), we get the equality

(OlPh,Vh) - (Yh,diVVh) + (,B Yh,Vh) = O, VVh S Vh. (3.14-)

Let ¢ be the solution of (3.11) with F = Y}, — y(U},), using (2.39)-(2.41), (2.46)-(2.48), and
(2.54)-(2.56), we infer that

” Yy —J’(Uh) Hiz(];Lz(Q))

_ fOT(Yh YUy, F)dt
= fOT(Yh —y(Up), =Y — div(aVy) +b - Vi + cyr) dt
= /OT(((Yh —y(Up)) V) = (Yn, div(Tu(aV))) + (p(Un), V) dt
of (0¥ V) + (c(Ys —y(W), 1)) de+ (¥ - 9(L) (5,00, 9, )

T
= /0 (((Yn = y(Un)) ) = (@Py, (V)
— (BY, Tu(aVy)) — (divp(Uy), ¥)) dt

T
. fo (B a0 + (c(Yn—y(U), ¥)) dt + (52x) - 50, v (3, 0))
T
= /0 (Yo ) + (@Pp, Vi — T (@) — (Py — Py, V) — (div Py, ¥)) dt
T
. fo ((BYiaVr — TT4@Vy)) + (¥n—f — Uy ) dt + (72(2) - 702, ¥/ (x,0))
T

T
= / (Y + divf’h + cf/h —f— U, v)dt + / (aP;, +BY,,aViy — nh(avw)) dt
0 0

T
+ /0 ((F =f,0) + (Yo = Vi), ¥) + (P = Po, V) ddt + (Y(x) = yo(x), ¥ (x,0))

=1L1 +L2 +L3 +L4. (315)
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Using (2.52), (2.40), the Cauchy inequality, and Lemma 3.1, we have

T
L= / (Yne + div Py, + ¥y, —f = Uy, — Pip) dit
0
< C@)n3 + 811V 17241 (g

1
S C’?% + g ” Yh _y(uh)”iZ(];LZ(Q))' (3.16)

Similarly, using the Cauchy inequality and Lemma 3.1, we have

1
LZ =< Cﬂ% + g ” Yh _y(uh) ||i2(];L2(Q))’ (3.17)
1
Ly < C(n +n + ) + H 1Y - y(h) ||iz(];Lz(Q)), (3.18)
1
Lo < C + 2 [ Y =y Wn) | 22 (3.19)

Hence, using (3.15)-(3.19), we get

7
1Y% =y W) 22y < €D 2 (3:20)
i=2

This proves (3.13). O
Theorem 3.3 Let (y,p,z,q,u) and (Yy, Py, Zy, Qp, Uy) be the solutions of (2.8)-(2.14) and

(2.39)-(2.45), respectively. Let (y(Uy), p(Up), z2(Uy), q(Un), Uy,) be defined as in (2.46)-(2.51).
Then we have the following error estimate:

||Zh - Z(Uh) ||iZU;L2(Q)) <C Z T]zz + C” Yy _y(uh)”iZ(];LZ(Q))) (321)
i=3,6,8-14

where
T ~ ~ ~ A
ﬂ§=/ Zh%/(—th+diVQh—ﬂ~Qh+CZh—Yh+51d)2dxdt;
0 T T

T
ns = / > on /(th + Py —paldxdt; iy = 1Qu = Qull7 2y
0 T T
77%1 = ”I_)h _Ph”iZ(];LZ(Q)); 77%2 = ”Zh - Zh”iz(/;L2(Q));
77%3 = ”I_)d - Pd”iz(];Lz(Q)); 77%4 = ”j}d _yd”iz(];LZ(Q))’
n3 and ng are defined in Theorem 3.2.

Proof Similar to (3.14), using (2.33), (2.38), and the definitions of Z;, Qy, Py, and P4, We
get

(@Qu Vi) = (Zy, divvy) = —=(Py — Par Vi), ¥Vi € Vi (3.22)
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Let ¢ be the solution of (3.10) with F = Z;, — z(U}). Then it follows from (2.42)-(2.44),
(2.49)-(2.51), and (2.54)-(2.56) that

”Zh - z(Up) ”iz(];Lz(Q))
T
:/0 (Z;, —z(L[h),F) dt
T
= / (Zh —z(Uy), ¢y — div(aVe + bo) + c¢) dt
0
T
- /0 ((=(Z4 - 2(U))  §) - (Zin div(TT4(a ¥ + b)) de
T T
+ / (aq(Uh) +p(Uy) —pa,aVe + b¢) dat + / (C(Zh - z(Uh)),¢) dt
0 0
T
= A ((-(2n - 2(Un)) ) = (2 Qu + Py — Pa, T(aV + bep))) dit
T
+ /0 ((p(Un) = paraVe +bp) — (divq(Un), ¢) + (B - q(Uy), ¢)) dt
T
. / (c(Zn - 2(U)), §) dt
0
T
= / ((=(Zn-2(Up)) ) + (2 Qu + Py — Pa,aVp + bp — I, (aVe + be))) dt
0
T ~ ~
[ (@@~ Q) -aQave+bo) - (@iva(th) o) + (8- as).¢)) de
T T _
+ / (C(Zh - Z(Uh),¢)) dt + / (p(uh) —Py+pi—pPasraVeo + b¢)) dt
0 0
T 5 5 5 R T N
= /0 (=Zpe +divQy — B - Qu+cZy = Yy + ya, p)dt + /0 (c(Zn—Zp), ) dt
T -
+ / (th + Py —pa,aVe +be —T1,(aVe + bqb)) dt
0
T

T
+ /0 ((Qn — Qu),aVe + be) dt + /0 (a —Fa+ Vi —y(Uy), ¢) dt

T
+ / (p(l,[h) — Py +Ppa-paraVe + b¢) dt
0
=Z]1 +]2+ "'+]6' (323)

First, using the same estimates as (3.16)-(3.19), we have

1

T €+ N 2= 2 [ 2200 (3.24)
1

Ja = Cy + 2= 2 [ 220 (3.25)
1

Ja = €y + 212 =2Un) | 22y (3.26)

1
Ja = Corly + 120 =W 220 (3:27)
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For J5, using the Cauchy inequality and Lemma 3.1, we have

T
Js :/ (Yn =Y+ Y —y(Un) + ya — Jar $) dt
0

1
= C(’Ié + 77124) + CH Yy _,y(uh) Hiz(];Lz(Q)) + g ”Zh - Z(Uh) ”i2(];L2(Q))‘ (328)

Finally, for /s, using (2.39), (2.46), the Cauchy inequality, and Lemma 3.1, we derive
T _
Jo = / (p(Up) = Py + Py — Py + pa — Pa»aV¢ + bep) dt
0
T
= f (a(p(Un) = Py),a’V¢ + abg) dt
0
T —_
+ f (Py — Py + pa — pa,aVe + bo) dt
0
T
_ / ((y(Up), div(a®Vp + ab)) — (By(Uy), a>Vp + abep)) dt
0
T
+ / (aPy, Ty (a®V + abg) — a>V — abg) dt
0
T
+ / ((BYn, Iy (a>V + abg)) — (Yy, div(I1,(a* Ve + abg)))) dt
0
T _
+ / (Py, = Py + pa — paraVeo +bo)dt
0
T
= / (0(Un) - Y, div(a® Ve + abg)) + (B(Yn — y(Un)),a* V¢ + abe)) dt
0
T
+ / (aPh +BYy, Hh(a2V¢ + abqb) - a’Ve¢ - abd)) dt
0
T —_
+ / (Py, — Py + pa — paraVo +bo)dt
0

1
< C(n3 + iy + n3) + C|| Vs ‘y(uh)”;u;ﬂ(sz)) *3 |21 = =(Un) ”;(];H(Q))' (3.29)

Therefore, it follows from the above estimates that

”Zh ‘Z(Uh)”;(]ﬁ(m) =C Z 77;'2 + C” Yy ‘y(uh)”;(/;ﬁ(g))' (3.30)
i=3,6,8-14
The triangle inequality and (3.30) yield (3.21). O

Remark 3.1 If we use the higher order RT mixed finite elements to approximate the state
variables and the co-state variables, then the estimators 13, n3, %, and 53 in Theorem 3.2
and Theorem 3.3 can be improved by

T
77%=/0 th/(Yht+diV13h+cf/h —f - Uy)* dxdt;

T

T
17?2’:/0 Zhﬁ/(aph+Vth+ﬂYh)2dxdt;
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T

n :/o Zhi/(—zht‘i'diVQh—ﬂ - Qu+ cZy— Yy +3a) dxdt;
T —

ng =/0 Zhi/(otQh+VhZh +Ph—1_)d)2dxdt,

where V,x|: = V(x|:).

Let (p,, q, 2z, u) and (Py, Yy, Qp, Zy, Uy) be the solutions of (2.8)-(2.14) and (2.39)-(2.45),
respectively. We decompose the errors as follows:

p—Py=p—p(Uy) +pUp) —Py:=€ +&1,
Y=Y, =y—y(Uy) +y(Up) — Yy =1 +e,
q-Qn=q-q(Uy) +q(Uy) - Qn:= € + &3,

z—Zyp=z—2z(Uy) +z(Uy) — Zp := 1y + €.

From (2.8)-(2.13) and (2.46)-(2.51), we derive the error equations:

(aer,v) — (r,divv) + (Br,v) =0, Vvevy, (3.31)
(r1z, w) + (dive, w) + (cry, w) = (u - Uy, w), Ywe W, (3.32)
(x€g,v) = (r9,divv) = —(€1,v), Vvevy, (3.33)
—(rap,w) + (divey, w) — (B - €2, W) + (cro, w) = (r, w), Ywe W. (3.34)

Theorem 3.4 There is a constant C > 0, independent of h, such that

el zge@) + Inllzge) < Cllu = Unll 20,020 (3.35)

lealli2gr2i) + 12 ll2gi2@) < Cllu — Upll 2,20 (3.36)

Proof Choosing v = €; and w = r; as the test functions and add the two relations of (3.31)-
(3.32), we have

(aey, €1) + (riy, 1) = (u— Up, 1) — (Bri, €1) — (cry, ). (3.37)

Then, using the e-Cauchy inequality, we can find an estimate as follows:

1
(ae, €1) + (r1esm1) = C(Inl o) + 11 = Unllpagy) + 5 (@€, e0). (3.38)

Note that

10
(r1,m1) = E&H”l”iz(m,

then, using the assumption on 4, we can obtain

1 2 0 2 2 2
5“0 ”61 ||L2(SZ) + E E ”7"1 ||L2(Q) = C(”rl ”LZ(Q) + ||Lt - uh ||L2(SZ)) (339)
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Integrating (3.39) in time, and since 1(0) = 0, using Lemma 3.2 to get

”Q”iZU;LZ(Q)) + ”rl”iOOU;LZ(Q)) =<Cllu- Uh”iZ(];Lz(Q))’ (3~4O)

implies (3.35).
Similarly, we can obtain

”62”%2(];L2(Q)) + ”rZHiOO(];Lz(Q)) = C(”El”iZ(];Lz(Q» + ”rIHiZU;LZ(Q)))- (341)
Using (3.41) and (3.35), we complete the proof of Theorem 3.4. a
Collecting Theorems 3.1-3.4, we can derive the following results.

Theorem 3.5 Let (p,y,q,z, u) and (Py, Yy, Qp, Zy, Uy) be the solutions of (2.8)-(2.14) and
(2.39)-(2.45), respectively. Then we have

14
i = Un 32200 * 19 = Yall 2oy *+ 12 = Zilaggggy < € Dt (3.42)
i=1

where 1, is defined in Theorem 3.1, 1y, ..., n; are defined in Theorem 3.2, and ng, ..., N4 are
defined in Theorems 3.3, respectively.
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