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1 Introduction

The theory of continuous-time linear programming problem has received considerable
attention for a long time. Tyndall [1, 2] treated rigorously a continuous-time linear pro-
gramming problem with the constant matrices, originating from the ‘bottleneck problem’
proposed by Bellman [3]. Levinson [4] generalized the results of Tyndall by considering the
time-dependent matrices in which the functions shown in the objective and constraints
were assumed to be continuous on the time interval [0, T']. Meidan and Perold [5], Papa-
georgiou [6] and Schechter [7] have also obtained some interesting results of continuous-
time linear programming problem. Anderson et al. [8—10], Fleischer and Sethuraman [11]
and Pullan [12-16] investigated a subclass of continuous-time linear programming prob-
lem, which is called the separated continuous-time linear programming problem and can
be used to model the job-shop scheduling problems. Weiss [17] proposed a simplex-like
algorithm to solve the separated continuous-time linear programming problem.

The continuous-time fractional programming problem was investigated by Zalmai [18—
21]. In this paper, we propose the parametric formulation of a class of continuous-time
linear fractional programming problems, and we establish the weak and strong duality
theorems. We first derive many useful convergent properties for the sequences of the op-
timal solutions of parametric continuous-time linear fractional programming problems.
Using these convergent properties, we can prove the strong duality theorem for the para-
metric formulation of continuous-time linear fractional programming problems.

Wen and Wu [22] developed a discrete approximation method to numerically solve the
continuous-time linear fractional programming problems. The weak and strong duality
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theorems were also established in Wen and Wu [22] by assuming the vector-valued func-
tions to be continuous on the time interval [0, T']. If the vector-valued functions are as-
sumed to be measurable and bounded on the time interval [0, T], then the problem is
called the extended form of continuous-time linear fractional programming problems.
Using the strong duality theorem for the parametric formulation of continuous-time lin-
ear fractional programming problems, we can also establish the weak and strong duality
theorems for the extended form of continuous-time linear fractional programming prob-
lems. The main purpose of this paper is to establish the strong duality theorem for the
parametric formulation of continuous-time linear fractional programming problems. The
by-product of the main result is to extend the strong duality theorem in Wen and Wu [22].

This paper is organized as follows. In Section 2, we introduce the primal and dual pair of
continuous-time linear fractional programming problems, where the vector-valued func-
tions are assumed to be measurable and bounded on the time interval [0, T]. Some el-
ementary properties are obtained in order to prove the strong duality theorem. In Sec-
tions 3 and 4, we propose the parametric formulations of primal and dual problems, and
derive some useful convergent properties for the sequences of optimal solutions of the
corresponding parametric problems. In Section 5, the strong duality theorem for the para-
metric formulation is established. In Section 6, using the strong duality theorem for the
parametric formulation, we shall establish the strong duality theorem for the extended

form of continuous-time linear fractional programming problems.

2 Continuous-time linear fractional programming problems
For f € L%([0, T],R), we recall

Il = ( [ o dr)m.

Let MB([0, T], R) be the space of all measurable and bounded functions from a time inter-
val [0, T] into the Euclidean space R. If f € MB([0, T, R), then there exists a positive con-
stant C such that |f(¢)| < C for all ¢ € [0, T]. For x = (xy,...,%,) € L*([0, T1,R?), we mean
X € L2([0, T],R,) for each j = 1,...,q, where x; denotes the jth component of x. Similarly,
for f = (f1,...,f;) € MB([0, T, R%), we mean f; € MB([0, T],R) for each j = 1,...,4.

The continuous-time linear fractional programming problem (CLFP) is formulated as

follows:

fo+ fi (€)X dt

(CLEP) .
ho + [, (h(0)Tx(z) dt

t
subject to  Bx(f) < g(¢£) + / Kx(s)ds foralltel0,T],
0

x e L*([0, T],R?),

where ko > 0, fo > 0, f € MB([0, T],R?), h € MB([0, T],R%), g € MB([0, T],R¥), B =
[Bjlpxg and K = [Kjj] x4 are p x g constant matrices satisfying the following conditions:
o« Kj>0foralli=1,...,pandj=1,...,q;
¢+ Bj>0and )7 B;>0foralli=1,...,pandj=1,...,q.
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The dual problem of primal problem (CLFP) is defined as follows:
(DCLFP) minimize B

T
subject to B'z(t) + Bh(t) > £(¢t) + / Kz(s)ds forallte]0,T],

t

T
~Bho+ | (g1) 2t dt < —f, 1)
0

zeL*([0,T),R?).

Given a primal problem (P), there are many ways to formulate the dual problem (DP)
such that the weak and strong duality theorems hold true between the primal and dual
pair of problems (P) and (DP). Although the dual problem (DCLFP) is not formulated
as a type of continuous-time linear fractional programming problems, it does not lose
the generality because the weak and strong duality theorems have been proven to hold
true between the problems (CLFP) and (DCFLP) as shown in Wen and Wu [22] when the
functions f and g were assumed to be continuous on [0, 7]. In this paper, we are going to
derive the weak and strong duality theorems when the functions f and g are assumed to
be measurable and bounded on [0, 7.

Since the vector-valued function g is assumed to be nonnegative on [0, T, it is easy to
see that the primal problem (CLFP) is feasible with the trivial feasible solution x(¢) = 0 for
all £ € [0, T]. Since each f; is bounded on [0, T] for i = 1,...,q, we see that

a0 <
for each i = 1,...,q. The arguments presented in Wen and Wu [22], Proposition 2.1, are
still valid and guarantee the feasibility of dual problem (DCLFP) when the vector-valued
functions f and g are assumed to be measurable and bounded on [0, T7].

Theorem 2.1 (Weak duality theorem) Considering the primal and dual pair of prob-
lems (CLEP) and (DCLEP), for any feasible solutions x and (z, B) of problems (CLFP) and
(DCFLP), respectively, we have

o+ [ (€@) T x(t) dt )
ho + [ ((£)Tx(8)dt

In other words, the optimal objective value of primal problem (CLEP) is less than or equal
to the optimal objective value of dual problem (DCLFP).

Proof The arguments presented in Wen and Wu [22], Theorem 2.1, are still valid when
the vector-valued functions f and g are assumed to be measurable and bounded on [0, T
here. O

According to the approach proposed by Charnes and Cooper [23], we can transform
the original problem (CLFP) into a continuous-time linear programming problem. Since
ho > 0, we can define

o= T !
ho + [, (h(2))Tx(¢) dt

and y=ox. 2)
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Then the original problem (CLFP) can be converted to a continuous-time linear program-
ming problem as follows:

T
(AP) max afy + f (€2) "y(e) de
0

t
subject to By(t) < ag(t) + / Ky(s)ds forallte[0,T],
0

T
aho + / (h() "y@) dt =1,
0
o >0,

y e L*([0, T],R?).
The following result will be useful for further discussions.

Proposition 2.1 Counsidering the problems (AP) and (DCLEP), for any feasible solutions
(y, @) with a > 0 and (z, B) of problems (CLFP) and (DCFLP), respectively, we have

T T
afy + /0 (f(2)) y()dt <B.

In other words, the optimal objective value of problem (AP) is less than or equal to the
optimal objective value of problem (DCLFP).

Proof Letx =y/a. Then x is a feasible solution of problem (CLFP). Using the weak duality
Theorem 2.1, we have

T T T T
oo [ w0) v = (s [ 10) xt0 )

_Jo+ [ (@) Tx(t) dt _
ho + [, (h(6)Tx(6)dt ~

This completes the proof. 0

We say that the vector-valued function h is Lipschitz continuous on [0, T] if and only if
there exists a constant y such that

\hi(t) = hi(t)| < - 1t - o]
forall 1, € [0, T] and for eachj =1,...,4.

Theorem 2.2 (Wen and Wu [22]; Strong duality theorem) Suppose that the vector-valued
functions f and g are continuous on [0, T, and that the vector-valued function h is Lipschitz
continuous on [0, T]. Let

o= mln{BU IBZ‘]‘ > 0},

»
V = max K¢,
j=L,...q -

i=
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T :max{[ﬁ(t)| :j=1,...,qandt e [O,T]},

z :max{gi(t):izl,...,pandte [O,T]}.

Then there exist optimal solutions x*, (y*,«*), and (z*, B*) of problems (CLFP), (AP), and
(DCLEP), respectively, such that o* > 0 and

fo+ [ (€)Tx*(t) dt
ho + [, (h(£))Tx*(t) dt

T T
B —ay + /0 (£0) Ty @) d,

where X* = y*/a*; that is, there is no duality gap between the primal and dual pair of prob-
lems (CLFP) and (DCLEP), and the optimal objective values of problems (AP) and (DCLFP)
are equal. Moreover, forj=1,...,q and t € [0, T], we have

T
a* <1/hy and |y’»"(t)|§i~exp 7\ e in[0,T]. (3)
J hoo o
Fori=1,...,pandt € [0,T], we have
Oiﬂ*fgpt TeXp(a)+O‘f0 d

O"h()

T (4)
|z;‘(t)| < 5 -exp(v?) a.e. in [0, T].

We also remark that, in Wen and Wu [22], the decision variables x and z were assumed
to be in L*([0, T],R?) and L>°([0, T], R%), respectively. Since the proof of strong duality
theorem in Wen and Wu [22] was based on the weak convergence in L2([0, T], R), it means
that the strong duality theorem should be true in the situation that the decision variables
x and z are assumed to be in L2([0, T], R?) and L2([0, T], RY), respectively. This is the rea-
son why we consider the space L2([0, T],IR) in this paper. The purpose of this paper is to
derive the strong duality theorem when the vector-valued functions f and g are assumed
to be measurable and bounded on [0, 7] based on the parametric formulation that will be
discussed in the next section.

3 Parametric formulation of primal problems
Suppose that the vector-valued functions f and g in the primal problem (CLFP) can be
parameterized as the vector-valued functions f. and g, for € > 0 in which f, and g, are
assumed to be continuous functions on [0, 7] and g.(¢) > 0 for all £ € [0, T]. The vector-
valued function h is assumed to be Lipschitz continuous on [0, T].

We also assume that the vector-valued functions f; and g, are measurable and bounded
on [0, T satisfying go(¢) > 0 for all ¢ € [0, T] and the following conditions:

Ve={tel0, T):f0 450} and w(Vo)<q-c (5)

U ={tel0,T]:go(t) #g.()} and () <p-e, (6)
where 1 denotes the Lebesgue measure. In this case, we see that

1iT(I)l f.(t)=£fy(t) a.e.in[0,T] (7)
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and

lim g.(t) =go(¢) a.e.in[0,T]. (8)

e—>0+

Since the vector-valued functions fy and g, are measurable and bounded on [0, T, there
exist positive constants 7y and ¢y such that

[]5;0(1?)’ <719 forallte[0,T]andforallj=1,...,q 9)
and
gio(t) <¢ forallte[0,T]andforalli=1,...,p, (10)

where fj is the jth component of f; and g is the ith component of gy.
For each € > 0, since the functions f, and g, are continuous on [0, T'], we define

Tie = max |[fi(f)] and 7. =max{tic,..., Ty}
te(0,7T]
and
ie = max gi,e(t) and ¢ = maX{{l,sx”w{p,eL
te(0,T]

where f; is the jth component of f. and g;. is the ith component of g.
For € > 0, we consider the following parametric optimization problem:

Jo+ Jy E0)Tx(0)dt
ho + [} (h()Tx(2) dt

(CLFP,)

t
subject to  Bx(f) < g () +/ Kx(s)ds forallte[0,T],
0

x e L*([0, T],R7),

where the vector-valued functions satisfy the following conditions:
« for each € > 0, the vector-valued functions f. and g, are assumed to be continuous
functions on [0, 7] and g.(¢) > 0 for all £ € [0, T'];
« the vector-valued function h is assumed to be Lipschitz continuous on [0, T];
« the vector-valued functions fy and g, are assumed to be measurable and bounded on
[0, T'] satisfying go(¢) > 0 for all £ € [0, T'];
« for each € > 0, we assume that u(U,) < p - € and u(Ve) < g - € in (6) and (5),
respectively.
According to the approach proposed by Charnes and Cooper [23], we can similarly
transform the problem (CLFP,) into the following parametric optimization problem:

T
(AP,) max afy+ / (€.®) "y(¢) dt
0

t
subject to  By(t) < agc(f) + / Ky(s)ds forallte[0,T], (11)
0
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T
aho + / (h() "y(@)dt =1, (12)
0
o >0,

y e L*([0, T],R?).

Using Theorem 2.2, the problem (AP,) has an optimal solution (y¥, «}) with « > 0 for all
€>0.

Let L*([0, T],R) be the space of all measurable and essentially bounded functions from
a time interval [0, T] into the Euclidean space R. For f € L*°([0, T],R), we recall

IIflloc = esssup|f ()| =inf{k: |f(£)| < kae.},
te[0,T]

where the Lebesgue measure is considered. Therefore we have |[f(¢)| < ||f|l« a.e. in [0, T].

Let {fi}72; be a sequence of functions in L*([0, T, R). We say that the sequence {f;}7°;
is uniformly essentially bounded on [0, T'] if and only if there exists a positive constant C
such that ||fi]loc < C for each k. If {f¢}?2, is a sequence of vector-valued functions, then we
say that the sequence {f;}?; is uniformly essentially bounded if and only if there exists a

positive constant C such that ||fix]lcc < C for each i and k, where fj is the ith component

of fy.
Let {fi}z2, be a sequence of functions in L2([0, T],R). We say that the sequence {fie,
is uniformly bounded on [0, T] with respect to || - || if and only if there exists a positive

constant C such that ||fi|l2 < C for each k. If {f;}32; is a sequence of vector-valued func-
tions, then we say that the sequence {f;}?°, is uniformly bounded with respect to || - ||, if
and only if there exists a positive constant C such that ||fix]|l2 < C for each i and k, where
fik is the ith component of f.

Since each f. is continuous on [0, T], it is clearly that f, is bounded on [0, T]. However,
the sequence {f, }7°, is not necessarily uniformly bounded on [0, T], since we may not
have a constant such that each £, is bounded by this same constant. In this paper, we shall
assume that the sequence {f, }?2, is uniformly essentially bounded on [0, T']. It is clear that
if the sequence {f;}?2, is uniformly essentially bounded on [0, T, then it is also uniformly
bounded on [0, T] with respect to || - |2, since L=([0, T], R) C L*([0, T], R). The following

lemmas are very useful.

Lemma 3.1 (Riesz and Sz.-Nagy [24], p.64) Let {fi}32, be a sequence in L2([0, T],R). If the
sequence {fic};2, is uniformly bounded with respect to | - |12, then exists a subsequence {fi }7,
that weakly converges to fy € L2([0, T],R). In other words, for any g € L*([0, T],R), we have

T

T
tim [y (0g0de - [ fitogle)a.
0 0

J—> 00

Lemma 3.2 (Levinson [4]) If the sequence {f;}3, is uniformly bounded on [0, T] with re-
spect to || - ||» and weakly converges to fy € L*([0, T],R), then

fo(t) <limsupfi(t) a.e. in[0,T]

k—00
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and
fot) > likminfﬁ((t) a.e. in [0, T].

The following result is useful for deriving the strong duality theorem.

Proposition 3.1 Given a sequence {ex}72, in R, \ {0} with €x — 0+ as k — oo, suppose
that the sequences {£. )32, and {ge, }32, are uniformly essentially bounded on [0, T)]. Given
a sequence {(y;,, o, )};2, of optimal solutions of problems (AP ) with o} > 0, there exist
a subsequence (€, )75 with €, — 0+ as i — oo and a feasible solution (y§, o) of problem
(APy) such that the subsequence {yjki < weakly converges to y;, and the following limits
hold true:

*

il—i>rzl>loa:kt =%
T T T T
ilirgo ; (fo(2)) y:ki(t)dtz fo (fo(0) y5(0)dt, (13)
. r T T T
iliTo i (ffki(t)) y:ki(t)dtz /0 (fo(2)) ys(®)de. (14)

Proof Let y;,, be the jth component of y7, . Since the sequence {g, };2, is uniformly essen-
tially bounded, there exists a positive constant 13 satisfying [|gi¢; lloo < 7 for each i and k.

According to (3), we have of < 1/hy and

. T z T
Ser - exp Kkl < L - exp Kkl a.e.in [0, T
hoo o hoo o

for each k, which says that the sequence {af, }22, is bounded, and the sequence {ve, |l

Ve )] <

is uniformly essentially bounded on [0, T, i.e., uniformly bounded with respect to || - ||2
on [0, T]. Using Lemma 3.1, there exists a subsequence {yieﬁ)}?jl of Dreia that weakly
converges to some J 9 € L2([0, T],R). Using Lemma 3.1 agaillq, there exists a subsequence
{y; ol of {y; w15 that weakly converges to some J,0 € L*([0, T],R). By induction,
“k; “k;
there exists a subsequence {y* ;17 of {y* ; )} that weakly converges to some ¥ €
l'ek,- l’ekl-
L*([0, T],R) forj =1,...,q. Therefore we can construct a subsequence {y:,(( )i that weakly
converges to yo € L2([0, T],R9). On the other hand, since {o" )5 isa bounded sequence
Eki
of real numbers, there exists a subsequence {a:k,- 172 of {a:‘;(q) 17, that converges to some o).

In this case, using the weak convergence, we have

T T
lim / (a(®) 'y: () dt = / (a(®)) '§o(t)dt for anya € L*([0, T],RY) (15)
11— 00 0 i 0
and
lim of =af. (16)

i—oo ki

Page 8 of 22
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Using the feasibility of (y;, ,«; ), we have

T
1=af ho + /0 (h(t))Ty:kl_ (t) dt 17)
and
t
0 <By; () <o g () + f Ky? (s)ds forallte[0,T]. (18)
i i 1 0 i

By taking the limit superior from (17) and (18) and using the weak convergence and (8),

we obtain
t
0 <lim supBy;‘k‘ (2) < aggolt) + / Kyo(s)ds a.e.in [0, T] (19)
i—00 ¢ 0
and
T T
agho + / (h(®) Vo) dt=1. (20)
0

Using Lemma 3.2, we have

lim supy:kv () > yo(t) > lilminfy:kv (#)>0 a.e.in|[0,T]. (21)
] 11— 00 ]

i—00

Since B > 0, using (19), we also have

t
Byy(t) <lim supBy:k_(t) <ajgo(t) + / Kyo(s)ds a.e.in [0, T]. (22)
i 0

i—00

Let Ny be the subset of [0, T'] such that the inequality (22) is violated, and let N; be the
subset of [0, T] such that yo(¢) # 0. We define N = Ny U N;. Then, from (21), we see that

the set N has measure zero. Now, we define

. Yolt) iftéN,
vio =4" (23)
0 ifteN.

Then we see that y§(¢) > 0 for all ¢ € [0, T] and y§(¢) = yo(t) a.e. in [0, T].
« Fort ¢ N, from (22), we have

t t
By} (2) = Byo(t) < aggo(t) + / Kyo(s)ds = aygo(t) + / Kyj(s) ds.
0 0

+ Fort € N, using (19), we also have

t ¢
By (2) =0 < aggo(t) + / Kyo(s)ds = aggo(t) + / Kyj(s) ds.
0 0
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From (20), we can obtain

T

r T
agho + fo (h(®) y5@)dt = agho + /0 (h(t)) o) dt = 1.

This shows that (y§, ) is a feasible solution of problem (APy). Since yj(2) = yo(£) a.e. in
[0, T], from (15), we see that the subsequence {ve, 2% weakly converges to yg.

Since f; is assumed to be measurable and bounded on [0,T], it follows that f, €
L%([0, T],IR9). Since {ygk 1 weakly converges to y§, this proves the limit (13). We remain
to prove the limit (14). Since the sequence {f, (#)} is uniformly essentially bounded on
[0, T, there exists a positive constant T such that ||fi¢, [looc < T for each j and k. Now we

have

T T, T T,
’ / (fo, ) vZ, (Bt - fo (fo(®)) ygkl_(t)dt‘
‘ / L0-50]'y, (t)dt‘

= ‘/ [fgki (t) - fo(t)]Ty;‘k,(t) dt‘ (using assumption (5))
Vey. !
q
< M(V%) . Z(?+ 70) - Hy]’feki Hoo (7o satisfies (9))

j=1

q
<q-€ - (T+1)- Zny;;ki Hoo (using assumption (5))
j=1

and

T T T
’ / (6,0)"v5, O - [ (fo0) Yé(t)dt‘
0
T T
‘ / L 0) 7y, (i - /0 () y:;l_(t)dt‘

+

T T
/0 (60)"y;, - [ (660) it

T T, T T,
| @)y, @de- [ @) yo<r)dt‘.

q
<q-€y-(T+10)- Zny}feki oo +
j=1

Since €, — 0+ as i — 00, the limit (14) follows from the limit (13) immediately, and the

proof is complete. O

4 Parametric formulation of dual problems
For any € > 0, we consider the following parametric optimization problem:

(DCLFP,) minimize S

T
subject to BTz(t) + Bh(t) > £.(¢t) + / KT z(s)ds

t

forall t € [0, T], (24)
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T
—Bho+ | (g() 2t)dt < —f, (25)
0

zeL*([0, T], RY).
We see that (CLFP,) and (DCLFP,) are a primal and dual pair of problems for any ¢ > 0.

Lemma 4.1 For each € > 0, we define the real-valued function

)= p[ (26)

v(T —1t)
o

on [0, T). If (2e, Be) is a feasible solution of the dual problem (DCLEP,), then there exists a

feasible solution (z.(t), B) of dual problem (DCLEP,) such that 7. (t) < z.(t) and z;(t) <

Pe(t) for each i and t € [0, T, where z;. is the ith component of Z..

Proof Since f. and g, are assumed to be continuous on [0, T'] for € > 0, the result follows
from Wen and Wu [22], Lemma 5.3, immediately. O

Proposition4.1 Given asequence {€}2, in R, \ {0} with e — 0+ ask — o0, suppose that
the sequences {£., 172, and (g, 132, are uniformly essentially bounded on [0, T]. Given a se-
quence { (zjk, ﬂjk)}z‘;l of optimal solutions of problems (DCLFPy, ), there exist a subsequence
{ij}ffl with €, > 0+ asj— oo and a feasible solution (z§, B;) of problem (DCLFPy) such
that the following limit holds true:

lim ﬁ:k, =B

J—> 00 J
Proof For each € > 0, since f. and g, are continuous on [0, T'], Theorem 2.2 says that the
dual problem (DCLFP.) has an optimal solution (z, B;), where z{ = (z],...,z, ). Now,
we consider the real-valued function p. defined in (26), and write p, as a p-dimensional
vector-valued function with all entries p.. Using Lemma 4.1, there exists a feasible solution
(ze, B) of (DCLFP,) such that

Z.(t) <zi(t) and ZJ(t) <p(¢) forallte]0,T]. (27)

Since the sequence {f, ()} is uniformly essentially bounded on [0, T'], there exists a posi-
tive constant T such that ||fi, llc <7 for eachj and k. Let

% = max{7, 10},

where 7, satisfies (9). In this case, we define the real-valued function
T* V(T —t)
po(t) = — - GXP[ } (28)
o o

on [0, T]. We also write p, as a p-dimensional vector-valued function with all entries po.
Then

Z.(t) < p (t) < po(t) forallze[0,T]and foralle >0
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and, from (9),
[ﬁyo(t)| <t* forallte[0,T]and forallj=1,...,n. (29)

From (28), we can obtain
T
opot) =1t +v- / po(s)ds forallte [0, T]. (30)
t

The assumption of B;; says that ), B;; > ¢ for each j. By (30) and (29), foreachj=1,...,n,

we have
T
Zszpo(t) > apo(t) = [fo(0)] + Z/ |Kijlpo(s) ds
T
> fo®) + > f Kiipo(s)ds forallt € [0,T], (31

which shows that
T
BT p,(t) > fo(t) + f KT po(s)ds forallte[0,T].
t

Since ,Bz‘k > 0 and the vector-valued function h is nonnegative, we have

T
BT po(t) + BLh(1) = BT po(t) = fol(t) + / KT py(s)ds forallt e [0,T). (32)
t

Since the sequences {f,, }?°, and {g., }?2, are uniformly essentially bounded on [0, T], from
(4), we see that the sequence {BZ )32, is bounded, and the sequence {z{ }32; is uniformly
essentially bounded on [0, T]. From (27), we also see that {Z, }32, is uniformly essentially
bounded on [0, T, i.e., uniformly bounded with respect to || - || on [0, T]. Using Lemma 3.1
and the induction argument given in the proof of Proposition 3.1, there exists a subse-
quence {ifl(f) ]‘-’fl that weakly converges to some %, € L*([0, T],R?). On the other hand,
since the séquence {’3:@ %1 is bounded, there exists a subsequence {,Bjkj 5 of {'B:,(f.’) )
J

k
7
that converges to some 8. Therefore we have

T T
lim i;rk‘ (t)c(t) dt = / ig(t)c(t) dt foranyce LZ([O, T],R"’) (33)
and
lim B = fy. (34)
jooo K

By the feasibility of (i€k/ » B2, ), we have
7

T
BTiEkj(t) + ﬂ:k_h(t) > fek}_ @) + / I(Tigkj (s)ds forallte[0,T] (35)
U t



Wu Journal of Inequalities and Applications (2015) 2015:251 Page 13 of 22

and
T
B+ [ gl Ok 0d < (36)
VA 0 J Vi

Since g is assumed to be measurable and bounded on [0, T], it follows that g, €
L*([0, T],IR%). From (33), we also have

. T Ta T TaA
Jim [ (ea(0) 2 1= [ (ea(0) a0 (37)

Since the sequence {g., } is uniformly essentially bounded on [0, T'], there exists a positive
constant E such that [|g;¢, [lo < E for each i and k. Now we have

T T A T T A
[ (e 0) 2 0a- [ (@) 2, 0ar

T
= VO [gsk,. () - go(t)]Tiekj(t) dt‘

/ [gék,(t)—go(t)]Tiek,(t)dt‘ (using assumption (6))
u 7 J

€ k]‘

q
) D€ +50) - lzig lloe (2o satisfies (10))
i=1

q
<p-eg (¢ +¢o)- Z ||Zi:5kj loo (using assumption (6))

i=1

and

T T T T
/ (gek].(t)) 2, (1)t - / (80(®)) io(t)dt‘
0 0

T
gek 0) 2o, (O dt— | (80(0)) 2o (1)t
0 ]

+

T T
/ (20(0)) B (6)dt - / (80(0)) io(t)dt’
0 0

3 ; ' To Ode— [ Ta0(t)d
<peay @460 Dl [ (@) 2 0ar- [ (@) 2w

Since €, — 0+ as i — 00, using (37), we obtain

T T
lim geTkv ()2, (t)dt = f g, (D)Zo(t) dt. (38)
J U 0

Jj—00 0

By taking the limit inferior from (35) and (36), and using the weak convergence and the
limits (7), (8), and (38), we obtain

T
[llmmengk()] Bih(t) > £o(t) + / KT2y(s)ds a.e.in[0,T] (39)

J—> 00
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and
T
— Biho + / g, (DZo(t) dt < —fy.
0
Using Lemma 3.2, we also have
Zo(t) > lim infigki #) >0 a.e.in[0,T]
]J—=> 00
and

2o(t) <limsupZ, () a.e.in[0,T].
Jj—00 J

Since igk/ (t) < po(2) forall £ € [0, T], from (42), we also have
Zo(t) < po(t) ae. in[0,T].

Since B > 0, using (39) and (41), we have
B a0(t) + BEh(t) > [lijrg infB 2, (t)] + BEh(E)

T
> fo(t) + / KT2o(s)ds a.e.in[0,T].
t
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(40)

(41)

(42)

(43)

(44)

Let Ny be the subset of [0, T] such that the inequality (44) is violated, and let N; be the
subset of [0, T] such that Z(t) 7 0. We define N = Ny U N;. Then, from (41), we see that

the set N has measure zero. Now we define

zo(t) ift¢N,

zy(t) =
po(t) ifteN.

Then zj(¢) > 0 for all ¢ € [0, T] and z{(£) = Zo(¢) a.e. in [0, T]. We are going to claim that

(zg, B3) is a feasible solution of dual Problem (DCLPy). From (40), we have

T T
~ Biho + / g, (O)zh(t) dt = —Biho + / gy ()2o(t) dt < —f.
0 0
« Suppose that ¢ ¢ N. From (44), we have

BTzj(t) + B3h(t) = B 2o(t) + Byh(0)

T T
> fo(t) + / KT7o(s)ds = £(2) + / KTz(’;(s) ds.
t t
» Suppose that t € N. From (43), we see that

z5(t) < po(t) a.e.in[0,T].

(45)

(46)
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Using (32), (34), and (46), we also have

BT z(t) + Bh(t) = BT py(t) + Bh(2)

T
> fo(£) + / K" py(s)ds
t
T
zfo(t)+/ I(Tzé(s)ds.
t

From (45), we conclude that (zf, 85) is indeed a feasible solution of dual problem (DCLPy).
This completes the proof. 0

5 Strong duality theorem for the parametric formulation

According to Propositions 3.1 and 4.1, we are going to establish the strong duality theorem
based on the parametric formulations of continuous-time linear fractional programming
problems (CLFP, ) and (DCLFP,,) for € — 0+ as k — oo.

Theorem 5.1 (Strong duality theorem) Given a sequence {€;}72, in R, \ {0} with e — 0+
as k — oo, suppose that the sequences of functions {f. } and {g., } are uniformly essentially
bounded on [0, T]. Then the following statements hold true.
(i) Foreach k, there exist optimal solutions x,, (Y7, , e ), and (z,, B,) of problems
(CLFP,), (AP,), and (DCLEDP,,), respectively, such that

for Jy £ 0x (Hdt
ho + [ (h(t))Tx;‘k(t) dt

T
o |, GOV 0 @)

where of, >0 and x; = yjk/ajk

(ii) There exist a subsequence {ek 1 of {extie, with €, —> 0+ asj— oo and the feasible
solutions (yg, o) and (z, Bg) ofproblems (APy) and (DCLFPy), respectively, such
that the following limits hold true:

li =,
; _1)1}.1O ol a =
lim ,B =B
Jj—o00
T T .
lim [ £ (8)yr ()dt= / (fo(1) ys®)dt
j—=o0 Jo V) J 0

and the following equality is satisfied:

T
oz(lfo+/ (fo(0)) yi(e) de = B;. (48)

Ifaf >0, then x§ = yylog, (y5, of), and (2, B;) are the optimal solutions of problems
(CLFPy), (APy), and (DCLEPy), respectively, such that the following equalities hold
true:

fo +f0 (£o(2)) "x55(2) dt
ho + [} (h(@®)Txg(t)dt

T
%fo+/ (fo(0) Ty (00 = B =
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(ili) We further assume that the vector-valued function fy satisfies the following

inequality:

q T
fo-o qvT
;/0 Jio(®)dt < T 'eXP(—T>, (50)

where f is the jth component of £, and?satl’sﬁes g loo < ?for each j and k. If
ag =0, then (y§,0) is the feasible solution of problem (APy), and y§ and (z§, B§) are
the optimal solutions of problems (CLFPy) and (DCLFPy), respectively, such that

T fo+ [ G@)Tys®dt  fo+ B3
f T« dt = B* = 0 — 0 .
/0 ( O(t)) YO(t) t 130 ho + fOT(h(t))TyZ;(t) dt hO + 1

Proof Since f,, and g, are assumed to be continuous on [0, T, part (i) follows from The-
orem 2.2 immediately. To prove part (ii), using Proposition 4.1, there exists a subsequence

{ek(o) };fl of {ex}2; with e,(;) — 0+ as j — oo such that
]

lim g%, = B;. (51)
Jj—>o0 fki
Now, using Proposition 3.1, there exists a subsequence {ex } of {ek/@ }5 with €, — 0+

as j — oo such that

T

T T
lim o, f; + /0 £, (005, (0)dt = oify + / (f(0)) "ya (0, (52)

] 0

where the sequence {y;,_}X; weakly converges to yg. From (47), we have
]

T
k% T *
iy =aifor [, 0, O

Therefore, using (52) and (51), we obtain the equality (48). Suppose that «§ > 0, by Propo-
sition 2.1 and the equality (48), it follows that (yj, o) and (zf, B) are the optimal solutions
of problems (APy) and (DCLEFPy), respectively. On the other hand, let x = y§/. Since

xjkj = y;‘kj /a:kj and the sequence {yjkj 51 weakly converges to yg, it follows that

lim T(h(t))Tx* (t)dt = (lim L) . (lim /T(h(t))Ty* (® dt)
j—o00 0 6kj j—>00 o(;"ki j—>00 0 ek/-
- L / T(h(t))Tyé(t)dt: f T(h(t))Tx;;(t)dt (53)
0[6k 0 0
and similarly
T T T T
lim [ (f(2)) x; ()dt = / (fo(2)) x3(2)d. (54)
J—> 00 0 ] 0
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Since the sequence {f,, } is uniformly essentially bounded on [0, T'], there exists a positive
constant T such that ||fi¢, [l <7 for each i and k. Now we have

T T, T T .
/0 (fe, ) x;, (D) dt = /0 (fo(2)) xek/_(t)dt‘

T
/0 [fskl_(t) - fO(t)]TX:k,- (1) dt‘

/ [fek,(t)—fo(t)]Tx’:k,(t)dt‘ (using assumption (5))
v, 4 ]

sk].

q
<uVe) D Frwo) g

i=1

q
<q-ek- T+1)- Z”xj;ki ||C><J (using assumption (5))
i=1

and

T T
‘ / (£, (0) ', (6)dt - / (fo(t))Tx’g(t)dt'
0 / ] 0

<

T T
/ (£, ) 'x¢_ () dt - / (fo(t))ijk,(t)dt‘
0 U 0 )

+

T T, T T .
/0 (fo(2)) xek/(t)dt— /0 (fo(®)) xo(t)dt‘

T T T T
/ (fo(®)) X! (t)dt— / (fo(2)) xg(t)dt‘.
0 U 0

q
<q- Ekj . (:L'\+ TO) : Z”x:ekj ”oo +
i=1

Since €, — 0+ as j — 00, using (54), we obtain

T T T
lim | ] (0x, (Ot = /0 (fo(t) ' x5 (0) dt. (55)

Jj—>00 0

Now, using (55), (53), (47), and Proposition 4.1, we obtain the equalities (49). By the weak
duality Theorem 2.1, we conclude that x and (z§, 8;) are the optimal solutions of problems
(CLFPy) and (DCLEPy), respectively.

To prove part (iii), since o = 0, we see that (y§, 0) is a feasible solution of problem (APy).
Therefore we have

T
/ (h(0)) 'y de =1
0
and
t
By, (t) < f Kyi(s)ds forallte[0,T],
0
which implies

t
By (t) —/ Kyi(s)ds <0 <go(t) foralltel0,T].
0
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This shows that yj is a feasible solution of problem (CLFP,) with the objective value

ot Jo @) Tyo@dt _fo+ Jy (Bo(®)Tys(e) de

56
ho + [, (WD) Ty5(0) dt ho +1 (56)

Since ag = 0, the equality (48) says that

T
B: = f (fo() "y;(0) . (57)
0
Using (56) and weak duality Theorem 2.1, we obtain

forBs _for Jo Co@)Tys@dt _fo+ [y @) vi@dr

= = 58
ho+1 ho +1 ho + fOT(h(t))T yi@)dt 0 )

Let 30 be the jth component of yo. From (3) and (21), we obtain

e, T
¥j0(t) < limsupy;, () <limsup > exp L
oo ki hoo o

i—00 0

3 T
< £ ~eXp<—qU ) a.e.in [0, T1.
hoo o

Let y7, be the jth component of yj. Using (23), we also obtain

y5o(6) < £ 'exp<qz—T) a.e.in [0, T]. (59)

Now, using (57), (50), and (59), we have
T "y T q T
ﬂ$=f (fo(0) "y5 (00 dt < -exp(&> ~Z/ ﬁ,o(t)dtfi%,
0 o Jo

which is equivalent to

Jo+Bo _ e
> .
h0+1 _'BO

Therefore, using (58), we obtain

fo+ fy Go®) Ty dt _fo+ B _ 5
ho+ [T (h(e)Tys(0)de o+l O

By the weak duality Theorem 2.1 again, we conclude that y§ and (z§, 85) are the optimal
solutions of problems (CLFP) and (DCLFPy), respectively. This completes the proof. [J

6 Strong duality theorem for the extended form
Based on Theorem 5.1 and Lusin’s theorem, we are going to extend the strong duality
Theorem 2.2 by assuming the functions f and g to be measurable and bounded on [0, T].
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Theorem 6.1 (Rudin [25], p.55; Lusin’s theorem) Suppose that ¢ is a measurable function
on X such that ¢ (x) = 0 for x ¢ A, where A C X and u(A) < co. Given € > 0, there exists a

continuous function ¢ on X such that

n(freX:c) # L)) <e

Moreover, we may arrange it so that
sup|¢e (x)| < sup|¢ (x)]- (60)
xeX xeX

Consider the primal and dual pair of problems (CLFP) and (DCLFP). We take f, = f and

8o = . Therefore we have

()| <70 forallte[0,T]andforallj=1,...,q
and

gi(t)<¢y forallte[0,T]andforalli=1,...,p,

where f; is the jth component of f and g; is the ith component of g.

Lemma 6.1 Given ¢ >0, there exists a vector-valued continuous function f. on [0, T] such
that V. = {t € [0, T] : £(¢t) # £.(¢)} satisfies u(Ve) < q - € and 1. < 19.

Proof Since f is measurable on [0, T] and u([0, T]) < oo, by Lusin’s theorem 6.1, given

€ > 0, there exists a continuous function fj. such that the set
Vie = {t €10, T1:£(6) #f (D)}
has measure p(Vj¢) <€.Let V, = ;1=1 Vj,c. We define the vector-valued function
£(t) = (e ()1 foe(0))-
Then
Ve = {t € [0,T]:£(z) #fe(t)} and u(Ve)<q-e.
According to (60), we can arrange f. such that

sup Uje(t | < sup V |
(0,7 €[0,T]

foreachj=1,...,q. Since we take f, = f, we have

Tje = H[léix] je t)| = SUP lﬁe(t)i = SUP lf(t)| = SUP lf()(t)i =7
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for eachj=1,...,q, which says that
Te = Max{Tic,..., Tge) < To-
This completes the proof. d

Lemma 6.2 Given € > 0, there exists a vector-valued continuous function g.(t) > 0 on
[0, T such that U, = {t € [0, T] : g(t) # g (¢t)} with u(U.) <p - € and ¢ < .

Proof Since g is measurable on [0, T] and ([0, T]) < 0o, using Lusin’s theorem and the

similar argument from the proof of Lemma 6.1, there exists a vector-valued continuous
function g, on [0, 7] such that

U ={tel0,T]:g() #8()} and w(l)<p-e.

We define g.(¢) = |8.(¢)|. Then g.(¢) > 0 for all ¢ € [0, T] and the vector-valued function
g is also continuous on [0, T']. For ¢ ¢ {I., we have

g(t) = |g(1)] = |s®)] = 8®).
Equivalently, if g(¢) # g.(¢), then ¢ € (1., which says that
U ={tel0,T):g(t) #g(®)} CU. and () <u(l)<p-e.

Finally, since we take gy = g, according to (60), we can arrange g, such that
Cie = max |gic ()| = sup |gic(8)| < sup |gi(®)| = sup |gio(®)| <o
t€[0,T] t€[0,T] £€[0,T] t€[0,T]

for each i =1,...,p, which says that ¢ < ¢o. This completes the proof. d
Now, we are in a position to obtain the strong duality theorem in the extended form.

Theorem 6.2 (Strong duality theorem - extended form) Consider the primal and dual
pair of problems (CLFP) and (DCLFP). Then the following statements hold true:
(i) There exist feasible solutions (y*,a*) and (z*, B*) of problems (AP) and (DCLFP),
respectively, such that

T T
afy + /0 (£0) 'y*(e)dt = B,

(il) Ifa* >0, then x* =y*/a*, (y*,a*), and (z*, B§) are the optimal solutions of problems
(CLFP), (AP), and (DCLEP), respectively, such that

_Jo+ [ (E@) X (¢) dt
ho + [ (h()Tx*(t)dt

T
o+ | () v () de = B*
0
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(ili) We further assume that the vector-valued function £ satisfies the following
inequality:

q T
fo-o qvT
]XI:/O fit)dt < . -exp(—T).

Ifa* =0, then (y*,0) is the feasible solution of problem (AP), and y* and (z*, B*) are
the optimal solutions of problems (CLFP) and (DCLEP), respectively, such that

fo+ [} (€0)Ty* () dt _fo+ B
ho+ [T(h(e) Ty (O)de  ho+1

T
/0 (£0) Ty (0) e = p* =

Proof Given a sequence {e;}72; in R, \ {0} with ¢ — 0+ as k — oo, since f and g are
assumed to be measurable and bounded on [0, T], we can obtain the sequences of vector-
valued continuous functions {f, }22, and {g., }22, satisfying 7., < 70 and ¢, < {o, respec-
tively, which also says that the sequences {f, }?°, and {g, }32; are uniformly essentially
bounded on [0, T]. We also have u(U,) < p-€ and u(V,) < g - € from Lemmas 6.1 and 6.2.
Since ¢ < ¢ from Lemma 6.2, it says that ||g;¢, [lo < o for each i and k. If we identify the
problem (AP) with problem (APy), the primal problem (CLFP) with problem (CLFPy), and
the dual problem (DCLFP) with problem (DCFLP) by taking fy = f and gy = g, then the
result follows from Theorem 5.1 by taking 7 = ¢o. This completes the proof. O

Theorem 6.3 (Strong duality theorem - extended form) Consider the primal and dual
pair of problems (CLFP) and (DCLFP). Suppose that the vector-valued function f satisfies
the following inequality:

4 T ) T
121:/0 f(®)dt sf";_oa -exp(—%). (61)

Then the primal and dual pair of problems (CLFP) and (DCLFP) have no duality gap.
Proof The result follows from parts (ii) and (iii) of Theorem 6.2 immediately. O

Since the vector-valued function f is bounded by 7o, i.e., |fj(£)| < 7o forall £ € [0, T] and
forallj=1,...,q, we also have the following interesting result.

Theorem 6.4 (Strong duality theorem - extended form) Consider the primal and dual
pair of problems (CLFP) and (DCLFP). Suppose that the bound v, satisfies

fo-o qvT
9 < TG ~exp<—7). (62)

Then the primal and dual pair of problems (CLFP) and (DCLFP) have no duality gap.

Proof Since

q T q T
) d ()| d T -1,
,ZI/O 50 ts;lfo f0)]dt<q-T 7



Wu Journal of Inequalities and Applications (2015) 2015:251 Page 22 of 22

the inequality (61) is satisfied automatically by using (62). The result follows from Theo-

rem 6.3 immediately. 0
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