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Abstract

Some criteria for the boundedness, as well as for the compactness, of the generalized
weighted composition operator Dy, , from a-Bloch spaces into weighted-type spaces
are given. Estimates for the norm and the essential norm of the operator are also
given. Our results extend and complement some results in the literature.
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1 Introduction

Let D be the unit disk of the complex plane C, H(D) the class of functions analytic on
D, and H* = H*(D) the space of bounded analytic functions on . For 0 < @ < 00, an
f € H(D) is said to belong to the «-Bloch space B* = B*(D) if

be(f) = su}g(l — 21*)*|f(2)] < oe.

It is easy to check that B* becomes a Banach space with the norm ||f ||z« = [f(0)] + b, (f).
The little a-Bloch space Bf = Bj (D), is a subspace of B* consisting of all f € H(D) such
that

lzlliir}(l - 121*)*|f'(2)| = 0.
When o =1, B! = B is the well-known Bloch space, while B} = By is the well-known little
Bloch space. For some results on the «-Bloch spaces and the little «-Bloch spaces, see, for
example, [1].

A positive continuous function on D is called a weight. Let 1(z) be a weight. The
weighted-type space on D [2, 3], denoted by H;® = H;°(D), consists of all f € H(D) such
that

I e = Suﬂ[)?u(Z)[f(z)| < 00,
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It is obvious that H5® = H*, while for 11(z) = (1-|z|*)#, B > 0, is obtained the growth space
Hg® [4].

Let u € H(D) and ¢ be an analytic self-map of D. The weighted composition operator
uC,, induced by ¢ and u, is defined by

WC, (@) =u(@) - f(¢(), feHD),zeD.

When u(z) = 1, then the weighted composition operator is reduced to the composition
operator, usually denoted by C,, while for ¢(z) = z, it is reduced to the multiplication
operator, usually denoted by M,,.

A natural generalization of the weighted composition operator is the generalized
weighted composition operator [5] or the weighted differentiation composition operator
[6] Dy ,, which is defined as

(Dh.)@ =u@) - f"(p), feHD)zeD,

where n € Ny, u € H(D), and ¢ is an analytic self-map of . Clearly, when # = 0 and
u(z) =1, D) , is the composition operator C,, if n = 0, then D}) , is the weighted composi-
tion operator uC,. If n = 1 and u(z) = ¢'(z), then Dj ,, = DC,, which was studied, for exam-
ple, in [3, 7-15], while for u(z) = 1, D}, = C,D", which was studied in [3, 13, 15, 16]. For
some other results on the generalized weighted composition operator on various spaces
of holomorphic functions, see, for example, [17-22]. A fundamental problem concern-
ing concrete operators is to relate function theoretic properties of their symbols to their
operator theoretic properties (see, for example, [3, 5-29]).

It is well known that the composition operator is bounded on the Bloch space B. See, for
example, [26, 28, 29] for the compactness and essential norm of the composition operator

on B. In [28], it was shown that C,, is compact on B if and only if
ICopilz=|¢ |z —0 asj— oo,

where pj(z) =7, j € No.
Motivated by this result, in [22], the author proved that D)) , : B — H° is compact if

and only if it is bounded and
1m [0, 0)] 5 0.

Following the line of the above mentioned investigations, in this work, we consider the
operators D , : B* (or By) — H}°, and show that Dy, : B* (or Bj) — H;° is bounded
(respectively, compact) if and only if the sequence (j"“1||Dg,u(pj)|| HY );?fn is bounded (re-
spectively, convergent to 0 as j — 00). Moreover, we give some estimates for the norm,
as well as for the essential norm of the operator D} , : B% (or Bj) — H}°. Recall that the
essential norm of the operator 7' : X — Y is its distance to the set of compact operators K

mapping X to Y, that s,

I Tllex—y =inf{|T = K| x—y : K is compact},
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where X and Y are Banach spaces and || - ||x_y is the operator norm. Consequently,
IT|lex—y = 0 if and only if T' is compact.

Throughout the paper, we denote by C a positive constant which may differ from one
occurrence to the next. We write P < Q if there exists a positive constant C independent
of the quantities P and Q such that P < CQ. The symbol P =~ Q means that P < Q < P.

2 Boundedness of Dj, , : B¥ (or By) — H}?
For w e D, set

1-|w?
w i —— ]D)
@ 1 -wz)~ Z€
Note that
1— 2\—n n-1
f"(2) = %H(a +j), zeD,neN. 1)

In this section, we will use this family of functions, as well as the sequence of functions

(j"“lpj)jeN to characterize the boundedness and compactness of Dy, B* (or By) — H°.

Theorem 2.1 Let n be a positive integer, o > 0, 1 a weight, u € H(D), and ¢ be an analytic
self-map of D. Then the following statements are equivalent.

() The operator D)) ,: B* — H}° is bounded.

(b) The operator Dy, : By — H° is bounded.

(©) My 1= sup,, 1D, ()l < 00,

(d) My :=sup,ep 1D} fow e <00 and u € HY.

- n(@)|u)|
(e) Ms:=sup,p oo ByimaT < 00 andu e H7.
[ no . Ra 0 . .

Moreover, if the operator D, , : B* — H° is bounded, then the following asymptotic re-

lations hold:
|y ~|D; ~ My~ max (My, [|ull e | ~ Ms. )

U ”Bﬂt_)Hgo Bz ”Bg—>Hg°

Proof (a) = (b) Since B} C B, this implication, as well as the inequality

103 e = 1Dl e ®

is obvious.

(b) = (c) It is easy to see that the sequence (j"“lpj)jeN is bounded in B and
j-1

Il / 2 (L2 i forjeN
il Be = , for )
PilBe = j—1+2a J—1+ 2« /

which implies that [|j*"p;|| g« & 1. Notice that (D}, .pn)(2) = u(z)n!, z € D, while for j < n,
Dy ,(pj) = 0. Therefore, by the boundedness of Dy} , : By — H°, we get

D@ e = 1D 2i) e = CIDG g e < 00
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for every j € N, proving (c), as well as the asymptotic relation

”Dw u ||B“_>H°C (4)
() = (@) If |¢lloo = SUP,ep |9 (2)| < 1, then by Proposition 8 in [1], we have

N2l rrge 1f Nl 3

1
”Dw,ufHHﬁo = (1 _ ||¢||go)n+a—l’

from which the boundedness of D} , : BY — H? follows in this case.

Now assume that ||¢| o = 1. Let ]D), ={zeD:rj < |p(2)| < rj.a} wherer; = (j—n)/(j+o —1)
for j > n. Then from Lemma 1 in [16], which also holds for m = 0, i.e., n = 1 in our case, we
have that there is a § > 0 such that

min/ =1+ =+ D] (1= o) =3,

for every j > k + 1, where k is the smallest natural number such that Dy # @.
Fix N > k + 1. Then, clearly N > n + 1 and we have

[56uf e = sup. n@u@||f"(e@)|+ sup  u@[u@||f"(e@)]. ©)

lo(@)< g2t lo(@)1> p

The finiteness of M; implies u € H°. Hence, as in the first case, we have

sup  u(2)|u(@)|[f" (0(2)] = N1l aze [If ] 3= (6)

()< gty

On the other hand, since D \ {|¢(z)| < NW )= szN Dy, we get
sup  w(@)|u@)||[f"(¢(2))|
|§0(Z)‘ZNIY_; 1

= sup sup 1u(2)[u(2)[|f*” (¢ (2))|

j=N ZEIDJ/*

PG =1) - (= + DIp@) V" [f " (0(2) (L - |p(z)|)* !
= sup sup u(@)]u(2)| M(/ D G-n+ D~ @) @)
M
”f”B sup/* 1, w0 e < =5 Wl < 00. ?)

From (5), (6) and (7), the boundedness of Dj , : B* — H}* follows.
(c) = (d) First note that (c) implies that u € H;°. Further, since

sup(l - |Z|2)°‘lf,,:,(2)| = sup(l _ |Z|2)QM

a+l
zeD zeD [1-wz|*+t =l weD,

the family of functions (f,,)wep is uniformly bounded in B*. Furthermore

T(+a)_; .
(2) = (1- w2, D.
ful@= (1w ); @ " 7€



Li and Stevi¢ Journal of Inequalities and Applications (2015) 2015:265 Page 5 of 12

I(j+a)
@)
continuity of the operator, we get

By Stirling’s formula, we have ~ j*1 as j — oo. Using this fact, the linearity and

0
105 ol e < CA=1wP) D 1wl |1 D) )] o <M< 00, weD.
j=n

Consequently, sup,,cp 1D} fou |l e < My, and along with the inequality 7%~ n!||u| g <
M, obtained by considering ||Dgyu(n“‘1p,,) |10, we also have

max{Mg, ||M||Hfz°} =M. 8)
(d) = (e) For A € D, it follows from (d) and (1) that

()" T (e + )

M, > D2 o > 9
2= ” tﬂ,uf‘ﬂ()‘) ”HM — (1 _ |(p(k)|2)n+a—l ( )
For any fixed r € (0,1), from (9), we have
A A A" A A M
wp PN O My 0
lp(A)|>r (1 - |</)()¥)| ) lp)|>r r (1 - |(P()¥)| ) r
On the other hand, from u € HZO, we have
w(A)|u(r)] SUP| < (A) (2]
sup N\n+a—1 = 2\n+o—1
loi<r (L=1o(R)[?) 1-r2)
llaell e
= (1= r2)nﬂ+a—1 (11)
Therefore, (10) and (11) yield the inequality of (e), as well as the asymptotic relation
Ms < max{Mz, N2l prge } (12)
(e) = (a) By Proposition 8 in [1], if f € B* and k € N, we see that
k+a—
sup(1 - 121%) " [fO )] < CIIf I 52,
zeD
for some constant C independent of f. Therefore, for z € D, we have
1@ (D) @] = w@)|u@||[f" ()|
w(2)|u(z)] 13)

< Tyt e

where C is independent of f. Taking the supremum in (13) over D and then using the first
condition in (e) we see that Dy, B* — H}? is bounded, and

< Ms. (14)

U ” BY—H —

12;

If the operator Dy, B* — H? is bounded, then from (3), (4), (8), (12), and (14), we
obtain (2), completing the proof. d
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3 Compactness and essential norm of Dj, , : B* (or By) — H?

In this section we will give an estimate for the essential norm of the operator Dj, , : B* —
H?,as wellas of DY) , : By — H,°. For this purpose, we state several lemmas, which will
be used in the proof of the main result.

Lemma 3.1 [16] Let o > 0, m > n + 1, where n € N. Define the function H,,, : [0,1] —
[0, 00) by

m! m—n—1 n+o
Hyo (%) = (m ——I’l _ 1)'7(? (1—x)"e.

Then the following statements hold.:
(i)

Ho () = Hy o) (n+1)), m=n+1,
max I,e(X) = Hpa\lm) = m! m—n-1\m-n-1(_n+a +n
O=x=l (m—n—l)!(mwz—l) (m+ot—1 “ , m>n+l,

where
0, m=n+1,
—
mon-l s+ 1.
m+a—1

(i) Form>n+1, Hy,y is decreasing on [V, y.1l, and so

. m! m—n\""" n+a\*"
min Hm,a (x) = Hm,a (rm+1) = ( > ( ) .

T <Xyl m-n-1NM\m+a m+ o
Consequently,
. _ : (n+a)"
lim m*! min  H,,x) = ———
m—>00 i <X<Tp41 en+a

Denote by K,f(z) = f(rz) for r € (0,1) and z € D. Then K, is a compact operator on B3¢
for every o > 0, and || K, || <1 (see, e.g,, Proposition 1.3 in [24] and [27]). Let I denote the
identity operator. The following three lemmas can be found in [25] (see also [16]).

Lemma 3.2 Let0 < « < 1. Then there is a sequence (ri)ren, with 0 < ry < 1 tending to 1, such
that the sequence of compact operators L; = ]l Z]/;=1 K., j € N, on B satisfies the following.
(i) Foranyt e (0,1), lim;_, SUP £l o <1 SUP |z <¢ (I -Ly)f)(2)] =0.
(ii) lim;_, oo SUD|f|l ge <1 SUPzeD (1 - Lj)f(z)| =0.
(iii) limsup;_, o I - L;|| < 1.
Furthermore, these statements hold as well for the sequence of biadjoints L;* on B

Lemma 3.3 Let « = 1. Then there is a sequence (ri)ien, with 0 < ry < 1 tending to 1, such
that the sequence of compact operators L; = }l Y b Koo j €N, on By satisfies the following.
(i) Foranytel0,1),lim;_, SUP) /) 5 <1 SUP|z|<¢ I((I - L)f) (2)| = 0.
(iia) 1imy— o0 SUP |y 5 <1 SUP|ss | (1 — Lj)f (2)|(log 1—|1z\2 )7L <1, for s sufficiently close to 1.
(iib) limj_ o SUP| £ 5 <1 SUP}z <5 |(I - Ly)f (2)| = O for the above s.

(iif) limsup;_, o [l - L;]| < 1.
Furthermore, these statements hold as well for the sequence of biadjoints L™ on B.
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Lemma 3.4 Let o > 1. Then there is a sequence (ri)ken, with 0 < ry < 1 tending to 1, such
that the sequence of compact operators L; = 11 Z]/;ﬂ K., j €N, on B satisfies the following.
(i) Foranyt e [0,1), lim;_, SUP| | 5 <1 SUP||<¢ (I -Ly)f)(2) = 0.
(ii) Foranyt € [0,1), limj_ SUP £ o <1 SUP|zj< [ -L)f(z)| =0
(iii) limsup; , . I - L;|| <1.
Furthermore, these statements hold as well for the sequence of biadjoints L™ on B*.

To study the compactness, we also need the following lemma, which can be proved in a
standard way (see, for example, Proposition 3.11 in [23]).

Lemma 3.5 Let n be a nonnegative integer, a > 0, u a weight, u € H{D) and ¢ be an
analytic self-map of D. Then D), , : B* (or By) — H;° is compact if and only if Dy,

B* (or By) — H,? is bounded and for any bounded sequence (fi)ken in B%, which converges
to zero uniformly on compact subsets of D,

lim | D? =0.
lim D2
Now we are ready to state and prove the main results in this section.

Theorem 3.6 Let n be a positive integer, o > 0, i a weight, u € H(D), and ¢ be an analytic
self-map of D. Suppose that Dy, , : B* — H/° is bounded. Then

105l o me e 1Dl g e~ lim sup PP @) e (15)
j—>o00
Proof First note that the inequality

192l = 10l 16)
obviously holds.

Now we give a lower estimate for the essential norm D5, e BY—HSP - Without loss of
generality, we assume that j > 1. Choose the sequence of functions g; = j*'p; € BF, j € N.
Then |\gjll5« ~ 1, and (g;)jen converges to zero weakly on B§ as j — oo (see, for example,
Theorem 7.5 in [30]). Since by a well-known theorem, for any compact operator K:X—
Y, where X and Y are Banach spaces, the weak convergence x, X xo implies the norm
convergence I?x,, — I?xo [31], we have

lim [|Kgjllszze =0, (17)
J—> 00

for any given compact operator K from 5j to H;;°.
Hence

195 = K g e = (D = K)o = 05, e = 1K 5
Letting j — oo in the last relation and using (17), we obtain

105 = Kl e = 1im 5P 25,5 e = 1im 5007 05,0 |
J—> 00
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and consequently

lnf”D I<” By —HZ® z hm SuijFl ||D$,u(p}) ”Hﬁo . (18)
J—> 00

“ o.u ||e By—H ~

Now, we give the upper estimates for the essential norm ||D}} ,|l¢,5— - For the case
of sup,.p |¢(2)| < 1, there is a number 8§ € (0,1) such that sup, ., |¢(z)| < 8. In this case,
the operator Djj , : B — H° is compact. Indeed, choose a bounded sequence (f)jen
in B* which converges to zero uniformly on compact subsets of D. From Cauchy’s in-
tegral formula, (}g("))jeN also converges to zero on compact subsets of D as j — oo.

Hence

lim ||D” uf”HDO = hm sup,u z)|u(z)f ((p(z))|

]—)OO

< Nl e 11m supv ( Z))|

||u||Hm lim sup [f w)| =0.

o0 |w|<s

From this and by Lemma 3.5 we see that the operator D} , : B* — H}° is compact. This
also shows that

1D}l o = 0. 19)

e,BY—Hp
From (16), (18), and (19), we get the desired result in the case sup,.p, |¢(z)| < 1.
Next, we assume that sup,.p, [¢(z)| = 1. Let (L;)jen be the sequence of operators given in
Lemmas 3.2-3.4. Since L;* is compact on B, for every j € N, and Dy, , is bounded from
B* to H;?, then Df L™ is also compact from B* to H°. Hence

|25,

” Ba*)Hﬁc

ol rge = 1imsupl[ DG, = DG L}

= limsup| D} (I - L") | Be—HE
j—o0

= limsup sup HDW(I L**)f”H
T "

= limsup sup sup u(z)‘u(z)((l —L;“*)f)(n) (go(z))‘.

j—oo  |flige <1 zeD

For each positive integer i > n, we define D; = {z € D : r; < |¢(2)| < 741}, where r; is given in

Lemma 3.1. Let k be the smallest positive integer such that Dy # . Since sup,p, |@(2)| =1,
D is not empty for every integer i > k and D = | J;-, D;, we have

sup sup /,L(Z)|M(Z)((I L**)f)(n) (g&(z))| =L+,
I g <1 zeD

where

Li= sup sup supu(z)|u(z)((I- L**)f)(")(go(z))|

IIfll ge <1 k<i<N-1zeD;
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and

I,= sup supsup /L(Z)|M(Z)((1 —L;‘*)f)(n) ((p(z)) |

IIfllge <1 N<i zelD;

Here N is a positive integer determined as follows.

lot 1+

By Lemma 3.1, lim;_, o HatiD) = (nfaw Hence, for any given ¢ > 0, there existsan N €
N such that
l’l—a et

+ &
za(rHl) (1 + o)+

when i > N. For such N it follows that

I, sup supsup u(z ’u(z ((I L**)f) )(go(z))|

|lfll g <1 N<i zeD);

n Hiot d-a
= sup supsup u(2)|u(z)((I - L**)f)()((p(z))| «(le@)]) i

Il go <1 N<i zeD; ¢ Hio(le@)))
et - i e
< (e ) om0 5 o s sap w0t 5
<=Ly sup 1050 e
Thus
limsupl, < sup i* 1”D (pi)”,_,oo- (20)
j—o0 ®

By Lemmas 3.2, 3.3, 3.4, and Cauchy’s integral formula, we have

limsup/y = limsup sup  sup sup u(z)|u(z)((1 —Lf*)f)(n) (ga(z))‘
j—>00 j=00 |fllga <1 k<i<N-1zeD;

< [l#]| e limsup sup  sup |((1—Lf*)f)(n)(<ﬂ(z))|=

j=oo  |fllge <1lp(2)l<rn

which together with (20) implies that

limsup sup sup u(2)|u(z)((I - L**)f)(n)(go(z))f
j—>00  |fllpa<1zeD
-1 n
= sup 05, (01| -

Therefore

T o

From the last relation we get

|\D;, ||eBaﬁHoo<thupz"‘1||D (pi)”H30' 1)
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From (16), (18), and (21), the asymptotic relations in (15) follow, completing the proof of
the theorem. O

From Theorem 3.6, letting o = 1 we deduce the following result.

Corollary 3.7 Let n be a positive integer, |1 a weight, u € H(D), and ¢ be an analytic self-
map of D. Suppose that D, ,: B — H;° is bounded. Then

1ull e e ™ 1Dl e 2 1im sup | DG, 1) e
j—00

Theorem 3.8 Let n be a positive integer, « > 0, i a weight, u € H(D) and ¢ be an analytic
self-map of D.If Dy, , : B* — H[? is bounded, then the following statements are equivalent.
(a) The operator Dy, , : B* — H° is compact.
(b)
(©) Timy oo M ID2, (B lie = O
(d) limygon—1 105 foom g = 0.
)

w(2)|u(z)| _
(&) Timyp(e)—1 i yzymat = 0-

The opemtorD : By — H, is compact.

Proof The equivalence of statements (a)-(c) follows from Theorem 3.6.
(c) = (d) From (c), we see that, for every ¢ > 0, there is an N € N such that

Ve Vo2l ppe < €125

forallj > N.
Let (zx)ken C D be an arbitrary sequence such that |¢(zx)| — 1 as kK — oo (if such a
sequence does not exist then the equality in (d) vacuously holds). Similarly to the proof of

Theorem 2.1, we have

. <C(1- lo(z)[) Z|(P(Zk)|/]u_l HDZ,M(PJ‘)”HﬁO

Jj=n

= C(L-|o(@)] Z|¢ DT AL

+C(1- Jol@)|” ZIM!’“HD w8
<2C(1- o)V )Mo + Ce, (22)

for k € N, where Mo = max,<j<n-1j*"' 1D}, , (1)) Il r1ze -
Since |@(zx)| — 1 as k — o0, from (22), we deduce that

lim sup ||nguf¢(zk) || oo < Ce.
k—o00 s

Since ¢ is an arbitrary positive number, the implication follows.
(d) = (e) Let (zx)ren be a sequence in D such that limg_, o |@(2zx)| = 1 (if such a se-
quence does not exist then the implication vacuously holds). Since the sequence (f,(;,))ken
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is bounded in B* and converges to 0 uniformly on compact subsets of D, by (9) and

Lemma 3.5, we have

1z |zl (zi)|" T (e + )
(1 - lg(z)2)et

= HDn,ufw(Zk) HHgo —- 0 ask— oo.

Therefore

w(zi) lu(zi)| ) |u(z)lle(zl”
=1 =0,
oY 13 s e TP o 1 T (23)

which implies (e).
(e) = (a) Assume (fi)ken is a bounded sequence in B* converging to 0 uniformly on

compact subsets of D. By the assumption, for any ¢ > 0, there exists a § € (0,1) such that

w(2)u(z)|

- le@pyt ¢ e

when § < |p(z)] < 1.
Therefore, since u € H® we have

10 = supn(a) (D)o

IA

sup 11(2)|u(@) || (0(2))]

S
+C sup u(z)|u(z)]|
zebvg; (1= lp(2)]?)rret

< lulle sup [ (¢(2))| + Cellfill 5, (25)

zeQs

Vel 5

A

where Qs = {z e D: |p(z)| <8}

Since (fi)ken converges to 0 uniformly on compact subsets of I, by Cauchy’s estimate
so do the sequences (fk("))keN for every n € N. Letting kK — oo in (25) and using the fact
that ¢ is an arbitrary positive number, we obtain limy_, « | D}, ,fkllzz = 0. By Lemma 3.5,
we deduce that D} , : B* — H}° is compact. O
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