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1 Introduction
Let Q C R? be a bounded convex polygon domain, f € L?(R2), ¥r1, Y2 € C2(2) N C(R), ¥ <
Y, on  and ¥ < 0 < ¥, on Q. Consider the following two-sided displacement obstacle
problem:
{ Find u € K such that
@)

u = argminyeg J(v),

where J(v) = Za(v,v) — (f,v), aw,v) = [(D*w : D*vdxdy = [(WaVex + WyVyy
+ 2Way V) dxdy, (f,v) = [ofvdxdy, K ={v e H3(Q);y1 <v <V, on Q}.
It follows from the theory in [1, 2] that the solution of obstacle problem (1) is uniquely
determined by the following fourth order variational inequality:
: Find u € K such that @)
a(u,v—u)>(f,v—u), VYvek.

Different from the second order displacement obstacle problems (solutions of that have
the H? regularity, which allows the corresponding strong form of the variational inequal-
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ity to be used in the convergence analysis of finite element methods (FEMs) [3-9]), the
fourth order problem (1) has a unique solution z belonging to H3(£2) N C%(R) (in gen-
eral u ¢ Hff)c(fz) even for smooth data) [10-12]. This lack of the H* regularity means that
the corresponding strong form of the variational inequality (2) is not available for the
convergence analysis of FEMs, which leads to a cardinal difficulty in optimal order error
estimates. Although FEMs for the fourth order variational inequality with one side dis-
placement obstacle were investigated and optimal order error estimates were obtained in
[13-16], the techniques, which depend greatly on the one side displacement obstacle con-
dition, can not be applied to the two-sided case directly. The main reason is that the two-
sided condition will lead to an important inequality in the error estimate invalid, which
makes the convergence analysis complicated and difficult to be handled. Recently, a new
unified convergence analysis for C'-conforming FEs, classical nonconforming FEs, and
discontinuous FEMs for problem (1) was developed in [17, 18]. In which the optimal error
estimate in the energy norm with order O(/1) was established by using an auxiliary obstacle
problem and an enriching operator (here and later / denotes the mesh parameter). Sub-
sequently the idea was extended to a generalized FEM in [19] and a quadratic C° interior
penalty method in [20].

It is well known that the degree of piecewise polynomials of a C*-conforming element
space must be very high to meet C' smoothness requirement. For example, Argyris ele-
ment [21] with 5-degree polynomials and Bogner-Fox-Schmit element [22] with bicubic
degree polynomials are conforming triangular and rectangular elements respectively. This
phenomenon causes some computational difficulties. To reduce the order of polynomials
on each element, nonconforming elements are an attractive option. Unfortunately, the
degrees of freedom of classical nonconforming FEs are usually very difficult to satisfy the
following two requirements simultaneously: (a) to pass through the generalized patch test
or F-E-M-test (cf [23, 24]); (b) to be simple and convenient so that the size of discrete
system is small. For example, the degrees of freedom of Veubeke element [25] are com-
plicated, while Zienkiewicz element [26, 27] is convergent only on three parallel direction
meshes [28]. In order to circumvent or ameliorate the above deficiency, the double set pa-
rameter method is proposed [29], which has two sets of parameters chosen independently.
In principle, the first set is selected to meet convergence requirement, while the second
set is chosen to be simple to make the total number of unknowns in the resulting dis-
crete system as small as possible. Then the first set of parameters is discretized into linear
combinations with respect to the second set (real degrees of freedom) in a certain way so
as to maintain the convergence order. Up to now, several nonconforming plate elements
have been successfully constructed by the double set parameter method and applied to
deal with some fourth order PDEs (c¢f. [30-36]). However, as far as we know, there is no
consideration about problem (1) with this FEM.

The main aim of this paper is to apply two nonconforming elements constructed by the
double set parameter method to approximate problem (1). In this situation, enriching op-
erators meeting the requirements in [17] become very difficult to be developed for each
element space involves two sets of parameters. Consequently, a new approach is adopted
to get the optimal error estimate, in which we skillfully use two kinds of auxiliary obstacle
problems and two enriching operators Ejj, and Eyj. The first auxiliary problem proposed

in [17] plays an important role in connecting the continuous and discrete obstacle prob-
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lems. The second one introduced by ourselves can be regarded as a bridge between the
discrete and the first auxiliary obstacle problems. E;, (presented by [37]) establishes the
relationship between the triangular Morley [38] and Argyris element spaces, and Eyj, is
newly constructed as a connection between the rectangular Morley [39] and Q4 Bogner-
Fox-Schmit element spaces. Finally, we derive an optimal error estimate of order O(%)
in the broken energy norm successfully by a different approach from the existing litera-
ture.

The remainder of this paper is organized as follows. In the next section, the two noncon-
forming finite elements constructed by the double set parameter method are described.
In Section 3, we introduce two kinds of auxiliary obstacle problems and two enriching
operators and obtain error estimates of order O(/) in the energy norm.

The following standard notations for the Sobolev spaces will be used: for an integer m >
0, H"(2) with norm || - ||,,,¢ and semi-norm | - |,,,0, H"(T) with norm || - ||,,,7 and semi-
norm | - |,,, 7, L2(2) with norm || - ||, and L*(T) with norm || - ||o,7, respectively. Besides,
let Px(T') be the space consisting of piecewise polynomials of degree k, and Qi(7') be the
space of polynomials whose degrees for x, y are equal to k on element 7. Throughout the
paper, C denotes a positive constant independent of the mesh parameter / and may be

different at each appearance.

2 Two double set parameter elements
To begin with, for the sake of completeness, we introduce two nonconforming finite ele-
ments constructed by the double set parameter method in [30-32].
Assume that T}, is a family of regular triangular or rectangular subdivisions of 2 [26].
(I) Triangular element: let T € T}, be a triangle with vertices a;(x;, ;) (i = 1,2,3). We
denote by [;, F;, n;, A;, A, respectively, the side opposite to a;, the length of [;, the unit
outward normal vector on /;, the area coordinates for T and the area of T'. Let v, Vi, vjy
be the function value of v and its first derivatives at a;, and a3, 3, a3; be the midpoints

of I3, b, b, respectively. Furthermore, for i = 1,2,3 (mod(3)), we define

b; = Yi+1 — Yi-1» Ci =Xi-1 — Xi+l»
2
p (bi1bio + civicin) ; F;
78— = .
A A

On element T, let the shape function space be
P(T) = Py(T) = Span{Aq, Ay, A3, 1A, AoAs, AzAr}, (3)
and the degrees of freedom be
Di(v) = (dy(v), d2(v), ..., ds(¥)) , (4)

where d;(v) = v(a;) = v;, dir3(v) = %fll ;—r‘; ds,i=1,2,3.
For v € P(T), suppose that

v=B1A1+ Baky + B3z + Bahida + Bshods + BeAshi. (5)
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Substituting (5) into (4), we have D;(v) = C1b with

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
Cl = ki ki 1 ’ (6)
kltl k1r3 k17‘2 71'1 —7t1 ?tl
k27'3 kztz k21"1 %tz %t2 —%tz
k31"2 kgf’l k3t3 —%tg %tg %’tg
where ki = _ZLF,' (l =12, 3)7 b= (,31’ ,321 .. "ﬂﬁ)/ € R6‘
It is easy to see that det C; = % #0. Thus b = Cl‘lDl(v), i.e., there holds
Vve P(T)r V= (PI; C{lDl(V))r (7)
where P = (A1, Ao, A3, AAg, Aoks, Aghy).
Then the associated interpolation operator on T is defined by
IITIVEHz(T)HIITVEP(T), Lrv= (Pl,cl_lDl(V)). (8)
Nodal parameters are chosen as
Q1(V) = (V1, Vi Viys V2, Vaxs Vays V35 V3 V3y) )

We discrete the degrees of freedom D; (v) in terms of the nodal parameters Q; (v) as follows.
d;(v) (i =1,2,3) by the exact values of v on the three vertices of element, i.e.,

di(v) =V
d;(v) (i = 4,5, 6) by trapezoidal formula:
ds(v) = ky(b1(vax + vax) + c1(vay + v3y)) + O(R2|vl3,7),
ds(v) = ky(ba(v3x + vix) + €2(v3y + v1y)) + O(H2|V]3,7),
de(v) = k3(b3(vix + Vo) + c3(viy + v2y)) + O(H2|V]3 7).
The above discretizations can be written in matrix form as

Yve H¥(T), Di(v)=GiQi(v) +Ei(v), (10)

where E;(v) = (0,0,0,£(v), s(v),e(v)), e(v) = O(h?|v|3.1), and

1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
G = 0 0 0 0 0 0 1 0 0 (11)
0 o0 0 0 kb ke 0 kb kg
0 koby kocy 0 O 0 0 kb, ke
0 ksbs ksc3 O ksbs ksecs O O 0
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Note that for all v € P(T), 3—; is the first order polynomial on /; (i = 1,2, 3), and the trape-
zoidal rule of numerical integration is exact for linear polynomials, thus E;(v) vanishes,
ie.,

Vve P(T), Di(v)=GiQi(v). (12)

We take the real shape function still as (5), but with

b=C'GiQi(), (13)

then the corresponding FE space is defined by

Vin = {vivlr = (P, {1 G1Qu(0), YT € Ty,

v(a) = vy(a) =vy(a) =0,V node a € BQ}. (14)

The associated interpolation operator Iy, on Vi, is defined by Iy |7 = 117, where Ii7 :
ve H3(T) — Typv e P(T) satisfies

HITV: (Pl, Cl_lGlQl(V)). (15)
Obviously,
Lrv-Tlipv= (Pl,Cl_lfl(V)). (16)

(IT) Rectangular element: suppose T € T}, is a rectangular with sides parallelled to axes

of coordinates. Let (x7,y7), a;(x;,¥;) and [; = a;a;,;1 (i =1,2,3,4) be its center, vertices and
edges, the edges length be 2/, and 24,, respectively. Let T = [-1,1] x [-1,1] be the refer-
ence element on &-7 plane with center point (0,0), and its four vertices be a1 = (-1,-1),

a, = (1,-1), as = (1,1) and a4 = (-1,1), four edges be I = ayas, by = Gaz, I3 = asas and

Iy = aaay, v;, Vix, vy be the function value of v and its first derivatives at a;, respectively.
Then there exists an affine mapping F : T—T,

x =x7 + €, 17)
y=yr+hn
satisfying F(T) = T, v(x,y) = %(€, 7).
On element T, the shape function space is taken as
P(T) = P,(T) U {x*,5*} = Span{p1, ps,..., s}, (18)

where

p=g-80-n,  p= 000,

1 1
ps=7A+8)A+m),  pa= A-5)1+n)

ps=1-&%  pe=1-n>, p;=£(1-€%), ps=n(l-n’).
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The degrees of freedom are chosen as
Do(v) = (di(v), da(v), ..., ds()), 19)
where
ai(v)=via;)=v;, i=12,3,4,
h v Lap
ds(v)=—2 | —ds= [ —(&,-1)dE,
0= [ s [ Soende
h v Lap
de(v) = = —ds= / —(1,n)dn,
hy Iy on -1 35
hy [ v 1oy
d =__J’ —d 2/ P yl d ’
7(v) ), on 5=/ 377(5 ) dé§
h v Lap
dsv)= = | —ds= / —(=1,n)dn.
hy )i, an L 9
For v € P(T), it can be expressed as
8
v= Zﬁipi = (Py, b), (20)
i=1
where b = (81, Bo,...,Bs) €RE, Py = (p1,p2,...,p8).
Substituting (20) into (19), we have D,(v) = Cob with
1 o 0 O 0O 0 0 O
0 1 0 O 0 0 o0 0
0 0O 1 o0 0 0 0 0
0 0 0 1 0 0 0 0
G = 1 11 1 (21)
-3 "3+ 1z 1 0 2 0 -2
101 1 1
-3 1 3 ¢ 2 0 20
1 1 01 1
-3 "3z 3 0 -2 0 -2
101 1 1
-3 1 1 ¢ 2 0 20

It is easy to check that det C, = —64 # 0, thus b = C;' D, (v), i.e., there holds

YweP(T), v=(P:C;'Dy(v)). (22)
The associated interpolation operator on 7 is defined by

Lyr:ve HX(T)+— Lyve P(T), ILyv= (P, C;'Dy(v)). (23)
Then we take the nodal parameters as

Q2(v) = (V1, Vizs Viys V2, Vo, Vay, V3, Vaxs V3y, Vi, Vi Vay) - (24)

Discretize D, (v) into a linear combination of the nodal parameters Q,(v) as follows.
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d;(v) =v;(i=1,2,3,4); d;(v) (i =5, 6,7, 8) with the trapezoidal rule of numerical integra-
tion:

ds(v) = hy(viy + vay) + O(H2|V]3,7),
de(v) = he(vax + v3x) + O(H* VI3 1),
d7(v) = hy(vsy + vay) + O(H?|V]3 1),
ds(v) = hy(Vax + vix) + O(R2|V]3,7).
Then, for v € H3(T), the above discretizations can be written in matrix form as

Dy (v) = G2Qa(v) + Ex(v), (25)

where E;(v) = (0,0,0,0,s(v),e(v), e(v), e(v)) and

S O O O © O O
S O O O © O O

©C o0 oo o o -
o oo oo oo
O 0 o0 o0 o o R o
c oS oo oo o
©c oo oo oo
O 0o oo+~ o o
©c oS oo oo o
oS o o o o o o
c o oo~ O o O
o oo o o o o

Ny
B

=
<

Note that for all v € P(T), g—; is the first order polynomial of x on /; and /3, and of y on [,
and /4, thus

Dy(v) = G2Qa(v). (27)
We take the real shape function still as (20), but with
b=C;'G,Qu(v), (28)
then the corresponding FE space is defined by

Vo = {vivlr = (P2, C3' G2 Qo (v)), VT € Ty,

v(a) = vx(a) = vy(a) =0,V node a € 89}‘ (29)

The associated interpolation operator Iy, on Vyy, is defined by I1y,|7 = I1a7, where Iar :
ve H3(T) — Iyrv € P(T) satisfies

HZTV = (Pz, C2_1 GzQz(V)). (30)
Obviously,
Lyv —Tyrv = (P, Cy'Ex(v)). (31)

1
In addition, define || - ||, = (ZTGTh | - |§’T)7, it can be checked that || - ||, is a norm over V.
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3 Error estimates

Consider the double set parameter FE approximation of (1):

Find uyy, € Ky, such that (32)
Uy = arg minyeg, Jn(v),
where Ky, = {v € Vig; ¥n(a) < v(a) < y(a),VYa € Dy}, k = 1,2, Dy, denotes the set of the
vertices of T € Ty, for any v,w € K, J,(v) = %ah(v, v) = (f,v), an(w,v) = ZTGTh fTDzw:
D?*vdxdy.

Since ay(-,-) is symmetric, bounded and coercive on Vj;, and Ky, C Vi, the obstacle
problem (32) has a unique solution u, determined by the following discrete variational
inequality:

{ Find uy, € Ky, such that (33)
an(Un, v — i) = (f, v — i), Vv € Ky,

In order to obtain optimal error estimates, we firstly introduce two kinds of auxiliary
obstacle problems as follows.

(i) An auxiliary obstacle problem which is built as a bridge between the continuous prob-
lem (1) and the discrete obstacle problem (32):

Find i, € Kj, such that (34)
iy = argmin, g, J(v),
where K, = {v € H2(Q); yn(a) < v(a) < y2(a),Va € D).
Equation (34) has a unique solution %, determined by
Find iz, € K}, such that (35)
aiy, v — i) = (f,v—i), YveKy.
It was shown in [17] that the solution u of (1) and #j, has the following estimate:
lu — itpl2.0 < Ch, (36)
and there exists /g > 0 such that for / < h,
iy =ty + 811 — Spp € K, (37)

where ¢; € CSO(Q) and §,; satisfy
Sni < ChY, i=1,2.
(i) Let Vi, (k = 1,2) be the triangular and rectangular Morley element spaces respec-

tively, i.e., Vi = (v, v = (P, C,;le(v)),/} g—;] ds=0,lCc T, VT € Ty,v(a) =0,V nodea €
02}, where [v] is the jump of v across the edge /, and [v] = vif [ C 0. Let Iy, be Iy, | 7 = Ixr-
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Then the second kind of auxiliary obstacle problem is introduced to establish a relation-

ship between the discrete obstacle problem (32) and the first auxiliary obstacle problem

(34):

i Find iy, € Kiy, such that

Ui, = argmin, e, Ju(v),

where Ky, = {v € Vig; Y1(a) < v(a) < ¥2(a),Va € Dy}.

(38)

Equation (38) has a unique solution #;, determined by the following discrete variational

inequality:

Find uy, € I_<kh such that
an(itn, v — i) = (f,v = itgg), Vv € Kigs.

(39)

Next, in order to establish a connection between the auxiliary obstacle problems (34)

and (38), we present two enriching operators Ey;, : v € Vin — Exqv € \7/(;, (k=1,2) as fol-

lows:

Eypv(a) = v(a),

A(Eypv) av

o= (m) = 5. (m),

0 (Ev)@) = my Xrey, 9VIr(a), el =1,

3% (Eppv)(a) =0, || =2

and

Exnv(a) = v(a),
852 (m) = 5 (m),
Exnv(c) = v(c),

Eypv(m) = ﬁ > rev,, Vir(m),

3 (Ey)(@) = iy Lrer, 0VIr(@), el =1,
3 (Eyv)@) =0, a=(11),

(a
(a

(40)

where V7, and Vo, are the Argyris and Q4 Bogner-Fox-Schmit element spaces associated

with T}, [26], respectively, m € My, ¢ € Cy, a € Dy, My, and C;, are the sets of midpoints of

edges and centers of elements in T}, Y, and Y, are the sets of elements in T}, sharing m

as a common midpoint of edge and a as a common vertex, respectively, | Y,,| and |Y,| are

the numbers of elements in Y, and Y.

Because Vi, and Vs, are Cl—conforming spaces, Vi C Hg(Q), thus for all v € Ky, there

holds E,v € Kj,. Furthermore, we have the following.
Lemma 1 For all u € H*(Q), v € Vi, (k =1,2), the following estimates hold:

2
lv—Ewvloe = Ch|[VIin,

1

2
(X w-Bavtzr) " = Chivi,

TeTy
[Exnvloe < Cliviln,

2 3
llet — Exndinttllo,@ + Ml — Egplinttli,g + W™ |u — Explinslo,0 < Ch°|ul3.q.
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Proof Because the above properties of operator Ej; were proven in [37], we only need to
present the proof for Eyy,.
In fact, from (41), we have

4

Vlr = (Eanv)|r = Z(V|T — (Eanv)|7) (my)g;

i=1

YN 0Vl — Ean) 1) (@)

4
i=1 |a|=1
4

3%( (E
. Z It — (Eanv)lT)

9%y (ai)qa,is (46)

i=1

where ¢;, g,,; and q2, are the nodal basis functions corresponding to the nodal parameters
v(m;), 3%v(a;) and 2L Wiy
Then there holds

(a;) of the Q4 Bogner-Fox-Schmit element respectively.

4

[v= B 7 = D | = Eanv)lz) m)|lgillo,r
i=1

4
+ Z Z 10 (vl = (Eanv)|7) (@) | gaillo,r

i=1 |a|=1
4
32(V|T — (Eanv)|T)
+ - 4_.4.. l' .
; ox ay (a:) ”‘IZ,ZHO,T
= ]1 +12 +13_ (47)

Now we start to estimate /; one by one forj =1,2,3.
For I}, let [; C Q, it follows from (41) that

|(V|T_(E2hV)|T)m)|—‘ Z(V|T vir) Wl)’ —|(V|T vlr)(m;)).

T’eTm

Denote (v|7 — v|77) = {v}, note that {v} is the third order polynomial of x on /; and /5, and
of y on [ and /. Taking /; for example and using Taylor expansion, we have

V) = (v} (") + (x — ") {v)e(x¥)
+=(x —x*)Z{V}xx(x*) + é(x—x*)B{v}xm(x*), (48)

l\J|'—‘

where x* = 2772, x; and x, are x-axis coordinate components of the midpoints and two
endpoints of [}, respectively.
Since v|7 and v|p- agree at the two endpoints of [y, i.e., {v}(x1) = {v}(x2) = 0, there holds

1
W) = —g(xl = 22)* (Ve (2%),

which together with the standard inverse estimate yields

2
[{vh(m)| < —x(|v|2w 7+ [Vlaeo17) < ChlvlaT + ChlV]y, 7. (49)
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On the other hand, if /; C 3%, (41) implies
(vIz = (Eanv)l7) (m;) = 0, (50)
then in view of (49) and (50), employing the fact ||g;|lo,r < Ch, we have
L < CH* (Vo + V2 1).-
As to I, it follows from (41) and a standard inverse estimate that

Z |0% (V7 = (Eanv)|7) (@)
1

la]=1
T > D 100l = vir)(ay)]

i Tery, lal=1

< C( Z Z|3Q(V|T - V|T’)(ﬂi)|2> ’

T'€Xq; lal=1
1
2\ 2
los

g H AWl —vIr)
+ _—

IA

C(Z %Zuaaw V)

ledg; ' lal=1

1 /| owlp —vir)
(X a5

ledy,

IA

on

2\ }
). e
0,/

where @, is the set of edges in T}, sharing a; as a common vertex, 7', T” € Y, satisfy

0,

T'NT" =, 3%«1 and % denotes the outward normal derivative and tangential derivative
along [, respectively. Here and later, |/| denotes the length of /.

Since v|7v and v|7~ agree at the two endpoints of /, we get [, W ds = 0, thus

ol = vlrr)
as 0.

oWl —vlr) 1 <[8(V|T’ _V|T”)d)
S SO A (Y B AR AE AT
as 1 \J; 0s

(vl = vir)
as

0,/

< Ch%

1
< Ch2 (Vo + Vla,r7). (52)

1,7'UT”

Similarly, W(Wl) =0 leads to f, W ds =0 and
H oWl —vlrr)

1
< Chi ’ ). 53
o < (IVlo,77 + Vl2,77) (53)

0,

Then substituting (52) and (53) into (51) yields

>0 - (Bl = ¢ 3 whr) (54)

Je|=1 T'€Xy;



Shi and Pei Journal of Inequalities and Applications (2015) 2015:246 Page 12 of 17

which together with ||qa.illo,r < Ch? (la| = 1) gives
5
L < Chz( > |v|§,T,) .
T’eTai
In order to estimate I3, employing (41) and the standard inverse estimate, we have

2(vlr — (Eanv)l7)
ax dy

3% (vlr)

< Wlaoo,r < CHMVIo, 1, (55)
ax dy

(a:)

(a; ‘ =
which in conjunction with ||ga:|lo,r < Ch® implies
Iy < CI2|V]y 7.

Therefore, (42) follows by (47) and estimates of I, I and I3 directly.

Furthermore, applying (42), the standard inverse estimate and triangle inequality, we
obtain the desired results (43) and (44) immediately.

At last, it follows from (23) and (41) that

(Enilyitd) @) = (lyao)@) = (@), aw?f”” (m) = a‘fjj;”’ m) = m,

i.e., for all u|r € P(T), there holds u|r = Ey,lonu| 7, then (45) can be obtained by the inter-
polation theorem. The proof is completed. g

Now, we are ready to present the convergence analysis of double set parameter noncon-
forming FEM for (1).

Theorem 1 Assume that u and uy, are the solutions of (1) and (32), respectively, u €
H3(Q) N HX(RQ), then we have

lu—wanlln < Ch, k=12 (56)
Proof Using the discrete variational inequality (33), we get

Tt — i1, < an (Tt — v, Mt — v

= ap(Tnu — u, Mgy — ugy)

+ ap(u, Mgy — wig) — an(in, g — i)
< CliMgpu — wllp | gnte = g ||

+ ap(u, gu — upg) — (F, s — vg)

2 1 2

< C||Mgpu — ully, + E”nkhu — il

+ [an(u, Mgy = wir) = (f, Mt — vin)

which implies

Tt — vl < ClTaus — ull}; + [an (s Tt — whgan) = (F s Tits — i) |- (57)
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Then employing (57) and a triangle inequality yields

2 2
Nl — w1, < Clloe = el + [an (et e = wag) = (f, Mgt — 1) |

2 AL+ Ay (58)
Notice that
Ar = Il = Tigtelly < ot = Teaally + e = Digel.
Then it follows from the interpolation theorem that
Nl = L, < CHP |l g
On the other hand, applying (16) and (31) yields

\Tontt = Tialo, = | (Pr» C Ex(w)) |, - < CIPklo, 7|6 (1)

’

lor

which together with |Pi|o,7 < Ch™! and |e(u)| < Ch?|u|sr implies

2t = Migually; < Ch? |l g (59)
Immediately we get

A1 < CHul} g,

Next we focus on the estimate of A, which is the key difficulty in convergence analysis.
Note that

Do = ap(u, gt — vgg) — (f, intt — tgn)
= [an(u, Wit — Lgys) — (F, Wit — L) |
+ [an(uts D = tagan) = (f s Dt — thgan) |
+ [an(u, twn — win) = (F s tin — 1) |
= Ni + Ny + Ns. (60)

Now we start to estimate N; one by one forj=1,2,3.
For Nj, applying Green’s formula gives

Ni = [an(u, Tinse — Tgprs) — (f, Tt — Lipa) |

= - Z / V AuV (Mgyu — Liyu) dx dy
T

TeTy

- Z /Tf(nkhu—lkhu)dxdy

TeTy

3%u\ O(Myu — 1,
. Z/ Ayt (My2e — Iy 1t) s
aT 832 81’1

TeTy
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+ Zf 3 u B(Hkhu Ikhu)
a 080N as

= Ml +M2 +M3 +M4. (61)

Then it follows from |Px|;,r < C, ||Pkllo,r < Ch and the Schwarz inequality that

M < ‘ Z/VALN Mg — Ikhu)dxdy‘

TeTy
< Y lulsr I Mens — Ipulyr < Y Cluals | Pely,r|e(w)]
TeTy, TeTy,
< Y CHlul3; < CHuliq (62)
TeTy

and

Z/f(nkhu Ikhu)dxdy’

TeTy,
< W lor I Mt = Tnello,r < Y Clifllo,rl1Pillo,r | (w) |
TeTy TeTy
< Y Chlulsrlfllor < CHPlulsalf log- (63)
TeTy

At the same time, forall /Cc T NT', T, T" € T}, employing the definitions of Iy, and Iy,
yields

B(Hkhu—lkhu) 81'[khu 3Ikhu

fl[ o ]d“/z[ n }ds_/z[ on ]mo o
(I u — Iipua) ollu 0l u

/l[ . _}dszfl[ L :|ds—/l|: o ]ds:o. (65)

Then let Pyv = \_}I J;vds, applying to (64) and (59), we have

and

O (Mgt — Ixyua)
e (e )t
TeTy, ledT
82
DW((CEHRICE )
TeT)1edT
<3(Hkhu — Iuu) O (T g1t —Ikhu)>
X - Py ds
on on
< Chluls.ol| Ty — Iuallp < CHul} g (66)

Similarly, (65) and (59) imply

My < CH|ul3g. (67)
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Therefore, substituting (62)-(63) and (66)-(67) into (61) yields
Ny < CRP|ulzo(luls.q + Ifllo,g)- (68)

As to Ny, it follows from (40) and (41) that

_E -E iV
f[u] ds:/[M} ds=0, VYve Vi,
f on i ds

which together with (43) and (44) in Lemma 1 yields

ay,(u,v—Epv) = Z/VAMVV Eyv)dxdy

TeTy
o(v—E
TeTy $ n
/ 8%u (v —Epv)
+ ————ds
fez, JoT asan as

= — Z / VAuV(v - Ewv)dxdy

TeTy
82
Ay — — Po| Au— —
3 (05 -no(ae- 5))
TeTyledT
-E -E
y (v th)_Poa(V V) s
on on
2y
P |CRE
fer, lcor d0son 8s on
-E -E
y (v th)_Poa(V V) s
0s as

2
2
<lulse ( > lv- Ekhvh,T) + Chlulsallv - Exvin
TeTy

=< Chluls eIVl (69)

Then using inequalities (2), (35) and (39), the definition of Ey;, Lemma 1, (36), (69), the
fact that i1, € K, 8;,; < Ch?, and a similar argument as the one in [17], we can obtain

[an (et Lt — ) — (s Tt — W) | < ChillLints — g || + CH (70)
and

llee = sl < Ch. (71)
Hence employing the interpolation theorem and a triangle inequality implies

Ny = [an(, Lt — ) = (s Tt — ) |

< Ch(|\xwwe — wlln + |l = tnlln + h) < CH. (72)
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For N3, from the construction of Vi, (12) and (27), we know that
winlr = (P Cie* G Qu(win)) = (Pr Cit Dic () (73)

which along with (7) and (22) implies u;, € Vig.
Then employing (39) and (71) yields

N3 = ap(u, g, — wig,) = (f, Ui — i)
< ap(u, iy, — wig,) — an(Un, Ukn — Uin)
= ap(u — Uy, Uiy — ) + ap(u — Ui, U — Ugp,)
< —lloe = ity + N2t = g | 126 = 24|

1 1
- = 2 2
< lu =t llnllee — wgnlln < EHM—ukh”h + E”u—ukh”h

1
= O+ Sl = wigl; (74)
At last, substituting (68), (72) and (74) into (60) yields
2 1 2
Ay <Ch” + §||M— iy,

Therefore the desired result (56) follows from the estimates of A; and A, immediately.
The proof is completed. d

Remark 1 With the help of two kinds of auxiliary obstacle problems (34) and (38), and
two enriching operators Ej;, and Ey;, we successfully deduce the optimal error estimates
in broken energy norm of the two double set parameter nonconforming element approx-
imations to problem (1). From the proofs of Theorem 1, one can check that the analysis
approaches of this paper are indeed very different from [17, 18], and the results presented
herein are also valid to the one-obstacle problem discussed in [13-16].

Remark 2 It should be pointed out that (12), (27), (16) and (31) play an important role in
the convergence analysis. Unfortunately, not all nonconforming elements constructed by
the double set parameter method satisfy these properties [29, 33-36]. This means that it
is not an easy thing to derive the optimal error estimates of double set parameter noncon-
forming element approximation to problem (1).
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