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1 Introduction
Let Lioc be the space of all locally integrable functions f on R” and M* be the cone of all
locally integrable functions g > 0 on (0,1) with the Lebesgue measure.

Let f* be the decreasing rearrangement of f given by

@) =inf{r>0: (1) <t}, >0,
and s be the distribution function of f defined by

() = |{xr e R": [f(x)| > 1}

n

| - | denoting Lebesgue n-measure.
Also,

ok ,_1 ! *
() = t/Of (s) dis.

We use the notations a; < ay or a; 2 a; for nonnegative functions or functionals to
mean that the quotient a;/a, is bounded; also, a; ~ a; means that a; < a; and a; 2 a,.
We say that a; is equivalent to a, if a; ~ a,.

We consider rearrangement invariant quasi-normed spaces E < L}(Q) such that ||f||z =
pe(f*) < 0o, where pr is a quasi-norm rearrangement invariant defined on M*.

For simplicity, we assume that 2 is a bounded Lebesgue measurable subset of R” with
Lebesgue measure equal to 1 and origin lies in 2.

There is an equivalent quasi-norm p, ~ pg that satisfies the triangle inequality p}, (g +
&) < pﬁ(gl) + pﬁ(gz) for some p € (0,1] that depends only on the space E (see [1]). We say
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that the quasi-norm pg satisfies Minkowski’s inequality if for the equivalent quasi-norm

Pp»

pﬁ(Zg,) S Plg), geM .

Usually we apply this inequality for functions g € M* with some kind of monotonicity.
Recall the definition of the lower and upper Boyd indices ar and Bg. Let g,(¢) = g(t/u) if
t <min(1, %) and g,(¢t) = 0 if min(1, ) < £ < 1, where g € M*, and let

PE(E,)

hg(u)zsup{pE(g*) .geM*}, u>0

be the dilation function generated by pr. Suppose that it is finite. Then

log ke (2) .. loghe(t)
ap:=sup ———— and Pg:= inf ————.
o<t<1  logt It<co  logt

The function /g is sub-multiplicative, increasing, hg(1) = 1, hg(#)hp(1/u) > 1 and hence
0 < ap < Br. We suppose that 0 < g = g < 1.

If Be < 1, we have by using Minkowski’s inequality that pg(f*) & pg(f**). In particular,
IIfle = pe(f**) if Be < 1. For example, consider the gamma spaces E = ' (w), 0 < g < 00, w-
positive weight, that is, a positive function from M*, with a quasi-norm ||f||raq) := p£(f*),

oE(g) := ,ow,q(fo1 g(tu) du), where

1 1/q
Pug(@) = < /0 [g(t)w(t)]th/t> . geM (L)

and

1 1/q
(/ wi(t) dt/t) < 00.
0

Then L*®(Q) — I'(w) — LY(Q). If w(t) = t'7, 1 < p < 00, we write as usual L*7 instead of
I'4(£7). Consider also the classical Lorentz spaces A?(w), 0 < g < oo; f € A9(w) if |[f||A% =
Pu,qg(f*) < 00, w(2t) ~ w(t). We suppose that L*(Q2) — A4(w) — LY().

The Boyd indices are useful in various problems concerning continuity of operators act-
ing in rearrangement invariant spaces [2] or in optimal couples of rearrangement invari-
ant spaces [3-5], and in the problems of optimal embeddings [6—8]. The main goal of this
paper is to provide formulas for the Boyd indices with some bounds of rearrangement in-
variant quasi-normed spaces and to apply these results to the case of Lorentz type spaces.

2 Boyd indices for quasi-normed function spaces
Let pr be a monotone quasi-norm on M* and let E be the corresponding rearrangement
invariant quasi-normed space consisting of all f € L(R2) such that ||f||z = pg(f*) < co.

Theorem 2.1 Let

g(t/u) if0 <t <min(l, u),

u(l) =
&= if min(Lu) <t <1,
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where g € M*, and let

PE(g))
PE(E*)

hg(u):sup{ :geM*}, u>0,

be the dilation function generated by pg. Suppose that it is finite. Then the Boyd indices are

well defined
log he(t log he(t
of = sup 08 he(t) and Bg:= inf 0ghE ()
O<t<1 log t 1<t<o0 log t
and they satisfy
log he(t
af = lim oghr(t) 2.1
=0 logt
log he(t
fp = lim 1227 (2.2)
t—oo  logt
In particular, 0 < ag < B¢ < %.
Proof We have
g = (gu)v ifu<w. (23)

Indeed, since min(1, uv) < min(1,v) for u < v, we find (g,),(¢) = g, (¢/(uv)) if 0 < £ < min(1, uv)
and (g,),(t) = 0 if min(1, uv) <t < 1. Thus (2.3) is proved. This implies that the function /g
is sub-multiplicative.

Further, the function w(x) = loghg(e*) is sub-additive increasing on (—o00,00) and

(0) = 0. Hence, by [2], Lemma 5.8, (2.2) is satisfied and evidently B¢ < %.

Since hg(1) = 1 and /g is sub-multiplicative, therefore
hi(uiuy) < hp(un)he(uy).

Replacing u; by Mil, we get

1

1
he(1) < hE(Ml)hE(u_);
which implies that
1
1< hE(ul)hE<—); because 4g(1) =1,
U

it follows that 1 < hg(u)hp(1/u).
We have

ag < BE.



Nazeer et al. Journal of Inequalities and Applications (2015) 2015:235

Indeed

log (hg(u)) = log< )

7e(2)
if u > 1, then

1
tog(he(w)) _ €Dy log(he())
logu —  logu log 2

which implies that

oy 1080() log(hﬁ(i))'

U—00 ]()g u T u—oo ]()g i

Since B is finite, therefore o is also finite. Since s1£(1) = 1 and we know that /i is increas-

ing function, so
he(u) <1 forO<u<l,
which implies that
log(h(u)) <0,

which implies that

log(he() _
logu —

’

which implies that

log(h
o = sup M =0
O<u<l Ogu

’

and hence
0 <or < Bk O

Let oy be a monotone quasi-norm on M* and let H be the corresponding quasi-normed
space, consisting of all locally integrable functions on (0, 1) with a finite quasi-norm ||g || =

pu(lgl).
Theorem 2.2 Let

| gtut), ifo<t<min(, ),
(V. 9)(t) = {g(l)’ if min(1, %) <t<l,

where g € M*, and let

oH(V,.Q)

hH(u) = Sup{ T(g)

:geGa}, u>0,

Page 4 of 9
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be the dilation function generated by py. Suppose that it is finite, where
G.:={geM" :t7"g(t) is decreasing}, a>0.

Then the Boyd indices are well defined

log Ay (£) .. loghu(t)
oy = sup ———  and Py:= inf ———
o<t<1 logt <o logt
and they satisfy
log hy(t
ayy = lim 122 (2.4)
=0 logt
log hy(t
By = lim 28MHO). 2.5)
t—oo  logt
In particular, logli’;(/lz/z) <ay < By <aln.
Proof We have
Vg =V, (Vg ifu<v. (2.6)

Indeed, since min(1,1/(xv)) < min(1, 1/u) for u < v, we find W,(V,2)(¢) = g(t/(uv)) if 0 < £ <
min(1,1/(uv)) and W, (W,g)(¢) = g(1) if min(1,1/(uv)) < ¢ < 1. Thus (2.6) is proved. This im-
plies that the function / is sub-multiplicative. Since the function u~*"hy (u) is decreas-
ing, it follows that the function Uy (1/u) is increasing and sub-multiplicative. Hence we
can apply the results from Theorem 2.1. This establishes Theorem 2.2. g

Example 2.3 If E = A?(t"w), 0 <a <1, 0 < g < 0o, where w is slowly varying, then af =

Be =a.

Proof We give a proof for 0 < g < 0o, the case g = 00 is analogous. We have, for g € M*,

1 1/q min(,x) l/q
pE(g)) = ( / [g;(t)t“w(t)]th/t) = < / [g*(t/u)t“w(t)]th/t>
0 0

and by a change of variables,

1/q

1
pE(g)) < (/o [g*(t)(tu)“w(tu)]th/t> . (2.7)

From the definition of a slowly varying function it follows that for every ¢ > 0, t *w(t) ~
d(t), where d is a decreasing function. Then, for u > 1, we have d(tu) < d(t), thus

(tu) " w(tu) S d(tu) St w(t),
which implies that

w(tu) Suw(t), wu>1. (2.8)
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Inserting this estimate in (2.7), we arrive at

pe(g)) Su“poe(g), u>1,

which yields sg(u) < u®?, u > 1. Then it follows that B¢ < a + ¢. Analogously, ag > a —¢.
Since ¢ > 0 is arbitrary and ar < B, we obtain ar = B¢ = a. O

Example 2.4 If H = LI(w(t)t™), 0 < a < a/n, 0 < g < oo, where w is slowly varying, then

ay =Py =a.
Proof We give a proof for 0 < g < 0o, the case g = oo is analogous. We have, for g € G,,,

1/q

1
Pr(W,g) = ( /0 [\Ijug(t)t_aw(t)]th/t>
min(1,1/u) 1/q
_ ( / [g(tu)t“w(t)]th/t) + (),
0

where I(u) = (fnllm(l,l/u)[t’“w(t)]q dt/t)"9g(1). Note that /() = 0 for 0 < u < 1. Since for every

& >0 we have w(t) < ¢, it follows that I(x) < u®**g(1), u > 1. Also, g(1) oy (t*") < pr(g) and
pu(t*") < 0o due to o < a/n.
On the other hand, by a change of variables,

1/q

Pr(V.g) < ( /0 1[g(t)(t/u)“w(t/u)]"alt/t) +u" pp(g).
As in the proof of the previous example, we have

w(t/u) Suw(t), wu>1,
therefore

pr(Vug) Su*" pu(g), u>1g¢€G,.

Hence hy(u) < u®**, u > 1. Then it follows that By < « + ¢. Analogously, ay > o — ¢. Since
¢ >0 is arbitrary and ay < By, we obtain ay = By = . O

3 Basicinequalities
Here we prove a few inequalities, which are of independent interest.

Theorem 3.1 Ifo < ay, then
o ! — dS
pu|t s g(s)? Spu(g), geGa
0
and if By < B, then

1 ds
PH (tﬁ/ S_ﬂg(s)?> Spu(g), geGa
t
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Proof We are going to use Minkowski’s inequality for the equivalent p-norm of py. To this
end, first we replace the integrals by sums using monotonicity properties of g € G,.
Thus

Applying Minkowski’s inequality, we get

o ! —a ds : —Ilpa !
(e [ s g<s>;)512 277 (g(12)

0
S pZ(g) Z 2—1901121[9(01].1—8)

I=—00

0
< ) Y 2bten-e)
[=—00

The above series is convergent if we choose ¢ > 0 such that ¢ < @y — @, so we have

¢ d
PH(tD‘/O S_ag(s)?s) S pu(g).

On the other hand, for g € G,

1 ds 00 dv
P / sPg(s)— = / X Pg(tv)—

¢ S 1 v
2[+1

[e¢]

<Y 2712 xon (£2').
=0

dv
xon (v Petv) ~

Again applying Minkowski’s inequality, we get
P (B ' WINC AW - ~iBp . p i !
Pu|t s g(s)? ~ Z 27 pyy (g(tZ )X(O,l) (t2 ))
g 1=0

S (e Y2 (2)

1=0
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o0
< pZ(g) Z o-lBpopl(Br+e)
=0

[e¢]
< oh(g) Z olp(Bri+e-p)
1=0

The above series is finite if we choose a suitable ¢ > 0 such that ¢ < 8 — By. The proof is
finished. g

Theorem 3.2 If B¢ < a, then

—a ! a ds
pg<t / s g(s)—) S pe(@), g€ Dy,
0

s
where Dy := {g € M* : g(¢) is decreasing and g(t) = 0 for t > 1}.

Proof We are going to use Minkowski’s inequality for the equivalent p-norm of pg. To this
end, first we replace the integral by sums using monotonicity properties of g € Dy.
Thus

t d ! d
e / s”g(s)—s = / V”g(tv)—v
0 S 0 v

0 21+1
d
= Z / V“g(tv)—V
= v

0

< Z 2“lg(t21).
I——

o0
Applying Minkowski’s inequality, we get
0

(e [ #09% ) £ 3 2otlele2)

l=—c0

0
Sokg) Y 2 (2

I=—00

0
< pg(g) Z opal o-1p(B-+e)

I=—00

0
< pg(g) Z olpla—Be-e)

l=-00

The above series is finite if we choose ¢ > 0 such that ¢ < a — Bg, and this concludes the

proof. d

Theorem 3.3 Ifar >0, then

1 d
pE( / g(u);”) < 0e@), g€Do
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Proof We are going to use Minkowski’s inequality for the equivalent p-norm of pg. To this
end, first we replace the integral by sums using monotonicity properties of g € Dy.

Thus
1 du o dv
/ gw)— 3 / X (tv)gtv)—
¢ u 1 v
o0 21+1 dV
[ xon@ee
ol v
=0
< D xon(e2)e(22")
1=0

Applying Minkowski’s inequality, we get

1 d 00
°t </t ¢ (”)?M) S 2 pE(xon (£2)2(22))

=0

o0
< g Y2
1=0
Choosing ¢ > 0 such that o > ¢, we conclude the proof. O
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