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Abstract

We consider the boundedness of fractional multilinear integral operators with rough
kernels Tg"g on the generalized Morrey spaces M,,,. We find the sufficient conditions
on the pair (¢1, @,), which ensures the boundedness of the operators ng from My,
to Mg, for 1 < p < oo.In all cases the conditions for the boundedness of the operator
Tgm is given in terms of Zygmund-type integral inequalities on (g1, ¢,), which do not

o
make any assumption on the monotonicity of @;(x,1), @2(x,r) inr.
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1 Introduction and results
The classical Morrey spaces were originally introduced by Morrey in [1] to study the local
behavior of solutions to second order elliptic partial differential equations. For the prop-
erties and applications of classical Morrey spaces, we refer the readers to [1-9]. Mizuhara
[10] introduced generalized Morrey spaces. Later, Guliyev [5] defined the generalized
Morrey spaces M,,, with normalized norm.

Suppose that Q € Ly(S"1) (s > 1) is homogeneous of degree zero on R” with zero means
value on S"1, A is a function defined on R”. Following [11], the rough fractional multilinear
integral operator TS:;” is defined by

Tow (F)(x) = / Rl d3%,7) Qx -, ) dy, 1.1)

Ry |x _y|n—ot+m—1

where 0 < « < n, and R,,(A;x,y) is the mth remainder of Taylor series of A at x about y.
More precisely,

Ru(di) = A0~ Y = DV AG) w3 (12)

lyl<m

When m =1, then T, = TS:; is just the commutator of the fractional integral Tq qf (%)
with function A,

T4 () = f 209 4y - AG))f ) dy.

R %=y
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The weighted (L,, L;)-boundedness of such a commutator is given by Ding and Lu in [12].
When m > 2, T4, is a non-trivial generalization of the above commutator. In [13], Wu
and Yang proved the following result.

Theorem A Suppose that Q € Ly(S" ™) and assume that A has derivatives of order m — 1
in BMO(R"). Let m >2,0<a <n,1<s <p<nl/a,and 1/q=1/p — a/n. Then there exists
a constant C, independent of A and f, such that

|78 |y =€ D2 1P7ALIA N -
lyl=m-1

Here and in the sequel, we always denote by p’ the conjugate index of any p > 1, that is,
1/p +1/p' =1, and by C a constant which is independent of the main parameters and may
vary from line to line.

The commutators are useful in many nondivergence elliptic equations with discontinu-
ous coefficients [3, 14—16]. In the recent development of commutators, Pérez and Trujillo-
Gonzdlez [17] generalized these multilinear commutators and proved the weighted
Lebesgue estimates.

In [18], Guliyev proved the following result.

Theorem B Let 0 <a <n,1<p<nfa,andl/qg=1/p—a/n, Qe L(S" 1), 1<s <00, A €
BMO, and (¢1, p2) satisfies the condition

>0 t ,s)sP dt
/ ln<e s _) €8S SUP, oo @1 (%, 5)s = < Conloe)

n
r ta

where C does not depend on x and r. Then the operator T4, , is bounded from My, to My,

It has been proved by many authors that most of the operators which are bounded on
a Lebesgue space are also bounded in an appropriate Morrey space; see [19]. As far as we
know, there is no research regarding the boundedness of the fractional multilinear integral
operator on Morrey space.

In this paper, we are going to prove that these results are valid for the rough fractional
multilinear integral operator Té;gf on generalized Morrey spaces. Our main results can be

formulated as follows.

Theorem1.1 LetO<a <n,1<s <p<nla,andl/q=1/p—a/n.Suppose that Q € L(S"™)
and (@1, o) satisfy the condition

o t inf; ;. ) b dt
[(omt) ettt g 1)
, r

ta

where Cy does not depend on x and r. If A has derivatives of order m — 1 in BMO(R"),
then the operator Tg:;” is bounded from M, , (R") to My, (R"). Moreover, then there is a
constant C > 0 independent of f such that

1782 |ag,,,, <€ 22 ID7 AL Nty

ly|=m-1
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Remark 1.1 Note that in the case m =1 from Theorem 1.1 we get Theorem B.

2 Generalized Morrey spaces Mp, ,

The classical Morrey spaces M, , were originally introduced by Morrey in [1] to study the

local behavior of solutions to second order elliptic partial differential equations. For the

properties and applications of classical Morrey spaces, we refer the readers to [20, 21].
We denote by M,,, =M, ,(R") the Morrey space, the space of all functions f € L};C(]R”)

with finite quasinorm,

fllag,, = sup 7 ZIIfllz, e

x€R",r>0

wherel <p<ooand 0 <A <m.

Note that M, o = L,(R") and M, , = Loo(R"). If A < 0 or A > 1, then M, = ©, where O is
the set of all functions equivalent to 0 on R”.

In [10], Mizuhara introduced the generalized Morrey spaces M,,,(R”) in the following
form and discussed the boundedness of the Calderén-Zygmund singular integral opera-

tors.

Definition 2.1 Let ¢(x,r) be a positive measurable function on R” x (0,00) and 1 < p < 0.
We denote by M,,, = M, ,(IR") the generalized Morrey space, the space of all functions
fe L},"C (R™) with finite quasinorm

WA, = sup @) If Nz, Ber-
xeR",r>0
Note that the generalized Morrey spaces M,,, = M, ,(R") with normalized norm,

1
flla,, = sup @, 7)™ [BGe, )| 72 I1f llL, B

x€R”,r>0

were first defined by Guliyev in [5].
Also, in [5], by WM, , = WM, ,(R") we denote the weak generalized Morrey space of
all functions f € WL};’C (R™) for which

1
sup (%, 1) |B@, )| 7 If llwi, B < 00
x€R",r>0

If llwam,,, =

By the definition, we recover the Morrey space M,,; and weak Morrey space WM,
A-n
under the choice ¢(x,r)=r 7 :

My =My, |(p( WMp,. = WM!W’

A-n, A=n .
x,r)=r P ox,r)=r P

There are many papers discussing the conditions on ¢(x, r) to obtain the boundedness
of operators on the generalized Morrey spaces. For example, in [10], the function ¢ is
supposed to be a positive growth function and satisfy the double condition: for all > 0,

©(2r) < Dg(r), where D > 1 is a constant independent of r. This type of conditions on ¢ is
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studied by many authors; see, for example, [22, 23]. In [24], the following statement was
proved by Nakai for the Riesz potential ,:

~ SO dy
hﬂ@—AwE;W3,0<a<n

Theorem C Letl <p<o0o,0<a<?2, é }7 — =, and let ¢(x,r) satisfy the conditions

Iﬂ?
clolxr) < ox,t) < cpx, 1), (2.1)

whenever r < t < 2r, where c (¢ > 1) does not depend on t, r, x, and

/00 2 (x, t)% < C¢?(x,7), (2.2)

where C does not depend on x and r. Then the operator I, is bounded from M, , to Mg,
for p>1and from My, to WM, , for p = 1.

The following statements, containing the Mizuhara and Nakai results obtained in [10,
24], were proved by Guliyev in [5, 25] (see also [26]).

Theorem D Letl <p<oo,0<a<

’

B [11 i — =, and (¢1, ¢2) satisfy the condition

SN
/ Fonte L < o) 23)

where C does not depend on x and r. Then the operator I, is bounded from M, g, to My,
for p>1 and from My, to WM, forp=1.

Recently, in [27] and [28], Guliyev et al. introduced a weaker condition for the bound-
edness of Riesz potential from M,,,, to M, .

Theorem E Let1 <p<o00,0<a< 1%, % = }9 - %, and (@1, ¢2) satisfy the condition
*° esssu X, S 57
f pmﬁ?() dr < Cos(x, 8), (2.4)
t ri

where C does not depend on x and t. Then the operator I, is bounded from M, ,, to M,
Jorl<p<q<ooandfrom M, to WM, forl<q<oo.

By an easy computation, we can check that if the pair (¢, ¢2) satisfies the double condi-
tion, then it will satisfy condition (2.3). Moreover, if (¢1, ;) satisfies condition (2.3), it will
also satisfy condition (2.4). But the opposite is not true. We refer to [24] and Remark 4.7
in [28] for details.

3 Some preliminaries
Let B = B(xo, rg) denote the ball with the center x, and radius rg. For a given weight func-
tion w and a measurable set E, we also denote the Lebesgue measure of E by |E|. For any
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given Q C R” and 0 < p < 00, denote by L,(£2) the space of all function f satisfying

Iy = (/Q[f(x)\pdx)p < 0.

First we recall the definition of the space BMO(RR").

Definition 3.1 Suppose that f € LI°°(R"), let

1
7= xe@SRL':&o [B(x,7)| JB(xr) 0~ | dy < 00
where
1
S = Bo,7) B(W)f o) dy.
Define

BMO(R") = {f € LY“(R") : [[fll+ < 00}

If one regards two functions whose difference is a constant as one, then space BMO(R")
is a Banach space with respect to norm || - ||,.

Remark 3.1 [29]
(1) The John-Nirenberg inequality: there are constants C;, C; > 0, such that, for all
f € BMO(R") and 8 > 0,
{x e B:|f(x) -f3]| > B}| < Ci|Ble P+, vBCR".

(2) The John-Nirenberg inequality implies that

Ifll.~ sup ( ; )V(y)—ﬁm,rﬂ”dy)p (3.1)

x€R”,r>0

1
|B(x, 7)]

for1l<p<oo.
(3) Letf € BMO(R"). Then there is a constant C > 0 such that

t
VfBeer) =Bl < ClIfll ln; for 0 <2r<t, (3.2)
where C is independent of f, x, r, and t.

Lemma 3.1 [30] Let b be a function in BMO(R"),1 < p < 00, and r1,r, > 0. Then

lnﬁDnbn*,
ry

1
1 r
(— |b<y>—b3<x,m>|”dy) sc(u
)

IB(x, 7’1)| B(x,r1

where C > 0 is independent of b, x, r1, and r,.
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Below we present some conclusions as regards R,,(4;x, ).

Lemma 3.2 [21] Suppose b be a function on R” with the mth derivatives in Ly(R"), q > n.
Then

1/q
|Ru(b3%,y)| < Clx—y™ Z ( |DVb(z)|dz> )

lyl=m

o,
B(x,53/n1% = y1) (x5 m1—y)

Lemma 3.3 Let x € B(x, ), y € B(xo, 2*'r) \ B(xo, 2r). Then

Rattin| = Cl—y (5 X 1074+ 3 |07 A0)- (D7), ). 5

lyl=m-1 lyl=m-1

Proof For fixed x € R”, let

_ 1
Ax) = A(x) - Z _,(DVA)B(x,S\/ZIxfyI)xV'
lyl=m-1""

So

|Rm(A$x’y)| = |Rm(A;x’y)|

< |Rm_1(;1;x,y)|+ Z i‘|(DVA(y))||x—y|m‘l. (3.4)

lyl=m-1""

By Lemma 3.2, we get

Ry (As,9)| < Cle—y™ > |[D7A]. (3.5)

lyl=m-1

Since x € B(xo,7), y € B(xo, 2*1r) \ B(xo, 2'r), it is easy to see that 2~!r < |x —y| < 2/*?r.In

this way, we have
B(%0,27'r) C B(x,5v/n|x - y|) C 100+/nB(xo,2'r).

Then

[100+/nB(x9, 2r)| - |100./1B(x9, 2r)| -

|B(x,5v/nlx—y)| = |Blxo,27'7)]
Therefore
| (D VA)B(x,smx—yD h (D VA)Boco,?/r) |

; ./
S o DYA(y) - (D" A ldy
|B(x, 5ﬁ|x _ y|)| Bsilv—y) | ( )B(xo,?/r)i

1
P
= [100/nB(x0, 27)| J100.mBxe,2r)

=Clpra],.

}DVAO’) - (DVA)B(xO,?/r) | dy
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Note that

’(DVA)B(xOJ/V) - (DVA)B(xO,r)|

=

|(D4)

M\

B(xg,Zkr) - (DyA)B(xoyzk—lr) ‘

>~
Il

1

<2"j| D Al
Then

| (DVA)B(x,S\/ﬁ\x—J/\) - (DVA)B(xO,r) |

= ‘(DVA)B(x,Sﬁ\x—y|) - (DVA)B(xo,er)| + |(DyA)B(x0,QJr) - (DVA)B(xo,r)|

Thus
IDYA(y)| = |DY A(y) - (DVA)B(x,SﬁIx—yI)|

< |DA(y) - (D" A) (D7A), DVA)B(

X0,7) ’

B(xo,r>| +| (x5/mlx—yl) (

< D7 AQ) - (07 4) | + G D7 A].. 66)

B(xg,r)

Combining with (3.4), (3.5), and (3.6), then (3.3) is proved. a
Finally, we present a relationship between essential supremum and essential infimum.

Lemma 3.4 [31] Let f be a real-valued nonnegative function and measurable on E. Then

. -1 1
(esg&nff(x)) = esisgup]%.

4 Alocal Guliyev-type estimates
In the following theorem we get Guliyev-type local estimate (see, for example, [5, 25]) for
the operator Té:g”.

Theorem 4.1 Let Q € Ly(S"),1 <5 <p<n/a,and let 1/q =1/p — a/n. Let A be a func-
tion defined on R". Suppose that it has derivatives of order m — 1 in BMO(R"), then the
inequality

o0
“Té:‘;n(f)HLq(B(xo,r))EC Z “D)/A”*ﬁ/2 |[f||Lp(B(xo,t))t7_ldt (4.1)
r

ly|=m-1

holds for any ball B(xo,r), and for all f € LL"C(R”), where the constant C is independent of
f,r,and xg.

Proof Wewrite f asf = fi +f;, where fi(y) = f(y) XBxg20) )2 XBloxo,20) denotes the characteristic
function of B(xg,2r). Then

| oz (f)HLq(B(xo,r)) < |78 (fl)”Lq(B(xo,r)) + | T )| Ly(Blxor)’
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Since f; € L,(IR"), by the boundedness of Té'a from L,(R") to L,(R") (Theorem A) we get

“ TSQT(fl) ||Lq(B(x0,r)) = H Téj;”(fl) ||Lq(]R”)

<C > DA, MA@

ly|=m-1

=C Z ”DyA”*”f”Lp(B(xo,zr)).

ly|=m-1
Moreover,

n_ * dt
1|2, Bexo2r) < Crs' ™ If L, Bexo 200 /2r pray

n 0 dt
=Crilllc ,, Beon ”f”Lp(B(xo,t))W

v 2r
[ dt
<Cra Wl eoenlIle o, Bwoo) sy
2r s t
Thus
A,m
|| TQ,ot (fl) ||Lq(B(x0,V))
a [ _ndt
<C > |prA|,re /2 Wz o et 7 - 2
r

ly|=m-1
Let A; = (B(xo, 2*1r)) \ (B(x0,27)), and let x € B(xo, 7). By Lemma 3.3 we get

Rin(A; %, 7)

(B(x0,2r))¢ |x )’|” a+m-1

|T& () ()| < Qx - y)f (o) dy
(B

< CZ Q2 - )

a =y

(i 0als X 10400 (07 A) g )

lyl=m-1 lyl=m-1
1R2(x = 9)f )]
<Cc ) |pr4|, Z e dy
ot / e =yl
[2(x = y)f ()]
v 3 3 [ BE O i) a),
lyl=m-1 j=1
=11+12. (43)

By Holder’s inequality we have

1§26 =)/ )| ( ; > < FOI )
R Qx )|’ d T ay)”
A |x _y|n—ol y S /;J (x y)i y /Ai |x _yl(nia)s/ y
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When x € B(xy,s) and y € A;, then by a direct calculation, we can see that 2~!r < |y — x| <
2*1r. Hence

(/ \Q(x—y)ysdy)s < C||Ql zsn-1y| B(%0,2*'7)
A

1
s

(4.4)

We also note that if x € B(x,r), ¥ € B(xo, 2r)¢, then %Ixo -y <lx-y| < %Ixo —y|. Conse-

quently
FoI L\ 1 g
—d < _ dy) . 4.5
(/A,' |x—y|(”7°‘)3 y) |B(x0,w+lr)|1—ot/n (x/B(xo,Yj*'lr)lf ‘ y) ( )
Then
v
L=C ) [DrA], Z/ (27r) (f( ol dy) : (4.6)
B(x0,2*1r)

lyl=m-1

Since s < p, it follows from Hoélder’s inequality that

( / ol dy) < CIf Ul (321 ||1||L, Bso ) (4.7)
B(xo,2*1r)
Then
l’
1 q
h=c Y |pra], Z; (2" (/ ol dy)
ly=m-1 B(xg,2*s)
j. oa-n
<c ) |pra|, Z(Mn )(2f“r> U Diyss0 im0, 021
lyl=m-1 oy
AR t dt
<C ) [pr4], Z/ (1+1ﬂ;>IlfIILpus(xo,:))||1||Ls/_p<B(xo,t)>m
lyl=m-1 =
, dt
<C ) |p4|, 1+1n— IV 1Lz, (B0t ||1||L, (B0, T

lyl=m-1

Then
o t _7_3
L<C 1+1Il; Hf”Lp(B(xo,t))t 17" dt. (4.8)
2r

On the other hand, by Holder’s inequality and (4.4), (4.5), we have

[Q(x - y)f )

A; |x_y|n_a

« N ([ IDAG) - (D" Aponf O \7
§</A,~|Q(x_y)| dy) (/A PRI y)

¢ X X[ 19740 - (0 A)y, [ O )

lyl=m-1 j=1

|D}/A0’) - (DVA>B(x0,r)| dy

—_

IA
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Applying Holder’s inequality we get

(/ j |DVA(y) a (DVA)B(xo r) |S/ lf()’) |S/ d)’) S/
B(x0,21r) l

< Cllf llz, 8021 | DV AC) = (DY A) g o o .
LP=5" (B(xg,2*1r))

Consequently,

2U+2y

o0
L=C Y Y| (@) W a0

2U+ly

x | DY A() - (DY A), dt

x0,7) || 1’5,/
LP=5 (B(xo,t))

[o¢]
<C Z/ I 1L, Bxo. )

x |DYA() = (D" A) g o 2
LP=S (B(xo,t))

dt

flatnls’”

Then it follows from Lemma 3.1 that

D7 AC) = (D7 A) )| e
LP=5 (B(xo,t))

([ prao)- ©a)y,,, | )
B(xq,t)

t n(p-s')
=< C||D”A||*<1 +1n —>r v
r

< CHD”AH* (1 +1n ;>rsn’_“r_2.
Then

& t _n_
12 < C Z ||DVA||*/ (1+ln ;)|v||Lp(B(xo,t))t q ldt (4‘9)
2r

ly|=m-1

Combining the estimates of I; and I, we have

sup | Tg (1) ()|

x€B(x0,r)
00 t "y
<C Z ”DVAH* / (1 +1In —) ”f”Lp(B(xo,t))t_q_ dt.
lyl=m-1 or !
Then we get

“ TS:Z! (fZ) H Lg(B(x0,r))

oo
<C ) |pra],r f Ny B ont ™7 dit. (4.10)
2r

ly|=m-1

This completes the proof of Theorem 4.1. d
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5 Proof of Theorem 1.1
Since f € M,,, (R"), by Lemma 3.4 and the non-decreasing, with respect to £, of the norm

f 1L, (Bxo > We get

Ly (B0

n
essinfoscrcoo1 (%0, T)T?

NIz, Bxo.0)

< esssup — 227

0<t<T<00 (pl(xo,‘[ TP
W12, Bexo,o)
=su p4ﬂ
0 @1(x0,T)T?

< f sty -

Since (g1, @7) satisfies (1.3), we have

o0 t _ﬂ_l
L In = N If lpaeont * dt
;

_ / > VN2, (B0 (1 it ) essinfyr 001 (%0, 7)T
r » i

essinf,rcoo 1 (%0, T)T r td

n
*° t\ essinf, X0, T)T? dt
< |V||Mp,¢1f 1+Int t<r<oo;/)1( 0,T) at
r r ta t

’Elx

dt
t

=< Cllf llmy, g, ¥2(x0, ).

Then by (4.1) we get

1785,

1
= sup
xoeR",£50 P2 (%0, £) (|B(x0,t)| Blxo,)

=¢ Z |74l xOE]R"bO @2 (%0, t)/ (1+1n_)”f”Lp(Bx°t St

ly|=m-1

<C Y |D"A|fllmyy, -

lyl=m-1

1/q
A:,”<f>(y)|qdy)
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