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1 Introduction and preliminaries

Ternary algebraic structures arise naturally in theoretical and mathematical physics, for
example, the quark model inspired a particular brand of ternary algebraic system. We also
refer the reader to ‘Nambu mechanics’ [1] (see also [2, 3] and [4]).

A C*-ternary algebra is a complex Banach space A, equipped with a ternary product
(x,9,2) = [x,7,2] of A into A, which is C-linear in the outer variables, conjugate C-linear
in the middle variable, and associative in the sense that [x,y, [z, w,V]] = [x, [w,z,¥],V] =
[[x,5, 2], w,v], and satisfies ||[x,y,2]|l < l|lx| - |ly]| - Il zll and ||[x, %, x]]| = [|x]* (see [4]).

If a C*-ternary algebra (4, [-,-,-]) has the identity, i.e., the element e € A such that x =
[x, e ¢e] = [e,e,x] for all x € A, then it is routine to verify that A, endowed with x oy := [x, e, y]
and x* := [e,x, €], is a unital C*-algebra. Conversely, if (A4, 0) is a unital C*-algebra, then
[x,9,2] := x 0 y* 0 z makes A into a C*-ternary algebra.

A C-linear mapping H : A — B is called a C*-ternary algebra homomorphism if

H([x,y,2]) = [H(x), H(), H()]

for all x,y,z € A. A C-linear mapping § : A — A is called a C*-ternary derivation if

8([xp,21) = [8(x), 2] + [, 8(3), 2] + [%,9,8(2)]

for all x,7,z € A (see [5]).

Ternary structures and their generalization, the so-called n-ary structures, are impor-
tant in view of their applications in physics (see [6]).

Let X be a set. A function d : X x X — [0,00] is called a generalized metric on X if d
satisfies the following conditions:
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(1) d(x,y) =0 if and only if x = y;
(2) d(x,y) =d(y,x) for all x,y € X;
(3) d(x,z) <d(x,y) +d(y,z) for all x, 7,z € X.

Theorem 1.1 ([7]) Let (X,d) be a complete generalized metric space and let ] : X — X be
a strictly contractive mapping with Lipschitz constant L < 1. Then, for each x € X, either

d(]nx’]n+1x) =00

for all non-negative integers n or there exists a positive integer ny such that
(1) d(J"x,]™x) < oo for all n > ny;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fixed point of ] in the set Y ={y € X | d(J"0x,) < 0o};
(4) d(y,y*) < ﬁd(y,]y)for allyey.

2 Multi-normed spaces
The notion of a multi-normed space was introduced by Dales and Polyakov in [8] and
many examples are given in [8—10].

Let (&, - ||) be a complex normed space and let k € N. We denote by EK the linear space
E @ --- @ & consisting of k-tuples (x1,...,xx), where x1,...,x; € £. The linear operations
on £X are defined coordinate-wise. The zero element of either £ or £X is denoted by 0. We
denote by Ny the set {1,2,...,k} and by X the group of permutations on k symbols.

Definition 2.1 A multi-norm on {EX : k € N} is a sequence
(I 11e) = (Il llx = k € N)

such that | - ||x is a norm on EX for each k € N with k > 2:
(A1) |(®oq), - s X))k = |15 ..., %K) | for any o € g and xy,..., 4% € E;
(A2) |I(o1x1,. .., 000 Ix < (Maxen, lei)II(x1, ..., %) Ik for any ag,...,ax € Cand
Xly..., X6 €E;
(A3) (- %1, 0) Ik = [1(x1, -, x01) [l for any xy, ..., a0 € &5
(A4) (1o k-1, k)l = 11, - o5 Xk-1) -1 for any i, ..., 2% € E.
In this case, we say that (EX, || - ||x) : k € N) is a multi-normed space.

Lemma 2.2 ([10]) Suppose that (E, || - |x) : k € N) is a multi-normed space and let k € N.
Then

@) NG, %)k = llxll for any x € E;

(2) maxieny il < 1%, xelle < o6 llxill < kmaxien, [1x:ll for any xa, ..., € E.

It follows from (2) that, if (£, || - ||) is a Banach space, then (£X,]| - ||x) is a Banach space
for each k € N. In this case, (X, || - |lx) : kK € N) is a multi-Banach space.
Now, we present two examples (see [8]).

Example 2.3 The sequence (|| - [|x : k € N) on {£¥ : k € N} defined by

” (xl) cee )xk) ||k = IlIEll%? ”xl”

for any &y, ..., %, € £ is a multi-norm, which is called the minimum multi-norm.
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Example 2.4 Let {(|| - [|¥ : kK € N) : & € A} be the (non-empty) family of all multi-norms
on {EX: k € N}. For each k € N, set

||(x1,...,xk) ||k = sup”(xl,...,xk) ||:
aeA

for any x1,...,x; € £. Then (|| - ||x : k € N) is a multi-norm on {£X : k € N}, which is called
the maximum multi-norm.

Now, we need the following observation which can easily be deduced from Lemma 2.2(2)

of multi-norms.

Lemma 2.5 Suppose that k € N and (xy,...,x;) € EX. For each j € {1,...,k}, let (x’;,) be a
sequence in £ such that lim,_, o, ), = x;. Then, for each (y1,...,yx) € &k,

lim (xil —yl,...,xﬁ —yk) = (X1 = Y1y Xk — Yi)-

n—00

Definition 2.6 Let (%, - |lx) : kK € N) be a multi-normed space. A sequence (x,) in & is
a multi-null sequence if, for each € > 0, there exists ny € N such that

sup || (xm oo 1xn+k—1) || k <€
keN

for any n > ny. Let x € £. We say that the sequence (x,,) is multi-convergent to x € £ and

write

lim x, =x
n—0o0

if (x, — x) is a multi-null sequence.

Definition 2.7 ([8, 11]) Let (4, | - ||) be a normed algebra such that ((A%, || - [|z) : k € N) is
a multi-normed space. Then ((AX, || - [Ix) : k € N) is called a multi-normed algebra if

||(6l1b1,...,ﬂ]<bk)||k = ||(a1wu)ﬂk)||k . ||(b1)"-1bk)||k

for all k € N and ay,...,a, by,..., by € A. Further, the multi-normed algebra ((AX, || - ||x) :
k € N) is a multi-Banach algebra if (A%, || - ||x) : k € N) is a multi-Banach space.

Example 2.8 ([8,11]) Letp,gwithl <p <g<ooandletA = ¢?. The algebra A is a Banach
sequence algebra with respect to a coordinate-wise multiplication of sequences (see [12]).
Let (|| - |lx : k € N) be the standard (p, g)-multi-norm on {AX : k € N}. Then ((4%, || - |lx) :
k € N) is a multi-Banach algebra.

Definition 2.9 Let ((4%, | - |lx) : kK € N) be a multi-Banach algebra. A multi-C*-algebra is
a complex multi-Banach algebra ((A%, | - ||) : k € N) with an involution # satisfying

|(@ian . aias) | = | @ a0l

forallk e Nand ay,...,a; € A.
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Definition 2.10 Let (A%, || - |Ix) : kK € N) be a multi-Banach space. A multi-C*-ternary alge-
bra is a complex multi-Banach space ((4%, | - |lx) : kK € N) equipped with a ternary product.

3 Approximation of homomorphisms in multi-Banach algebras
Throughout this paper, assume that A, B are C*-ternary algebras.
For a given mapping f : A — B, we define

Zf:l X d 2 d
Cuf K1 sXps Y15+ 5 Ya) = 2f —5 ¥ Z,uyj - Zuf(xj) —ZZ,uf(yj)
j=1 Jj=1

j=1

forall u e T':={A € C:|A| =1} and %1, ..., %5, Y1,...,Ya € A.
One can easily show that a mapping f : A — B satisfies

Cu‘f(xl,...xxp;yly""yd) = 0

forall w € T' and all xy,..., %, %1,...,y4 € A if and only if

Sux +2y) = iuf (x) + A (y)
forall u,A € T' and x,y € A.

Lemma 3.1 ([13]) Let f : A — B be an additive mapping such that f(ux) = uf(x) for all
x € A and p € T'. Then the mapping f is C-linear.

Lemma 3.2 Let {x,}, {y,}, and {z,} be the convergent sequences in A. Then the sequence
{[%n, Yn, 2n]} is convergent in A.

Proof Let x,y,z € A be such that
lim x, = x, lim y, =y, lim z, =z.
n—00 n—00 n—00

Since

[xnrymzn] - [x:y; Z]

= [xn —%YVn —y,Zn,Z] + [xn:ymz] + [xryn —y,Zn] + [xn:y:zn _Z]

forall > 1, we get

1 Geis v 2] = [, 21| = 60 = %1150 = Y1120 = 211 + 12 = %[ [l 121l

+ 1l lyn = Yl zall + %l Y12 = 2]
for all # > 1, and so
lim [x,, Yy, 24] = [, 9, 2]

This completes the proof. d



Alsulami et al. Journal of Inequalities and Applications (2015) 2015:223 Page 5 of 21

Using Theorem 1.1, we approximate homomorphisms in multi-C*-ternary algebras for
the functional equation C,f(x1,...,%,,) = 0.

Theorem 3.3 Let (B, || - ) : k € N) be a multi-C*-ternary algebra. Let f : A — B be a
mapping for which there are functions ¢ : A?*Y% — [0, 00) and v : A% — [0, 00) such that

im y "o (y "%, ¥ %0 ¥V V115 ¥ 10
n—oQ

e Vs Y s eV Vi Y VEa) = 0, )
(e rts s ®1ps Y11s s Y1) Cf B« s K Vit - k) ||
S Q1L oo Ky VLo e oo s YVids o+ o3 XkLs + s Kkps YkLs + 0 Vi) (2)
| (F (a9 21) = [F ). f 0. f (20)]),
coof (B0 70 20)) = [f i) f 00 (20 ]) |

S w(xlvylyzly"'rxk;ykyzk)y (3)
Tim y =y (", My o Y e Y 0 Y ) = 0, (4)
Tim ™"y (y ", "y 21,0 ¥ 500 ¥ Vi 26) = O (5)

fOT all n e Tl and xll,"wxlp:yllr~'-xyld;~'-xxkl:'~'rxkp:yklw~~,ykdrxlr~~;xk1y1r~~,yk)zl,

oo 2k €A, wherey = ‘“22‘1. If there exists a constant L < 1 such that

p+d p+d p+d
<p(yx1,...,yx1,yx2,...,yxg,...,yxk,...,yxk)

p+d p+d p+d
— e —— —_—
S YLO(R1r o X0 X2 o1 K2s e s Kk KR (6)

forall x1,%,,...,x¢ € A, then there exists a unique homomorphism H : A — B such that

1 (fGer) = Hr), ..o f (k) = Hx)) ||,

p+d p+d p+d
< éw(xl,...,xl,xz,...,x;,...,xk,...,x;) (7)
1-L)2y

forall xi,...,xx € A.

Proof Let 1 =1and x; = y;; =&; for 1 <i < k in (2). Then we get

1(F(van) = vf @), of (vaer) = v @) |

p+d p+d p+d
—— —— /—“ﬁ)

< (p(xl,...,xl,xz,...,xz,...,xk,...,xk

(8)

N =

for all x1,...,x; € A. Consider the set

E:={g:A— B}
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and introduce the generalized metric on E:

d(g,h) = inf{C € R, : | (glar) - hx1) ..., g(w) — i) |,
p+d p+d p+d
< C(p(xl,...,xl,xg,...,xg,...,xk,...,xk),Vxl,...,xk EA}.

It is easy to see that (E, d) is complete (see also [9]).
First we show that d is metric on E. It is obvious d(g,g) = 0 for all g € E. If d(g, h) = 0,
then, for every fixed x1,...,x¢ € A,

(gx1) = A1), ..., gxx) — h(xi)) |, = O
and therefore g = h. If d(g,h) =a < oo and d(h,1) = b < oo for all g, 1,] € E, then

| (g@1) = Ux1), ..., gloxx) = L)) |,
= | (1) = her) + () — L), ... goek) — M) + hloee) = L)) ||
< |/ (ge1) — hw), ., ) — @) |, + || (rer) - L), .., ) — o)),

p+d p+d p+d p+d p+d p+d
——— — —_— —_—— — —_——
< u(p(xl,...,xl,xz,...,xz,...,xk,...,xk) + bga(xl,...,xl,xz,...,xz,...,xk,...,xk)

p+d p+d p+d

—_—— — ——
=(a+ b)(p(xl,...,xl,xz,...,xz,...,xk,...,xk).

So we have d(g,l) <d(g,h) + d(h,]).

Let {g,} be a Cauchy sequence in (E,d). Then for all € > 0 there exists N such that
d(g,,g) <e€,ifn,i > N, Let n,i > N. Since d(g,, ) < € there exists C € [0, €) such that

” (gn(xl) ~gilx1), ..., 8n (k) —gi(xk)) Hk
p+d p+d p+d

—_—— — ———
< C(p(xl,...,xl,xz,...,xg,...,xk,...,xk)

p+d p+d p+d
—_—— — ——
5ego(xl,...,x;,xg,...,xg,...,xk,...,xk) 9)

for all xy,...,x¢ € A, so for each x1,..., 4k € A, {gu(x1,...,%k)} is a Cauchy sequence in B.
Since B is complete, there exists g(xy, ...,xx) € B such that g,(x;,...,x¢) = g(x1,..., %) as
n — 00. Thus, we have g € E. Taking the limit as i — oo in (9) we obtain, for n > N,

p+d p+d p+d
| (gn(x1) = g(x1), .., @n(xi) — g0)) ||, < €@ (R1r s X0, %0 s X2s s Ky - 8.

Therefore d(g,,g) < €. Hence g, — g as n — 00, so (E, d) is complete. Now, we consider
the linear mapping A : E — E such that

Ag(x):= lg()/x)
Y

for all x € A. From Theorem 3.1 of [14] (also see Lemma 3.2 of [9]),

d(Ag, Ah) <Ld(g, h)
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for all g,h € E. Let g, € E and let C € [0, 00] be an arbitrary constant with d(g, %) < C.
From the definition of d, we have

p+d p+d
|(g(x1) = hx), ..., gxx) = hlx)) ||, < Cor, -0 %05 Kby Xk

for all x;,...,x¢ € A. From our assumption and the last inequality, we have

|| (Ag(xl) - Ah(xy), ..., Aglag) — Ah(xk)) ||k

= % | (gyx) = by xy),....g(vx) = h(yx)) ||,

p+d p+d

C
< ;(p(yxl,...,yxl,...,yxk,...,yxk)

p+d p+d
e — e,
< CLgo(xl,...,xl,...,xk,...,xk)

for all x,...,xr € A and so

| (Af0) =f @) os A G0 = f0) |,
_ H Gf(yxl) s S y0) -1 (xk>>

k
1
=y | () = vf @)oo f (rn) = vf () |
p+d p+d
< 5(,0(;1_,...,xl,...,xk,...,x;)

for all x1,...,%¢ € A. Hence d(Af,f) < % From Theorem 1.1, the sequence {A”f} con-
verges to a fixed point H of A, i.e., H : A — B is a mapping defined by

H() = Jim (A7)(9) = fim 7 (") (10)

and H(yx) = yH(x) for all x € A. Also, H is the unique fixed point of A in the set E' = {g €
E:d(f,g) <oo}and

1
d(H,f) < md(Af,f) < m,

i.e., the inequality (7) hold for all xy,...,x¢ € A. Thus it follows from the definition of H,
(1), and (2) that

Yuxy & . a
(o (25 + 2 - o2 3 o
= 1

j=1

» . d p d
2H<M + Zuﬂ;) - uH(xy) —ZZMH()’kj))

j=1 j=1 j=1

k
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lim —
n—00 )/

Z 1“ 11 “ -
<2f ( =y uyy) D uf () =2 uf ("),
= 1:1

Jj=1

P . d V4 d
.,2f<y”M +y" ZWk;) =Y (v x) -2 Zﬂf(V"ykf)>

Jj=1 Jj=1 Jj=1

k

5,23;3;-H(Cﬁf(r i ¥V H0, Y Y1100 ¥ Y10),
Couf (V" %kt - o ¥ " Haps V" Vit -5 ¥ "V0a) )|
1
< lim —@(y "%, ¥ %1, Y0100 ¥V V1
n— 00 )/

IR ynxkl’ e ynxkpr ynykl: [EXS} ynykd) =0

for all u € T' and xy3,. s X1y Vils s Vds -9 XKLs -+ 3 Xkps VK15 - + - s Vkd € A. Hence we have

> 1 MXij - Z 4

= ij

2H<IT + E MJ’ij) = E WH () +2 E wH (y;)
=)

Jj=1 Jj=1

for all u e T?, Xily e s X1ps Y1lr -+ s V1ds -+ 1%KL+ + o s Xkps Yils -+ Vkd € A and 1 < i < k and so
H(Ax + juy) = AH(x) + uH(y) for all A, u € T! and x,y € A. Therefore, by Lemma 3.1, the
mapping H : A — B is C-linear.

Also it follows from (3) and (4) that

|| (H([xl’yl: Zl]) - [H(xl):H(yl):H(zl)]: “ee IH([xkryk!Zk]) - [H(xk)!H(yk)rH(Zk)]) Hk
= lim = (s y"]) =[O0 £ () f (772 )

n—00 y3”

o ([ " vy v"2i]) = [f (v "s5i0)of (") f (v 20) ][ o

1
< lm — ¥ (y "2, ¥y, v 20 V"% ¥ "V ¥ "26) = O

n—00 J/

for all x1, 91,21, ..., %k Y& 2k € A. Thus we have

H([xryr Z]) = [H(x),H()’),H(Z)]

forall x,7,z € A. Thus H : A — B is a homomorphism satisfying (7).

Now, let T : A — Bbeanother C*-ternary-algebras homomorphism satisfying (7). Since
aif,T) < and T is C-linear,weget T € E' and (AT)(x) = %(Tyx) =T(x)forallx € A,
ie,Tisa ﬁxed point of A. Since H is the unique fixed point of A € E’, we get H = T. This
completes the proof. d

Theorem 3.4 Let (B, || - i) : k € N) be a multi-C*-ternary algebra. Let f : A — B be
a mapping for which there are the functions ¢ : AP** — [0,00) and i : A% — [0, 00)
satisfying the inequalities (2) and (3) such that

lim y (11)

n—00

ooy ] ooy ooy ooy ooy ey

n [ *11 X1p Y1 Yip X1 Xkp Vi1 )ﬂ -0
O gy e e ) =
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. X1 )1 2 X, k %k
hm )/3}11//‘(_”; _n1_n>u~1_; _nr_> :0) (12)

hmyww(ﬁnﬁnawqfﬁzga -0 (13)
yn'y

for all u € T' and 1Ly e s Xps Y1ls - oo Vds - o9 XkLs o+ + 3 Kkps VkLs + - o3 Vkds XLs o+ 3 %ks Vs -+ 05 Vs 215

..,z €A, where y = 1‘%2”1. If the constant L <1 exists such that

p+d p+d p+d
—_—— — —_———
X1 X1 X2 X2 Xk Xk
1) el -

’

)/’ , ” y,..., y,..., y,..., ”

p+d p+d p+d

L —— ———
< ;(p(xl,...,xl,xz,...,xz,...,xk,...,xk) (14)

forall x1,%,,...,x¢ € A, then there exists a unique homomorphism H : A — B such that

1(FGer) = Hxr), ... f () = Hx)) ||,

1 p+d p+d p+d
<
S a-D’

forallx,...,x¢ € A.

Proof If we replace ; in (8) by % for 1 <i <k, then we get

H (f(xl) - yf(jl),...,ﬂxk) - yf(xik))

k
p+d p+d p+d
e Y e e
1 1 11 1 1 1
<ol = e e — (16)
27 \x X1 X2 X9 X X

for all x;,...,xr € A. Consider the set
E:={g:A— B}
and introduce the generalized metric on E:

d(g,h) = inf{C e R, : || (g(x1) — h(x1),....,g(xx) — h(x)) |,
p+d p+d p+d

—_——— — —
< C(p(xl,...,xl,xg,...,xg,...,xk,...,xk),Vxl,...,xk EA}.

It is easy to see that (E,d) is complete (see [9]).
Now, we consider the linear mapping A : E — E such that

Agw%=yg<§>

for all x € A. From Theorem 3.1 of [14] (also see Lemma 3.2 of [9]),

d(Ag, Ah) <Ld(g, h)

—— — ——
(X1 s X0, X025 e Ker s K (15)
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for all g,h € E. Let g, € E and let C € [0, 00] be an arbitrary constant with d(g, %) < C.
From the definition of d, we have

p+d p+d
| (gx1) = h(x1), .., glxx) — hxx)) Hk S COX1r e s Bl Ky s KL

for all x;,...,x¢ € A. From our assumption and the last inequality, we have

| (Ag(r) = Ah(xy), ..., Agloer) — AhGxr))

AEC)HG)oC) ()

k
p+d p+d
X X X X
1 1 k k
< Cy(p(—,‘..,—,...,—,...,—)
Y 14 Y Y
p+d p+d

—— ———
S CLO(X15 s K1s e Ker -2 X

for all x1,...,xx € A and so d(Ag, Ah) < Ld(g, h) for any g, h € E. It follows from (16) that
d(Af.f) < % Therefore, according to Theorem 1.1, the sequence {A”f} converges to a
fixed point H of A, i.e., H : A — B is a mapping defined by

H@) = Tim (A"f)@) = lim V”f(%) 17)

forallx € A.
The rest of the proof is similar to the proof of Theorem 3.3 and so we omit it. This
completes the proof. O

Theorem 3.5 Let r and 0 be non-negative real numbers such that r ¢ [1,3] and let
((B5 || - k) : k € N) be a multi-C*-ternary algebra. Let f : A — B be a mapping such that

|| (CMf(xllj v 7x1p)y11) v 7yld); L] C/J‘f(xk17 e ’xkprykl’ v 7ykd)) ||/(
p d p d
<0 (Z eyl + Dyl + -+ > sl + ||yk,-||z) (18)
j=1 j=1 j=1 j=1

and

|| (f([xl;ylrzl]) - [f(xl)rf(yl))f(zl)]’ .. "f([xk’yk’ Zk]) - [f(xk)rf(yk)rf(zk)]) “k

< O(oeallly - Iyalla-lizally + - -+ llosselly - lyielly - Nzxl) (19)

for all u € T! and Kils oo s Kips V1l oo s Vids o3 XkLs + o3 Kkps VR - Vkds s+ + 05 Kks Vs« + -5 Vs 215
...,zk € A. Then there exists a unique C*-ternary algebra homomorphism H : A — B such
that

H (f(xl) - H(xl)r e 1f(xk) - H(xk)) ||B
2"(p + d)o

= 12(p + 2d)" — (p + 2d)27| (||x1||2 Feeet ”xk”Z) 00

forall x,...,x¢ € A.
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Proof The proof follows from Theorem 3.3 by taking

(p(xll’ .. oyxlp!yll! cesVidy oo s Xkl o - -;xkp,}/kl; .. -;J’kd)
p d p d
=0 (Z a7+ > Mgl + -+ > Nl + > ||yk,«||z>,
j=1 j=1 j=1 j=1

Y (x50, 20, -« » Xks Vi Zik)
= O (el - Myally -zl + -+ ol - Nkl - lzell?)
for all w € T! and ®11,- .., X1ps Vils e+ o> Vids -2 Xkls -+ +» Xbips VKLs + o> Vikdr B+« Xks Y1+« +» Voo 215

...,zr € A. Then we can choose L = 2! (p + 2d)}, when 0 < r <1,and L =2 - 2'"(p +
2d)" !, when r > 3, and so we get the desired result. This completes the proof. O

Theorem 3.6 Let (BY, || - |Ix) : kN) be a multi-C*-ternary algebra. Let f : A — B be a map-
ping for which there are functions ¢ : AP*P* — [0, 00) and ¥ : A — [0, 00) such that

lim d’”(p(d"xu, ooy d"xlp, dn_)/u, ooy dnylp,

coord" g1y d ks A Vi1 d Yra) = 0, (21)
(e Gt os 2t V191 s Ef itk Vs 350) |
< QXL+ X1y Vil o Yids oo XkLs 0 Kl Vi 02 Vi) (22)
1(F ([, 31,21]) = [F@0).f On),f(20)],
o] (0030 261) = [f @), f 0, f @)]) [«

S Y@L YL 21 X Vi Z6)s (23)
lim d™y (&, d"y, d" 2., d 5 d i d"21) = 0, (24)
n—0o0
lim d’znlp(d”xl,d”yl,zl,...,d”xk, d”yk,zk) =0 (25)

fOr ﬂll JUNS Tl ﬂnd xllv---)xlptyll)"'1yld)'"1xk11'"7xkpryk1)~-7ykd)x11---)x/oylr’--rykizlﬁ
., zk €A, where y = ’%{. If there exists the constant L < 1 such that

p+d p+d p+d

<p(dx1,...,dxl,dxz,...,dxz,...,dxk,...,dxk)

p d p d p d
—— A ——
5dLgo(O,...,O,xl,...,xl,0,...,O,xz,...,xz,...,0,...,0,xk,...,xk) (26)

forall x1,x;,...,xx € A, then there exists a unique homomorphism H : A — B such that

1 (fGer) = Hr), ..o f (k) = Hx)) ||,

p d p d p d
1 —— | T — ——— e —
5mg&(o,...,O,xl,...,xl,0,...,O,xg,...,xg,...,0,...,0,xk,...,xk) (27)

forall x,...,x¢ € A.
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Proof Let u=1andx;; =0, y; =x; for1 <i < kin (22). Then we get

| (f(dxr) = df (1), ... f (i) = df () |

p d p d p d
et e e e

<=¢(0,...,0,%1,...,%1,0,...,0,%,...,%,...,0,..,0,%,..., %) (28)

N =

for all x1,...,x; € A. Consider the set
E:={g:A— B}
and introduce the generalized metric on E:

d(g,h) = inf{C eR;: H (g(xl) —h(x1),...,g(xk) — h(xk)) ||k

P d r d P d
—_—— ——
5C(p(O,...,O,xl,...,xl,O,...,O,xz,...,xz,...,0,...,O,xk,...,xk),

VaL,..., %k €A}

It is easy to see that (E, d) is complete (see [9]).
Now, we consider the linear mapping A : E — E such that

1
Ag(x) = —gldx)
for all x € A. From Theorem 3.1 of [14] (also see Lemma 3.2 of [9]),
d(Ag, AK) < Ld(g, 1)

for all g,h € E. Let g, € E and let C € [0, 00] be an arbitrary constant with d(g, %) < C.
From the definition of d, we have

p d p d
——

—— —_——,
|| (g(xl) —h(x1),...,g0xk) — h(xk)) ||k < C(p(O,...,O,xl,.,.,xl,...,0,...,0,xk,...,xk)
for all x;,...,x¢ € A. From our assumption and the last inequality, we have

| (Ag(xr) = Ah(x), ..., Ag(xr) = Ah(x)) |,

1
=2 || (g(dxl) —h(dxy),...,g(dxi) - h(dxk)) ||k
p d p d
C ——— e ———
SE(p(O,...,O,dxl,...,dxl,...,0,...,0,dxk,...,dxk)

p d » d
—— e A— ——
< CL(0,...,0,%1,...,%1,...,0,..,0, %k, ..., %)

for all x1,...,x; € A. Thus we have

| (Af 1) =f @)y r Af () = f0) |,

= H <$f(dx1) —f(x1)s s éf(dxk) -f (xk))

k
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2 | (F (dx1) = df o), ... f(dx) - df (i) |

p d p d
1 —— —— e —
< —(p(O,...,O,xl,...,xl,...,0,...,0,xk,...,xk)

for all xy,...,x¢ € A. Hence d(Af,f) < ﬁ. From Theorem 1.1, the sequence {A”"f} con-
verges to a fixed point H of A, i.e., H: A — B is a mapping defined by

H) = Tim (M) = lim - f(@") 29)

n—00

and H(dx) = dH(x) for all x € A. Also, H is the unique fixed point of A in the set E' = {g €
E:d(f,g) < oo} and

1
d(H,f) < md(Af,f) < m,

i.e., the inequality (27) hold for all xy,...,x; € A. It follows from the definition of H, (21),
and (22) that

Ylamry & - a
ZH(% + Z MJ’l/) - Z WH (x17) =2 Z WH (y1)),
o1 1

Jj=1

Zf:l HXig d
L 2H —5 +Z;Lykj Z,uH(xk]) ZZMH(J/Iq

j=1 j=1 j=1

nZ/ 1 MX1j " Z n : n
2f d T +d ZMJ’I] Z/’Lf(d xl/) _22Mf(d ylj),
j=1

j=1 j=1

=1 —
1md

n—00

» , d P d
2 (WM vd"y Myk/) =D wf (@) -2 wf(d"vy)
j=1

j=1 j=1

k

< lim — ” (C‘,‘f(d X115 -+ d"xlp, dn_)/u, e ,d”yld),

Vl*)OO

o C,,f(d”xkl, cee ,d”xkp, d"ykl, cee ,d"ykd)) ”k

1
+ lim —(p(d ity A" X1 d" Y115 A" Y14,

n—o0 "

.y d”x;d, e ,d"xkp,d"ykl, veey dnykd) =

for all w € T' and &y, ... 3 X1ps VLo -+ s Vds - -3 XKLy« + - s Xkps Yikds - - -» Vikd € A. Hence we have

> 1 MXij - ’ 4

!

2H<IT + E MJ’ij) = E wH (x7) + 2 E WH (y;)
-1

Jj=1 Jj=1

for all u e TY, Kils oo s X1 V1l o+ s V1ds -+ 3 XKLs -+ 1 Kkps Vi1 - Vkd € A and 1 < i < k and so
H(hx + juy) = AH(x) + wH(y) for all A, 1 € T! and all %, y € A. Therefore, by Lemma 3.1, the
mapping H : A — B is C-linear.
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Also it follows from (23) and (24) that

||H([x1,y1,Z1]) - [H(xl)iH()/I)rH(Zl)]r cee ’H([xk’yk: Zk]) - [H(xk)’H(yk)jH(Zk)] ”k

1
= Jim | ([d &'y d"a]) - [f(d").f(d'9).f (d"2)]

cooof ([ d"yio d"ze]) = [ (@), f (d"90). f (d"20) ]|

1
< lim —W(d”xl,d"yl,d”zl,...,d”xk,d”yk,d”zk) =0

~ n—o0 3"

for all x1, 91,21, ..., %k Yk 2k € A. Thus

H([x,y,2]) = [H(x), H(), H(z)]

for all x,7,z € A.Thus H : A — B is a homomorphism satisfying (26).
Now, let T : A — B be another C*-ternary algebras homomorphism satisfying (27).
Since d(f, T) < (; and T is C-linear, we get T € E' and (AT)(x) = %(Tyx) = T(x) for

1-0)2d
allx € A, i.e,, T is a fixed point of A. Since H is the unique fixed point of A € E', we get
H =T. This completes the proof. d

Theorem 3.7 Let r, s, and 0 be non-negative real numbers such that 0 <r #1,0 <s #3,
and let d > 2. Suppose that f : A — B is a mapping with f(0) = 0 satisfying (18) and

|| (f([xlvyl,zl]) - [f(xl))f(yl)rf(zl)]; .. wf([xkryk’zk]) - [f(xk)rf(yk);f(zk)]) “
< O(lxally - ynll - Nzl + -+ sl - Iyl - llzely) (30)

Sorall p € T and x1,...,%6,91, ., Yk: 21, - -, 2k € A. Then there exists a unique C*-ternary
algebra homomorphism H : A — B such that

| (f @) = Hx), ..o f (i) = Hx)) | o

do . .
= m(”xl”A‘F“"" ||xk||A) (31)

forallxy,...,x¢ € A.

Proof We only prove the theorem when 0 < 7 <1and 0 < s < 3. One can prove the theorem
for the other cases in a similar way. The proof follows from Theorem 3.6 by taking

‘P(xu»~~‘,xlp,}/n,~~;)’1d;~~;xk1,~~~,xkp,}/k1;u~,ykd)
r d )4 d
::0(2 gl + D Myl + -+ > gl + Y ||ykj||;>,
j=1 j=1 j=1 j=1
Y (X0 Y1215 0 %o Yo 26) 1= O (115 - Il - Nzl + -+ ol - el - llzell)
for all n e Tl and xll:~~~;xlp;yll:'uyyld:'uyxkl;"'yxkpryklro««xykdrxly«~~;xk:y1yo~1ykyzly

...,zx € A. Then we can choose L =d"!, when 0 <r<land O<s<3,and L =2 — 4",
when 7 > 1 and s > 3, and so we get the desired result. O
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Now, assume that A is a unital C*-ternary algebra with norm || - || and unit e and B is a
unital C*-ternary algebra with norm | - || and unit ¢'.
We investigate homomorphisms in C*-ternary algebras associated with the functional

equation C, f (%1, ..., %, ¥15...,¥a) = 0.

Theorem 3.8 ([5]) Let r > 1 (resp., r < 1) and 6 be non-negative real numbers and let f
A — B be a bijective mapping satisfying (18) and

f(xy.2)) = [f@).f0).£ )]

forall x,y,z € A. If lim,,_, « (p+22nd)”f( (pEZZ)") = ¢ (resp., lim,_, o (p+2d ——f( (p+2d e) =¢€), then
the mapping f : A — B is a C*-ternary algebra isomorphism.

Theorem 3.9 Letr <1and0 be non-negative real numbers andletf : A — B be a mapping
satisfying (18) and (19). If there exist a real number A > 1 (resp 0 < A <1) and an element
Xo € A such that lim,,_, 55 Lf(W'xo) = € (resp., lim, o "f =€), then the mapping f :
A — B is a multi-C*-ternary algebra homomorphism.

Proof By using the proof of Theorem 3.5, there exists a unique multi-C*-ternary algebra
homomorphism H : A — B satisfying (20). It follows from (20) that

H(x) = nlirglo )Ll—nf()x”x) (resp.,H(x) = IHEO )J‘f(%))

forallx € A and A >1 (0 < A <1). Therefore, from our assumption, we get H(x,) = €.
Let A >1 and lim,_, o %nf()n”xo) = €. It follows from (19) that

| ([H Ger), H ), H(z0)] = [H 1), H ), f (21)],
o [H), Hyi), H(zi) | = [H ), Hoi)o f @) ]) |
= || (Hlxw 2] = [H), How.f (20)],
Hlxio yi ze] = [H ), HOi) f (z)]) |

= lim (2 m]) = [ (). (). f ),

n—>00 \21

cof (W00 2y 2e]) = [f (40 f (F"90) £ (@0]) |

rn
: r r r r r ry _
= lim —A3n9(||x1IIA Myl - Nzl + -+ el - el - lzelly) = 0

for all x1,...,4¢ € A. Thus [H(x), H(y), H(z)] = [H(x), H(y),f(2)] for all x,y,z € A. Letting
x =y = %o in the last equality, we get f(z) = H(z) for all z € A. Similarly, one can show that
H(x) = f(x) for all x € A when 0 < A <1 and lim,, .o, A"f(57) = €.

Similarly, one can show the theorem for the case A > 1. Therefore, the mappingf: A — B
is a multi-C*-ternary algebra homomorphism. This completes the proof. d

Theorem 3.10 Let r > 1 and 6 be non-negative real numbers and let f : A — B be a map-
ping satisfying (18) and (19). If there exist a real number ). > 1 (resp., 0 < A < 1) and an ele-
ment xy € A such thatlim,,_, « %,,f()\”xo) =€ (resp., lim,_, oo \"f(5%) = €'), then the mapping
f A — Bis a multi-C*-ternary algebra homomorphism.
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Proof The proof is similar to the proof of Theorem 3.9 and we omit it. O

4 Approximation of derivations on multi-C*-ternary algebras
Throughout this section, assume that A is a C*-ternary algebra with norm | - ||.

Park [5] studied approximation of derivations on C*-ternary algebras for the functional
equation C, f(x1,...,%,¥1,...,Ya4) = 0 (see also [5, 13, 15-59] and [60]).

For any mapping f : A — A, let

Df(x,7,2) =f (%, 3,2]) - [f®),3,2] - [%.f ), 2] - [%,5./(2)]
forall x,7,z € A.

Theorem 4.1 ([13]) Let r and 6 be non-negative real numbers such that r ¢ [1,3] and let
f A — A be a mapping satisfying (19) and

IDf (x,3,2) | < O (1%l + Iyll” + l1211")

forall x,y,z € A. Then there exists a unique C*-ternary derivation § : A — A such that

2 (p +d)

9 r
2+ 2dy —(p+2a)2

[f (o) - 8@)| <

forallx € A.
In the following theorem, we generalize and improve the result in Theorem 4.1.

Theorem 4.2 Let (AX, | - k) : k € N) be a multi-C*-ternary algebra. Let f : A — A be
a mapping for which there are the functions ¢ : AP** — [0,00) and i : A% — [0, 00)
satisfying the inequalities (1), (2), and (4) such that

|(Df 1,91, 21), ... Df (s 760 20) ) | < W o1, 3152105 -5k Vi 24) (32)

fOV all n e Tl and X1l e s XUy Y1l oo s Vds o+ 3 Xks e+ 5 Xkps ViLs «  + 3 Vkdr K15+« <5 Xk V1o -+ o5 Vi 215

oo,z €A, wherey = p+22d. If the constant L < 1 exists such that

p+d p+d p+d
<p(yx1,..‘,yx1,yx2,...,yxz,...,yxk,...,yxk)

p+d p+d p+d
—— — —_——
< )/L(p(xl,...,xl,xz,...,xz,...,xk,...,xk) (33)

for all x1,%,...,xx € A, then there exists a unique C*-ternary derivation § : A — B such
that

| (FGer) = 8o f (o) = 8x0)) |,

p+d p+d p+d
< #q)(xl,...,xl,xz,...,x;,...,xk,...,x;) (34)
T (1-L)2y

forall x,...,x¢ € A.
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Proof The same reasoning as in the proof of Theorem 3.3, guarantees there exists a unique
C-linear mapping 8 : A — A satisfying (32). The mapping § : A — A is given by

1
8(x) = lim (A"f)(x) = lim —f(y"x) (35)
n—00 n— 00 y"
and §(yx) = yd(x) for all x € A. Also, H is the unique fixed point of A in theset E' = {g €
E:d(f,g) < oo} and

1 1

d(s,f) < ﬁd(Af,f) < iy

i.e., the inequality (6) holds for all xy,...,x; € A. It follows from the definition of §, (1) and
(2), and (35) that
|| (Cﬂa(‘xll) o )xlpylh coe ,yld)) ey C}J,S(xkll o )xkpyklx oo 1ykd)) ||k

1
= lim _Vl ” (Cuf()/nxll; veey anlp, V”)’u, ey ynyld);

n—00 )/
vy Cy‘f(ynxkly cees ankpv )/nykl, EEE) Vnykd)) ||k
. 1
< lim — (¥ %1, ¥ %Y Y1155 ¥ V105

~ n—oo y”

eV Xk Y ks V VR 0V YRa) = O

for all u € T' and xy3,. s X1y Vils s Vds -9 XKLs -+ 3 Xkps VK15 - + - s Vkd € A. Hence we have

Yo uay & d d

= )

25(# + E N«J’ij) = E W (i) +2 E w8 (yi)
j=1 j=1 j=1

for all u € T4, Kils oo s Ky V1l o+ s Vds -3 XkLs + o1 Xkps Vi1 - Vkd € A and 1 < i < k and so
S(Ax + wy) = A8(x) + ud(y) for all A, € T and x,y € A. Therefore, by Lemma 3.1, the
mapping § : A — B is C-linear.

Also it follows from (4) and (32) that

” (Da(xlyyl» Zl)) oo D3(xk,yk,2k)) ||k

. 1
= lim
n—00 y3”

lf (OF ("1, v "1, ¥"21)s o f (v "5 ¥ 900 v "20) ) |

. 1
< lim — ¥ (y"%0,¥"y0, ¥ 21 V" %0 VY0 v "21) = 0

T n—oo y3"

for all x1,91,21,..., % Y- 2k € A and hence

(5([961,)’1,21]), e 5([9%)//0 Zk]))
+ ([8(x1), 00, (20)] + [#1,80n), 21] + [1,01,8(21) ],
oo [86er), 0)s ()] + [0 8Os 2k ] + [0 Y00 8(24) ]) (36)
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for all x,y,z € A and so the mapping & : A — A is a C*-ternary derivation. It follows from
(32) and (4) that

(801,31, 21] = [8(x1), 31,21 ] = [#1,80n)s 1] = [,/ (1)),

oo 8[%k Yoo 2] — [8 (i) i 2| = [0 i) 2] = [%: 9, (@) ]) |

= lim LH(f[y”xl,y/”yl,zl] - [f()/”x1),)/"y1,Z1]

n—00 yz"

— [y xuf (), 2] = [ %, v " f (@),
cef [V %0 Y Yo 2] = [ (") v 90 2]
= [y swaf (v"v6)s 26| = [v "% " V0 f (@)]) |

. 1
< lim Ww(y”xl,y”yl,zl,...,y”xk,y"yk,zk) =0

T n—oo

for all x1,y1,21, ..., %k, Yk 2 € A and so we have

(81x,9,2]) = [6(x), 3, 2] + [%,8(),2] + [%,7,/(2)] (37)
for all x,7,z € A. Hence it follows from (36) and (37) that

[%,2,8(2)] = [%,7,./(2)] (38)
forall x,y,z € A. Letting x = y = f(2) - 8(2) in (38), we get

If2) - 8@ = | [f@) - 3(2).f (2) - 8(2).f (2) - 3(2)] | = O (39)

for all z3,...,zx € A and hence f(z) = §(z) for all z € A. Therefore, the mapping f: A — A
is a C*-ternary derivation. This completes the proof. O

Corollary 4.3 Letr <1, s <2, and 0 be non-negative real numbers and let f : A — A be a
mapping satisfying (18) and

” (Df(xl’yly Zl)r ey Df(xk’yk) Zk)) ”
<Ol - Iyally - lzally + -+ el - lywly - lzells)
forall x1,y1,21, ..., %k Yk, 2k € A. Then the mapping f : A — A is a C*-ternary derivation.

Proof Define

‘/’(xu: e K Y1l e 5 V1ds oo 3 Xk1s + + « 5 Xkps Vil + ',J/kd)
14 d V4 d
=0 (Z eyl + > Mgl D il + Y ||yk,||z>
j=1 j=1 j=1 j=1

and

Y (XL, V1,20, -« > Xks Vier Zk)

= 0 (e 1% - Myally -zl + -+ el - el - lzell)
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for all %1, Y1, 21, . . s Xks Vs Zko K115+« -5 K1ps Vils -3 V1ds -+ KkLs - - 3 Xkps VKL» - - - » Vikd € A and apply-
ing Theorem 4.2, we get the desired result. O

Theorem 4.4 Let (A%, || - |lx) : k € N) be a multi-C*-ternary algebra. Let f : A — A be a
mapping for which there are the functions ¢ : AP*P% — [0, 00) and ¥ : A3 — [0, 00) satis-
[fying the inequalities (2), (11), (12), and (32) for all ;. € T! and x11, . .. s X1ps Yo+ - o3 Vds -+ +» Xk
e s Kl Vil -+ s Vkdr KLy« 3 Xy Vs - o2 Vir 21 - - 2k € A, where y = p+22d. If there exists the con-

stant L < 1 such that

p+d p+d p+d
—_—— —_———
X1 X1 X2 X2 Xk Xk
Ol — e e ey ey —
Y Yy v 14 14 14
p+d p+d p+d
L e W e
< ;(p(xl,...,xl,xg,...,xg,...,xk,...,xk) (40)

forall x1,x,,...,%c € A, then there exists a unique homomorphism & : A — A such that

| (FGer) = 8 .o f (o) = 8x0)) |,

p+d p+d p+d
< #w(xl,...,xl,xz,...,x;,...,xk,...,xk) (41)
T (1-L)2y

forall xy,...,xx € A.

Proof The same reasoning as in the proof of Theorem 3.4 guarantees there exists a unique
C-linear mapping 6 : A — A satisfying (32). The rest of the proof is similar to the proof of
Theorem 4.2 and so we omit it. O
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