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1 Introduction and preliminaries
Ternary algebraic structures arise naturally in theoretical and mathematical physics, for
example, the quark model inspired a particular brand of ternary algebraic system. We also
refer the reader to ‘Nambu mechanics’ [] (see also [, ] and []).

A C∗-ternary algebra is a complex Banach space A, equipped with a ternary product
(x, y, z) �→ [x, y, z] of A into A, which is C-linear in the outer variables, conjugate C-linear
in the middle variable, and associative in the sense that [x, y, [z, w, v]] = [x, [w, z, y], v] =
[[x, y, z], w, v], and satisfies ‖[x, y, z]‖ ≤ ‖x‖ · ‖y‖ · ‖z‖ and ‖[x, x, x]‖ = ‖x‖ (see []).

If a C∗-ternary algebra (A, [·, ·, ·]) has the identity, i.e., the element e ∈ A such that x =
[x, e, e] = [e, e, x] for all x ∈ A, then it is routine to verify that A, endowed with x◦y := [x, e, y]
and x∗ := [e, x, e], is a unital C∗-algebra. Conversely, if (A,◦) is a unital C∗-algebra, then
[x, y, z] := x ◦ y∗ ◦ z makes A into a C∗-ternary algebra.

A C-linear mapping H : A → B is called a C∗-ternary algebra homomorphism if

H
(
[x, y, z]

)
=

[
H(x), H(y), H(z)

]

for all x, y, z ∈ A. A C-linear mapping δ : A → A is called a C∗-ternary derivation if

δ
(
[x, y, z]

)
=

[
δ(x), y, z

]
+

[
x, δ(y), z

]
+

[
x, y, δ(z)

]

for all x, y, z ∈ A (see []).
Ternary structures and their generalization, the so-called n-ary structures, are impor-

tant in view of their applications in physics (see []).
Let X be a set. A function d : X × X → [,∞] is called a generalized metric on X if d

satisfies the following conditions:
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() d(x, y) =  if and only if x = y;
() d(x, y) = d(y, x) for all x, y ∈ X ;
() d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X .

Theorem . ([]) Let (X, d) be a complete generalized metric space and let J : X → X be
a strictly contractive mapping with Lipschitz constant L < . Then, for each x ∈ X, either

d
(
Jnx, Jn+x

)
= ∞

for all non-negative integers n or there exists a positive integer n such that
() d(Jnx, Jn+x) < ∞ for all n ≥ n;
() the sequence {Jnx} converges to a fixed point y∗ of J ;
() y∗ is the unique fixed point of J in the set Y = {y ∈ X | d(Jn x, y) < ∞};
() d(y, y∗) ≤ 

–L d(y, Jy) for all y ∈ Y .

2 Multi-normed spaces
The notion of a multi-normed space was introduced by Dales and Polyakov in [] and
many examples are given in [–].

Let (E ,‖ · ‖) be a complex normed space and let k ∈ N. We denote by Ek the linear space
E ⊕ · · · ⊕ E consisting of k-tuples (x, . . . , xk), where x, . . . , xk ∈ E . The linear operations
on Ek are defined coordinate-wise. The zero element of either E or Ek is denoted by . We
denote by Nk the set {, , . . . , k} and by �k the group of permutations on k symbols.

Definition . A multi-norm on {Ek : k ∈ N} is a sequence

(‖ · ‖k
)

=
(‖ · ‖k : k ∈ N

)

such that ‖ · ‖k is a norm on Ek for each k ∈ N with k ≥ :
(A) ‖(xσ (), . . . , xσ (k))‖k = ‖(x, . . . , xk)‖k for any σ ∈ �k and x, . . . , xk ∈ E ;
(A) ‖(αx, . . . ,αkxk)‖k ≤ (maxi∈Nk |αi|)‖(x, . . . , xk)‖k for any α, . . . ,αk ∈ C and

x, . . . , xk ∈ E ;
(A) ‖(x, . . . , xk–, )‖k = ‖(x, . . . , xk–)‖k– for any x, . . . , xk– ∈ E ;
(A) ‖(x, . . . , xk–, xk–)‖k = ‖(x, . . . , xk–)‖k– for any x, . . . , xk– ∈ E .
In this case, we say that ((Ek ,‖ · ‖k) : k ∈ N) is a multi-normed space.

Lemma . ([]) Suppose that ((Ek ,‖ · ‖k) : k ∈ N) is a multi-normed space and let k ∈ N.
Then

() ‖(x, . . . , x)‖k = ‖x‖ for any x ∈ E ;
() maxi∈Nk ‖xi‖ ≤ ‖x, . . . , xk‖k ≤ ∑k

i= ‖xi‖ ≤ k maxi∈Nk ‖xi‖ for any x, . . . , xk ∈ E .

It follows from () that, if (E ,‖ · ‖) is a Banach space, then (Ek ,‖ · ‖k) is a Banach space
for each k ∈ N. In this case, ((Ek ,‖ · ‖k) : k ∈ N) is a multi-Banach space.

Now, we present two examples (see []).

Example . The sequence (‖ · ‖k : k ∈ N) on {Ek : k ∈ N} defined by

∥
∥(x, . . . , xk)

∥
∥

k := max
i∈Nk

‖xi‖

for any x, . . . , xk ∈ E is a multi-norm, which is called the minimum multi-norm.
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Example . Let {(‖ · ‖α
k : k ∈ N) : α ∈ A} be the (non-empty) family of all multi-norms

on {Ek : k ∈ N}. For each k ∈ N, set

∥
∥(x, . . . , xk)

∥
∥

k := sup
α∈A

∥
∥(x, . . . , xk)

∥
∥α

k

for any x, . . . , xk ∈ E . Then (‖ · ‖k : k ∈ N) is a multi-norm on {Ek : k ∈ N}, which is called
the maximum multi-norm.

Now, we need the following observation which can easily be deduced from Lemma .()
of multi-norms.

Lemma . Suppose that k ∈ N and (x, . . . , xk) ∈ Ek . For each j ∈ {, . . . , k}, let (xj
n) be a

sequence in E such that limn→∞ xj
n = xj. Then, for each (y, . . . , yk) ∈ Ek ,

lim
n→∞

(
x

n – y, . . . , xk
n – yk

)
= (x – y, . . . , xk – yk).

Definition . Let ((Ek ,‖ · ‖k) : k ∈ N) be a multi-normed space. A sequence (xn) in E is
a multi-null sequence if, for each ε > , there exists n ∈ N such that

sup
k∈N

∥
∥(xn, . . . , xn+k–)

∥
∥

k < ε

for any n ≥ n. Let x ∈ E . We say that the sequence (xn) is multi-convergent to x ∈ E and
write

lim
n→∞ xn = x

if (xn – x) is a multi-null sequence.

Definition . ([, ]) Let (A,‖ · ‖) be a normed algebra such that ((Ak ,‖ · ‖k) : k ∈ N) is
a multi-normed space. Then ((Ak ,‖ · ‖k) : k ∈ N) is called a multi-normed algebra if

∥
∥(ab, . . . , akbk)

∥
∥

k ≤ ∥
∥(a, . . . , ak)

∥
∥

k · ∥∥(b, . . . , bk)
∥
∥

k

for all k ∈ N and a, . . . , ak , b, . . . , bk ∈ A. Further, the multi-normed algebra ((Ak ,‖ · ‖k) :
k ∈ N) is a multi-Banach algebra if ((Ak ,‖ · ‖k) : k ∈ N) is a multi-Banach space.

Example . ([, ]) Let p, q with  ≤ p ≤ q < ∞ and let A = �p. The algebra A is a Banach
sequence algebra with respect to a coordinate-wise multiplication of sequences (see []).
Let (‖ · ‖k : k ∈ N) be the standard (p, q)-multi-norm on {Ak : k ∈ N}. Then ((Ak ,‖ · ‖k) :
k ∈ N) is a multi-Banach algebra.

Definition . Let ((Ak ,‖ · ‖k) : k ∈ N) be a multi-Banach algebra. A multi-C∗-algebra is
a complex multi-Banach algebra ((Ak ,‖ · ‖k) : k ∈ N) with an involution ∗ satisfying

∥
∥(

a∗
 a, . . . , a∗

kak
)∥∥

k =
∥
∥(a, . . . , ak)

∥
∥

k

for all k ∈ N and a, . . . , ak ∈ A.
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Definition . Let ((Ak ,‖·‖k) : k ∈ N) be a multi-Banach space. A multi-C∗-ternary alge-
bra is a complex multi-Banach space ((Ak ,‖ · ‖k) : k ∈ N) equipped with a ternary product.

3 Approximation of homomorphisms in multi-Banach algebras
Throughout this paper, assume that A, B are C∗-ternary algebras.

For a given mapping f : A → B, we define

Cμf (x, . . . , xp, y, . . . , yd) := f

(∑p
j= μxj


+

d∑

j=

μyj

)

–
p∑

j=

μf (xj) – 
d∑

j=

μf (yj)

for all μ ∈ T := {λ ∈ C : |λ| = } and x, . . . , xp, y, . . . , yd ∈ A.
One can easily show that a mapping f : A → B satisfies

Cμf (x, . . . , xp, y, . . . , yd) = 

for all μ ∈ T and all x, . . . , xp, y, . . . , yd ∈ A if and only if

f (μx + λy) = μf (x) + λf (y)

for all μ,λ ∈ T and x, y ∈ A.

Lemma . ([]) Let f : A → B be an additive mapping such that f (μx) = μf (x) for all
x ∈ A and μ ∈ T. Then the mapping f is C-linear.

Lemma . Let {xn}, {yn}, and {zn} be the convergent sequences in A. Then the sequence
{[xn, yn, zn]} is convergent in A.

Proof Let x, y, z ∈ A be such that

lim
n→∞ xn = x, lim

n→∞ yn = y, lim
n→∞ zn = z.

Since

[xn, yn, zn] – [x, y, z]

= [xn – x, yn – y, zn, z] + [xn, yn, z] + [x, yn – y, zn] + [xn, y, zn – z]

for all n ≥ , we get

∥∥[xn, yn, zn] – [x, y, z]
∥∥ = ‖xn – x‖‖yn – y‖‖zn – z‖ + ‖xn – x‖‖yn‖‖z‖

+ ‖x‖‖yn – y‖‖zn‖ + ‖xn‖‖y‖‖zn – z‖

for all n ≥ , and so

lim
n→∞[xn, yn, zn] = [x, y, z].

This completes the proof. �
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Using Theorem ., we approximate homomorphisms in multi-C∗-ternary algebras for
the functional equation Cμf (x, . . . , xm) = .

Theorem . Let ((Bk ,‖ · ‖k) : k ∈ N) be a multi-C∗-ternary algebra. Let f : A → B be a
mapping for which there are functions ϕ : A(p+d)k → [,∞) and ψ : Ak → [,∞) such that

lim
n→∞γ –nϕ

(
γ nx, . . . ,γ nxp,γ ny, . . . ,γ nyp,

. . . ,γ nxk, . . . ,γ nxkp, . . . ,γ nyk, . . . ,γ nykd
)

= , ()
∥∥(

cμf (x, . . . , xp, y, . . . , yd), . . . , cμf (xk, . . . , xkp, yk, . . . , ykd)
)∥∥

k

≤ ϕ(x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd), ()
∥
∥(

f
(
[x, y, z]

)
–

[
f (x), f (y), f (z)

]
,

. . . , f
(
[xk , yk , zk]

)
–

[
f (xk), f (yk), f (zk)

])∥∥
k

≤ ψ(x, y, z, . . . , xk , yk , zk), ()

lim
n→∞γ –nψ

(
γ nx,γ ny,γ nz, . . . ,γ nxk ,γ nyk ,γ nzk

)
= , ()

lim
n→∞γ –nψ

(
γ nx,γ ny, z, . . . ,γ nxk ,γ nyk , zk

)
=  ()

for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd, x, . . . , xk , y, . . . , yk , z,
. . . , zk ∈ A, where γ = p+d

 . If there exists a constant L <  such that

ϕ
(

p+d
︷ ︸︸ ︷
γ x, . . . ,γ x,

p+d
︷ ︸︸ ︷
γ x, . . . ,γ x, . . . ,

p+d
︷ ︸︸ ︷
γ xk , . . . ,γ xk

)

≤ γ Lϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, x, . . . , xk ∈ A, then there exists a unique homomorphism H : A → B such that

∥∥(
f (x) – H(x), . . . , f (xk) – H(xk)

)∥∥
k

≤ 
( – L)γ

ϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, . . . , xk ∈ A.

Proof Let μ =  and xij = yij = xi for  ≤ i ≤ k in (). Then we get

∥
∥(

f (γ x) – γ f (x), . . . , f (γ xk) – γ f (xk)
)∥∥

k

≤ 

ϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, . . . , xk ∈ A. Consider the set

E := {g : A → B}
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and introduce the generalized metric on E:

d(g, h) = inf
{

C ∈ R+ :
∥∥(

g(x) – h(x), . . . , g(xk) – h(xk)
)∥∥

k

≤ Cϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
,∀x, . . . , xk ∈ A

}
.

It is easy to see that (E, d) is complete (see also []).
First we show that d is metric on E. It is obvious d(g, g) =  for all g ∈ E. If d(g, h) = ,

then, for every fixed x, . . . , xk ∈ A,
∥
∥(

g(x) – h(x), . . . , g(xk) – h(xk)
)∥∥

k = 

and therefore g = h. If d(g, h) = a < ∞ and d(h, l) = b < ∞ for all g, h, l ∈ E, then
∥
∥(

g(x) – l(x), . . . , g(xk) – l(xk)
)∥∥

k

=
∥∥(

g(x) – h(x) + h(x) – l(x), . . . , g(xk) – h(xk) + h(xk) – l(xk)
)∥∥

k

≤ ∥
∥(

g(x) – h(x), . . . , g(xk) – h(xk)
)∥∥

k +
∥
∥(

h(x) – l(x), . . . , h(xk) – l(xk)
)∥∥

k

≤ aϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
+ bϕ

(
p+d

︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)

= (a + b)ϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
.

So we have d(g, l) ≤ d(g, h) + d(h, l).
Let {gn} be a Cauchy sequence in (E, d). Then for all ε >  there exists N such that

d(gn, gi) < ε, if n, i ≥ N , Let n, i ≥ N . Since d(gn, gi) < ε there exists C ∈ [, ε) such that
∥∥(

gn(x) – gi(x), . . . , gn(xk) – gi(xk)
)∥∥

k

≤ Cϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)

≤ εϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, . . . , xk ∈ A, so for each x, . . . , xk ∈ A, {gn(x, . . . , xk)} is a Cauchy sequence in B.
Since B is complete, there exists g(x, . . . , xk) ∈ B such that gn(x, . . . , xk) → g(x, . . . , xk) as
n → ∞. Thus, we have g ∈ E. Taking the limit as i → ∞ in () we obtain, for n ≥ N ,

∥∥(
gn(x) – g(x), . . . , gn(xk) – g(xk)

)∥∥
k ≤ εϕ

(
p+d

︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
.

Therefore d(gn, g) ≤ ε. Hence gn → g as n → ∞, so (E, d) is complete. Now, we consider
the linear mapping � : E → E such that

�g(x) :=

γ

g(γ x)

for all x ∈ A. From Theorem . of [] (also see Lemma . of []),

d(�g,�h) ≤ Ld(g, h)
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for all g, h ∈ E. Let g, h ∈ E and let C ∈ [,∞] be an arbitrary constant with d(g, h) ≤ C.
From the definition of d, we have

∥∥(
g(x) – h(x), . . . , g(xk) – h(xk)

)∥∥
k ≤ Cϕ

(
p+d

︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)

for all x, . . . , xk ∈ A. From our assumption and the last inequality, we have

∥
∥(

�g(x) – �h(x), . . . ,�g(xk) – �h(xk)
)∥∥

k

=

γ

∥
∥(

g(γ x) – h(γ x), . . . , g(γ xk) – h(γ xk)
)∥∥

k

≤ C
γ

ϕ
(

p+d
︷ ︸︸ ︷
γ x, . . . ,γ x, . . . ,

p+d
︷ ︸︸ ︷
γ xk , . . . ,γ xk

)

≤ CLϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)

for all x, . . . , xk ∈ A and so

∥
∥(

�f (x) – f (x), . . . ,�f (xk) – f (xk)
)∥∥

k

=
∥∥
∥∥

(

γ

f (γ x) – f (x), . . . ,

γ

f (γ xk) – f (xk)
)∥∥

∥∥
k

=

γ

∥
∥(

f (γ x) – γ f (x), . . . , f (γ xk) – γ f (xk)
)∥∥

k

≤ 
γ

ϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)

for all x, . . . , xk ∈ A. Hence d(�f , f ) ≤ 
γ

. From Theorem ., the sequence {�nf } con-
verges to a fixed point H of �, i.e., H : A → B is a mapping defined by

H(x) = lim
n→∞

(
�nf

)
(x) = lim

n→∞


γ n f
(
γ nx

)
()

and H(γ x) = γ H(x) for all x ∈ A. Also, H is the unique fixed point of � in the set E′ = {g ∈
E : d(f , g) < ∞} and

d(H , f ) ≤ 
 – L

d(�f , f ) ≤ 
( – L)γ

,

i.e., the inequality () hold for all x, . . . , xk ∈ A. Thus it follows from the definition of H ,
(), and () that

∥
∥∥
∥∥

(

H

(∑p
j= μxj


+

d∑

j=

μyj

)

–
p∑

j=

μH(xj) – 
d∑

j=

μH(yj),

. . . , H

(∑p
j= μxkj


+

d∑

j=

μykj

)

–
p∑

j=

μH(xkj) – 
d∑

j=

μH(ykj)

)∥∥
∥∥
∥

k
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= lim
n→∞


γ n

∥
∥∥
∥∥

(

f

(

γ n

∑p
j= μxj


+ γ n

d∑

j=

μyj

)

–
p∑

j=

μf
(
γ nxj

)
– 

d∑

j=

μf
(
γ nyj

)
,

. . . , f

(

γ n

∑p
j= μxkj


+ γ n

d∑

j=

μykj

)

–
p∑

j=

μf
(
γ nxkj

)
– 

d∑

j=

μf
(
γ nykj

)
)∥∥

∥∥
∥

k

≤ lim
n→∞


γ n

∥∥(
Cμf

(
γ nx, . . . ,γ nxp,γ ny, . . . ,γ nyd

)
,

. . . , Cμf
(
γ nxk, . . . ,γ nxkp,γ nyk, . . . ,γ nykd

))∥∥
k

≤ lim
n→∞


γ n ϕ

(
γ nx, . . . ,γ nxp,γ ny, . . . ,γ nyd,

. . . ,γ nxk, . . . ,γ nxkp,γ nyk, . . . ,γ nykd
)

= 

for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd ∈ A. Hence we have

H

(∑p
j= μxij


+

d∑

j=

μyij

)

=
p∑

j=

μH(xij) + 
d∑

j=

μH(yij)

for all μ ∈ T, x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd ∈ A and  ≤ i ≤ k and so
H(λx + μy) = λH(x) + μH(y) for all λ,μ ∈ T and x, y ∈ A. Therefore, by Lemma ., the
mapping H : A → B is C-linear.

Also it follows from () and () that

∥
∥(

H
(
[x, y, z]

)
–

[
H(x), H(y), H(z)

]
, . . . , H

(
[xk , yk , zk]

)
–

[
H(xk), H(yk), H(zk)

])∥∥
k

= lim
n→∞


γ n

∥∥(
f
([

γ nx,γ ny,γ nz
])

–
[
f
(
γ nx

)
, f

(
γ ny

)
, f

(
γ nz

)]
,

. . . , f
([

γ nxk ,γ nyk ,γ nzk
])

–
[
f
(
γ nxk

)
, f

(
γ nyk

)
, f

(
γ nzk

)])∥∥
k

≤ lim
n→∞


γ n ψ

(
γ nx,γ ny,γ nz, . . . ,γ nxk ,γ nyk ,γ nzk

)
= 

for all x, y, z, . . . , xk , yk , zk ∈ A. Thus we have

H
(
[x, y, z]

)
=

[
H(x), H(y), H(z)

]

for all x, y, z ∈ A. Thus H : A → B is a homomorphism satisfying ().
Now, let T : A → B be another C∗-ternary-algebras homomorphism satisfying (). Since

d(f , T) ≤ 
(–L)γ

and T is C-linear, we get T ∈ E′ and (�T)(x) = 
γ

(Tγ x) = T(x) for all x ∈ A,
i.e., T is a fixed point of �. Since H is the unique fixed point of � ∈ E′, we get H = T . This
completes the proof. �

Theorem . Let ((Bk ,‖ · ‖k) : k ∈ N) be a multi-C∗-ternary algebra. Let f : A → B be
a mapping for which there are the functions ϕ : A(p+d)k → [,∞) and ψ : Ak → [,∞)
satisfying the inequalities () and () such that

lim
n→∞γ nϕ

(
x

γ n , . . . ,
xp

γ n ,
y

γ n , . . . ,
yp

γ n , . . . ,
xk

γ n , . . . ,
xkp

γ n , . . . ,
yk

γ n , . . . ,
ykd

γ n

)
= , ()
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lim
n→∞γ nψ

(
x

γ n ,
y

γ n ,
z

γ n , . . . ,
xk

γ n ,
yk

γ n ,
zk

γ n

)
= , ()

lim
n→∞γ nψ

(
x

γ n ,
y

γ n , z, . . . ,
xk

γ n ,
yk

γ n , zk

)
=  ()

for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd, x, . . . , xk , y, . . . , yk , z,
. . . , zk ∈ A, where γ = p+d

 . If the constant L <  exists such that

ϕ

(
p+d

︷ ︸︸ ︷
x

γ
, . . . ,

x

γ
,

p+d
︷ ︸︸ ︷
x

γ
, . . . ,

x

γ
, . . . ,

p+d
︷ ︸︸ ︷
xk

γ
, . . . ,

xk

γ

)

≤ L
γ

ϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, x, . . . , xk ∈ A, then there exists a unique homomorphism H : A → B such that

∥∥(
f (x) – H(x), . . . , f (xk) – H(xk)

)∥∥
k

≤ 
( – L)γ

ϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, . . . , xk ∈ A.

Proof If we replace xi in () by xi
γ

for  ≤ i ≤ k, then we get

∥
∥∥∥

(
f (x) – γ f

(

x

)
, . . . , f (xk) – γ f

(

xk

))∥
∥∥∥

k

≤ 

ϕ

(
p+d

︷ ︸︸ ︷

x

, . . . ,

x

,

p+d
︷ ︸︸ ︷

x

, . . . ,

x

, . . . ,

p+d
︷ ︸︸ ︷


xk
, . . . ,


xk

)
()

for all x, . . . , xk ∈ A. Consider the set

E := {g : A → B}

and introduce the generalized metric on E:

d(g, h) = inf
{

C ∈ R+ :
∥
∥(

g(x) – h(x), . . . , g(xk) – h(xk)
)∥∥

k

≤ Cϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
,∀x, . . . , xk ∈ A

}
.

It is easy to see that (E, d) is complete (see []).
Now, we consider the linear mapping � : E → E such that

�g(x) := γ g
(

x
γ

)

for all x ∈ A. From Theorem . of [] (also see Lemma . of []),

d(�g,�h) ≤ Ld(g, h)
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for all g, h ∈ E. Let g, h ∈ E and let C ∈ [,∞] be an arbitrary constant with d(g, h) ≤ C.
From the definition of d, we have

∥
∥(

g(x) – h(x), . . . , g(xk) – h(xk)
)∥∥

k ≤ Cϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)

for all x, . . . , xk ∈ A. From our assumption and the last inequality, we have
∥∥(

�g(x) – �h(x), . . . ,�g(xk) – �h(xk)
)∥∥

k

= γ

∥
∥∥
∥

(
g
(

x

γ

)
– h

(
x

γ

)
, . . . , g

(
xk

γ

)
– h

(
xk

γ

))∥
∥∥
∥

k

≤ Cγ ϕ

(
p+d

︷ ︸︸ ︷
x

γ
, . . . ,

x

γ
, . . . ,

p+d
︷ ︸︸ ︷
xk

γ
, . . . ,

xk

γ

)

≤ CLϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)

for all x, . . . , xk ∈ A and so d(�g,�h) ≤ Ld(g, h) for any g, h ∈ E. It follows from () that
d(�f , f ) ≤ 

γ
. Therefore, according to Theorem ., the sequence {�nf } converges to a

fixed point H of �, i.e., H : A → B is a mapping defined by

H(x) = lim
n→∞

(
�nf

)
(x) = lim

n→∞γ nf
(

x
γ n

)
()

for all x ∈ A.
The rest of the proof is similar to the proof of Theorem . and so we omit it. This

completes the proof. �

Theorem . Let r and θ be non-negative real numbers such that r /∈ [, ] and let
((Bk ,‖ · ‖k) : k ∈ N) be a multi-C∗-ternary algebra. Let f : A → B be a mapping such that

∥
∥(

Cμf (x, . . . , xp, y, . . . , yd), . . . , Cμf (xk, . . . , xkp, yk, . . . , ykd)
)∥∥

k

≤ θ

( p∑

j=

‖xj‖r
A +

d∑

j=

‖yj‖r
A + · · · +

p∑

j=

‖xkj‖r
A +

d∑

j=

‖ykj‖r
A

)

()

and
∥∥(

f
(
[x, y, z]

)
–

[
f (x), f (y), f (z)

]
, . . . , f

(
[xk , yk , zk]

)
–

[
f (xk), f (yk), f (zk)

])∥∥
k

≤ θ
(‖x‖r

A · ‖y‖r
A.‖z‖r

A + · · · + ‖xk‖r
A · ‖yk‖r

A · ‖zk‖r
A
)

()

for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd, x, . . . , xk , y, . . . , yk , z,
. . . , zk ∈ A. Then there exists a unique C∗-ternary algebra homomorphism H : A → B such
that

∥∥(
f (x) – H(x), . . . , f (xk) – H(xk)

)∥∥
B

≤ r(p + d)θ
|(p + d)r – (p + d)r|

(‖x‖r
A + · · · + ‖xk‖r

A
)

()

for all x, . . . , xk ∈ A.
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Proof The proof follows from Theorem . by taking

ϕ(x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd)

:= θ

( p∑

j=

‖xij‖r
A +

d∑

j=

‖yij‖r
A + · · · +

p∑

j=

‖xkj‖r
A +

d∑

j=

‖ykj‖r
A

)

,

ψ(x, y, z, . . . , xk , yk , zk)

:= θ
(‖x‖r

A · ‖y‖r
A · ‖z‖r

A + · · · + ‖xk‖r
A · ‖yk‖r

A · ‖zk‖r
A
)

for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd, x, . . . , xk , y, . . . , yk , z,
. . . , zk ∈ A. Then we can choose L = –r(p + d)r–, when  < r < , and L =  – –r(p +
d)r–, when r > , and so we get the desired result. This completes the proof. �

Theorem . Let ((Bk ,‖ · ‖k) : kN) be a multi-C∗-ternary algebra. Let f : A → B be a map-
ping for which there are functions ϕ : A(p+d)k → [,∞) and ψ : Ak → [,∞) such that

lim
n→∞ d–nϕ

(
dnx, . . . , dnxp, dny, . . . , dnyp,

. . . , dnxk, . . . , dnxkp, . . . , dnyk, . . . , dnykd
)

= , ()
∥∥(

cμf (x, . . . , xp, y, . . . , yd), . . . , cμf (xk, . . . , xkp, yk, . . . , ykd)
)∥∥

k

≤ ϕ(x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd), ()
∥∥(

f
(
[x, y, z]

)
–

[
f (x), f (y), f (z)

]
,

. . . , f
(
[xk , yk , zk]

)
–

[
f (xk), f (yk), f (zk)

])∥∥
k

≤ ψ(x, y, z, . . . , xk , yk , zk), ()

lim
n→∞ d–nψ

(
dnx, dny, dnz, . . . , dnxk , dnyk , dnzk

)
= , ()

lim
n→∞ d–nψ

(
dnx, dny, z, . . . , dnxk , dnyk , zk

)
=  ()

for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd, x, . . . , xk , y, . . . , yk , z,
. . . , zk ∈ A, where γ = p+d

 . If there exists the constant L <  such that

ϕ
(

p+d
︷ ︸︸ ︷
dx, . . . , dx,

p+d
︷ ︸︸ ︷
dx, . . . , dx, . . . ,

p+d
︷ ︸︸ ︷
dxk , . . . , dxk

)

≤ dLϕ
(

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, x, . . . , xk ∈ A, then there exists a unique homomorphism H : A → B such that

∥∥(
f (x) – H(x), . . . , f (xk) – H(xk)

)∥∥
k

≤ 
( – L)d

ϕ
(

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, . . . , xk ∈ A.
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Proof Let μ =  and xij = , yij = xi for  ≤ i ≤ k in (). Then we get

∥∥(
f (dx) – df (x), . . . , f (dxk) – df (xk)

)∥∥
k

≤ 

ϕ
(

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, . . . , xk ∈ A. Consider the set

E := {g : A → B}

and introduce the generalized metric on E:

d(g, h) = inf
{

C ∈ R+ :
∥
∥(

g(x) – h(x), . . . , g(xk) – h(xk)
)∥∥

k

≤ Cϕ
(

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
xk , . . . , xk

)
,

∀x, . . . , xk ∈ A
}

.

It is easy to see that (E, d) is complete (see []).
Now, we consider the linear mapping � : E → E such that

�g(x) :=

d

g(dx)

for all x ∈ A. From Theorem . of [] (also see Lemma . of []),

d(�g,�h) ≤ Ld(g, h)

for all g, h ∈ E. Let g, h ∈ E and let C ∈ [,∞] be an arbitrary constant with d(g, h) ≤ C.
From the definition of d, we have

∥
∥(

g(x) – h(x), . . . , g(xk) – h(xk)
)∥∥

k ≤ Cϕ
(

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
xk , . . . , xk

)

for all x, . . . , xk ∈ A. From our assumption and the last inequality, we have

∥∥(
�g(x) – �h(x), . . . ,�g(xk) – �h(xk)

)∥∥
k

=

d

∥∥(
g(dx) – h(dx), . . . , g(dxk) – h(dxk)

)∥∥
k

≤ C
d

ϕ
(

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
dx, . . . , dx, . . . ,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
dxk , . . . , dxk

)

≤ CLϕ
(

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
xk , . . . , xk

)

for all x, . . . , xk ∈ A. Thus we have

∥
∥(

�f (x) – f (x), . . . ,�f (xk) – f (xk)
)∥∥

k

=
∥∥
∥∥

(

d

f (dx) – f (x), . . . ,

d

f (dxk) – f (xk)
)∥∥

∥∥
k
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=

d

∥∥(
f (dx) – df (x), . . . , f (dxk) – df (xk)

)∥∥
k

≤ 
d

ϕ
(

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p
︷ ︸︸ ︷
, . . . , ,

d
︷ ︸︸ ︷
xk , . . . , xk

)

for all x, . . . , xk ∈ A. Hence d(�f , f ) ≤ 
d . From Theorem ., the sequence {�nf } con-

verges to a fixed point H of �, i.e., H : A → B is a mapping defined by

H(x) = lim
n→∞

(
�nf

)
(x) = lim

n→∞


dn f
(
dnx

)
()

and H(dx) = dH(x) for all x ∈ A. Also, H is the unique fixed point of � in the set E′ = {g ∈
E : d(f , g) < ∞} and

d(H , f ) ≤ 
 – L

d(�f , f ) ≤ 
( – L)d

,

i.e., the inequality () hold for all x, . . . , xk ∈ A. It follows from the definition of H , (),
and () that

∥
∥∥∥
∥

H

(∑p
j= μxj


+

d∑

j=

μyj

)

–
p∑

j=

μH(xj) – 
d∑

j=

μH(yj),

. . . , H

(∑p
j= μxkj


+

d∑

j=

μykj

)

–
p∑

j=

μH(xkj) – 
d∑

j=

μH(ykj)

∥∥
∥∥∥

k

= lim
n→∞


dn

∥
∥∥
∥∥

f

(

dn

∑p
j= μxj


+ dn

d∑

j=

μyj

)

–
p∑

j=

μf
(
dnxj

)
– 

d∑

j=

μf
(
dnyj

)
,

. . . , f

(

dn

∑p
j= μxkj


+ dn

d∑

j=

μykj

)

–
p∑

j=

μf
(
dnxkj

)
– 

d∑

j=

μf
(
dnykj

)
∥∥
∥∥
∥

k

≤ lim
n→∞


dn

∥
∥(

Cμf
(
dnx, . . . , dnxp, dny, . . . , dnyd

)
,

. . . , Cμf
(
dnxk, . . . , dnxkp, dnyk, . . . , dnykd

))∥∥
k

+ lim
n→∞


dn ϕ

(
dnx, . . . , dnxp, dny, . . . , dnyd,

. . . , dnxk, . . . , dnxkp, dnyk, . . . , dnykd
)

= 

for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd ∈ A. Hence we have

H

(∑p
j= μxij


+

d∑

j=

μyij

)

=
p∑

j=

μH(xij) + 
d∑

j=

μH(yij)

for all μ ∈ T, x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd ∈ A and  ≤ i ≤ k and so
H(λx + μy) = λH(x) + μH(y) for all λ,μ ∈ T and all x, y ∈ A. Therefore, by Lemma ., the
mapping H : A → B is C-linear.
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Also it follows from () and () that

∥∥H
(
[x, y, z]

)
–

[
H(x), H(y), H(z)

]
, . . . , H

(
[xk , yk , zk]

)
–

[
H(xk), H(yk), H(zk)

]∥∥
k

= lim
n→∞


dn

∥∥f
([

dnx, dny, dnz
])

–
[
f
(
dnx

)
, f

(
dny

)
, f

(
dnz

)]
,

. . . , f
([

dnxk , dnyk , dnzk
])

–
[
f
(
dnxk

)
, f

(
dnyk

)
, f

(
dnzk

)]∥∥
k

≤ lim
n→∞


dn ψ

(
dnx, dny, dnz, . . . , dnxk , dnyk , dnzk

)
= 

for all x, y, z, . . . , xk , yk , zk ∈ A. Thus

H
(
[x, y, z]

)
=

[
H(x), H(y), H(z)

]

for all x, y, z ∈ A.Thus H : A → B is a homomorphism satisfying ().
Now, let T : A → B be another C∗-ternary algebras homomorphism satisfying ().

Since d(f , T) ≤ 
(–L)d and T is C-linear, we get T ∈ E′ and (�T)(x) = 

d (Tγ x) = T(x) for
all x ∈ A, i.e., T is a fixed point of �. Since H is the unique fixed point of � ∈ E′, we get
H = T . This completes the proof. �

Theorem . Let r, s, and θ be non-negative real numbers such that  < r �= ,  < s �= ,
and let d ≥ . Suppose that f : A → B is a mapping with f () =  satisfying () and

∥∥(
f
(
[x, y, z]

)
–

[
f (x), f (y), f (z)

]
, . . . , f

(
[xk , yk , zk]

)
–

[
f (xk), f (yk), f (zk)

])∥∥

≤ θ
(‖x‖s

A · ‖y‖s
A · ‖z‖s

A + · · · + ‖xk‖s
A · ‖yk‖s

A · ‖zk‖s
A
)

()

for all μ ∈ T and x, . . . , xk , y, . . . , yk , z, . . . , zk ∈ A. Then there exists a unique C∗-ternary
algebra homomorphism H : A → B such that

∥
∥(

f (x) – H(x), . . . , f (xk) – H(xk)
)∥∥

K

≤ dθ

|d – dr|
(‖x‖r

A + · · · + ‖xk‖r
A
)

()

for all x, . . . , xk ∈ A.

Proof We only prove the theorem when  < r <  and  < s < . One can prove the theorem
for the other cases in a similar way. The proof follows from Theorem . by taking

ϕ(x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd)

:= θ

( p∑

j=

‖xj‖r
A +

d∑

j=

‖yj‖r
A + · · · +

p∑

j=

‖xkj‖r
A +

d∑

j=

‖ykj‖r
A

)

,

ψ(x, y, z, . . . , xk , yk , zk) := θ
(‖x‖s

A · ‖y‖s
A · ‖z‖s

A + · · · + ‖xk‖s
A · ‖yk‖s

A · ‖zk‖s
A
)

for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd, x, . . . , xk , y, . . . , yk , z,
. . . , zk ∈ A. Then we can choose L = dr–, when  < r <  and  < s < , and L =  – dr–,
when r >  and s > , and so we get the desired result. �
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Now, assume that A is a unital C∗-ternary algebra with norm ‖ · ‖ and unit e and B is a
unital C∗-ternary algebra with norm ‖ · ‖ and unit e′.

We investigate homomorphisms in C∗-ternary algebras associated with the functional
equation Cμf (x, . . . , xp, y, . . . , yd) = .

Theorem . ([]) Let r >  (resp., r < ) and θ be non-negative real numbers and let f :
A → B be a bijective mapping satisfying () and

f
(
[x, y, z]

)
=

[
f (x), f (y), f (z)

]

for all x, y, z ∈ A. If limn→∞ (p+d)n

n f ( ne
(p+d)n ) = e′ (resp., limn→∞ n

(p+d)n f ( (p+d)n

n e) = e′), then
the mapping f : A → B is a C∗-ternary algebra isomorphism.

Theorem . Let r <  and θ be non-negative real numbers and let f : A → B be a mapping
satisfying () and (). If there exist a real number λ >  (resp.,  < λ < ) and an element
x ∈ A such that limn→∞ 

λn f (λnx) = e′ (resp., limn→∞ λnf ( x
λn ) = e′), then the mapping f :

A → B is a multi-C∗-ternary algebra homomorphism.

Proof By using the proof of Theorem ., there exists a unique multi-C∗-ternary algebra
homomorphism H : A → B satisfying (). It follows from () that

H(x) = lim
n→∞


λn f

(
λnx

) (
resp., H(x) = lim

n→∞λnf
(

x
λn

))

for all x ∈ A and λ >  ( < λ < ). Therefore, from our assumption, we get H(x) = e′.
Let λ >  and limn→∞ 

λn f (λnx) = e′. It follows from () that

∥∥([
H(x), H(y), H(z)

]
–

[
H(x), H(y), f (z)

]
,

. . . ,
[
H(xk), H(yk), H(zk)

]
–

[
H(xk), H(yk), f (zk)

])∥∥

=
∥
∥(

H[x, y, z] –
[
H(x), H(y), f (z)

]
,

. . . , H[xk , yk , zk] –
[
H(xk), H(yk), f (zk)

])∥∥

= lim
n→∞


λn

∥∥(
f
([

λnx,λny, z
])

–
[
f
(
λnx

)
, f

(
λny

)
, f (z)

]
,

. . . , f
([

λnxk ,λnyk , zk
])

–
[
f
(
λnxk

)
, f

(
λnyk

)
, f (zk)

])∥∥

≤ lim
n→∞

λrn

λn θ
(‖x‖r

A · ‖y‖r
A · ‖z‖r

A + · · · + ‖xk‖r
A · ‖yk‖r

A · ‖zk‖r
A
)

= 

for all x, . . . , xk ∈ A. Thus [H(x), H(y), H(z)] = [H(x), H(y), f (z)] for all x, y, z ∈ A. Letting
x = y = x in the last equality, we get f (z) = H(z) for all z ∈ A. Similarly, one can show that
H(x) = f (x) for all x ∈ A when  < λ <  and limn→∞ λnf ( x

λn ) = e′.
Similarly, one can show the theorem for the case λ > . Therefore, the mapping f : A → B

is a multi-C∗-ternary algebra homomorphism. This completes the proof. �

Theorem . Let r >  and θ be non-negative real numbers and let f : A → B be a map-
ping satisfying () and (). If there exist a real number λ >  (resp.,  < λ < ) and an ele-
ment x ∈ A such that limn→∞ 

λn f (λnx) = e′ (resp., limn→∞ λnf ( x
λn ) = e′), then the mapping

f : A → B is a multi-C∗-ternary algebra homomorphism.
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Proof The proof is similar to the proof of Theorem . and we omit it. �

4 Approximation of derivations on multi-C∗-ternary algebras
Throughout this section, assume that A is a C∗-ternary algebra with norm ‖ · ‖.

Park [] studied approximation of derivations on C∗-ternary algebras for the functional
equation Cμf (x, . . . , xp, y, . . . , yd) =  (see also [, , –] and []).

For any mapping f : A → A, let

Df (x, y, z) = f
(
[x, y, z]

)
–

[
f (x), y, z

]
–

[
x, f (y), z

]
–

[
x, y, f (z)

]

for all x, y, z ∈ A.

Theorem . ([]) Let r and θ be non-negative real numbers such that r /∈ [, ] and let
f : A → A be a mapping satisfying () and

∥∥Df (x, y, z)
∥∥ ≤ θ

(‖x‖r + ‖y‖r + ‖z‖r)

for all x, y, z ∈ A. Then there exists a unique C∗-ternary derivation δ : A → A such that

∥
∥f (x) – δ(x)

∥
∥ ≤ r(p + d)

|(p + d)r – (p + d)r|θ‖x‖r

for all x ∈ A.

In the following theorem, we generalize and improve the result in Theorem ..

Theorem . Let ((Ak ,‖ · ‖k) : k ∈ N) be a multi-C∗-ternary algebra. Let f : A → A be
a mapping for which there are the functions ϕ : A(p+d)k → [,∞) and ψ : Ak → [,∞)
satisfying the inequalities (), (), and () such that

∥
∥(

Df (x, y, z), . . . , Df (xk , yk , zk)
)∥∥ ≤ ψ(x, y, z, . . . , xk , yk , zk) ()

for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd, x, . . . , xk , y, . . . , yk , z,
. . . , zk ∈ A, where γ = p+d

 . If the constant L <  exists such that

ϕ
(

p+d
︷ ︸︸ ︷
γ x, . . . ,γ x,

p+d
︷ ︸︸ ︷
γ x, . . . ,γ x, . . . ,

p+d
︷ ︸︸ ︷
γ xk , . . . ,γ xk

)

≤ γ Lϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, x, . . . , xk ∈ A, then there exists a unique C∗-ternary derivation δ : A → B such
that

∥∥(
f (x) – δ(x), . . . , f (xk) – δ(xk)

)∥∥
k

≤ 
( – L)γ

ϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, . . . , xk ∈ A.
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Proof The same reasoning as in the proof of Theorem ., guarantees there exists a unique
C-linear mapping δ : A → A satisfying (). The mapping δ : A → A is given by

δ(x) = lim
n→∞

(
�nf

)
(x) = lim

n→∞


γ n f
(
γ nx

)
()

and δ(γ x) = γ δ(x) for all x ∈ A. Also, H is the unique fixed point of � in the set E′ = {g ∈
E : d(f , g) < ∞} and

d(δ, f ) ≤ 
 – L

d(�f , f ) ≤ 
( – L)γ

,

i.e., the inequality () holds for all x, . . . , xk ∈ A. It follows from the definition of δ, () and
(), and () that

∥∥(
Cμδ(x, . . . , xpy, . . . , yd), . . . , Cμδ(xk, . . . , xkpyk, . . . , ykd)

)∥∥
k

= lim
n→∞


γ n

∥∥(
Cμf

(
γ nx, . . . ,γ nxp,γ ny, . . . ,γ nyd

)
,

. . . , Cμf
(
γ nxk, . . . ,γ nxkp,γ nyk, . . . ,γ nykd

))∥∥
k

≤ lim
n→∞


γ n ϕ

(
γ nx, . . . ,γ nxp.γ ny, . . . ,γ nyd,

. . . ,γ nxk, . . . ,γ nxkp,γ nyk, . . . ,γ nykd
)

= 

for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd ∈ A. Hence we have

δ

(∑p
j= μxij


+

d∑

j=

μyij

)

=
p∑

j=

μδ(xij) + 
d∑

j=

μδ(yij)

for all μ ∈ T, x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd ∈ A and  ≤ i ≤ k and so
δ(λx + μy) = λδ(x) + μδ(y) for all λ,μ ∈ T and x, y ∈ A. Therefore, by Lemma ., the
mapping δ : A → B is C-linear.

Also it follows from () and () that

∥∥(
Dδ(x, y, z), . . . , Dδ(xk , yk , zk)

)∥∥
k

= lim
n→∞


γ n

∥∥f
(
Df

(
γ nx,γ ny,γ nz

)
, . . . , f

(
γ nxk ,γ nyk ,γ nzk

))∥∥

≤ lim
n→∞


γ n ψ

(
γ nx,γ ny,γ nz, . . . ,γ nxk ,γ nyk ,γ nzk

)
= 

for all x, y, z, . . . , xk , yk , zk ∈ A and hence

(
δ
(
[x, y, z]

)
, . . . , δ

(
[xk , yk , zk]

))

+
([

δ(x), (y), (z)
]

+
[
x, δ(y), z

]
+

[
x, y, δ(z)

]
,

. . . ,
[
δ(xk), (yk), (zk)

]
+

[
xk , δ(yk), zk

]
+

[
xk , yk , δ(zk)

])
()
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for all x, y, z ∈ A and so the mapping δ : A → A is a C∗-ternary derivation. It follows from
() and () that

∥∥(
δ[x, y, z] –

[
δ(x), y, z

]
–

[
x, δ(y), z

]
–

[
x, y, f (z)

]
,

. . . , δ[xk , yk , zk] –
[
δ(xk), yk , zk

]
–

[
xk , δ(yk), zk

]
–

[
x, y, f (zk)

])∥∥

= lim
n→∞


γ n

∥∥(
f
[
γ nx,γ ny, z

]
–

[
f
(
γ nx

)
,γ ny, z

]

–
[
γ nx, f

(
γ ny

)
, z

]
–

[
γ nx,γ ny, f (z)

]
,

. . . , f
[
γ nxk ,γ nyk , zk

]
–

[
f
(
γ nxk

)
,γ nyk , zk

]

–
[
γ nxk , f

(
γ nyk

)
, zk

]
–

[
γ nxk ,γ nyk , f (zk)

])∥∥

≤ lim
n→∞


γ n ψ

(
γ nx,γ ny, z, . . . ,γ nxk ,γ nyk , zk

)
= 

for all x, y, z, . . . , xk , yk , zk ∈ A and so we have

(
δ[x, y, z]

)
=

[
δ(x), y, z

]
+

[
x, δ(y), z

]
+

[
x, y, f (z)

]
()

for all x, y, z ∈ A. Hence it follows from () and () that

[
x, y, δ(z)

]
=

[
x, y, f (z)

]
()

for all x, y, z ∈ A. Letting x = y = f (z) – δ(z) in (), we get

∥∥f (z) – δ(z)
∥∥ =

∥∥[
f (z) – δ(z), f (z) – δ(z), f (z) – δ(z)

]∥∥ =  ()

for all z, . . . , zk ∈ A and hence f (z) = δ(z) for all z ∈ A. Therefore, the mapping f : A → A
is a C∗-ternary derivation. This completes the proof. �

Corollary . Let r < , s < , and θ be non-negative real numbers and let f : A → A be a
mapping satisfying () and

∥
∥(

Df (x, y, z), . . . , Df (xk , yk , zk)
)∥∥

≤ θ
(‖x‖s

A · ‖y‖s
A · ‖z‖s

A + · · · + ‖xk‖s
A · ‖yk‖s

A · ‖zk‖s
A
)

for all x, y, z, . . . , xk , yk , zk ∈ A. Then the mapping f : A → A is a C∗-ternary derivation.

Proof Define

ϕ(x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd)

= θ

( p∑

j=

‖xj‖r
A +

d∑

j=

‖yj‖r
A, . . . ,

p∑

j=

‖xkj‖r
A +

d∑

j=

‖ykj‖r
A

)

and

ψ(x, y, z, . . . , xk , yk , zk)

= θ
(‖x‖s

A · ‖y‖s
A · ‖z‖s

A + · · · + ‖xk‖s
A · ‖yk‖s

A · ‖zk‖s
A
)
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for all x, y, z, . . . , xk , yk , zk , x, . . . , xp, y, . . . , yd, . . . , xk, . . . , xkp, yk, . . . , ykd ∈ A and apply-
ing Theorem ., we get the desired result. �

Theorem . Let ((Ak ,‖ · ‖k) : k ∈ N) be a multi-C∗-ternary algebra. Let f : A → A be a
mapping for which there are the functions ϕ : A(p+d)k → [,∞) and ψ : Ak → [,∞) satis-
fying the inequalities (), (), (), and () for all μ ∈ T and x, . . . , xp, y, . . . , yd, . . . , xk,
. . . , xkp, yk, . . . , ykd, x, . . . , xk , y, . . . , yk , z, . . . , zk ∈ A, where γ = p+d

 . If there exists the con-
stant L <  such that

ϕ

(
p+d

︷ ︸︸ ︷
x

γ
, . . . ,

x

γ
,

p+d
︷ ︸︸ ︷
x

γ
, . . . ,

x

γ
, . . . ,

p+d
︷ ︸︸ ︷
xk

γ
, . . . ,

xk

γ

)

≤ L
γ

ϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, x, . . . , xk ∈ A, then there exists a unique homomorphism δ : A → A such that

∥∥(
f (x) – δ(x), . . . , f (xk) – δ(xk)

)∥∥
k

≤ 
( – L)γ

ϕ
(

p+d
︷ ︸︸ ︷
x, . . . , x,

p+d
︷ ︸︸ ︷
x, . . . , x, . . . ,

p+d
︷ ︸︸ ︷
xk , . . . , xk

)
()

for all x, . . . , xk ∈ A.

Proof The same reasoning as in the proof of Theorem . guarantees there exists a unique
C-linear mapping δ : A → A satisfying (). The rest of the proof is similar to the proof of
Theorem . and so we omit it. �
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