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Abstract

In this paper, let H be a real Hilbert space and let C be a nonempty, closed, and
convex subset of H. We assume that (A +B)'0N U #@, where A: C — His an
a-inverse-strongly monotone mapping, B: H — H is a maximal monotone operator,
the domain of Bis included in C. Let U denote the solution set of the constrained
convex minimization problem. Based on the viscosity approximation method, we use
a gradient-projection algorithm to propose composite iterative algorithms and find a
common solution of the problems which we studied. Then we regularize it to find a
unigue solution by gradient-projection algorithm. The point g € (A + B)™'0 N U which
we find solves the variational inequality ((/ - )g,p - g) = 0,Vp € (A+B)"'0N U. Under
suitable conditions, the constrained convex minimization problem can be
transformed into the split feasibility problem. Zeros of the sum of two operators can
be transformed into the variational inequality problem and the fixed point problem.
Furthermore, new strong convergence theorems and applications are obtained in
Hilbert spaces, which are useful in nonlinear analysis and optimization.

MSC: 58E35;47H09; 65J15
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1 Introduction
Throughout this paper, let H be a real Hilbert space with the inner product (-, ) and norm
|- ||. Let C be a nonempty, closed, and convex subset of H. Let N and R be the sets of posi-
tive integers and real numbers, respectively. In the following, we introduce some operators
which will be used in this paper.
+ f:C— Cisa contraction if there exists k € (0,1) such that ||f(x) —f()| < k|x -yl
forallx,y € C.
o T:C — Cisnonexpansive if || Tx — Ty| < ||x —y|| forallx,y € C.
« V:C— Cis Lipschitz continuous if there exists a constant L > 0 such that
IVx — Vy|| < L|x—y| forallx,y € C.
+ W:C — H is a strict pseudo-contraction [1] if there exists £ € R with 0 <t <1 such
that || Wx — Wy||2 < |lx—y|12 + £|(I = W)x — (I = W)y||? for all x,y € C.
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e Pc:H — C is metric projection if ||x — Pcx|| < ||x —y|| forallx € H and y € C. P¢ is
firmly nonexpansive if || Pcx — Pcy||> < (Pcx — Pcy,x —y) for all x,y € H.

« A:H — H is monotone if (x — y,Ax — Ay) > 0 for all x,y € H.

+ Given a number >0, A : H — H is n-strongly monotone if
(x —y,Ax — Ay) > n|lx—y||® forallx,y € H.

+ Given a number o >0, A: C — H is a-inverse strongly monotone («-ism) if
(x —y,Ax — Ay) > a||Ax — Ay|)* for all x,y € H.

We first consider the problem of zero points of the maximal monotone operator:

B'0={xeH:0eBx},

where B is a mapping of H into 27, the effective domain of B is denoted by dom B or
D(B), that is, dom B = {x € H : Bx # }}. A multi-valued mapping B is said to be a monotone
operator on H if (x—y,u—v) > 0 for all x,y € dom B, u € Bx, v € By. A monotone operator
Bon H is said to be maximal if its graph is not properly contained in the graph of any other
monotone operator on H. For a maximal monotone operator B on H and r > 0, we may
define a single-valued operator J, = (I + rB)™' : H — dom B, which is called the resolvent
of B for r. It is well known that B0 = Fix(J,) for all > 0 and the resolvent J, is firmly

nonexpansive, i.e.,
e =y < (=3 Jix=J,), Vx,y€H. (L1)

Some authors introduced various algorithms to solve zeros of the operators (see [2]) and
monotone operators (see [3]).

We consider the following constrained convex minimization problem:
ming(x), (1.2)
xeC

where g: C — R is a real-valued convex function. Assume that the constrained convex
minimization problem (1.2) is solvable, and let U denote the solution set of (1.2). For solv-
ing constrained convex minimization problems, some methods were proposed by some
authors (see [4] and [5]). The gradient-projection algorithm generates a sequence {x,}5°,
according to the recursive formula:

Xn+l = PC(I - ﬁvg)xnr Vn = 0; (13)
or more generally,

Xne1 = Pcl = B, VE)xy, V=0, (1.4)
where the parameters §, are real positive numbers, and P¢ is the metric projection from H
onto C. It is well known that the convergence of the algorithms (1.3) depends on the behav-
ior of the gradient Vg. If the gradient Vg is only assumed to be inverse-strongly monotone,

then the sequence {x,} defined by the algorithm (1.3) and (1.4) can only converge weakly
to a minimizer of (1.2). If the gradient Vg is Lipschitz continuous and strongly monotone,



Tian et al. Journal of Inequalities and Applications (2015) 2015:227 Page 3 of 27

then the sequence generated by (1.3) and (1.4) can converge strongly to a minimizer of
1.2).

However, we all know that the minimization problem (1.2) has more than one solution
under suitable conditions, so regularization is essential in finding the unique solution of
the minimization problem (1.2). Some authors used methods with regularization to solve
the minimization problems (see [6]), and the other methods for hierarchical minimization

problems (see [7]). Now, we consider the following regularized minimization problem:

A
. 2
ming, (x) := g(x) + — x5,
ming, (x) = g(x) + J |
where A > 0 is the regularization parameter, g is a convex function with a 1/L-ism continu-
ous gradient Vg. Then the regularized gradient-projection algorithm generates a sequence

{x,}02 by the following recursive formula:
X+l = PC(I - IBVgAn )xn = PC (xn - ﬂ(Vg + )‘n])(xn))) (15)

where the parameter 1, > 0, 8 is a constant with 0 < B < 2/L, and P¢ is the metric pro-
jection from H onto C. We all know that the sequence {x,}:°, generated by algorithm
(1.5) converges weakly to a minimizer of (1.2) in the setting of infinite-dimensional spaces
(see [8]).

The subdifferential of the lower semicontinuous convex function and indicator function
will also be used in this paper. See the introduction from Section 3 for more details as
regards 0/ and dic.

In 2000, Moudafi [9] introduced the viscosity approximation method for nonexpansive
mappings, extended in [10]. Let f be a contraction on H, starting with an arbitrary initial

xo € H, define a sequence {x,,} recursively by
Xpi1 = f () + (1 — o) Txy, n>0, (1.6)

we use Fix(T) to denote the set of fixed points of the mapping T, i.e., Fix(T) = {x e H : x =
Tx}.

In 2007, for finding a common element of equilibrium problem EP(F) and a fixed point
problem, Takahashi and Takahashi [11] introduced the following iterative scheme by the
viscosity approximation method in a Hilbert space: x; € H and
:F(un,y)+ oy =ty —2,) 20, VyeC, (1.7)

Xpi1 = of (%) + (1= 0n) T (n), VneN,

where {o,} C (0,1) and {y,,} C (0,00) satisfy some appropriate conditions. Further, they
proved {x,} and {u,} converge strongly to z € Fix(T) N EP(F), where z = Prix(r)nepr)f (2)-
In 2012, Tian and Liu [12] introduced the following iterative method in a Hilbert space:
x1 € C and
{H%w+i@—%awmaza VyeC, L8
X1 = AV f () + (I = 0, A) Ty (1), Vn €N,
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where F: C x C = R, u, = Qg,(x,,), PcI = 1,Vg) = 6,1 + (1 -6,)T,, 6, = z_i”L, and

{r,} € (0,2/L), and {o,}, {r.}, {64} satisfy appropriate conditions. Further, they proved the

sequence {x,} converges strongly to a point g € U N EP(F), which solves the variational
inequality

(A-yf)gq-2) <0, zeUNEPF).

It is the first time that the equilibrium and constrained convex minimization problems
have been solved.

Also in 2012, Lin and Takahashi [13] proposed the following iterative sequence in a
Hilbert space: x; =x € H and {x,} C H a sequence generated by

Xn+l = OIan(xn) +(—ay V)]kn (- )\nA)Trnxn, Vn e N. (1.9)

Under appropriate conditions, it is proved that the sequence {x,} generated by (1.9)
converges strongly to a point zy € (A + B)™'0 N F710 which is a unique fixed point of
Pu.pronr-10d = V + yg) in (A + B)™'0 N F710. This point zo is also a unique solution of
the hierarchical variational inequality

(V-v9z0,q-2)=0, Vge(A+B)'onFo.

In 2013, Kong et al. [14] proposed a multistep hybrid extragradient method for triple
hierarchical variational inequalities.

In this paper, motivated and inspired by the above results, we introduce two new iterative
algorithms, the one is: x; € C and

(1.10)
K1 = of (%) + 1 —0,) T(uy), VmeN,

{un = ]rn (I = 1, A) (%),
to find a common element of (4 + B)™*0 N U, where T, = Pc(I — B,Vg), 0 <b < B, <2/L.
The other is: x; € C and

{un = Ty (L = 7, A) (%), (1.11)

Xnsl = anf(xn) +(1-ay) TA,, (un), VneN,

to find a unique solution of (A + B)™0 N U, where T;, = Pc(I - BVg.,), Vg, = Vg + Aul,
B e€(0,2/L).

Under suitable conditions, it is proved that both of the sequences {x,,} generated by (1.10)
and (1.11) converge strongly to a point g € (4 + B)™10 N U, which solves the variational
inequality

(U-flg.qa-p)<0, Vpe@A+B)y'onu. (1.12)

Equivalently, g = P4,p10nuf (@)

The main purpose of this paper is to find a solution of (4 + B)™10 N U by using the
gradient-projection algorithm. Then we use the regularized gradient-projection compos-
ite iterative method to find a unique solution of (A + B) ' 0 N I/. In the case that the maximal
monotone operator B = dic, the problem of finding a unique solution in (4 + B)0 N U is
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equivalent to the problem of finding a unique solution in VI(C,A) N U. In the case B = dic
and A =1 - W, (A + B)~'0 is equivalent to Fix(W).

The paper is organized as follows: in Section 2, we introduce some useful properties and
lemmas. In Section 3, we prove our main results and apply our results to the variational
inequality, fixed point problem and the split feasibility problem. In the final section, we
give our conclusion due to the main results.

We will use the following notations:

‘—’ for weak convergence and ‘—’ for strong convergence;

Fix(T) denotes the set of fixed points of the mapping T’

U denotes the solution set of (1.2).

‘GPA for the gradient-projection algorithm and ‘RGPA’ for the regularized

S

gradient-projection algorithm.

2 Preliminaries
In this section, we give our preliminaries which will be useful for the main results in the
next section.

Throughout this paper, we always assume that C is a nonempty, closed, and convex sub-
set of a real Hilbert space H.

The following inequality holds in an inner product space X:

I+ 91> < llx? +2(p,2+3), VxyeX. (21)

We need some facts and tools in a real Hilbert space H which are listed as lemmas below.
Firstly, we recall the metric (nearest point) projection from H onto C is the mapping
Pc : H— C which is defined as follows: given x € H, Pcx is the unique point in C with the

property

ll = Pex|| = inf ||lx — y|| =: d(, C).
yeC

Pc is characterized as follows.

Lemma 2.1 Given x € H and y € C. Then y = Pcx if and only if the following inequality
holds:

x—y,y-2)>0, VzeC.

Then we introduce the following lemma which is about the resolvent of the maximal
monotone operator.

Lemma 2.2 (see [15-17]) Let H be a real Hilbert space and let B be a maximal monotone
operator on H. For r > 0 and x € H, define the resolvent J,x. Then the following holds:

s—t 9
T Usx = Jox, Jsx — x) > ||Jsx = Jex||

foralls,t >0 and x € H. In particular,
T2 = Jexll < (Is = £1/s) lx = Jx|

foralls,t>0andx<c H.
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Besides, the following two lemmas are extremely important in the proof of theorems.

Lemma 2.3 [18] Assume that {a,}., is a sequence of nonnegative real numbers such that
Ay = (1 - Vn)ﬂn + Vn(Sn + ,Bnr n>0,

where {y, )02, and {B,}52, are sequences in (0,1) and {8,}32, is a sequence in R such that
(@) ZZEO VYn = OC;
(ii) either limsup,,_, 8, <0 0r Y o2 Vuldul < 00;

(iif) D20 Bn < 00.

Then lim,,_, o a, = 0.
The so-called demiclosed principle for nonexpansive mappings will often be used.

Lemma 2.4 (Demiclosed principle [19]) Let T : C — C be a nonexpansive mapping with
F(T) #0.If {x,}:°, is a sequence in C weakly converging to x and if {(I — T)x,}52, converges
strongly to y, then (I — T)x = y. In particular, if y = 0, then x € F(T).

The lemma below shows the uniqueness of solution of the variational inequality (1.12).

Lemma 2.5 [20] Let H be a Hilbert space, C a closed convex subset of H,and f : C — C a
contraction with coefficient a < 1. Then

o=y U =flx—U-fly) = A -e)lx-yI*, xyeC.
That is, I - f is strongly monotone with coefficient 1 — a.

3 Main results

We always assume that H is a real Hilbert space and C is a nonempty, closed, and convex
subset of H. Let Pc : H — C be the metric projection. Let f : C — C be a contraction
with the constant k € (0,1). Let A : C — H be an a-inverse-strongly monotone mapping
with & > 0, and let B: H — H be a maximal monotone operator and the domain of B is
included in C. Let J, = (I + rB)~! be the resolvent of B for r > 0. Suppose that Vg is 1/L-ism
continuous. Consider the two mappings G, and S,,,

Gu(x) = a,f(x) + 1 — ) ToJr, I —1r,A)x), VYxeC,meN, (3.1)

Su(x) =, f (%) + A — ) T3, ), L =1, A)(x), VxeC,meN, (3.2)

where T, = Pc(I - B,Vg), T), = Pc(I — BVg,), 0<b < B, <2/LNg, 6 =Vg+ i, 1, €
(0,2/B-L), B €(0,2/L), {a,,} C (0,1). It is easy to prove that Vg, is ﬁ—ism, T, is non-
expansive. It is easy to see that if 0 < » < 2, then I — rA is nonexpansive of C into H.
Indeed, we have, for all x,y € C,

”(I—rA)x— (I—rA)y”2 = ”x—y—r(Ax—Ay) |2

= |l —yl* = 2r(x — y, Ax — Ay) + r*||Ax — Ay||*

< [lx =yl - 2ra||Ax — Ay||* + || Ax — Ay|)?
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= [l = yl* + r(r - 2a) [ Ax - Ay|)?
<l —yI% (3.3)
Thus, I — rA is nonexpansive of C into H.

Then we can claim that both of G, and S, are contractions. Indeed, by (1.1) and (3.1)-
(3.3), we have, for each x,y € C,

|Gux) = Gu )] = || (cnf &) = cf ()

+ (1= ) (T, (I = 1 A) &) = Ty, (I = 1, A) ) |
T = 12 A)() = T, (I = 1, A)0) |
< ankllx =yl + 1 — )| I - r2A) &) = (I - r,A) )|

fank”x_y” +(1_an)|

< aukllx =yl + 1 —an)llx =yl

= (L- (1= K)) = ll.
Similarly,
”Sn(x) - Sn(y) H = (1 —-a,(1- k)) llx =¥l

Since 0 <1 - w,(1 - k) <1, it follows that both of G, and S, are contractions. Thus, by the
Banach contraction principle, G, has a unique fixed point x/,; € C such that

o, = o f () + (1= ) Ty, (I = 1, A) ().
Similarly, S,, has a unique fixed point x}, € C such that
x = af (x5) + (1= ) To, ), (= 10A) (%)

For simplicity, we will write x,, for «), and x}; provided no confusion occurs. Furthermore,
we prove the convergence of {x,}, while we claim the existence of the g € (A + B)'0N U,
which solves the variational inequality

(U-fgp-qg)=0, Vpe@+B)y'onu. (3.4)

Equivalently, g = P4, p10nuf (@)
The following is our main result.

Theorem 3.1 Let H be a real Hilbert space and let C be a nonempty, closed, and convex
subset of H. Let Pc : H — C be the metric projection. Let f : C — C be a contraction with
the constant k € (0,1). Let A : C — H be an a-inverse-strongly monotone mapping with
a > 0. Let B: H— H be a maximal monotone operator and the domain of B is included
in C. Let ], = (I +rB)™! be the resolvent of B for r > 0. Suppose that Vg is 1/L-ism continuous
with L > 0. Assume that (A + B)™0 N U # 3. Use GPA and let the sequences {u,} and {x,}
be generated by

Uy :]rn(l — 1 A) (%),

(3.5)
Xy = pf () + L — ) Ty(u,), VYneN,
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when regularize it by using RGPA, the sequences generated by (3.5) changed into the fol-

lowing sequence:

Uy :]rn(l — 1, A) (%),

(3.6)
Xp = uf (%) + A=) T, (1,), VnmeN,

where T, = Pc(I = B,Vg), Th, = Pcll = BV&,), Vg, = Vg + hnl, B €(0,2/L),0<b < B, <
2/L. Let {o,}, {ry}, and {A,} satisfy the following conditions:
(@) {ax} C(0,1),1im, ., a, =0;
(ii) {r,} € (0,00),0<I<r, <2a;
(iii) {An} C(0,2/B=L), Ay = o(at).
Then the sequence {x,} converges strongly to a point q € (A + B)™0 N U, which solves the

variational inequality (3.4).

Proof 1t is well known that X € C solves the minimization problem (1.2) if and only if for

each fixed 0 < B < 2/L, % solves the fixed point equation
X=Pc(I-BVgx=Tx.

Itis clear thatx = T, i.e., x € U = Fix(T). Since T is nonexpansive, U is closed and convex.

As in [21], we have, for any r > 0,

ge(A+B)!'0 <= 0ecAq+Bg

< 0erAq+rBgq

< gq-rAqeq+rBg

— q=/I-rA)q

& qeFix(,{-rA). (3.7)
If 0 < r < 2«, we see from (1.1) and (3.3) that /(I — rA) is nonexpansive. Thus Fix(J,(I —

rA)) is closed and convex.
In the first step, we show that {x,} is bounded. Indeed, pick any p € (4 + B)~'0 N U, put

M, =J.,I - r,A), since u, = J,.,(I - r,A)(x,), and p = J,, (I — r,A)(p), we know that for any
nelN,

0 =PIl = | M) = My (@) | < Il = pI- (3.8)
For x € C, we note that

Pc(I-BVg,)x=T,,x
and

Pc(I-BVg)x=Tx.
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Then we get
IT3,% = Txl| = | Pc(I - BV, )% = Pcl - BVQx| < 2nfBlxl. (3.9)
Thus, by (3.5) and (3.8), we derive that

%0 = pll = |anf @) + (1= ) To(t) = p |
< |lenf ®n) = ctnf @) + ||etnf ®) = aup || + (1= o) | T() = Tu(®) ||
< aklloy = pll + o | (I = f)p| + @ = at) lun — pll
< (1-a,(1= k)%, = pll + @ | L= p|-

Then we have

[l =

_lk

and hence {x,} is bounded. From (3.5), we also derive that {u,} is bounded.
Similarly, by (3.6) and (3.8), we obtain

%0 = pll = |tnf @) + (1 = ) T, () = |
< Jewf ) = af @) | + | etnf () = etup | + (1 = o) | T, () = T, (D) |
+(1- )| T, ) - T)|
< aykllxy = pll + | = fp| + A= an)llwy - pll + A - )| Ts, () - T()||
< (1= a1 =K) %, = pll + u|| (I = Np|| + (1= @) | T2, (p) - T®)] .-

It follows from (3.9) that

[ p||<—||<1 -p| +

1% (1 k)HTAn(P) T(p)|

| -pp| + —1 @b A el

Since A, = o(«,,), there exists a real number R > 0 such that 2—2 <R, and

n)ﬂ I ~f)pll + (- ,)BRIp|
s - pllfﬂﬂ(l ] + B gy L WD e

Hence {x,} is bounded. From (3.8), we also see that {u,} is bounded.
In the second step, we prove that ||x, — u,|| — 0. Indeed, for any p € (A + B)"'0 N U, by
(1.1), we derive that

Nt =PI = | (I = 1)) = T, (L =1, A) D) ||

= ((1 -1 A)x,) — (I - rnA)(p)’ Uy _p)

= Xy — P, Uy — p) — Tu{Ax, — Ap, uy — p)
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(125 = pI> + M2t = pUI* = M2ty = 2411%) = 720 (Axs = Ap, 4 = p)

N = N =

2 2 2
< = (llxn = I + lltn = pII* = N1t = x4]1%).

This implies that
= pI> < 120 = pII* = Nl = 2> (3.10)

From (3.5), (3.10) and (2.1), we derive that

%0 = pI? = nf () + (1 — @) T(w) — o

= enf @) = aup + (1 = @) To(wt) = (1 = @,) Tu(p)|?

< (1= an)?Ntn = plI* + 20,{f (%) — P> %5 — p)

< |l = pII* = st — 2ull* + 200, (Kl = pll + | (L =F)p]) - 10 — Pl

Since «;,, — 0, it follows that lim,,_, o, ||x,, — u, ]| = 0.
Similarly, from (3.6), (3.9), (3.10), and (2.1), we derive that

196 = pI* < (1= at) (I1%n =PI = Nt = %ull® + 20128, = Il - AuBlIpl + A28 IPII)
+ 20, (kllxn — pll + | =F)p||) - 1% = pII.
Hence, we obtain

(1 = @)l = % l1* < Qatuk — @) 1%, — plI* + 20 = ) A Bl — pll - Pl
+ (L= a)A2B2 Pl + 20 | (T =P - %0 — Pl

Since both {x,} and {u,} are bounded and «,, — 0, A, — 0, it follows that ||, — x,| — 0.
In the third step, from (3.5), we show that ||x,, — T},(x,)|| — 0. Indeed,

”xn - Tn(xn)” = ”xn - Tn(un) + Tn(un) - Tn(xn)H
= ”xn — T(un) ” + “ Ty(un) — Tn(xn)”

=ay Hf(xn) = Tu(un) ” + [t — %l

Since o, — 0 and ||x,, — u,|| = 0, we obtain ||x,, — T, (x,)|| — O.

Thus,
“un - Tn(”n)“ = ||Mn —Xn t Xy — Tn(xn) + Tn(xn) - Tn(un)H
S ”un _xn” + ”xn - Tn(xn)” + H Tn(xn) - Tn(un)H
< oty = x4l + ”xn - Tn(xn)” + 1% — |
and

”xn - Tn(un)“ = ”xn - Mn” + ”M,, - Tn(un)

)

we have ||u, — T,(u,,)|| — 0 and ||x, — T,,(1,,)|| — O.
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Similarly, from (3.6), we show that ||x, — T}, (x,)|| — 0. Indeed,

%6 = T, @) | < 0t |[f @) = T (i) | + Nt = 2.

Since o, — 0 and ||, — x,,|| — 0, we obtain ||x, — T}, (x,)| — 0.

Therefore,
et = T, () | < Nty = 2ll + |60 = Ty () | + 1196 = 28

and

%0 = T, @) || < Moty = 20l + || T, a) = 0|,
we have ||y, — Ty, (u,)|| = 0 and ||x, — T3, (u,)|| — O.

In the fourth step, we show that g € (A + B)'0 N L.

Consider a subsequence {u,,} of {u,}. Since {u,} is bounded, without loss of generality,
we can assume that u,;, — g.

We first see the gradient-projection algorithm generated by (3.5), from the boundedness
of {up,}, B, = B, and |luy, — Ty, (us,)|| — 0, we distinguish two cases to show g € U.

Case 1. lim;_, o0 By, = B = %

Observe that

2 2
PC(I— ZVg) Uy, — Uy, || < | Pc (I— ZVg)”‘m —Pc(I - By, V@)uy,

+ ||PC(I_ ,Bn,'vg)uni - url,‘

IA

2
(I— ZVg) Uy, — (I = B,V thy,

P = By ety |

(% - ﬂ”i) ” Vg(”"i)

+ ” T, () — i, “

Then we conclude that

2
uy, — Pc <I - ng> Uy,

Since Vg is 1-ism, Pc(I — 2Vg) is nonexpansive self-mapping on C. Indeed, we have for

IZVx 12V
Lg Lgy

2

=0.

lim

I—> 00

eachx,ye C

2
=

2

2 2
PC(I— ZVg)x—PC(I— ZVg)y

Xy~ (Val) - Vab)

= =yl ~ 7 e, V() ~ V0)

4
+ 75 Vet - Ve
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4
< le=y1” - 75 Vetx) - Ve

4
+ 73 Ve@ - Ve0) I’

= - ylI*.

Case2.0<b <lim; o By, =B < %
Observe that

||PC(1_ ,ng)uni - ”rz,'

< |Pcl - BV uy, = Pcl = By, VE)thy,
+ | Pcl = B, V) th, — iy,
< |- BVun, — (I = By, V) |
+ || Pc = B, V@) thy, — iy,

= |ﬂ _ﬁni| ' “Vg(uni)

+ || T () — s, |-

Then we conclude that

lim ||, = Pc(l - BV@)u, | = 0.

Page 12 of 27

Since Pc(I - %Vg) and Pc(I — BVg) are both nonexpansive. Then, by the above two cases

and Lemma 2.4, we derive that

q=Pc(I-BVg)q=1q.

This shows that g € Fix(T) = U.

When we regularize it, we see the sequences generated by (3.6), which use RGPA. By

(3.9), we have

”un - T(M,,) || =< ”un - T)Ln (un) || + H TA,, (un) - T(un)”

= ”un - Tkn(un)” + AnBllttnll.

Since ||u, — T;,(u,)| — 0 and A, — 0, we have |u, — T(u,)|| — 0. Thus, we get by

Lemma 2.4 that g € Fix(T) = U.
In the fifth step, we show that g € (A + B)™10.
Take rg € [[,2]. Putting z,, = ({ — r,A)x,, we have from Lemma 2.2 that

o (I = 10 A% = | < [T (I = roA)n = Jrg (I = 1A )|
+ | Jro (I = 1uA)an — 1|
< | = roA)xy — (I = rpA)xa||
+ o (2n) = I, () |
<Iru=rol - |AGx)|

|7 — 7ol
+

”]ro (Zn) —Zy Hr

(3.11)
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we also have
”]ro (I = roA)x, — %y, “ = ”]ro (I = roA)xy — uy ” + [ty — x4l (3.12)

Take any subsequence {x,,} of {x,}. Since {x,} is bounded, {x,,} is bounded and {r,,} C
[[,2a]. Without loss of generality, there exist a subsequence {x,,l,]_} of {x,,} and a sub-
sequence {r,,l.]_} of {r,,} such that Xy, = and Tn, = 7o for some {rp} C [/,2«]. Since
{x”’)‘} C Cand C is closed and convex, we have g € C. Using Tu; = 10 and (3.11), we have

||],0 - rOA)x,,l.j — U || — 0.
Furthermore, we have from ||xnl,j = Uy | — 0 and (3.12)
”],0 (- roA)x,,L.j = % ” — 0.

Since J,,,(I — roA) is nonexpansive, we have from Lemma 2.4 g = J,, (I — roA)q. By (3.7), we
obtain g € (A + B)~10.

Thus, we have g € (A + B)"'0N U.

On the other hand, from the sequence {x,} generated by (3.5), we note that

Xn—(q= anf(xn) + (1 —ay)T(u,) —q
= apf (xn) — o f (@) + of (q) — otuq + (1 - Ol,,)(Ty,(Lt,,) _q)'

Hence, we obtain from (3.8) that

% = g1 = eu{(f = Dg, x5 — q)
+ {0t (f () = £ (@) + A = ) (T () = Tu(q)), %0 — q)
< au((f ~ D, %4 — q)
+ ankl|xn — qll* + (1= o)l s — qll - 160 — gl

< au((f =g, %0 — q) + (1 - (1= k) |, — ql1*.

It follows that

1
ll%, — qll* < ﬁ(((f—l)q,xn -q).

In particular,

1
%, — gl < —

= k((f =g, %y, - q)- (3.13)

Since x,,;, — ¢, it follows from (3.13) that x,,, — g as i — o0.
Similarly, from using RGPA, and by the sequence {x,} generated by (3.6), we note that

Xp — q = ar(f(xn) —Olnf(Q) + Ofr(f(q) _anq + (1 - an)(TAn(un) - q)
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Hence, we obtain from (3.8) and (3.9)

|E _q”2 = an((f_l)q;xn _Q) + (1= + k) ||xy —61||2

+ A —a)ruBliqll - %, —gll.

It follows that
-1 v T 1- n)\n : n—
IIxn—qIIZE((f )q, % Q)+( o)A Bllgll - Nl%n = qll
1-k 1 -k)ay,
In particular,
L—a)f Ay 1
- 2 LB A - ——((f =Dq,%,, - q). 3.14
e = qll* = —— anillqll [E q||+1_k((f )5 %n; — q) (3.14)

Since x,, = q and A,, = o(a,,), it follows from (3.14) that x,,, — g as i — co.
Finally, we show that g solves the variational inequality (3.4).
From the sequence {x,} generated by (3.5), we observe that
Xn = anf(xn) +(1 - )T (1)
= ar(f(xn) + (1 - an)Tn]rn (1 - rnA)(xn)'

Hence, we conclude that

(1 _f)(xn) = (1_ Tn rn(l_ rnA))(xn) - Tn]rn(l_ rnA)(xn) + Xp.

1
Ay
Since T, J,, (I - r,A) is nonexpansive, we find that I — T, J,, ( — r,A) is monotone. Note that,
for any given z € (A + B)"'0 N U,

—i<(1— Ty, (I~ rnA))xn

n

(I = f)n, 20 — 2)

(I = T, (I = 14A)) 250 = 2) = (T(th) = %0, % — 2)

IA

“ Tw(un) — % ” %y =zl

Now, replacing # with #; in the above inequality, and letting i — oo, since {x,,} is bounded,
” Tn(un) —xn” — 0, we have

(=g~ 2) = Jim (=) 5, — 2) < 0.

From a similar step, we observe the sequence {x,} generated by (3.6) has similar results,
namely as follows:

(=T Joy U= 1)) () = To o, (= ra ) ) + .

Ay

([ _f)(xn) =

Since T;, /(I — r,A) is nonexpansive, we have I — T, /. (I — r,A) is monotone. Note that
for any given z € (A + B)™10 N U/, by (3.9), we get

An
(T =), —2) < o Blizll - llx =zl + 1T, at) = ] - 10 = 2II.
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Then replacing #n with #; in the above inequality, and letting i — oo, since 1, = o(c,),

| Ts,, () — %, ]| — O, we also have
(I =g -2) = lim (I =ty 25, — 2) <O,
1—> 00

Therefore from the above two sequences generated by GPA (3.5) and RGPA (3.6), we ob-
tain the same results:

Because of the arbitrariness of z € (A + B)™'0 N U, we see that g € (A + B)'0 N U is a
solution of the variational inequality (3.4). Further, by the uniqueness of the solution of
the variational inequality (3.4), we conclude that x, — g as n — oc.

The variational inequality (3.4) can be rewritten as
f@-aq9-2)>0, Yze@+B)lonuU.
By Lemma 2.1, it is equivalent to the following fixed point equation:

Pu.pyronuf (@) = q.
This completes the proof. d

Theorem 3.2 Let H be a real Hilbert space and let C be a nonempty, closed, and convex
subset of H. Let Pc : H — C be the metric projection. Let f : C — C be a contraction with
the constant k € (0,1). Let A : C — H be an a-inverse-strongly monotone mapping with
a >0 andlet B: H— H be a maximal monotone operator and the domain of B is included
in C.Let], = (I +rB)™! be the resolvent of Bfor r > 0. Suppose that Vg is 1/L-ism continuous
with L > 0. Assume that (A + B)'0 N U # @. Let the sequences {u,} and {x,} be generated
byx, € Cand

(3.15)
Xne1 = 0f (%) + L= ) Ty(un), VYmeN,

iun = I (I = 1y A) ),
when regularize it by using RGPA, the sequences generated by (3.15) changed into the fol-

lowing sequences:

iun = ]rn ([ - VnA)(xn)r (316)

X1 = Af ) + L= ay) 1o, (1), VmeN,

where T, = Pc(I - BuVg), Ty, = Pc( - BVg,), Vg, =Vg+hul, 0<b < B < 2,37 |Bn—
Bus1| <00, B €(0,2/L). Let {ey,}, {ry}, and {),} satisfy the following conditions:

(C1) {an} C(0,1),lim, 0, =0, 2321 oy = 00, 2321 lotys1 — 0| < 00;

(C2) {ry} C(0,00), 0 <l <ry, <20, > " |Fu1 — Ful < 00;

(C3) {An} C(0,2/B = L), hop = 0(t), Y52, D1 = hnl < 00.

Then the sequences {x,} from (3.15) and (3.16) are both converge strongly to a point q €
(A + B0 N U, which solves the variational inequality (3.4).
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Proof 1t is clear that & € C solves the minimization problem (1.2) if and only if for each
fixed 0 < b < B < 2/L, & solves the fixed point equation

%=Pc(-BVg)i = TR,

and x = T%, i.e.,, x € U = Fix(T).
Now, we first show that {x,} is bounded. Indeed, pick any p € (A + B)™*0 N U, and by
(3.8) and (3.15) we derive that

[%na1 =2l = |Jonf (%) + (1 = o) T (14) — |
< || ) —f )| + (L= ) | Tu(tn) = Tu(p) || + 0||f () - ||
< @k, = pll + (1= )l = pll + o] f () - p||
< (1-au(1 = K)llx, = pll + @] f () - p] -

By induction, we have

} n>1

Hence, {x,} is bounded. From (3.8), we also see that {u,} is bounded.
Similarly, we derive from (3.9) and (3.16) that

llen — pIl < maX{ [loey — pll,

”xn+l —PH = (1 - an(]- - k)) ”xn —P”

AnB(—ay
+an(1—k)[Hllpll (1 g e~ pn]

Since A, = o(a,,), there exists a real number a > 0 such that 2 < g.
Thus,

an

aBllpll + If (p) —pII.

lns1 = pll < (1—an(1_k))”xn - pll +a,(1-k) 11—k

By induction, we have

||xn—p||smax{||x1 Pl aﬁllpll+!V(p) pH)}

Hence, {x,} is bounded. From (3.8), we also see that {u,} is bounded.
Next, we show that ||x,,,; —x,| — O.

Indeed, since Vg is 1/L-ism, Pc(I — B, Vg) is nonexpansive, we derive from (3.15) that

|| Ty (tn1) — Ty (1) ” = ||Pc(1 - BV (1) — Pc — Br1 V) (1y1) ||
< U= Ba VRt 1) = (I = Bra V)1t |
= 1By — Bual - | Vg(una) |-



Tian et al. Journal of Inequalities and Applications (2015) 2015:227 Page 17 of 27

Thus, we get

%1 = %ull = [[etnf () + (1 = ) Tou(tt) = (turf (K1)
+ (1= op-1) Ty () |
< oy |[f () = f Fnt) | + || tnf nm1) = tpaf () |
+ (1= o) | T(thn) = T ()
+ (1= o) | Tuttn1) = Tt ()|
+ [ (1 = ) Tt (1) = (1 = etp1) T (1) |
< apkllxn — 2l + (L= an) oty — vy |
+ (L= )l B = Bua| - | V() |
+ lotw = et |([f @) || + || Tuca (an) )
< okl — 2l + (L= ap) |ty — sy |

+M1(|ﬁn _IBVI—1| + |an _an—1|) (317)
for some appropriate constant M; > 0 such that

My > max{ H Vg(uy-1)

Lf(xn—l) || + || Tn—l(un—l) || }: Vn > 1.

’

Similarly, since Vg is 1/L-ism, Pc(I — Vg, ) = T, is nonexpansive, we derive from (3.16)
that

15, (nt) = Ty () || < Bl = Al |l
Thus, we get

%041 = %ull < eukllnn —xnall + (1 = o) 1ty — s |
+ (1= an)BlAn = Apotl - g1
+lotw = ot | (|| @nt) | + || Tops () ||)
< apklloy — 21|l + (1 = o)ty — 1 |

+M;(|)\n _)\n—1| + |05r1 _an—1|) (318)
for some appropriate constant M; > 0 such that

M; = max{Bllus1l,

[ Gen-1) || + || Ty (1)

}}, Vn>1.

Since U1 = Jrp, (I =11 A) (%41) and u,, = J,, (I —7,A)(x,,), we get from Lemma 2.2 and (3.3)
that

ltns1 — unll = ||]Vn+1 (I = 1) Fs1) = T, (I = 1, A) (%) ”

= ||]r,,+1 (I - rn+1A)(xn+1) _]rml (1 - rn+1A)(xn) ||
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+ ||]Vn+1 U =141 A)(x4) _]Vn+1 - rnA)(xn)“

+ |]rn+1(]_ nA) (%) = Iy, (I — rnA)(xn)”

=< ||xn+1 —Xn ” + |rn+1 - rn| . ”A(xn)H

|71 = Tl
ML

]rn+1 (1 - rnA)(xn) - (1 - r,,A)(x,,) ”

Tn+l

Since 0 </ <r, < 2ua, we have

st = thall < Wt = 2all + [t = 1l - |G
]

< %1 = xall + i1 — rulMa, (3.19)

where M = sup{lAx) I, }1y,.., I = 74A) (%) — (I = ruA) (%)l : 1 € N}
From (3.17) and (3.19), we obtain

%6041 = % ll < @nklloen —xpall + (1 = )|ty — 1|
+ M (1A = Apa| + lon — o)
< akllon = Hpa |l + (L= ) (1960 = Xt + (7 — 7ae1|M3)
+ My (12 = Aot | + laty — ctnq])
< (1- an(@ = &) 1% — Xut |l + Ma|ry — 1y
+ My (|An = Ana | + oty — i)
< (1- (1= K)) 1% — X

+M3(|Vn - rn—1| + |)\n - )‘n—ll + |Oln - an—1|)’

where M3 = max{M;, M;}. Hence by Lemma 2.3, we have
lim %41 = x4l = 0. (3.20)
n—0oQ

Then, from (3.18), (3.20), and |r,,41 — 7| — 0, we have
lim ||t4,41 — uy] = 0. (3.21)
n—00

For any p € (A + B)™'0 N U, by the same argument as in the proof of Theorem 3.1, we have
Nt =PI < 120 = PI* = ot = 2]1*. (322)

Then, for the GPA, generated by (3.15) and from (3.22), by the same argument as in the
proof of Theorem 3.1, we derive that

s = plI = [otnf @) + (1 — ) To(ut) - p|*

= e (F@n) = p) + (1 = @) Tl) — (1 = ) Tu(0) |
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<2 ||f@®) - p|” + 20, (1 = @) |[f () = p|| - 11 = pll + (1 = @) |14 — >
< au([f@®n) = p| + 2| f o) = p|| - 1t = plI) + N1 — pI>
< a,([fGen) = p|* + 2| f () = p|| - Nl = plI)

2 2
+ {10 = pII” = [0 — %l

and hence

2 2 2
17 < lln = II" = %01 — Pl

+ (£ Gen) = p||” + 2] ) — ]| - 1w - 1)
= 1% = ®narlI* + 2% — Xs1, X1 — )

o ([fGen) = p|” + 2| f ) = || - N1 — p1l)
< 1% = Fnar I + 201%0 = Kt | - %01 — P

([ Gon) = p||* + 2] @) = ]| - It = 1)

[l —

Since {x,} is bounded, «@,, — 0 and ||x, — x,,,1]] — 0, we have
lim ||x, — u,|| = 0. (3.23)
n—0o0

Next, we derive that

”xn - Tn(xn) ” = ”xn —Xn+l + Xps1 — Tn(xn)H
< %y = xpa |l + ”ar(f(xn) + (L= 0a) Tu(utn) - Tn(xn)H

< lon = Xl + oty Hf(xn) - Tn(xn)” + (L= o)l — 2]
From (3.20), (3.23), and o, — 0, we have
“xn - Tn(xn)“ - 01

it follows that ||u, — T, (u,,)|| — O.
Similarly, for the RGPA, generated by (3.16) and from (3.9) and (3.22), by the same ar-
gument as in the proof of Theorem 3.1, we derive that

%1 =PI < 1% =PI = N1t = xall* + 2018 = Pl - 2 Blpll + A28 DI
+ @, (2(ltn = pll + 2Bl - [f @) = p|| + [f@0) - p||)

and hence

2
12 < W%ner = %ull (1160 = 21l + 01 = pII)

+ 2Bl - pll - Pl + 22821111
+ @ (2l = pll + Brallpl) - [F ) = p| + [f @) = 2]%)-

[l —
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Since both {x,}, {f(x,)} and {«,} are bounded, «,, — 0, X, — 0, and |x,;; — %, || = 0, we
also derive the result (3.23).

Next, we derive that
%0 = T, Gen) | < 11t = X [l + ot [ @) = T, ua) | + Nt = 2.
From (3.20), (3.23), and «,, — 0, we also have
[ = T3, () | — O

It follows that ||u, — 1), (u,)| — 0.

Now we show that

limsup(x, —g,—(I - f)q) <0,

n—o0

where g € (A + B)™10 N U] is a unique solution of the variational inequality (3.4).

Indeed, take a subsequence {x,, } of {x,} such that

lim sup<x,, —q,—(1 —f)q) = kllr?o(x”k -q,—(I —f)51>~

n—00

Since {x,} is bounded, without loss of generality, we may assume that x,, — .
By the same argument as in the proof of Theorem 3.1, we have & € (A + B)'0 N U.
Since q = P4, p-10n11f (q), it follows that

limsup((I - f)gq,q — %u) = (I - f)q,4 — %) < 0. (3.24)

n—o0

Finally, we show that x,, — g.
In fact, for the GPA, generated by (3.15),

Xns1 —q = oaf (%) + (L= ) Ty (1) — q
=0y (f(xn) _f(Q)) + oy (f(q) - Q) +(1- an)(Tn(Mn) - Tn(q))

So, from (2.1) and (3.22), we obtain

a1 = ll” = [ () £ (@) + (@) — 4) + L= o) (Toletn) - T(@)]
< (1= )| Tuu) - Tulg) |
+ 2alf () = (@) = (U =)@ %011 — q)
< (1= an)llu, —qlI* + 20,kl|%, — gl - %041 — qll
+ 20~ =) %1 — 4)
< (1= )16 = gl + etk (Il = g1 + 1201 - q11%)

+ 20{,,(—(1 g %1 — q).



Tian et al. Journal of Inequalities and Applications (2015) 2015:227 Page 21 of 27

It follows that

2

1-2a, + o,k o
_ 2< - ~%n T nn _ 2 n _ 2
%1 — gl < ok %, — gl +1—a,,k”x” qll
2w,
—I— W+l T
+1_ank< (I =£)g %1 — q)
< (1= 2= B0y [ 1+ —— 1y — g
=201 - K)ay,)llx, — + Xy —
- 1 1-a,k 1
20y,
- - A+l T
+1—a,,k< (I =) %1 — q)

2 On
< (1-20 - Kat) %0 — q11* +2(0 - K)ety [m’”

e TSR]

= (1-20 - Koty s = qlI* +2(1 = k)8,

where §,, = 2(1_1(;)&‘_%/()]\/[ + (1_/()(}_0["1() (= =f)q, %111 — q), and M = sup{[|x, — ¢Z||2 :ne N}

It is easy to see that lim,_,o, 2(1 - K)o, =0, >_>2 2(1 - k)at, = 00, and limsup,,_, . 8, <0
by (3.24). Hence, by Lemma 2.3, the sequence {x,} converges strongly to g.
Similarly, for the RGPA, generated by (3.16),

Xnil —(q = Ay (f(xn) _f(Q)) + oy (f(q) - Q) +(1- an)(TAn (un) = Ty, (Q))
+ (1= ) (T3, (@) - T(@)-

So, from (3.9) and (3.22), we derive

%01 = ql® < (1= @u@ =K 1%0 = g1l - 11 = gll + 2Blig] - %01 = gl

+ Ofn(_(l =) %ns1 — q)

1
= (1= o= 0) 3 (I = qI” + %01 - q11")
o
ra((H0-Namn =)+ 21l rna-al)

It follows that

a1 = gll* < (1 - u(1 = K)) llxs — gl

20,

An
Tra,0-R <<—(1 ~ ) %ni1 — q) + aﬂllqll o P —q||>

since {x,,} is bounded, we can take a constant M’ > 0 such that
M= ||xp1—¢gll, n>1

Then we obtain

(15641 = 4”2 = (1 —a,(1- k)) I, — 61||2 + 0l (3.25)

where 8, = o5 (- =), %1 — @) + 22 BliqlIM].
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By (3.24) and A, = o(@,,), we get limsup,,_, . 8, < 0. Now applying Lemma 2.3 to (3.25)
concludes that x, — g as n — oco. The variational inequality (3.4) can be rewritten as

f@-a9-2)>0, Vze(A+BoNnU.
By Lemma 2.1, it is equivalent to the following fixed point equation:

Pa,prronuf (@) = 4.
This completes the proof. g

In this following, based on Theorem 3.2 and taking the RGPA for example, from the
sequences generated by (3.16), we will give new strong convergence theorems in Hilbert
space, which are useful in nonlinear analysis and optimization.

In 1994, Censor and Elfving [22] introduced the split feasibility problem (SFP). Then
various algorithms were introduced by some authors to solve it (see [13, 17, 23], and [21,
24, 25]). Recently, many authors have paid attention to the split feasibility problem (SEP)
due to its wide application in signal processing and image reconstructions (see [15,16] and
[26]).

Let C and Q be nonempty, closed, and convex subset of real Hilbert space H; and H,,
respectively. Then the SFP under consideration in this paper can mathematically be for-
mulated as finding a point x satisfying the following property:

xe€C and FxeQ, (3.26)

where F : H; — H, is a bounded linear operator. It is clear that x* is a solution to the split
feasibility problem (3.26) ifand only if x* € C and Fx* — PoFx* = 0. We define the proximity
function g by

1
g0 = S lIFx - PoFx|.
Consider the constrained convex minimization problem
'()—'lF PoFx|? (3.27)
rgggx—rggin x — PoFx||”. .
Then x* solves the SFP (3.26) if and only if x* solves the minimization problem (3.27) with
the minimize equal to 0.
In particular, Byrne [24] introduced the so-called CQ algorithm. Take an initial guess
xo € H) arbitrarily, and define {x,} recursively as follows:
xpi1 = Pc(I = BF*(I - PQ)F)x,, n>0, (3.28)
where 0 < 8 < 2/||A||? and P¢ denotes the projector onto C. Then the sequence {x,} gen-
erated by (3.28) converges weakly to a solution of the SFP.

Let & > 0 and let A be an a-inverse-strongly monotone mapping of C into H. Let B be
a maximal monotone operator on Hilbert space H, such that the domain of B is included
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in C. Let J, = (I + rB)™! be the resolvent of B for r > 0. In order to obtain a strong conver-

gence iterative sequence to solve the SFP, we propose a new algorithm as follows: x; € C,

Uy =]rn (I - rnA)(xn);

(3.29)
a1 = Af ) + L= ay) 1o, (1), VmeN,

where f : C — Cis a contraction with the constant k € (0,1), and {T; ,} satisfy T, = Pc(I -
B(F*(I = PQ)F + A,D)) for all n, and B € (0,2/||F||*). We can show that the sequence {x,}
generated by (3.29) converges strongly to a solution of the SFP (3.26) if the sequence {,,} C
(0,1). Applying Theorem 3.2, we obtain the following result.

Theorem 3.3 Assume that the split feasibility problem (3.26) is consistent. Let the sequence
{x,} be generated by (3.29). Here the sequence {a,} and {},} satisfy the conditions (C1) and
(C2). Then the sequence {x,} converges strongly to a point q € (A + B0 NV, which V
denote the solution set of SFP (3.26).

Proof By the definition of the proximity function g, we have
Vg(x) = F*(I - Pg)Fx,
since Py is 1/2-averaged mapping, then I — Py is 1-ism, for Vx,y € C, we obtain
(Vg(x) - Vg(y),x - y) = 1/IF|* - | Vg() - Vg |
= (F*(I - Pq)Fx — F*(I - PQ)Fy,x — y)
—U||F|?- |[F*(I - Po)Fx — F*(I - Po)Fy|”
= (F*((I - Po)Fx — (I - Po)Fy),x - y)
VIR - [F*(( - P)Fx ~ (- Po)Fy) |
= <(1 —Pq)Fx — (I — Pg)Fy, Fx — Fy)
—U|IF|? - |[F*(( - Po)Ex — (I - P)Fy)|*
= |~ PQEx~ (= Py ~ |~ P~ 1~ PQ)By

=0.

So, Vg is 1/||F|-ism.

Set g, (x) = g(x) + )\7” [lx||?, consequently,
Vg, (%) = Vg(x) + AL (x) = F*(I — Po)Fx + A,x.
Then the iterative scheme (3.29) is equivalent to

Uy =]A,, (1_ )\nA)(xn)r
Xn+l = ar(f(xn) + (1 - Ol,,)T)m (Mn)¢ Vn e Nx

where T;,, = Pc(I — BVg;,) for all n, and B € (0,2/||F|?). O
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On the other hand, based on Theorem 3.2, we will give another two applications of it.
Let /& be a proper lower semicontinuous convex function on Hilbert space H into
(=00, 00]. Then the subdifferential 9/ of /4 is defined as follows:

oh(x) = {zeH:h(x)+ (z,y —x) §h(y),VyeH}

for all x € H. From Rockafellar [23], we known that 9/ is a maximal monotone operator.
Let ic be the indicator function of C (C is a nonempty, closed, and convex subset of H),

ie.,

0, xeC,

ic®) = oo, x¢C.

Then ic is a proper lower semicontinuous convex function on H and the subdifferential
dic of ic is a maximal monotone operator. So we can define the resolvent J, of di¢ for r > 0,

ie.,
Jox=( +rdic)
for all x € H. We have, foranyx € H and g € C,

q=Jx x €q+rdic(q)
x €q+rNc(q)
x—q €rNc(q)
%(x—q,p—m <0, VYpeC

(x—qp—q) <0, VpeC

[ A

q= ch7
where N¢(g) is the normal cone to C at g, i.e.,
Nc(g)={zeH:(z,p—q) <0,Vpe C}.

Based on Theorem 3.2, we prove a strong convergence theorem for inverse-strongly
monotone operators in a Hilbert space.

Theorem 3.4 Let C be a nonempty, closed, and convex subset of the Hilbert space H. Let
A : C — H be an a-inverse-strongly monotone mapping with o > 0. Let f : C — C be a k-
contraction mapping with 0 < k < 1. Suppose that Vg is 1/L-ism with L > 0. Let x; =x € C
and let {x,} C C be a sequence generated by

KXn+l = anf(xn) + (1 - an)TAnPC(I - )‘nA)(xn)

forall n € N, where Ty, = Pc(I — BVg.,), V&, = Vg + Aul, B €(0,2/L). Let {a,}, {1y}, and
{1} satisfy the conditions (C1)-(C3) which appear in the Theorem 3.2. Suppose VI(C,A) N
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U # 9. Then {x,} converges strongly to a point qo € VI(C,A) N U, where qo € VI(C,A)NU
is a unique fixed point of Pyicanuf- This point qo € VI(C,A) N U is also a unique solution
of the hierarchical variational inequality

(I -f)q0,2-q0) =0, ze VI(C,A)N UL

Proof Put B = dic in Theorem 3.2. Then for r,, > 0, we have that J,, = Pc. Furthermore we
have (A + dic)™0 = VI(C, A). Indeed, for g € C, we have

g€ (A+dic) 0 0 € Ag + dic(q)

0 €Aq +Nc(q)

—Aq € Nc(q)

(-Aqp-q) <0, VpeC

(Agp-q) >0, VpeC

rrrret

q € VI(C,A).
Thus we obtain the desired result by Theorem 3.2. O

Recall the mapping W : C — H is called a widely strict pseudo-contraction if there exists
r € R with r <1 such that
2

Wae = WylI> < llx = ylI> + 7 (1 = W)x = (I - W)y Vx,y€C.

We call such W a widely r-strict pseudo-contraction. If 0 < r < 1, then W is a strict pseudo-
contraction. Based on Theorem 3.2, we obtain the following result, which generalizes
Zhou'’s strong convergence theorem [25] for strict pseudo-contractions in a Hilbert space.

Theorem 3.5 Let C be a nonempty, closed, and convex subset of Hilbert space H. Let W :
C — H be a widely r-strict pseudo-contraction with r <1 (r € R), suppose that Fix(W) # (.
Letf : C — C be a k-contraction with 0 < k < 1. Suppose that Vg is 1/L-ism with L > 0. Let
x1 =x € C and let {x,} C C be a sequence generated by

Xn+l = anf(xn) +(1—oy) TA,,PC{(I )W+ tnl}(xn)

forall n e N, where T, = Pc(I — BVgy,), Vg, = Vg + AL, B €(0,2/L). Let {a,} and {A,}
satisfy the conditions (C1) and (C3), respectively, which appear in Theorem 3.2. {t,,} satisfy:
@) {tu} C (-00,1);
(2 r<t,<b<l;
(3) 5%, It = by < 0.
Then {x,} converges strongly to a point qo € Fix(W) N U which is a unique fixed point of
PFix(W)ﬂLlf in FIX(W) Nnu.

Proof PutB=0icand A =1— W in Theorem 3.2. Furthermore, weputa =1-b,r, =1-t,,
and 2« =1—rin Theorem 3.2. From {t,} C (-oo,1) and r < t, < b <1, we get {r,} C (0, 00)
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and 0 <a <r, <2a. We also get

) )
Z|rn+l — 7Tl = Z|tn+l — by <00
n=1 n=1

and
I-rA=1-1-t)I-W)=(10-t,)W +t,1.
Furthermore we have (4 + 9ic) ™0 = Fix(W). Indeed, for g € C, we have

ge(A+3ic)'0 «— 0eAq+dic(g)
< 0eq-Wq+Nc(q)
< Wg-g€Nc(q)
— (Wg-q,p-q) <0, VpeC

<— PcW(q) =q

Since Fix(W) # 0, we get from [25] Fix(Pc W) = Fix(W). Thus we obtain the desired result
by Theorem 3.2. O

Referring to Theorem 3.2, we will immediately give our conclusion in the next section.

4 Conclusion

In a real Hilbert space, methods for solving the constrained convex minimization problem
have been extensively studied. Recently, Tian and Liu were first to propose composite it-
erative algorithms to find a common solution of an equilibrium and a constrained convex
minimization problem. However, in this paper, for solving constrained convex minimiza-
tion problems and finding zeros of the sum of two operators in Hilbert spaces, we use two
algorithms; one is the gradient-projection algorithm (GPA), the other is the regularized
gradient-projection algorithm (RGPA). We use them to propose new strong convergence
theorems, which find a common solution by GPA and a unique solution by RGPA. Take
RGPA for example, some new strong convergence theorems are obtained. Under suitable
conditions, the constrained convex minimization problem can be transformed into the
SEP problem, zeros of the sum of two operators can be transformed into the variational
inequality problem and the fixed point problem, which play important roles in nonlinear

analysis and optimization problems.
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