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Abstract

In the paper, the authors establish several closed expressions for the Euler numbers in
the form of a determinant or double sums and in terms of, for example, the Stirling
numbers of the second kind.
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1 Introduction and main results
It is well known ([1], p.75, item 4.3.69) that the secant function sec z may be expanded at
z = 0 into the power series

2k

[o¢]

z g

secz = Z(—l)kEZk— lz] < =,
k=0

(2k)Y 2 (L1)

where Ej are called in number theory the Euler numbers which may also be defined ([2],
p-15) by

1 2¢* =& Z% T
== _N'EZ-SNEpS g 1.2
coshz €22 +1 Z o Z 2k (2k)! 2l < 2 12
k=0 k=0
In number theory, the numbers
Sk = (~1)FEx (1.3)

are called in [3], p.128, for example, the secant numbers or the zig numbers.

These numbers also occur in combinatorics, specifically when counting the number of
alternating permutations of a set with an even number of elements.

The first few secant numbers S; for k =1,2,3,4 are 1, 5, 61, 1,385. The first few Euler
numbers Ey; for 0 <k <9 are

Ey=1, E,=-1, E, =5 Eq =-61, Eg =1,385,

Eyp =-50,521, E» =2,702,765, E, =-199,360,981,

E =19,391,512,145, Eig =-2,404,879,675,441.
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It is a classical topic to find closed expressions for the Euler numbers Ey; and the tangent

number Si. These numbers are closely connected with many other numbers and functions,

such as the Bernoulli numbers, the Genocchi numbers, the tangent numbers, the Euler
polynomials, the Stirling numbers of two kinds, and the Riemann zeta function, in number

theory and combinatorics. There has been a plenty of literature such as [1, 2, 4-10] and

closely related references therein.

In mathematics, a closed expression is a mathematical expression that can be evaluated

in a finite number of operations. It may contain constants, variables, four arithmetic op-

erations, and elementary functions, but usually no limit.

In this paper, we establish several closed expressions for the Euler numbers Ey; in the

form of a determinant of order 2k or double sums and in terms of, for example, the Stirling

numbers of the second kind S(n, k) which may be generated ([2], p.20) by

(-1 & x"
=2 Sm—, ke,

n=k

may be computed ([2], p.21) by the closed expression

1 m
S(k, m) = % Z(_l)m_e (?)gk, 1 <m=< kr
T =1

and may be interpreted combinatorially as the number of ways of partitioning a set of n

elements into k nonempty subsets.

Our main results may be formulated as the following theorems.

Theorem 1.1 Fork € N,

([—ll) cos((i—j+1)%>

’

(2k) x (2k)

Ey = (-1)

where |c;jlkxk is the determinant of a matrix [c;jlxxk of elements c;; and order k.

Theorem 1.2 Fork € N,
2k £
1 2k [/
Eye=(2k+1 - 2q - £)%*.
2= (2k+1) ) )2[(g+1)(£)2(q)(q )

=1 gq=0

Theorem 1.3 ForneN,
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Theorem 1.4 Fork € N,

2k 1 2i 2
Exc=) (1) Z(—l)z< . )(i -0, (1.7)
i=1 £=0

2 Lemmas
In order to prove our main results, we need the following lemmas.

Lemma 2.1 Let u = u(x) and v = v(x) # 0 be differentiable functions, let U,,1, be an (n +
1) x 1 matrix whose elements uz; = u*D(x) forl <k <m+1, let V1, bean (n+1) x n
matrix whose elements v;; = (’ 1) ED(x) forl<i<mn+1land1<j<n,and let |Wy,1 .1l
denote the determinant of the (n + 1) x (n + 1) matrix Wy,u1 = (U1 Viasrul. Then the

nth derivative of the ratio ”(x

d” E _( ) |Wn+1n+l|
dx \ v pn+l :

Proof This is a reformulation of [11], p.40, Exercise 5. O

y may be computed by

The Bell polynomials of the second kind B,x, or say, the partial Bell polynomials B, ,
may be defined ([12], p.134, Theorem A) by

! n—k+1 xq >
Buk(®1, %2,y Xpks) = W l_[ 2a

1
1<gq<n, lqe 0}UN q
Zq 1iq=n
22:1 Lq=k

forn>k=>0.

Lemma 2.2 (Faa di Bruno formula [12], p.139, Theorem C) For n € N, the nth derivative
of a composite function f(g(x)) may be computed in terms of the Bell polynomials of the
second kind B, x by

d” "
f(g(x) Zf (x) g//(x) n k+1)(x))‘ (21)

Lemma 2.3 ([12], p.135) For n >k > 0, we have
Bn,k(L 1711) = S(nr k) (2.2)

and

b”_k+1x,,_k+1) = akb"B,,,k(xl,x,,, we s Xn_ksl)s (2.3)

B,k (abxl, ab’xs,...,a
where a and b are any complex numbers.

Lemma 2.4 ([5], Theorem 2.1) For n > k > 1, the Bell polynomials of the second kind B,,

satisfy
L+ (-)rky 1 & 2k
Bn,k<o,1,o,...,%> _ zk—k,z(—ne( >(/< o (2.4)
' 2=0
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Lemma 2.5 ([5], Theorem 4.1 and [13], Theorem 3.1) For n > k > 0, the Bell polynomials
of the second kind B, . satisfy

(n-k)'(n kK \ ok
B,.x(x,1,0,...,0) = ——— ", 2.5
s« (6 )= ik I\ i )* (2.5)
Lemma 2.6 ([7], Theorem 1.2) For n > k > 1, the Bell polynomials of the second kind B,,
satisfy

. . . T
B,,,k<— sinx, — cos &, sinx, cos «, ..., — s1n|:x +(n- k)§:|>

k
1 10" 1 1 [k 1
=(-1 k+7[n+ 5 1= k -1 =
= k! cos x;( ) 26\£ ) costx

Z ’ 1+ (=1)"
£

3 Proofs of main results
We now start out to prove our main results.

Proof of Theorem 1.1 Applying Lemma 2.1 to u(z) =1 and v(z) = cos z gives

n | [Sil]lgz’gnﬂ A(n+1)><n |(n+1) x (n+1)
)
cos™tl z

i—-1 , N\
(i )cos(z+(l—])—)
-1 2 2<i<n+l,1<j<n
i (i—j+1) T
cos|lz+(—j+1)—~
1 5
where

i-1 PN
A(n+1)><n = . cos(z+ (i _])_
-1 2 1<i<n+l1<j<n

and

(secz)™ = (-1

- ("

- ("

’
nxn

1, i=j,
0 i

is the Kronecker delta. Consequently, by taking the limit z — 0, we find

(’_ll) cos((i—j+1)g)

lim(secz)™ = (~1)"
z—0

nxn

and, by (1.1) and (1.3),

(2k) x (2k)

(~1)¥Ep = S = lin(l)(sec z)%0 = K’ ! 1) cos <(i —j+ 1)%)

The proof of Theorem 1.1 is complete. d
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Proof of Theorem 1.2 By (2.1) applied to f(u) = % and u = g(z) = cosz and by Lemma 2.6,

we have
VAR . . . b4
E — ) Bux|-sinz,—cosz,sinz,...,—sin z+(n—k)§
u
k=1

(secz)”

= (—1)kk! _ , _ T
= ——— B, x| —sinz,—cosz,sinz,cosz,...,—sin| z + (n — k) —
k+1 ’
' u 2
—1)¥k!
= LB,,k —sinz,—co0sz,8inz,cosz,...,—sin| z + (n — k)z
Py (cosz)k+l 2
n
(_1)kk k+d [n+ ] 4 1
= —_ cos z 1
; (cosz)k“( D Z( ) 2’-’ cos! z

4 n
X quO: (2) (2g-0)" sin[(Zq—Z)z+ 1+ (2_1) %]
Lo 1)) e k 1 [k
et S ()
k=1 ¢=1
Ny 1+ (=1)"
xz<q>(2q—£)”sin[ +(2 ) %]

q=0

as z — 0. Hence,

(-1)" gy = (-1)32 kZZ<—1)€27< Z>

=1

¢ m
XZ()zq ] 207

q=0

2m  k 4 )
= (D" D ( ) Z (q) (2q- 0"

k=1 ¢=1
Consequently, by interchanging the first two sums, we get

2m 2m

Ban= 3 Y0 5 )Z(‘Z)(zq—wm
=1 k=t pr\C

e[ (oo [ 0)

4
(=1 L g=0 k=t

=§:(—l)“ ‘ e>(2q 5)2'" J2m-e+1 2m+1>
=y 2t q £+1 1

L q=0

2m t
_ . om l2m+1 2m
_;( D 2‘Z ()Qq R et (z)

L q=0

which may be rearranged as (1.4). The proof of Theorem 1.2 is complete. O
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Proof of Theorem 1.3 Let f(u) = 35 and u = g(z) = €°. Then, by (2.1), (2.3), and (2.2) in

sequence,

dn dk 2” : .
dz" (ezz+1) Zduk<u2+1) B.i(€,€, ..., €%)

n
d*n(u? + 1) X
= Z T(z ZBn’k(l, 1, ooy 1)
k=1

e In(? + 1)

n
= Z S(l’l, k)e T,
k=1

where, by applying f(v) = Inv and v = g(«) = ? + 1 in (2.1) and making use of (2.3) and

(2.5), we have
dk+1 ln(u +1) k+1
g = 22 ) B (2,2,0,....,0)
¢=1
k+1
-1
=) (-1~ e 2B (4,1,0,...,0)
vt
=1

k+1
Z( 1)41 (2 1)! 5t Jk+1-0)! (k+1 14 Rk
+1)¢ 2k+1~¢ £ k+1-¢
ki:( e €D+ 10 e+ 1 ¢ e@-k-Dz
2k+1-2¢ ¢ J\k+1-¢/ (e +1)t
Consequently, we obtain

= Nk +1—0)!

dr -1
() st,k)Z( po
k+1 L el2t-1)z
X< ¢ )(k+1—z)(e22+1)€'
Further taking the limit z — 0 yields
dr [ 2é*
E, =1 —
zl—>0dz”(ezz+l)
k+1
-Dk+1-0)! [k+1 1
S(n, k e (- Dik+ 1 O
Z n )Z( ) okt < ¢ )(k+1—£)
o SN =Dk +1- ) (k41 ¢
n,1)+ZSn,( Z( 1) T gkt \ ¢ kel

k

R LKk =0 (k+1Y (€+1
_1+ZS(n,k)Z(—1) k= (g+1)(k—€>

k=1 £=1

1S, L, k+T\[C+1
=1+ ;?[Z(—n 01k - £)12 (“1) (k_g)}s(”’k)

=1
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and, by interchanging two sums in the above line, we get

Ak =O! (k+1\ [€+1
1+ZZ( V' (£+1)<k_£>5(n,k)

=1 k=t

k+0+1\[/L+1
—1+Z sz( 2+l )( X )S(n,k+€) £l

k=0

As aresult of further simplifying, formulas (1.5) and (1.6) follow. The proof of Theorem 1.3
is complete. g

Proof of Theorem 1.4 Formula (1.7) was ever established in [5], Theorem 3.1. We now give
a different proof for it.

Applying (2.1) to the functions f(u) = % and u = g(z) = coshz and making use of formula

(2.4) yield
dr (1 2 1\W
— = — | B,x(sinhz,coshz,sinhz,...)
dz" \ coshz T \u ’
1)kt
= %Bn «(sinh z,coshz,sinh z,...)
uk+1 !
k=1
2 (D)Fk!
= L B, «(sinhz,coshz,sinhz,...)
~ (cosh z)ks1
n 1 _1)r—k+1
— Y (-D)FKIB,x (0,1,0,..., %) z—0
k=1
n 2k
1 2k
_ k n
-2 S (ko
k=1
= (—1)" Z( 1)‘( )(k 0.
k=1
By virtue of (1.2), Theorem 1.4 follows immediately. O

Remark 3.1 This paper is a slightly corrected and revised version of the preprint [14].
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