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1 Introduction

Let 7 = {T.}; be a family of operators such that the limit lim,_,o T.f (x) = Tf (x) exists in
some sense. A classical method of measuring the speed of convergence of the family {7}
is to consider ‘square function’ of the type (30 |Te.f — T,,.f 1'%, where &; \ 0. Or, more
generally, the oscillation operator defined as

[e¢]

1/2
O(TS)(x) = (Z sup |Tg,-+1f(x)—Tg-f(x)|2>

=1 Liv1=Eis1<Ei=t;

with {t;} being a fixed sequence decreasing to zero, and the p-variation operator defined
by

00 1/p
Vo(T)x) = sup <Z|Tsmf(x) -T Eﬂx>|p> .
€ i=1

where the sup is taken over all sequence {¢;} decreasing to zero. We also consider the
operator

o0 1/2
O (Tf)(x) = (Z sup |T¢Mf(x)— Tsf(x)|2> .

i-1 tip1<8i<t;
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It is easy to check that
O'(Tf)x) < O(Tf)(x) < 20'(Tf)(x). 1.1)

The oscillation and variation for martingales and some families of operators have been
studied in many resent papers on probability, ergodic theory, and harmonic analysis. We
refer the readers to [1-4] and the references therein for more background information.
Recently, Liu and Wu [5] gave a criterion on the weighted norm estimate of the oscillation
and variation operators for the commutators of Calderén-Zygmund singular integrals with
BMO functions in dimension 1. We also point out that the L”-boundedness for the higher
order commutators of singular integrals was obtained by Segovia and Torrea [6] in 1993.
The purpose of this paper is to establish some new results concerning the oscillation and
p-variation operators for the families of commutators generated by Calderén-Zygmund
singular integrals with Lipschitz functions. Precisely, we will establish a criterion on the
weighted (L?, L7)-type estimates of the oscillation and p-variation operators for the iter-
ated commutators of Calderén-Zygmund singular integrals with Lipschitz functions for
0<pB<landl<p<1/B with1/q=1/p — B. We will also consider the boundedness of
(L7, A(g-1p)) type for the corresponding operators related to the first order commutator
for 1/ < p < 00, and the endpoint cases, namely p = 1/8 or p = co. As applications, the
corresponding boundedness of the oscillation and variation operators for the commuta-
tors of Hilbert transform and the Hermitian Riesz transforms will be given.

Before stating our main results, we recall some definitions and notations. Let K(x, y) be
the standard kernels with constants § and A, that is, K(x,y) is defined on R x R\ {(x,x) :

x € R} and satisfies the size condition for some A > 0

A

|K(x,p)| < oy 1.2)
and the regularity conditions, for some § > 0,

K(x,y) - K ()| < Al 2P (1.3)

' T (e =yl + -y '
whenever 2|x — x'| < max(|]x —y|, |¥’ — y|) and
: Aly -y’
K(x,y) — K(x, < s 1.4
K (%,7) (xy)|_(|x—y|+|x—y/|)1+5 (14)

whenever 2|y — y'| < max(|x — |, |x — y’|). The class of all standard kernels with constants
8 and A is denoted by SK(§,A). For a locally integrable function b defined in R, we say b
belongs to the space Lipf; for1 <p <o00,0< B <1, if there is a constant C > 0 such that

1 1 » 1/p
sup—( — [|bx)-b dx) <C. 1.5)
1o 1P (|1| /I‘ |

The smallest bound C satisfying (1.5) is taken to be the norm of b denoted by ||5|| Li: Here
Iisaninterval in R and by = 1|7 [, b(x) dx.
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Obviously, for the case p =1, Lip’g is the homogeneous Lipschitz space Ag. Garcia-
Cuerva [7] proved that the spaces Lipg coincide, and the norms of || - || Liph, re equiv-

alent with respect to different values of p provided that 1 < p < co. For m € N, b=
(b1, bs,...,b,,) € /'\E, which means that b; € Ag, (i = 1,...,m) with E = (Bi,..., Bm) and
0<pB=p1+--+ Bm <1, we consider the family of operators T := {T¢}..0 given by

() = / Ky)f0)dy, L6)

[x—yl>e

and 7; := {T,3}es05 where T,;is the iterated commutators 7, and l;, which is given by

(b1, TeJ(F)(x) = b1 (%) Te (f) () — T (byf ) (%) = f (1) =i WK )f ) dy  (17)

le—y|>¢

for m =1, and

T 3()@) = [Bs- -, [b2, Tb1, TN () = / | [Tl6) - 0K G dy  (18)
x—y|>e

j=1

for f U1§p<oo L?(R). When m = 1, we also denote b by b, T, ; by T¢, and T; by Tp.

In this paper, we will study the behaviors of oscillation and variation operators for the
families of commutators defined by (1.7) and (1.8) in Lebesgue spaces. Our main results
can be formulated as follows.

Theorem 1.1 Suppose that K(x,y) satisfies (1.2)-(1.4), be /\E’ 0<B=B1+---+Bm<lLet
p>2,T ={Tc}es0 and T; = {T, j}es0 be given by (1.6) and (1.8), respectively. If O(T) and
V,(T) are bounded in LP° (R, dx) for some 1 < py < 00, then for any 1 < p <1/ with 1/q =
1/p — B, w € A(pg) (the Muckenhoupt classes of fractional type, see the definition below),
O(T;) and V,,(T;) are bounded from L* (R, w(x)? dx) to L1(R, w(x)? dx).

For 1/8 < p < 00, we can establish the following un-weighted results only for the oscil-
lation and variation operators related to the first order commutator.

Theorem 1.2 Suppose that K(x,y) satisfies (1.2)-(1.4), b € Ag, 0 < B <& <1, where § is
the same as in (1.3). Let p > 2, T = {T:}eso and Ty = {Tep}eso be given by (1.6) and (1.7),
respectively. If O(T) and V,(T) are bounded in LP°(R,dx) for some 1 < py < 00, then for
any 1/ < p < 00, there exists a constant C > 0 such that for all bounded functions f with
compact support,

[OT)P ., = Clbls I s

and

Vo (To)()| < Cl1Bll, I lo-

AB-1ip)

Theorem 1.3 Suppose that K(x,y) satisfies (1.2)-(1.4), b € Ag, 0 < B <8 <1, where § is
the same as in (1.3). Let p > 2, T = {T:}eso and Ty = {Tep}eso be given by (1.6) and (1.7),
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respectively. If O(T) and V,(T) are bounded in L"* (R, dx) for some 1 < py < 00, then for
p = 1/B, there exists a constant C > 0 such that for all bounded functions f with compact
support,

1O gaso < ClBI A I1F Nl 1

and

Vo T gaso < ClIBIA 1 05

Remark 1.1 We remark that our arguments in proving Theorems 1.2 and 1.3 do not work
for the cases of high order commutators 7; (m > 1). It is not clear whether the corre-
sponding results for O(T;) and V,(T;) for m > 1 also hold, which is very interesting. We
also remark that in our theorems, we deal only with p > 2 for the variation operators, since
in the case p < 2 the variation is often not bounded (see [1, 8]).

The rest of this paper is organized as follows. In Section 2, we will recall some basic
facts concerning weights, maximal functions, sharp maximal functions and characteriza-
tion of the space Ag. The weighted (L7, L7)-type estimates of the oscillation and variation
operators for the iterated commutators will be given in Section 3. In Section 4, we will
show the (L”, A(s_1/p))-bounds of the oscillation and variation operators for the first order
commutator 7}, in the cases 1/8 < p < co and the endpoint. Finally, as applications, the cor-
responding results of the oscillation and variation operators related to the commutators
of Hilbert transform and Hermitian Riesz transforms as well as the A-jump operators and
the number of up-crossing for these operators will be obtained in Section 5. We remark
that our works and ideas are greatly motivated by [3, 9].

Throughout the rest of the paper, C > 0 always denotes a constant that is independent
of main parameters involved but whose value may differ from line to line. For any index
p € [1,00], we denote by p’ its conjugate index, namely 1/p + 1/p’ = 1.

2 Preliminaries

2.1 Weights

By a weight we mean a non-negative measurable function. We recall that a weight w be-
longs to the class A,, 1 < p < 00, if

1 1 . \#L
— dy ) ( — ' g ,
S‘?"(m /I“’m y)(m f,‘“m y) R

where I denotes the term in R, p’ = p/(p — 1). This number is called the A, constant of @
and is denoted by [w]4,. A weight  belongs to the class A; if there is a constant C such
that

1 /w(y) dy < Cinfw(y)
1] J; yel

and the infimum of this constant C is called the A; constant of w and is denoted by [w]4; .

Since the A, classes are increasing with respect to p, the A, class of weights is defined
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in a natural way by A« =, Ap and the A constant of w € A is the smallest of the
infimum of the A, constant such that w € A,,.
A weight w(x) is said to belong to the class A(, ), 1 < p < g < 00, if

P (|1| / w0)'d )Nq(ulﬂ / w0 dy )W =

It is well known that

WEApy wile Ayl-a) &= w 7 e Ap-a) wle A, (2.1)

weApy = wieA, and weA,
) (2.2)
< wleA; and w7 €A4,,

where 0 < <1,1<p<1l/a,1/g=1/p—«a and s =1+ q/p’. The following result, which can
be found in Theorem 3.10 of [10], will be used below.

Lemma 2.1 ([10]) Let 1< p < g < o0. If w € Aq), then there exists r € (1,p) such that
w' e A(p/r,q/r)'

2.2 Maximal functions and sharp maximal functions
We recall the definitions of the Hardy-Littlewood maximal function

M(f)(x supm/[f(y)! y

and the sharp maximal function

M (f)(x) -sgfm/[f(y ﬁ’dy~supmf—/[f(y)—c’dy, (2.3)

where f; = || [,f(y) dy. A well-known result obtained by Muckenhoupt [11] is that M is
bounded on L?(w) if and only if w € A, for 1 < p < co.
Also, we denote the fractional maximal operator Mg defined by

1
Mp(f)®) = sup 17 fllf(y)| dy,

and its variant Mg, defined by

1/r
Mg (f)(x) := sup<|1|1 yE /[f(y)| ) r>0.
The following properties will play key roles in the proofs of our main theorems.

Lemma 2.2 ([12]) Let1<p <00, w € Ay,. Then

”M(f) ||Lp(a)) = ”Mt(f) ”uﬂ(w) (2.4)

for all f such that the left-hand side is finite.
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Lemma 2.3 ([13]) Suppose that 0 < B <1,1<p<1/B,1/qg=1/p—B.If w € A(py), then

“Mﬂ(f) ”Lq(wq) = fllzror).-

Lemma 2.4 Supposethat0<p <1, 1<r<p<1/B,1/g=1/p-B.If w € A, then

”Mﬂ'r(f)”Lq(wq) < W llzz o). (25)

Note that Mg, (f)(x) = (Mg, (|f|")(x))"". Lemma 2.4 immediately follows from Lem-
mas 2.1 and 2.3. We omit the details.

2.3 Characterization of the space Ag
By the definition of Ay, it is easy to check that for f € Ag, 0< 8 <1,

1 . 1
Wy < supinf oo f1 F) - il dx < 11, (2.6)

3 The weighted (L?, L9)-type estimates
This section is devoted to the proof of Theorem 1.1. Let us begin with recalling two pre-

vious known results, which will be used below.

Lemma 3.1 ([5]) Suppose that K(x,y) satisfies (1.2)-(1.4), p > 2. Let T = {T.}es0 be given by
(1.6). IfO(T) and V,(T) are bounded in L** (R) for some 1 < py < 00, then for any1 < p < 00,

w €A,
10T ey < 1OTH ey < W i) (3.1)
and
VoTH 1y = CIFlieeo- (3.2)

The proof of Theorem 1.1 is based on the following sharp maximal function estimate.
Before stating the result, we recall some notations. For 1 <;j < m, we denote by C]m the
family of all finite subsets o = {0 (1),...,0(j)} of {1,2,..., m} with j different elements. For
any o € /", the complementary sequence o' is given by ' = {1,2---,m} \ o. For 5 =

(Bis-oor B) With B = B1 + - + By, b= (b1,...,by,) with b; € Ag, (i =1,...,m), we denote
Bs = (,30(1): .. ',,Bo(j)) with Bs = ,30(1) L ,Bcr(j): Bo' =B —Bos and b, = (ba(l)ro . -;ba(/’)) with

m j
1511, = l_[ 1Bill iy, and  lbollz,, = 1_[ 1850l 7,

i=1 i=1

foranyo ={c(1),...,0())},1 <j<m.
Now we state our main lemma as follows.

-

Lemma 3.2 Suppose that K (x,y) satisfies (1.2)-(1.4), B = (B1,..., Bu) with B =1+ -+ By,
and0< B <1, b= (b1,..., b)) with b; € /'\5i (i=1,...,m). Thenfor p >2,T and T; being as
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in Theorem 1.1, we have

MO (Tf)) () < Clbllay {Mp,r(O'(T()) ) + Mg o (f) )}

m-1
+CY Y Mbolizg, Mp, o (O(T; ) ) (3.3)

i=1 m
j UGCI
ﬂnd

M (Vo(Tif)) ) < ClBlA, [Mpr (Vo (T())) ) + My, (f) ()}
m-1
+CY Y bollag, Mp,  (Vo(Ty ) ) (3.4)
j=1 aeCi’”

hold for any r > 1.

Before proving Lemma 3.2, we need to fix some notations. Following [3], we denote by
E the mixed norm Banach space of two variable function / defined on R x N such that

12
hllg = (Z(sup|h(s, j)|)2> < 0. (3.5)

1

Given a family of operators 7 := {T}};.0 defined on L?(R), for a fixed decreasing sequence
{t;} with £; \( 0, let J; = (¢;41,#;] and define the operator U(T) : f — U(T)f, where U(T)f (x)
is the E-valued function given by

U () = {Toaf ) = TF @) ) o (3.6)

Here the expression {71/ (x) — Tef (%) }ses,ien is a convenient abbreviation for the element
of E given by

(5,0) = (Tyf %) = Tef (%)) x5, (5)
Then
(TN = [{ T f @) - TE @) ol = [UTH @) (37)

On the other hand, let ® = {8 : 8 = {¢;},&; € R,&; \( 0}. We consider the set N x ® and
denote by F,, the mixed norm space of two variable functions g(i, 8) such that

1/p
lgle, = Sl;p<2|g(i,ﬁ)lp> < 00. (3.8)
We also consider the F,-valued operator V(T):f — V(T)f on L#(R) given by
VT @) = (T f@) - TS @) 5 o (3.9)

where {T, , f(x) — T,, f (%)} p=(e;}co is an abbreviation for the element of F, given by

(i: IB) = (i, {Sk}) g Tsi+1f(x) - Tsif(x)'
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This implies that

Vol = V(T @), - (3.10)

Finally, if B is a Banach space and ¢ is a B-valued function, we define

w(y dy. (3.11)

B

= su p—

|1|

This together with (2.3), (3.7) and (3.10) leads to

MAHO'(TH) ) < 2(UTf) ) (312)
and

MEV,(T) ) < 2(VIT) (). (3.13)

Proof of Lemma 3.2 For simplicity and without loss of generality, we consider only the
case m = 2. By (3.12)-(3.13), it suffices to show the following results:

U(Toif V@) < Cllball g 162115, {Mp, (O'(T(f))) @) + Mp,(f) (%)}
+ Cllbill g, Mpy (O (T, () (%))
+ Clball s, Mgy r (O (T, () (%)) (3.14)

and

V(T (@) = Clibaliy, 1521, (M (Vo (T())) @) + My, () )
+ Cllbi Ly, M (Vo (Ton () @)
+ C”b2”/\52Mﬁ2,r(Vp (ﬁl(f))(x)) (315)

We will prove only inequality (3.14) since (3.15) can be obtained by a similar argument.

Fix f and x( with an interval I = (xg — [, x¢ + [). Define f1(y) = f(y) xar and fo(y) = f(y) = A().
Let

’

C = {/ (b1) = (b)) (b2(y) — (b2)1) K (%0, y)f2(9)
tir1<lxo—yl<s

Le]i,ieN

where by = || f[ x) dx, (41)¢ denotes the complementary set of the interval 41 = (x —
41,xy + 41). By (3.11), it suffices to prove the following inequality:

o 1) 0w - il s

= Clibillag, 162114, {Mp,-(O(T(f)))(xo) + Mg (f)(x0)}
+ C||bl||/\/31 Mﬂl,r(o/(sz (f))(xo))
+ C”bZHAﬁzMﬁz,r(O/(nl (f)) (.X()))

Page 8 of 21
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for every xo € R. Since

|17| / | LT (@) - G|, dx
<7 / 1((1) = B2)1) (b20) - B2)) TF) )],

(B0 = B0 Tof @)

|I|
|I| /HU = (b1)1) (b2 — (b2)1)f) (%) — C; | s

:211 +12 +13 +I4.
Now we estimate the above four terms, respectively. Firstly,

n=+ / 1b1(x) — (b)) — (b | | LT )], dx
i ),

1/2¢ 1 1/2¢
<(|1| f|b1<x> i ) (m /|b2(x> G )

. 1/r
< [lunea)

< Cllbrll i, B2, M (O'(T)) (o).

As for I, we have

1
b= 1[I oo a

1 ! AN
< <m /I|b1(x)—(b1)1| dx) <m /IHU(EJ)(")”Ed’C)

) y ur 1 / . 1/r
< <m /I|b1(x)—(b1)1| dx) <m /1|O (Toof) ()| dx)

< Cllbull 2y, Mgy (O'(Toy ) (x0)-
By symmetry, we have
I < Clibal 75, Mpy,r (O’ (T, ) (o).

Finally, we deal with I, as follows:
1
o N6 ) b2 = B0 -

<7 / 1T (b~ B1)1) (b2 — B @), dx

|I| /.Hu(ﬂ (b1 = (B1)1) (B2 — (b2)1) o) (%) = Ci |  dx

=E+F.

Page 9 of 21
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Invoking Lemma 3.1, we know that O'(T) is bounded on L(R) for any 1 < ¢ < co. Therefore,
forany r > 1, let £ = /1, we get

1/t
<|I| /” U(T) bl - (bl)l) (bz - (bZ)I) 1)(95)”54196)

1 ; 1/t
< [(n= Gl - @) ax)

B <|1| feld >r<|f|/(‘b1 (] = B2 )" d )/

1/2t¢
|I|/(|b1 (b1)41|+|(b1)41_(b1)1|)2n )

1/2t'
<|;|/(|b2 (b2)ar + (b2)as — (b2)1|)m )

= Cllbillag, 1621145, M- (f) (%0)-

< My, (F) )] ﬂ( !

Now we estimate term F. For x € I, we have

|L(T)((b1 = B1)r1) (b2 = (b2)1)f) ) - Ci |
- ” {/; ] }(bl(.Y) - (bl)l) (b2()/) - (b2)1)1((x,y)f2(y) dy
ti1<lx—yl<s

- (b1y) = (b1)1) (b2(9) = (b2)1) K (%0, Y)f2 () dy

tiv1<lx0—yl<s }se]i,ieN

E

=<

2
{f[ - }H(bf(y)_(bi)l)(l((x:y)—K(xo,y))fz(y)dy}
tiy1<|x=yl<s}
I/R
2
X 1_[ b
j=1

=: F1 + Fg.

sejiieNIlE

+

(X{ti+1<lx—yl<s} ()/) = X{tin<lxo—yl<s) ()/))
() =

E

1((96(), fZ(y) }
sejpieN

Note that [[{xs,,,<x—yl<s}sefnienlle <1 and |x — xo| <! < |xo — y|/2 for x € I, y € (4])°. By

Minkowski’s inequality and (1.3), we have
Fl / || {X {tiy1<lx—yl<s} }se], ieR ||E 1_[|b 0’ b )I| |K XY I<(x0’y)| le ‘ dy
j=1

<Cf H|b(y |x x(|)1|+5 f )| dy

S / [T71 15,0) - B G)IP b

2K al<|xg-y|<2k+14l |2K4 |1+

k=0
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00 ur 1/r
v 1 r

<C d — d
- Z (k+2)8 <|2k+31| £,<+31H’ /()/ I| y) <|2k+31| ‘/ZMIV(J’)‘ y)

k=0

o] 1 1 o 1/2r
S C; 2(k+2)5 (W 2k+31|b1(y) - (b1)2k+31 + (b1)2k+31 - (bl)[} dy)

1/2r

( S f 1529) — (B2)sesss + (Ba)ss — (ba)i[* dy)

< M rf(xo)|2k+31| B

=1
< C Y s (161l |21 + bl (k+ 2)|2421])

k=0

% (162145, [ 251" + 1Ball 5, (K +2)|25721| ) Mg of (o) [ 2521

< Cllbllag, 1621l 45, Mp,if (x0)-

For F,, notice that the integral

/ st~ ttamcarca | [ 118 - 1 Ko 500

j=1

will only be non-zero if either xy,, <jx—y<s(¥) = 1and Xz, <ixg—y1<s)(¥) = O or vice versa. That
means the integral will only be non-zero in the following cases: (i) ;1 < |[* — | < s and
l¥o — yI < tiv1; (i) finn < lx =yl < s and |xg — y| > s; (iii) £i1 < [x0 —y| <s and |x - y| < ti11;
(iv) i1 < |x0 —y| < sand |x —y| > s. In the first case we observe that £;,; < [x—y| < [x—xo| +
|xo — ] < I+ ¢t;1 as |x —xo| < [. Analogously, in the third case we have t;,; < |xo —y| <[+ £;41.
In the second case we have s < [xg — y| < |xo — x| + |[x — y| <[ + s, and in the fourth case

s<|x—y| <! +s.Using (1.2), we have

2
A|X{ti+1<|x—y|<s}w) - X{ti+1<\x0—y|<s}(Y)| l_[|b/(Y) - (b/)1| |I((x0:y)| [fz(Y)| dy
=1

lf €2l
=< C/ X{tia<lx y|<s}()’)X{t,+1<|x y|<l+tz+1}(y)l_[|b ()/) (b )1| dy
R j=1 4
2 ()]
2
* C/R itznr<teyl<s) D) Xtz <isoyt<te 0) [ [|B0) = (B ] %o — | .
j=1
12360
¥ C/ Xitis1<lxo—yl<s) V) X tis1<Ixo y\<l+tz+1}(y)1_[|b () = by )I| j— | “
j=1
2 ()
2
+ C]I; Xiti1<lxo—yl<s) V) X(s<lx—yl<t2s) (V) !:lnb/(y) B (bj)1| %o — 1 4

t

[T7.1 15;0) - (Bl ve
=< C(/ X{ti+1<|x—y\<s}(y) - t Vﬁ(y)|tdy> ll/[
R %0 —J’|

[T 1650 - (b)) ve
+ C(/I; X{ti+1<|x0_y‘<5](y) e | _y|t lf2(y)|tdy) ll/t )
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where in the last inequality we have used Holder’s inequality with r being the range 1 < r <

oo and recalling that ¢ = /7. Returning to our estimation of F, we have

e H {/I{(X{ti+1<x—y<s}(y) — X{tiz1<lxo—yl<s} ()/))

2
X 1_[ — (b))1)K (%0, fZU’)dy}

j=1 sefiieN Il E
[T, 16;(9) — (Bt vt
< Cll/t ' { < tl+l<‘x’y‘<5}(y) - t sz(y) it dy> }
%0 — sefnieNIlE

[T7 15;0) - (Bl
[xo — ¥t

{
( Xt <lxo-yl<s) () RO dy) w}

gl

F F

J

sefiieN

Choosing 1 < r < 4 with £ = \/r, we have

[T 16,) - ()1 .\
H{(/ Xitir<leosies) 9) —= |1 — = 1L0)| dy) }
R X0

It

seliieNIIE

2 1p(y) — (b))t 2/t91/2
]_[]=1| l(y) (1)1| [fg()/)’tdy) ]

|: Sup( t,+1<|x—y|<s}(y) |x0 _ylt

ieN s€li

l—[ |b (y) b) |t . 1/t
Z/X{t,+1<|x—y|<t,}(y) - ylt ! le()/)| dy>

>
(

l_[l
/ i Ib(y)y

IA

|t . 1/t
- AR dy)

1/t
( (2k4l)t lxo—y|<2k+14l l_“b ()/) (b )I| lf()’)| dy)

3 2 1/t
/ : ! t
<C) ¥ —/ o b )
= kX:O: (2k+2)1/ﬂ <|2k+31| 2k+3I!-:_1[| l(y) ( 1)1| y

1 2 1/¢2
8 (|2k+31| fmv 0 4 )

< CV Byl 2, 1By, Mg of (0)-
Therefore we get
Fj < Cllbillay, b2y, Mp,of (x0).
Similarly,

F3 < Cllball g, 152115, Mpof (x0)-
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Consequently,
Fy < Cllbill s, 162115, Mp,of (50).
This completes the proof of Lemma 3.2. d

Proof of Theorem 1.1 We will only prove the result for the operator O(7;) since a similar
proof can be given for the operator V,(7;). To apply (2.4), we first take it for granted that
IM(O'(T;)f )|l a(ws) is finite. We will check these to the end of the proof.

We proceed by induction on m. Note that w? € A; and o” € A,. For m =1, by (1.1),
Lemmas 2.2, 2.4, 3.1 and 3.2, we have

10T 4y = CLO" TN 11y
= Cl MO T oy = CIMH (O (Taf)) | 13y
= Cllbll, (M3, (O T gy *+ 1Mpr )] 1a(my)
< Clbll+, (|O'(TH) ”lp(wp) + I llz@r)) < Clbllag IF o wr)-

Now we consider the case m > 2. Suppose that for m — 1 the theorem is true, and let us

prove it for m. The same argument as used above and the induction hypothesis yield that

|OTiN) awn) = CIO" TN g
< C[M(O(Tif) | gy = CIM (O (TN) | 1oy
< ClBIa { | M (O TH) | agoty + 1M gy}

m-1

+CY Y Mbollag, [Ma, (O (T D) oo

i=1 aeC].m

< ClBIA (O (T oy + 1 lren}

m-1
+CY D bl 19T Dl o o)

i=1 aeC],”"

m-1
< ClBIa I ey + €Y D Mo llig, 1Bor N2y, If oy

i=1 m
i UEC1

< Clbllag If e (er),

where B, = 8- B,,1/q=1/ps — Bo =1/p - Bs — Bor = 1/p - B.

It remains to check that [|M(O(T;f))llt4we) < oo for any m > 1. By the weighted
L7-boundedness of M, it is reduced to checking that [|O'(T;f)ll 14wy < 00. For simplic-
ity, we will check only that [|O'(T4f) || 14w1) < 00 since the others are similar. Suppose that
b and w are all bounded functions. Notice that

O'(Tof)@) = |[UTf @) < [b@)|| LTV @), + | U(T)bf (x)

E
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we have

| O Tah gy < NBllcllllo [UT || 14 + Neolloo [L(TIEF |
< CIbllosll@loolfllza + lleolloc 1S N122)
< Clbllosll@lioolfllze < 00

for all f € C3°(R), where in the second inequality we have used the result of (3.1) in
Lemma 3.1.

For the general case, we will truncate b and o as follows. For N € N, we define o™ (x) =
inf{w(x), N}, and for b = (by, by, ..., by), BN = (WY, bY, ..., bY),

N, bj(x) > N;
b)Y (%) = { b(®), |bjx)|<N;
-N, bj(x)<-N.

It is easy to check that

[8¥15, < Clibllz, and [(@")7],, <C[o"], . (3.16)

q

Then the results of Theorem 1.1 hold for the operators family Tyn = {7, jn}e>0 and the
weights ™. On the other hand, notice that

Nim T, jf () = T pnuf (%), Ve > 0.
It is not difficult to check that
OT)@ = lim 0T

This together with (3.16) and Fatou’s lemma implies that the theorem holds for the general
case. Theorem 1.1 is proved. d

4 The (LP, A(g-1/p)-type estimates
In this section, we will prove Theorems 1.2-1.3, which need the un-weighted results of
Theorem 1.1.

Proof of Theorem 1.2 For any interval I C R satisfying |I| = 2/, define f(y) = f(y) xar and
L) =f0) -AY). Let

1
T b(z) b ) d dz,
“ I ‘/1{/{&+1<|z—y<s]( @ ()/))K(z NRY) y} z

sefjieN

where (41)¢ denotes the complementary set of the interval 41. By (2.6), it suffices to prove
that

1
il _/1” U(To) () @) = | dox < ClIBILag I Nl 11177
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We write
% /1 [T - C
< o [IuahIe + U Ew - Gl s

<7 / | @ ds+ / [T - il d

:ZA1 +A2.

Choose 1< p; <1/8 < p and ¢q; with 1/¢q; = 1/p; — B. Then, by Theorem 1.1,
1
A = m/@'(Tﬁ (x)dx < —</|(9’(7’f1)(x)|q71 dx) ||V
1

1 1p

< CIIbIIA,f,—(/lfl(ac)l"1 dx) 1|~V
I \Jr

_ i l P1 i 1-1/qy

= Cllbll, @[ dx) 11|
I \Jar

1 1/p
< Clibllzy ( / Lf(x)|’”dx) I (R
R

< 1Bl g If 120 1117717
and

2 dx

[lumpi -5 [umged)

|1|2/ ||U(7Z)(f2)(x) U(ﬁ)(fz)Z)”Edzdx

We write

|UT) )@ - UTHE)E)|,

) H { {t01<l—y]<s} ) = b)) K(x9)f2() dy
ti1<lx—yl<s

- /{ B }(b(Z)—b(y))K(z,y)fz(y)dy}H
tiv1<lz—yl<s

E

= H{ oo }(K(x»y)—K(Z’y))(b(x)—b(y))ﬁ(y)dy}
tiv1<lx—yl<s

se/pieR

+ { _/ (Xt <lx=yl<s) = Xt <iz—1<s)K (2, )
R

E

x (b(x) - b(2))f>(y) dy}
sejpieR

:ZA21 +A22.
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Note that || x(s;, <jx—yi<sj |z <1and [x—z| <2]/ < 2|z —y|/3forx € I,y € (4])¢, z € I. We have
An = fR |K(x,9) = K@ )| [6@) = bO)| 20| [ (X161 tay1<st seien | dy
< /( s~ K] o) - b0
41

sc/ T2l 1) - 503 | dy
41)¢

|Z y|1+8

bl p -2l
<CZ 3 011811, 1%~ 51 el

+1a/\2k4]

(20)% (2k+157)p

<C||b||AﬁZ RN /m,lfwdy

2k+151
< C||b||AﬁZ (2/<31 5 (/ [f(y)|”dy) |2k+31|1 1p
< ClIbllag I Nl 1117

For the second term Ajy, as the proof of term F, in Lemma 3.2, we get

Az = ” {/(X{t”mx_yl“} = Xitin<lz-y1<s))K (2, y)
R

E

x (b(x) - b(2))/() dy}

sejpieR

p

I2()
{/R Xitia<lz—y1<s) 0)| b(x) = b(2)[° -yl

< Cc)"”

seJjieRIIE

+ ()Y

}se]i,ieR E

_. gl 2
=1 A5, + A3,

Note that

» 120)
H{/RX[ti+1<zJ’|<s}(Y)ib(x)—b(Z)| 1z — ylP y}se],v,ieR -

p 2/p1/2
[Z S“P(/ Xitin<le—s1<s) ) |b®) = b(@) [ |l£2£3’;||p dy) ]

ieN s€li
14 Up
<§ / Xitiar<leyl<t) 9)| b(x) = b(2)[° lfz(y)lp dy)
ieN |Z _yl

1/p
b b 12 4
(Z/k+141\2k41| - Z)| lf(y)| )’|p )
» 1/p
<11Bl14, Z 3] ( /| vl dy)

< 1Bl I lle (207
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We get
Aly < ClUbIi, I o M1P7P.
Similarly,
A3, < ClblI g If o PP,
Consequently,
Ay < Clblla If oo PP,
which completes the proof of Theorem 1.2. 0

Proof of Theorem 1.3 Theorem 1.3 can be regarded as the case of the endpoint p =1/8 in
Theorem 1.2. By similar arguments as those in proving Theorem 1.2, we can get Theo-

rem 1.3. Here, we omit the details. O

5 Applications

In this section, we will give certain applications of our main theorems.

5.1 On the oscillation and variation related to the commutators of Hilbert
transform and Hermitian Riesz transform
Let 7 = {T.} be composed by truncations of the Hilbert transform H = {H,}. given by

Hof () = / 1O 4,

x—y|>e xX—=y

In 2000, Campbell et al. [14] proved the strong (p, p)-boundedness in the range 1 < p < 0o
and the weak type (1,1)-boundedness of the oscillation operator O(#) and the p-variation
operator V,(H) for p > 2. Subsequently, in [15], the aforementioned authors extended the
above results to the higher dimensional cases. In 2004, Gillespie and Torrea [3] showed
that both O(H) and V,(H) with p > 2 are bounded on L?(R,w(x)dx) for w(x) € A,,
1 < p < 00. Recently, Crecimbeni et al. [2] proved that both O(#) and V,(H) with p > 2
map LY(R, w(x) dx) into L**®(R, w(x) dx) for w € A;; moreover, they also showed that both
O(R*) and Vp(’Ri) with p > 2 map L7 (R, w(x) dx) for w(x) € A, in the range 1 < p < o0,
and map L} (R, o(x) dx) into LY®(R, (x) dx) for € A;, where R¥ are the Hermitian Riesz

transforms, that is, the Riesz transform associated with the harmonic oscillator

d d
L=(A*"A+AA")/2, A:EM and A*:—% + X

Precisely, R* are bounded from L”(R, dx) into itself for 1 < p < 0o, and from L'(R, dx) into
LY (R, dx) (see [16, 17]). Moreover, R* are principal value operators, that is,

RE(f)(x) = lim RE(f)(x) = lim REw,y)f () dy, ae. x,f el R,dx),

20 Jixyioe
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where R*(x,y) are the appropriated kernels whose expressions can be found in [16]. In
particular, by Proposition 3.1 in [16], the kernels R*(x,y) of the Riesz transform R*
are the standard Calderén-Zygmund kernels satisfying (1.2)-(1.4). We consider oscilla-
tion and variation operators for commutators of the Hilbert transform and Hermitian
Riesz transform. Let b = (b1,...,bim) be a locally integrable function on R, Hj; = {H, ;}.
and R;}E = {RZC,B}S’ where

-yl>e g

and

R = (bR - [ [ () - b0 R=C ) ) dy:

wyl>e g
Then applying Theorems 1.1-1.3 to 7 and R*, we get the following results.

Theorem 5.1 Let T = {7.} be either the truncations of the Hilbert transform H = {H,},
or the truncations of Hermitian Riesz transforms R* = {RZ)., and T, =T, ) the corre-
sponding iterated commutators with b= (bryeoosbp). Ifbie Ag, (i=1,...,m) with0 < B =
B+ +Bm<l, p>2, thenforl<p<l/Bwithllg=1/p— B and w € Apy),

| OTif) oy < CHBUAS I Ifirer)

and

”Vﬂ(TBf) HLq(wq) = C”l;“/\ﬁ ”f”LP(wP

Theorem 5.2 Let T = {7} be either the truncations of the Hilbert transform H = {H,},
or the truncations of Hermitian Riesz transforms R* = {ng}g, and Ty, = {Te b} the corre-

sponding commutators with b € Ag and 0 < B < 1. Then, for p >2,1/B < p < o0,

[OTN s, = CIBLI s VT 5, = CIBIA I 0

AB-1ip)

and

10D L aso < CIBLA, W ims Vo lTah gago < CllBILA If -

Remark 5.1 Obviously, T = H; and T, ; = H, ; for K(x,y) = 1/(x - y) satisfying (1.2)-(1.4)
with § = 1and A = 16. And by Proposition 3.1 in [16], we know that 7, = RE and 7, oh = Ri
for K (x, y) = R*(x, y) satisfying (1.2)-(1.4) with § = 1 and some A > 0. Also, by Theorems 1 1
and 1.2 in [14] (resp., by Theorem A in [2]), O(#H) and V,(H) (resp., O(R*) and V,,(R*))
with p > 2 are bounded on L?(R) for 1 < p < 0o. Then Theorems 5.1 and 5.2 directly follow
from Theorems 1.1-1.3.
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5.2 On the A-jump operators and the number of up-crossing
To the end, as applications of our main results, we consider the A-jump operators and the
number of up-crossing associated with the operators sequence {7,}, which give certain

quantitative information on the convergence of the family {T}.

Definition 5.1 The A-jump operator associated with a sequence T = {T.}. applied to a
function f at a point «x is denoted by A(7,f, A)(x) and defined by

AT f, ) (x) = sup{n €N :thereexists; <t <sy <t <+ <s, <ty

such that |Tsf(x) - th(x)| >Afori= 1,2,...,n}. (5.1)

Proposition 5.1 ([18]) If A-jump operators is finite a.e. for each choice of . > 0, then we
must have a.e. convergence of our family of operators.

Proposition 5.2 ([18]) The A-jump operators are controlled by the p-variation operator.
Precisely, we have

AT 0@)7 <V, (TH@).

Applying Theorems 1.1-1.3 together with Proposition 5.2, we can get the following re-
sults.

Theorem 5.3 Suppose that K(x,y) satisfies (1.2)-(1.4), b= (b1, ..., by) with b; € Ap, (i =
L....m)and 0< B =B+ -+ B <8 <1, where § is the same as in (1.3), p >2. Let T =
{Te}eso and Ty = (T, j}es0 be given by (1.6) and (1.8), respectively. If V,,(T) is bounded in
L"(R, dx) for some 1< r < 00, then for1<p <1/ with1/q =1/p — B and w € Ay, q), we have

Clp,q,p)

||A(7;;)f) )")l/p ||Lq(a)q) < 2

1514 If 12 0.

Theorem 5.4 Suppose that K(x,y) satisfies (1.2)-(1.4), b € Ag, 0 < B <8 <1, where § is
the same as in (1.3), p > 2. Let T = {T:}eso and Ty = {Tep}eso be given by (1.6) and (1.7),
respectively. If V,(T) is bounded in L' (R, dx) for some 1 < r < 0o, then we have

A _Cwp)
NB-1/p) — A

| AT f, 0077 1bllAg I lp for1/B <p < oo

and

<)
A

| ATofs Y2 | gy < =22 1Bl I -

Also, for fixed 0 < @ < y, we consider the number of up-crossing associated with a se-
quence T ={T.}. applied to a function f at a point x, which is defined by

N(T.f,a,v,x) = sup{n € N : there exist s < t; < 8p,ty < -+ <8, < Ly,

such that T f(x) < o, T,f (x) > y fori=1,2,. ,n} (5.2)
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It is easy to check that
N(T,f,Ol, Yix) < A(T’f’ y —o)(x). (5.3)
This together with Theorems 5.3 and 5.4 directly leads to the following results.

Theorem 5.5 Under the same assumptions as in Theorem 5.3 or Theorem 5.4, we have

C(P,q; )0) 7
IN(T;f 00, v, )° HLq(wq) < ﬁllblw f llzr (o)
or
C(p, p)
”N(ﬁ»f:a;)’;')l/p”;\( < —”h”Aﬂ”f”Lp forl/ﬁ<p<oo
B-1/p) Yy —«o
and

C
INTof oy, 72 e < S 1l -

Y-«
Finally, by Remark 5.1 and Theorems 5.3-5.5, we have the following.

Theorem 5.6 Let T ={7.} be either the truncations of the Hilbert transform H = {H.}. or
the truncations of Hermitian Riesz transforms R* = {RE},, and Ty, = {T.pYer0r Ty = {Te ),
the corresponding commutators with be /'\5, orb € Ag, 0 < B <1. Then the corresponding
conclusions of Theorems 5.3-5.5 hold.
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