Liao and Wu Journal of Inequalities and Applications (2015) 2015:215 ® Journal of Inequalities and Applications
DOI 10.1186/513660-015-0735-z a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Reverse arithmetic-harmonic mean and
mixed mean operator inequalities

Wenshi Liao™ and Junliang Wu

“Correspondence:
liaowenshi@gmail.com Abstract

College of Mathematics and Thi . lar i liti q . liti
Statistics, Chongging University, IS note aims to present some SCalar iInequa ities an operator Inequa ities on a

Chongging, 401331, PR. China Hilbert space. Firstly, the direct reverse weighted arithmetic-harmonic mean
inequalities for scalars are obtained. Secondly, based on these scalar inequalities, the
corresponding operator inequalities are established. Finally, we present the mixed
arithmetic-geometric and geometric-harmonic means inequalities for two positive
operators.

MSC: 47A63;47A64;47C15

Keywords: arithmetic-harmonic mean; mixed mean; Kantorovich constant; operator
inequalities

1 Introduction

Let B(H) be the C*-algebra of all bounded linear operators on a complex separable Hilbert
space H. I stands for the identity operator. B**(H) denotes the cone of all positive invert-
ible operators on H. As a matter of convenience, we use the following notations to define
the p-weighted arithmetic mean (AM), geometric mean (GM), and harmonic mean (HM)
for scalars and operators:

avV,b=1-p)a+ pub, al,b=((1- wal+ ,ub_l)_l,
AV,B=(1— A +uB,  A#,B=A3(A3BA 3)"A3,
ALB=((1-wA™ +uB?) 7,

where a,b > 0, A,B € B**(H), and i € [0,1]. When u =
and A!B for brevity, respectively.

1, we write aVb, alb, AVB, A#B

It is well known that the famous p-weighted A-G-H mean inequalities hold,
av,b>a"b* > al,b (1.1)

for a,b > 0 and u € [0,1] with equalities if and only if a = b. The first inequality of (1.1) is
the classical Young inequality.
An operator version of (1.1) proved in [1] says that if A, B € B**(H) and p € [0,1], then

AV,B> A#,B > Al,B.
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In recent years, the study of the A-G-H mean inequalities has received increasing atten-
tion in the literature (see [2-5]).

Zuo et al. (see [5]) refined the Young inequality with the Kantorovich constant and ob-
tained the following results:

av,b > K(h,2) a" " b, (1.2)

where a,b > 0, u € [0,1], ¥ = min{u,1 — u}, and & = g. In addition, they also refined the
pn-weighted arithmetic-harmonic mean inequality and extended it to an operator version

as follows:
av,b>al,b+2r(avVb - alb), (1.3)
AV,B > Al,B +2r(AVB - AIB), (1.4)

where a,b >0, A,B € B**(H), u € [0,1], and r = min{u,1 — p}. By (1.3) and (1.4), we are
encouraged to investigate whether there exist reverse forms of the p-weighted arithmetic-
harmonic mean inequality, so we give an affirmative answer to this question in our paper.

Moreover, mixed mean inequalities are also extremely attractive. Sagae and Tanabe [6]
establish a mixed A-G mean inequality for a finite number of strictly positive operators.
Mond and Pecaric [7] establish a mixed A-G and G-H mean inequalities for two noncom-
mutative strictly positive operators as follows: Let A and B be positive invertible operators.

The mixed arithmetic-geometric and geometric-harmonic mean inequalities are valid:

A#(AVB) > AV(A#B), (1.5)
A#(A1B) < AI(A#B). (1.6)

In this paper, we are concerned with the weighted arithmetic-harmonic, mixed arithme-
tic-geometric and mixed geometric-harmonic mean inequalities. In Section 2, we present
direct reverse weighted arithmetic-harmonic mean inequalities by the Kantorovich con-
stant and deduce some auxiliary results. In Section 3, we extend inequalities proved in
Section 2 from the scalars setting to a Hilbert space operator setting. In Section 4, we
establish mixed weighted arithmetic-geometric and geometric-harmonic means inequal-
ities for two positive operators which are the refinements of (1.5) and (1.6).

2 Reverse arithmetic-harmonic mean inequalities
In this section, we mainly present the direct reverse forms of the p-weighted arithmetic-
harmonic mean inequality for two positive numbers a, b.

First of all, we recall the classical Kantorovich inequality in [8].

Lemma 2.1 Let 0 <a=x; <x3 <---<x, = b be given positive numbers, r1,\a,..., Ay > 0
and Y A;=1. Then

<2”: )w'xi) (2”: )»ixfl) <A’G?, (2.1)
i-1 i-1

where A = %(zz +b), G = v/ ab are the arithmetic and geometric means, respectively.



Liao and Wu Journal of Inequalities and Applications (2015) 2015:215 Page 3 of 13

a+b)?

The inequality (2.1) is the Kantorovich inequality and the number 2.~ 1s called the
Kantorovich constant. For convenience, we write the Kantorovich constant as K(¢,2) =
% (t= g), which has the properties K(1,2) =1, K(¢,2) = K(%,Z) >1(t>0),and K(¢,2) is
monotone increasing on [1,00), and monotone decreasing on (0, 1].

When 7 = 2, we can get a special form for the inequality (2.1) as follows.

Proposition 2.1 Leta,b >0 and v € [0,1]. Then
aV,b <X(h,2)a!,b, (2.2)
where h = %. Equality holds if and only if a = b.

Remark 2.1 The inequality (2.2) is a direct reverse of the pu-weighted arithmetic-
harmonic mean inequality. It is very interesting that by the inequality (2.2) and (1.2) we
can get a reverse of Young inequality (it is also a reverse of the inequality (1.2)):

av,b <K(h,2)a!,b < K(h,2)*"a' " b* = K(h,2)%a* ", (2.3)

where a,b >0, u € [0,1], r = min{y,1 — u}, and R = max({1 — u, u}. Replacing a, b by a’?,
b7lin the above inequalities, respectively, we have

a' *b* < K(h,2)%al,b. (2.4)
Next, we deduce a direct reverse of the inequality (1.3) by the following lemma.

Lemma2.2 [9] Letx;(i=1,2,...,n) belongto afixed closed intervall, p; > 0 with Z;’zlpi =
1 and p = max{p1,p2,...,pu}. If f is a convex function on 1, then

Y pf@) —f(Zpix,») <np [Z %f(xi) -f (Z %xﬂ (2.5)

Itis easy to see that if we take f(x) = ™! in the inequality (2.5), then we have the following.

Proposition 2.2 Ifxy,%3,...,%,>0andp; >0 (i=1,2,...,n) with Y ., p; = 1, then

i=1

n n -1 n ; 3
;pix; 1_ (;pixi> < np|:21 %x;l _ (Z %x) } (2.6)

where p = max{py, pa,...,Pn}-
In particular, when n = 2 in the inequality (2.6), we can get

av,b <al,b+2RaVb-a'b), (2.7)
where a,b > 0, u € [0,1], R = max{1 — u, u}. Equality holds if and only if a = b.

Note that (2.7) is a reverse of the inequality (1.3) with a similar form.
The following three theorems are our main reverse forms of the p-weighted arithmetic-
harmonic mean inequality for scalars.
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Theorem 2.1 Let a,b >0, and p € [0,1]. Then the inequality
av,b < 2r(aVb - a'b) + K(v/h, 2)X K(h,2)Ral, b (2.8)

holds, where h = 2, r = min{u,1 — u}, R=max{u,1 - pu}, and R’ = max{2r,1 - 2r}. Equality

a’

holds if and only ifa = b.
Proof By the inequalities (2.3) and (2.4), firstly, we consider the case u € [0, %],

av,b - 2u(aVb - alb) < aV,b - 2u(aVh — v ab)
=(1-2wa+ 2/&/@
< K(Vh,2)F a"* b+
< K(vh,2)¥ K(h,2)Ral,,b.

Ifue (%, 1], then we have

av,b—2(1 - 1) (aVb - alb) < aV,b—2(1 - u)(aVbh - ab)
=@Qu-1b+2(1-p)Vab
<K(h,2)F a" " b
< K(Vh,2)X K(h,2)Ral,,b.

By the above discussion, for any u € [0, 1], the inequality (2.8) always holds. O
Note that (2.8) can also be considered as a reverse ratio inequality of (1.3):
0 <alyb <aV,b-2raVb-ab) < K(vVh,2)X K(h,2)Ra!,b.

Theorem 2.2 Leta,b >0, u € [0,1], and h = %.
() If0 < <3, then

aV,b —2u(aVb - a'b) < K(Vh,2)aly, N ab.

Equality holds if and only if a = b.
(1) If% <u <1, then

av,ub -2 - u1)(aVh - ab) < K(v'h,2)by_o,~ ab.
Equality holds if and only if a = b.
Proof By the inequality (2.2), firstly, we consider the case u € [0, %], then we have

av,b - 2(aVb - a'b) < aV,b - 2u(aVb — / ab)
=(1-2u)a+2uvab
< K(Wh,2)aly, v ab.
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Ifue (%, 1], then we have

av,b -2 - u)(aVb-ab) < aV,b-2(1 - u)(@Vb - v ab)
=Qu-1)b+2(1-p)ab
< K(Vh,2)b'y_o,~ ab.

The proof is completed. g

Theorem 2.3 Let a,b >0 and 1 € [0,1].
() IfO<pu <1, then

avub—2u(aVb - alb) < aly, v ab + 2R (aV~Nab — a'W ab).

Equality holds if and only if a = b.
(I1) If% < <1, then

av,b—2(1 - u)(aVb - alb) < bly_y,~ab + 2R (bV~ab - b'v/ ab).
Equality holds if and only if a = b.
Proof Firstly, we consider the case u € [0, %], by the inequality (2.7), then we have

aV,b-2u(avVb-alb) <(1-2u)a+ 2uab
< a!zﬂx/cg +2max{l - 2u, 2ulaV~ab — al ab).

Ifue (%, 1], by the inequality (2.7), then we have

aV,b-2(1-pu)(aVb-alb)
<2u-1Db+2(1 - p)Vab
< bly_y,Nab +2max{2 — 2,21 — 1}(bV~ab — bW ab).

The proof is completed. O

Note that the inequalities proved in Theorem 2.1-2.3 are all the reverses of the inequality
(1.3).

3 Reverse arithmetic-harmonic mean operator inequalities
In this section, we present the operator versions of these reverse arithmetic-harmonic
mean inequalities proved in Section 2. The techniques are based on the monotonicity

property of operator functions described in the following lemma (for more details, see
[1, 10]).

Lemma 3.1 Let X € B(H) be self-adjoint operator and if f and g are both continuous func-
tions with f(t) > g(t) for t € Sp(X) (the spectrum of X), then f(X) > g(X) with equality if
and only if f(t) = g(t) for all t € Sp(X).
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Based on Proposition 2.1, we can deduce the operator inequality which is also the non-
commutative Kantorovich inequality proved by Furuta et al. [1], but our method is differ-

ent.

Proposition3.1 Let A, B € B**(H) and positive real numbers m, M satisfy 0 < ml < A,B <
MI. Then

AV, B <K(h,2)A!,B, 3.1)
where € [0,1] and h = % Equality holds if and only if A = B and m = M.

Proof By the inequality (2.2), we have

(1= ) + px < Ko, 2) (1= o) + ™)™
for any x > 0, and hence

(1— )] +pX < max K@x2)((1 - @I +px?)™

1
7 <x=<h

for the positive operator X such that 0 < %I <X <hl.

Since 0 < %I < A3BA? < hl and the Kantorovich constant K(¢,2) is an increasing
function for ¢ > 1 and K(%, 2) = K(k,2), substituting A~3BA~? for X in the above inequality,
we have
-1

(1= ) + pA S BA™3 <K(h,2)((1— )l + p(A"3BA3) ™)

Multiplying both sides of the above inequality by A 2, we can deduce the required inequal-
ity (3.1). O

We prove an operator inequality obtained by Krni¢ et al. in [11] by a different method.
But our method is more transparent and simpler than the one given in [11].

Proposition 3.2 Let A,B € B*"(H) and u € [0,1]. Then
AV, B<A!,B+2R(AVB-A!B), (3.2)
where R = max{1 — u, u}. Equality holds if and only if A = B.

Proof By the inequality (2.7), for x > 0 and p € [0,1], we have

I a1 1+x7! T+x\!
(1) + px™ < (1= p) + px) +2R[ 5 _(T) }

For a positive invertible operator T and u € [0,1], it follows that

1 _1
(1_“)[+”T_1f((l—u)1+uT)_l+2R[1+2T _<1+2T> }
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Putting T = A~ 2BA"? in the above inequality and multiplying both sides byA% ,we deduce
the inequality (3.2). O

Note that, by (1.4) and (3.2), we have

0<AlB
<Al B+2r(AVB-A!B)
<AV,B

<A!,B+2R(AVB - A!B).
Based on Theorem 2.1, we have the following.

Theorem 3.1 Let A, B € B**(H) and positive real numbers m, M satisfy 0 < ml < A,B <
MI. Then for € [0,1],

AV, B-2r(AVB - AB) < K(vh,2)X K(h,2)R A1, B, (3.3)

where h = %, r=min{u,1 - pu}, R = max{u,1 — p}, and R = max{2r,1 — 2r}. Equality holds
ifand only if A = B and m = M.

Proof By the inequality (2.8), we have
1) e (1.1, -
—u)+pux—=2r| — —| = + =x
HoT i 2 \272
< K(v 2R K2R (1 - ) + pa™) ™

for any x > 0, and hence

I+X (1. 1.\
A=) +puX-2r - =I+=X

2 2 "2
<KWh 2R Kk 2R (1 - I + px )™

for the positive operator X such that 0 < %1 <X <Hhl.

By a similar process to Proposition 3.1, we can deduce the required inequality (3.3). O
Note that (3.3) is a reverse of (1.4):

0 <A!,B<AV,B-2r(AVB - A'B) < K(vh,2)X K(h,2)RA!,,B.
Now, we exhibit the operator inequalities based on Theorem 2.2 and Theorem 2.3.

Theorem 3.2 Let A,B € B**(H) and p € [0,1]. The positive real numbers m, M satisfy
0<ml <A,B<Mlandh="%.
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() If0 < <3, then
AV,,.B - 211(AVB - A'B) < K(v/h,2)Aly, (A#B).

Equality holds if and only if A = B and m = M.
(I1) If% <u <1, then

AV,B—2(1— u)(AVB - A'B) < K(Vh,2)Blau_ ) (A#B).

Equality holds if and only if A = B and m = M.

Proof If0<u< , by (I) of Theorem 2.2, we have
L) 5,1t 1 1 N\
W)+ pa—24u 5 2+2a
<K(Wa,2)[(1-2u) + 2ua” ]

for any a > 0, and hence

Aol s X -2 B (L Ly B
i+ X =2 == = (1 +

<KWh2)[( -2 +2ux73]"

for the positive invertible operator X such that 0 < %I <X <Hhl.
Substituting A"3BA7 for X in the above inequality, we have

1Q-wiI+ ,U,A_%BA_%

I+A2BA™Y (1. 1, 1 1.4\
—2u| ————— -1+ =(A"2BA?)
2 272

< K(\/Z’Z)[(l_2:Uv)1+2M(A‘%BA-%)*%]71'

Multiplying both sides of (3.6) by A 2, we can deduce the required inequality (3.4).

Likewise, if % < u <1, by (II) of Theorem 2.2, we have

b -1
(1= + w201 u{lg——<%+%b0 ]
<K(Wb,2)[2u - Vb2 +(2- 2]

for any b > 0, and hence

-1
(1= WY +pul—2(1 - M)[“Y (11+1Y1) ]

2 2

<KWh2)[@r-1Y"3 +2-2w1]"

for the positive invertible operator Y such that 0 < %I <Y <Hhl.

Page 8 of 13
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Substituting B 2AB"? for Y in the above inequality, we have
1 1
ul+(1—u)B 2AB™2

I+B 1AB? 11, 1 1\
—20- )| ———— (51 +;1(B24B 2)

<K(Wh2)[@2ur-1) (B‘%AB‘%)_% w -2 (3.7)
Multiplying both sides of (3.7) by B2, we can deduce the required inequality (3.5). O
Note that, by (1.4), (3.4), and (3.5), we have
0<Al,B

<AV,B-2r(AVB - AlB)

K(v/h,2)Aly,, (A#B),
= | K(Vh,2)Blyg ) (A#B),

= O
A A
N |—=

IA A
=

Theorem 3.3 Let A,B € B**(H) and u € [0,1].
() If0 < <3, then

AV, B—21(AVB - AIB) < Ay, (A#B) + 2R (AV(A#B) — A((A#B)). (3.8)

Equality holds if and only if A = B.
(1) If% <u <1, then

AV,,B-2(1- u)(AVB - AIB) < Bly ,,(A#B) + 2R (BV(A#B) — BI(A#B)). (3.9)
Equality holds if and only if A = B.

Proof f0 < < %, by (I) of Theorem 2.3, we have

-1
T N e R s

1 1.1 (1 1 1\
<2 1-2u2ut| = +=b2—(=+=b2
< 2max{ ﬁtu{2+2 (2+2 > ]

for any b > 0, and hence

-1
14-1
—I+=x"! @ -2 +2uXx"2
5 2+2)}[( I +2pX 72 ]

I+X (1 1
(l—u)I+MX—2M[ —(

<omax{1— 22| 21+ 2xh - (114 Iy B
max{l—2pu, —I+=X2-|=I+=
= Hotli 5075 2 "2

for the positive invertible operator X.
Substituting A~2BA"? for X in the above inequality and then multiplying both sides by
A? , we can deduce the required inequality (3.8).
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Likewise, if % < p <1, by (II) of Theorem 2.3, we have

-1
(1—u)a+u—2(1—m[“7” - (%a1+ %) }

[T

14 1 11 /1 1 1\
f[(2M—1)+(2—2/L)61 7] +2max{2 —2u,2u —1} §+§a7— §+§a

for any 4 > 0, and hence

-1
(1—M)Y+u1—2(1—m[y”—(ly—1+lz> ]

2 2 2
<[@u-DI+@-2w)Y3]"

omax(2 - 20,20 1| 24 Syh —(Lry Ly-d B
ax{2 —2u,2u -1} =TI+ =Y2 — [ =T+ =
rem =157, 2 "2

for the positive invertible operator Y.
Substituting B 2AB"? for Y in the above inequality and then multiplying both sides by
B7, we can deduce the required inequality (3.9). O

Note that, by (1.4), (3.8), and (3.9), we have
0<Al,B
<AV,B-2r(AVB - AB)

_ | AL (a#B) + 2R (AV(A#B) - AY(A#B)),
= | Bla_s,.(A#B) + 2R (BV(A#B) — BI(A#B)),

D=

1.

V= O

<p<
<p <

Remark 3.1 These inequalities proved in Theorem 3.1-3.3 are all the reverse forms of the
inequality (1.4). It is easy to see that the right-hand side of these inequalities can not be
compared with each other, but they are indeed new versions of reverse ratio arithmetic-

harmonic mean inequality.

4 The mixed mean inequalities

In this section, we obtain refinements of the inequalities (1.5) and (1.6) and deduce some

mixed weighted arithmetic-geometric and geometric-harmonic means inequalities.
First, we need the following lemma.

Lemma 4.1 (Hermite-Hadamard’s inequality [12]) Iff :1— R is a convex function on the
interval I C R, then for any x,y € I with x #y, we have

x+y 1 S &) +f()
f(T) < m/x f)dt < — (4.1)
Theorem 4.1 Let A,B € B**(H). Then
A#(AVB) > %[4AV(A#B) — (A#B) (AV(A#B))_lA] > AV(A#B), (4.2)

A#(AIB) < 3[4(ANA#B)) " - (A#B)™ (AN(A#B))A™] ™ < Al(A#B). (4.3)
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Proof Applying the Hermite-Hadamard’s inequalities (4.1) to the convex function f(¢) =
—t%, t > 0, we have

1/2 1/2 1/2 1/2 1/2\ -1 1/2 1/2
PN L (YT e (TN s 20
2 -3 2 2 - 2

and hence

1/2 1/2 1/2\ -1 1/2
I1+C 214 I+C () I+C Z(I+C )
2 3 2 2 2

for a positive invertible operator C.

Putting C = A"2BA™? in the above inequality and multiplying both sides by A 2, we can

obtain (4.2).
Substituting A™! for A and B! for B and then taking the inverse in (4.2), we get (4.3).
O

Note that the inequalities (4.2) and (4.3) are the refinements of (1.5) and (1.6), respec-
tively.

If f is convex on a segment [a, b] of a linear space, one can easily observe that (4.1) is
equivalent to the following double inequality:

f(d;b) 5/01f((1-t)a+tb)dtgw. (4.4)

A natural generalization of the classical Hermite-Hadamard inequality to Hermitian ma-
trices could be the double inequality

f(A-Zt-B

However, Moslehian [13] pointed out that this was not true. We will show that the follow-

f14) +/(B)

)gfof((l—t)AnB)dtg 5

ing result is valid.

Theorem 4.2 Let A,B € B**(H). Then
1
A#(AVB) > / A#(AV,B)dt > AV(A#B). (4.5)
0

Proof Taking f(¢) = —t%, t>0in (4.4), then

1/2 1 172 1/2
(‘”b) >/ ((-Bas )P dr= T 207
2 ) =) =72

and by a method resembling Theorem 4.1, we obtain (4.5). O

In the next theorems, mixed weighted arithmetic-geometric and geometric-harmonic
mean inequalities are established. First, we show the definition of operator convex (see
[10], p.113).
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Definition4.1 A continuous functionf : I — R ontheinterval I C Ris said to be operator
convex if for every pair of self-adjoint operators X, Y on a Hilbert space H with spectrum
in I and each v € [0,1],

F(@A=vX+vY) <1 -v)f(X)+vf(Y). (4.6)

A function f is called operator concave if the function —f is operator convex. The
function f(X) = X* is operator convex on a self-adjoint operator space for -1 <s <0 or
1 <s <2 and is operator concave for 0 <s <1.

For an operator convex function f : I — R on the interval I C R, we have the following
property (see [14], p.71): For each v ¢ [0, 1], self-adjoint operators X, Y and (1 - v)X + vY
with spectra in I,

F(A=X+vY) =1 -v)f(X)+vf(Y). 4.7)

In the next theorems, we still use the notations AV, B, v ¢ [0,1], and A#,B, s € [-1,0] U
[1,2].

Theorem 4.3 Let A,B € B**(H), and v € [0,1]. If s € [-1,0] U [1, 2], then

A#,(AV,B) < AV, (A#,B), (4.8)

A#(Al,B) > Al (A#:B). (4.9)

Proof By the inequality (4.6), for every pair of self-adjoint operators X, Y and the operator
convex function f(x) = &° (x > 0), s € [-1,0] U [1,2], we have

[(1 -V)X+ VY]S <(1-v)X*+vY*

Putting X =7 and Y = A~IBA"? in the above inequality and multiplying both sides by
A3 , we can get (4.8).

Substituting A™! for A and B! for B in (4.8) and then taking the inverse of both sides,
we get (4.9). O

Theorem 4.4 Let A,B € B**(H) and (1-v)A + vB € B**(H) forv ¢ [0,1].
(D Ifse[0,1], then

A#(AV,B) < AV, (A#B),

A#,(A!,B) > Al (A#B).
(I) Ifse[-1,0]U[L,2], then

A#(AV,B) = AV, (A#;B),

A#,(A1,B) < Al,(A#,B).

Proof By the inequality (4.7) and using the same ideas as in the proof of Theorem 4.2, we
can deduce this theorem. O
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