Hu et al. Journal of Inequalities and Applications (2015) 2015:208 ® Journal of Inequalities and Applications
DOI10.11 86/51 3660-015-0732-2 a SpringerOpen Journal

RESEARCH Open Access

CrossMark
L? convergence rate of wavelet estimators
for the bias and multiplicative censoring
model
Lin Hu', Junlian Xu?, Linshan Li'" and Huiying Wang?®
"Correspondence: SI1308@163.com
! Department of Basic Courses, Abstract
?Sg'ﬂ%ﬂég#:;versn% peiing. Using wavelets methods, Abbaszadeh, Chesneau, Doosti studied the density
Full list of author information is estimation problem under bias and multiplicative censoring (Stat. Probab. Lett.
available at the end of the article 82:932-941,2012), and obtains the convergence rate of wavelet estimators in L? norm

for a density function in Besov space. This paper deals with [P risk estimation with

1 < p < 0o based on wavelet bases. Motivated by the work of Youming and Junlian
(2014), we construct new estimators: a linear one and a nonlinear adaptive one; an
upper bound of wavelet estimators on L risk for a density function in Besov space is
provided, which generalizes Abbaszadeh et al's theorems. It turns out that the
nonlinear adaptive estimator obtains faster rate of convergence than the linear one
forr<p.

MSC: 62G07; 42C40; 62G20

Keywords: wavelets; multiplicative censoring; density estimation

1 Introduction and preliminary

1.1 Introductions

The density estimation plays important roles in both statistics and econometrics. This
paper considers the density model under bias and multiplicative censoring, which were
introduced by Abbaszadeh et al. [1]. Let Z;,2,,...,Z, be independent and identically dis-
tributed (i.i.d.) random variables of

Zi=UyY, i=1,...,n,

where U3, U, ..., U, are unobserved i.i.d. random variables with the common uniform dis-
tribution on [0,1], Y1,Y5,..., Y, are also unobserved i.i.d. random variables and the density

function fy is given by

w(x)fx (%)

Jrx) = 9

, x€0,1]. (1.1)
Here, w(x) > 0 denotes a known weight function, fx (x) stands for an unknown density func-

tion of a random variable X and 6 = E(w(X)) = fol o(x)fx(x) dx represents the unknown
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normalization constant (EX is the expectation of X). We suppose that I/; and Y; are in-
dependent for each i € 1,2,...,n. Our aim is to estimate fy when only Zy,2,,...,Z, are
observed.

In particular, when w(x) = 1, this model reduces to the classical density estimation prob-
lem under multiplicative censoring described by Vardi [2], which unifies several well-
studied statistical problems, including non-parametric inference for renewal processes,
certain non-parametric deconvolution problems and estimation of decreasing densities
[2—4]. Many methods were proposed to deal with that problem including a series expan-
sion method [4], the kernel method [5] and wavelet method [1, 6], etc. For the standard
biased density model (1.1) (estimating fx from Y3, Y3,...,Y},), we refer to [7-9]. However,
the estimation of fy from Z;,2,,...,Z, is a new statistical problem which has potential
applications in statistics and econometrics. As far as we know, only Abbaszadeh et al. [1]
dealt with that problem. By using wavelet method, they considered a convergence rate of
estimators in L? norm over Besov space By,

It is well known that in many statistical models, the error of estimators is measured
in L? norm [10-12]. In this paper, we consider L? (1 < p < 00) risk estimation in Besov
space B;  based on wavelet bases. We define a linear estimator and a nonlinear adaptive
one motivated by Abbaszadeh et al. and Youming and Junlian’s work. We prove that the
nonlinear adaptive estimator achieves a faster rate of convergence than the linear one for
r < p. Our results can be considered as an extension of Abbaszadeh et al.’s theorems from
p=2topel,+00).

Section 1.2 introduces some notations and classical results on wavelets and Besov
spaces, which will be used in our discussions; the assumptions on the model and the main
results are presented in Section 2. In order to prove our theorems, we show several lemmas

in Section 3 and give the proofs in Section 4.

1.2 Some preparations

In recent years, the wavelet method has turned out to be effective for density estimation
[1, 6,11, 12] because of the time and frequency localization, being a fast algorithm in nu-
merical computations. In this subsection, we introduce the wavelet basis of the real line
R (not necessarily on the fixed interval [0,1] as in [1]), which will be used in our discus-
sions. Let ¢ € CJ'(R) be an orthonormal scaling function with m > s. The corresponding
wavelet function is denoted by . It is well known that {¢;, V¥j,j > J, k € Z} constitutes
an orthonormal basis of L?(R), where f;x(x) := 2/f(2x — k) as in wavelet analysis. Then,
for each f € L*(R),

@)= udra@®) + Y Buju),

keZ j>] keZ

where o = [ f %)@k (x)dx and B = If (%)Y k(%) dx. Details on wavelet bases can be
found in [13].

One of the advantages of wavelet bases is that they can characterize Besov spaces.
Throughout the paper, we work within Besov space on a compact subset of the real line R
(not necessarily on the fixed interval [0,1] as [1]). To introduce those spaces, we need the
well-known Sobolev spaces with integer exponents W)(R) := {f|f € L*(R),f " e [P(R)}
and |[f||W;; =fllp, + |[f(”)||p. Then L?(R) can be considered as WIS’(R). For1 <p,g <o0
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and s = n + « with o € (0,1], the Besov spaces on R are defined by

B, (R):= [f € W (R),

() < o0},

where w;(f, £) == sup <, If (- + 2h) = 2f (- + h) + f(-)|| , denotes the smoothness modulus of
fand

1
B (o Ih@)14)a, if1<q < oo,
77 |ess sup, |A(t)], if g = o0.
The associated norm |[f||3;,q =fllp+ ||t‘°‘co127 (f", 1) Il 1t should be pointed out that Besov
spaces contain Holder spaces and Sobolev spaces with non-integer exponents for a par-
ticular choice of s, p, and r [13].

The following theorems are fundamental in our discussions.

Theorem 1.1 ([14]) Letf € L'(R) 1 <r < 00), a5k = [ f(%)yi(x) dx, i = [ f (%) (x) dx.
Then the following assertions are equivalent.
(i) f€B;,(R),s>0,1<q=<o00;
(i) {2P1Pf —flI-}j=0 € 11, where P(x) := Y1 ik (%) is the projection operator to Vj;
(iii) Ny, Ilr + [{2EH2D) B 1 )=0llq < 0.

Theorem 1.2 ([14]) Let ¢ be a scaling function or a wavelet with 6(¢) := sup,.g [p(x— k)| <
0. Then

Z Ak Pk

keZ

~PE D,
p

for x ={r¢} € P(Z) and 1 < p < oo, where

l .
) Oz M) P, ifp < oo,
12Nl = :
SUPgez |2kl ifq = oo.

Here and after, A < B denotes A < CB for some constant C > 0; A ~ B stands for both
A < Band B S A. Clearly, Daubechies and Meyer’s scaling and wavelet functions satisfy
the conditions 6(¢) < cc.

2 Main results
This section is devoted to the statement of our main results. To do that, we make the
following assumptions as described in [1]:
(A1) The two density functions fx and fy have the support [0,1] and fx belongs to the
Besov ball Biyq(H) (H > 0) defined as

B, (H):= {f € B; ,(R),f is a probability density and ||fllg;, < H}.

(A2) The density of Z; is

fz(x)=f %d%
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(A3) There exists a constant C > 0 such that

sup fx(x) <C, sup fz(x) <C.
x€[0,1] x€[0,1]

(A4) There exist a constant C > 0 and ¢ > 0 such that

sup w(x) <C, sup o'(x) <C, inf w(x)>c.
x€[0,1] x€[0,1] x€[0,1]

To introduce the wavelet estimator, we define the operator T by

) w(x) + &l (x)w(x) — xh(x)w’ (x)

h
T(h) () := o)

for i1 € C}(R), the function set of all differential functions on R. Then the linear estimator

is given as follows:

@) =) & aio s ), (2.1)

ken

where jj is chosen such that 2/0 ~ n53 and A = {k € Z,supp fx N supp ¢, x # 3}
To obtain a nonlinear estimator, we take j, and j; such that 21 ~ ﬁ and 20 ~ nﬁ
with m > s. By definition

L0 PO
G=— 3 T@Z),  Fe=—D TWx(Z) (2.2)
i=1 i=1
are the estimators of o = f Sf(x)@x(x)dx and B = f J (%)Y x(x) dx, respectively, with
-1
r |1 0@) - Zio (Z)

Then the nonlinear estimator is given by

Ji
@)=Y @jokio k() + Y Y By 50 Vik (%), (2.3)
ken j=jo ken;

where A := {k € Z,suppfx N supp@j, x # B}, A := {k € Z,suppfx N supp ¥x # @} and 1p
denotes the indicator function on the set D with A := T2/, / ]“7”

Remark 2.1 From the definition of fn“"", we find that the nonlinear estimator has the ad-
vantage of being adaptive, since it does not depend on the indices s, r, g, and H in its
construction.

Remark 2.2 The definitions of f“n and f "M are essentially same as in [1]. However, the
selection of jy and j; is different from that in [1] and the wavelet functions are defined on
the real line R not necessarily on [0,1].
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Then we have the following approximation result, which extends Abbaszadeh et al.’s

theorems [1] from p =2 to p € [1, +00).

Theorem 2.1 Let fx(x) € B; ,(H) (s> %, rqg=>1) andf“n be the estimator defined by (2.1).
If (A1)-(A4) hold, then for each1 < p < oo,s =s— (1/r —1/p),, and x, := max(x, 0),

sup  E[f(x) — @) |F S m 2
FXeBsg(H) P

Remark 2.3 The condition s > }j seems natural, since Bi,q(R) C C(R) for sp > 1, where

C(R) denotes the function set of all continuous functions on R.

Remark 2.4 If r > 2 and p = 2, then Abbaszadeh et al.’s Theorem 4.1 [1] follows directly
from our theorem, in this case s’ = s. That is, Theorem 2.1 extends the corresponding

theorem of [1] from p =2 to p € [1, +00).

Remark 2.5 When w(x) =1 and 6 = E(w(X)) = 1, the model reduces to the standard multi-
plicative censoring one considered by Abbaszadeh et al. [6]. In [6], they estimate the con-
vergence rate of wavelet estimators in L, norm for a density and its derivatives in Besov

space. Our result is consistent with Theorem 4.1 [6] taken with m = 0.

Theorem 2.2 Let fx(x) € Biyq(H) (% <s<m, r,qg>1) and fn""“ be the estimator given
by (2.3). If (A1)-(A4) hold, then there exists C > O such that for each 1 < p < 0o and
1,1

1,1
o 1 S r.p
o= mln{zs+3, 2(S—%)+3},

A ap
sup E|mn°“<x>—fx<x>||§5<1“”>”(m7”) '

JX E€B}q(H)

Remark 2.6 When p=2andr>2or {1 <r<2,s>3/r}, our result is the exactly same as

s
2s+3°

can be considered as an extension of Theorem 4.2 in [1].

Theorem 4.2 [1], ignoring the log factor. In this case, o = In other words, our theorem

Remark 2.7 When w(x) =1 and 6 = E(w(X)) = 1, our result coincides with Theorem 4.2
[6] taken with m = 0, ignoring the log factor. In this case, the model reduces to the standard

density estimation problem under multiplicative censoring.

Remark 2.8 When r < p, the nonlinear estimator attains a better rate of convergence than

1,1
s'p s'p sp sp iyl
3743 < ap because of 755 < 7= and 555 < 26013 When

r > p, the nonlinear estimator does the same rate of convergence to that of the linear

that of the linear one, due to

one, i.e., 02 , ignoring the log factor. However, taking into account that the nonlinear

estimator is adaptive, it is preferable to the linear one in the estimation of fx.

3 Lemmas
We present several important lemmas in this section, which will be needed for the proofs

of our main theorems. To show Lemma 3.1, we need Rosenthal’s inequality [14].
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Rosenthal’s inequality Let X3, X;,...,X, be independent random variables such that
EX;))=0and E|x;}’ <0 (i=1,2,...,n). Then

E iX"
i=1

CP(Z:’:1E|X1'|2)%IJ¢ 0<p<2.

P n n 1
< {Cp[Zi—1E|Xi|p + (L EXP)2P), p=2,

Lemma 3.1 Let &y, B,;k be defined by (2.2). If (A1)-(A4) hold, then there exists a constant
C > 0 such that

Elajx —ajilf < Wn ¥ and ElBix - Bixl? < 2Py P
forl<p<ooand? <n.
Remark 3.1 When p = 4, Lemma 3.1 reduces to Proposition 4.1 in [1].

Proof of Lemma 3.1 One only proves the first inequality, the second one is similar. Clearly,

n

. 01 (11
Wik = ik = o 2[9 T(¢ix)(Z:) — @i | + ;6 (5 - 5)
i1

By (A1) and (A3), |ajx| < f()lfx(x)|¢j,k(x)| dx < fol |¢j ()| dx < 1. On the other hand, ¢ <
0] = |[E(w(X))| = |f01 ox)fx(x)dx| < C and |é| <1 thanks to (A4). Therefore,

n P

% D [0T@0(Z) - ]

i=1

p

o 1 1
E|0[j'k—0[j,k|p§E +E 5—— = T1+T2.

To estimate 77, one defines &; := 0 T(¢x)(Z;) — ajx. Then T; = E|% Yol &P and E(E) =0
by Lemma 4.2 in [1]. By the definition of the operator T,

Uik @) o(x) + x(jx) (x)w(x) — (%)’ (x) P

w?(x)

E[0T(¢)(Z)|" = 161 () dx.

0
Moveover, E|0 T (¢;x)(Z:)1F < fol(lth,k(x) P + 19 ()1P) dix < 2GrD due to (A3) and (A4).
Note that |ojx[” S 1. Then forp > 1,

El&l SE[OT()Z0)|" + ol S 23070, (31)

This with Rosental’s inequality leads to

'3

E < n? max{nEI&I?, (nEI&1?) 2} < n? max{n2Gp-D, niropi).

1 n
- &

i=1

Using the assumption 2/ < , one obtains T; = E |% Y &P S 2Pn7P2. To end the proof,

one needs only to show

1 1 :
T, = E'§ -5 < Wiy 3P (3.2)
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Denote

oZ)-Zw'(Z) 1
o — — =12,...,n).
n 2Z) 7 @i ")
Then E|n;|? < C due to (A4). By Theorem 4.1 [1], 1, 93, ...,n, are i.i.d. and E(n;) = 0. Then
it follows from Rosental’s inequality that

ip

3 n
1 ; 1
T, =n’E 5;/1‘10( E Elni|2> Snal <22k
i=1

n
2 m
i=1

forl <p<2and

T2 = I’l_pE

I3 n n %P . .
Sn? [ZElmlp + (ZEImIZ) } < 4 e < i
i=1 i=1

n
Z Ni
i=1

for p > 2, which proves the desired conclusion (3.2). This finishes the proof of Lem-
ma 3.1. d

The well-known Bernstein inequality [14] is needed in order to prove Lemma 3.2.

Bernstein’s inequality Let Xj,X5,...,X, be iid. random variables with E(X;) = 0,
IXillco < M. Then, for each y >0,

Pl
Lemma 3.2 Let /§,~,k be defined by (2.2). If Y < n/Inn and (A1)-(A4) hold, then for each
& >0, there exists T > 0 such that

A T . [Inn .
P{|/3j,k - Bkl > 521\/ 7} S27. (3.3)

Proof By the definition of ﬁj,k,

1 n
n 2%

> <2ex (— ny2 )
V=P 20 + XNy /3]

. 0 < 01 . 1
Bk =Bk = S T~ Fua = - S [OTWZ) ~ ] + 6y (é - 5).
i=1 i=1

Then

R 6]11 &
Bik = Bikl < ‘ 5 ‘ ’ =D [0TW0(Z) - Bi]

i=1

1 1
—— 3.4
0 9’ (34

+1011Bjl

The proof of Lemma 3.1 shows 6] < C and ¢ < 6] < C. By (Al) and (A3), |Bjxl| =
| folfx(x)lpj,k(x) dx| < fol [¥;k(x)] dx < 1. Then (3.4) reduces to

n

% Z (0T ()(Zi) - Bix]

i=1

|/§j,k -Bixl =C

1 1‘
+C7——.
0
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Furthermore,

A T, Inn
p |,3j,k—,3j,k|>§2 P <h+D, (3.5)

where
el S rw@) - gl > Lo
- - . V=Bl > —
! "= ik ik 4C n
and
L o=p 1 1 T2j Inn
2 j " aC n

By (3.5), one needs only to prove
L1 <279 (i=1,2) (3.6)

for the desired conclusion (3.3).
To estimate I;, one defines U; = 0 T (;4)(Z;) — Bjx. Then

| T @)| = @72 @) [ Y @) + 2(Yjx) (®)w(x) - 2 (0)0 ()|

by the definition of the operator T. Using (A4), |T () )| S 1¥x@)] + [(¥j0 %) S 2%
for x € [0,1] and

U = [0 T(W)(Z0) — Bix| S 101 T (20| + 1Bixl S 2%

due to 1] S 1 and |Bj«| S 1. Moreover, using (3.1) with y instead of ¢ and p = 2, one
obtains E|U;|*> < 2%. Because Uy, Uy, ..., U, are i.id. and E(U;) = 0 (i = 1,2,..., n) thanks
to Lemma 4.2 [1], Bernstein’s inequality tells us that

T . |lnn ny®
L:=P > —2,/— 1 <2exp| - 5
4C n 2[EW}) + S 11Ul o]

n

1
w2

. 5 n_22/ Inn 2
ithy = =2 /22 Iti h o > s~ L0 — be-
with y ic " tis easy to see that B F [la] = (221+ 22, lnn) 32C2(1+&) be
cause of 2% l“” <1 by the assumption 2/ < ;- Note that Inz >jIn2 due to n > YInn>
. 2
j }/ > T2 ln2 T2 n2
2/. Hence, B LTl = 32020 1) } One chooses T > 0 such that 200 - > ¢. Then

A >eduetoC>1land ; S exp(—#z)]) < 27%, which shows (3.6) for i =

32C2(1+ 12C) 32C2(1+
Next, one estimates I,: Define W; := % L Then Wi, Ws,..., W, are i.i.d. and

E(W;) = 0. On the other hand, (A3) implies |[W;| < C and E|W;|? < C. Applying Bernstein’s
inequality, one obtains

1 n
L :pi L
n i=1

T ;. /Inn ny?
i >—=2.]—  <2exp| - 3
4C"V n 2[E(W?) + 51 W o)
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h T oj [Inn h ny? mTcZ 2 _16TC22 Yinn 72102
wit = =2 /22 Note that > z
Y =ac n 2AEWH+ L 1 W loo] 2C+ TCCQ, /lnn — 2C(1+im 12C - 32C3(1+12C)]
because of '“” <1landIn#z > jln2. The desired conclusion (3.6) (i = 2) follows by taking
T > 0 such that L“ZT > ¢. This completes the proof of Lemma 3.2. O

32C3(1+ 1)

12C

4 Proofs

This section is devoted to the proof of Theorems 2.1 and 2.2, based on the knowledge of
Section 3. We begin with the proof of Theorem 2.1.

Proof of Theorem 2.1 Clearly, f, flin —fX=(f! flin _ P fx) + (Pjfx — fx) and

Ef Al < 1Pific = flls + Efi = Piof |- (4.1)
It follows from the proof of Theorem 4.1 [15] that

1Bifi — il S 270 < d (4.2)
due to 2/0 ~ nTl+3 By (4.1) and (4.2), it is sufficient to show

Ein - Pl 7 3)
for the conclusion of Theorem 2.1. By the definition of ﬁi“, ﬂi“ —Piofx = Y pen@jok —

o k)i k- Then [[fin = Py ficllh < 20GPD S (&, — o 4P thanks to Theorem 1.2. This
with Lemma 3.1 and the choice of j, leads to

i 2 ia 3,0 _1 s
EIFR = P, S 250 Eld k- i S 2800 4,
which is the desired conclusion (4.3). This finishes the proof of Theorem 2.1. O

Next, we prove Theorem 2.2.

Proof of Theorem 2.2 1t is sufficient to prove the case r < p. In fact, when r > p, fn“"“ has
compact support because of ¢, ¥, and f having the same property. Then

p
;

E[fi @) @, < (EIf" ) - )]);)

using the Holder inequality. For fx € B; ,(H), using Theorem 2.2 for the case r = p, one has

sup  E|fene)feto) < oy ()

FXeBs4(H)

and

ap
sup Efn) Aol < ()

er rq (H)
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Now, one estimates the case r < p. By the definition of “°"

nOn (flm lof) + (Pf1+]f _f) + Z Z(ﬁ]kl |ﬁ1k|>)‘ ﬁ/k)w/k

Jj=jo ken;

Then
Elfyon =1l SENG" = Buf [ + 1Pasf =1

Z Z 'Blkl 1B 1>1) /31k)‘ﬁ/k

j=jo ken;

(4.4)

From the proof of Theorem 2.1, one knows

IPyaf —fIIE S 2707, E|fin - p, S < 903vi0 %

Note that 2/0 ~ n2m+3 2t~ i and @ = min{5’5,
Then

TS = thanksto s> L.
26-1)+3 r

1 op . 1 op
||Pj1+1f—f||§;5($), E|fin - Bf [} S (“”) (45)

To estimate E|| Z’lm ZkE/\,(ﬂ/kl{\ﬂ]kb)»} Bix)Vjkllp, one defines

Jil
D> Biklygon — B V@) = T+ To+ Ts + T,

J=jo ken;

where

J1
Ti=) ) (Bix- B Vi@ 5, 15,18y 510/2)

Jj=jo ken;

Iy:= Zz(ﬁz, = Bk 3, 150,18y 120720

Jj=jo ken;

)il
I3:= Z Z ’Bj’kwj’k(x)1{|l§j,k|§)w\ﬁj,k\>2)~}’

j=jo ken;

1
Ty:= Z Z Biaclix @51 < 18,1<20)-

j=jo ken;

Then E|| Z’l Lo ZkeA/(ﬂ,,kl{‘ Buloh) — Bkl < SE ENTillb. By (4.4) and (4.5), it is suffi-
cient to show

1 op

for the conclusion of Theorem 2.2.
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To prove (4.6) for i = 1, applying Theorem 1.2, one has

1
R . _ Iy E_ A~
ENTul S Gui—jo+ 1P Y250 Y EllBik = Bl L4, g1

J=jo ken;

due to the fact that {|/§j,k| > Bkl < A/2} C {|;§j,k — Bkl = 1/2}. By the Holder inequality,

[T

1
. . _ (2 _ 1
ENTl S Gi—jo+ 177 Y250 Y (ElBiwc = Bial™) [EQyg,_prionm)]

j=jo ken;

S —jo + 1P 122’177 Z E|/§1‘,k—,Bj,k|2p)%[P(|/§j,k—,3j,k| ZK/Z)]%.

Jj=jo ken;

This with Lemma 3.1 and Lemma 3.2 leads to

EITul5 S Gr—jo+ 1P 2 222”2 bei < (Inn)y'n zPZg (3p-3)
j=lo o

thanks to j; — jo Inn by the choice of jo and j;. Take € such that ¢ > 3p. Then E || T, ||§ <
(In n)?-Ln~% 23700 < (InnpPn %3 < (Inn)?n~? due to the choice of jo and o < <. That
is, (4.6) holds for i = 1.

To show (4.6) for i = 3, one uses the fact that {Iﬁj,kl <M IBjkl >21) < {|/§j,k — Bixl = A/2}.

Hence,

2

!
. . _ (2
ENT3I5 S Gi—jo+ 1P D25 S E[1Bil L4,

J=jo kE/\]‘

thanks to Theorem 1.2. When |Bjx| < A < |Bixl/2, 1Bk — Bixl = 1Bixl = 1Bkl > 1Bjkl/2 > A
Then

yil
. . _ (P _ A
ENT315 < Gu—jo+ VP D25 Y E[1Bik = Bkl L,y iionial]

Jj=jo ken;

due to Theorem 1.2. The same arguments as above shows E| T35 < (Inn)?n~*?, which is
the desired conclusion (4.6) with i = 3

In order to estimate E|| T ||§ and E|| Ty ||§, one defines

L T
o ~ i~ (),
Inn Inn
. 1+1
Recall that 20 ~ n2m+3 W1~ i, and & := min{5", } Then =2« 2“ >-L > _1 _qand
25+3 25+3 2m+3

f‘+ r < ﬁ < 1.Hence, 2° < 2/6 and 21 < 21, Moreover, a s1mple computation shows
s=rt+y s—
1-2

=% = —11, which implies 25 < i,
r

’ml
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One estimates E|| T I}, by dividing 75 into

7
Tz—ZZ ﬁ]k‘ﬁ]k 1////((.?6)1 |ﬁ/k‘>)“51k\>)»/2 Z Z th + . (4.7)
Jio ken; j=o  j=jig+1

o 1Yo Ly A .
Then El|l4 |5 < (h —jo + 1)P7! Zj.‘il.o 2/(zp-1) ZkeAjE“g/')k — Bjxl? due to Theorem 1.2. This
with Lemma 3.1 and the definition of j§ leads to

o 1j0 3, _1 S B 1 (Inn\*
Elltl S Gr—jo + VP Y 23730 S (iny 1272305 5 (nm) 20— ) . (48)
Jj=jo

. 1Bj,kl .
To estimate E||%, ][, one observes that 1{‘g/'k‘>x,\,3,,k|zx/2) < Lgplzamy < (753" Then it fol-

lows from Theorem 1.2 that

il r
. _ i1y 5 1Bkl
Eltlly < Gi—jo + P Y 20PN | - ﬂ,,k|f’<4) : (4.9)

j=ig+1 ken; A2
By Lemma 3.1,E|/§j,k —BixlP < n~%27 . On the other hand, ||8;.1I, <2 Ss+3-P) Vforf e B} H)
due to Theorem 1.1. Then (4.9) reduces to

J1
i 1.3
Ellaly S Gy —jo + P8 Y aerearan,
Jj=ig+1

Substituting A = T2/ ,/ " into the above inequality, one gets

E||t2|| (lnn)p_fr 1,5(p) Z 9ilsr+3 3r-3p)
j 10+1

due to j; — jo ~ Inn. Denote 0 := sr + r——p When 6 >0, r> £, and

2s+3

1.4 Ly (3, 3 1 (Inn\*
E||t2||f, < (nn)y~2" 1,3(r=pP)o—jg(sr+5r-3p) < (Inn)2? 1(7> (4.10)

thanks to the definition of 2/6.
Moreover, (4.10) also holds for 6 < 0. In fact, the same analysis as (4.9) produces

J1 ,
=i - i(3p- 2 1Bl \"
Elle2ll) S Gr—jo+ 17 ) 2P0y E|,3}',k—,3j,k|p< ] ) .

Al2
j=ig+1 ken; /

1.1

S—o+
where r1 := (1 - 2a)p. When 6 <0, o = ﬁ < sogrand r < 55 < (1-2a)p = r1. Then

1B M <1181l < 9= 7+3) for f Bi,q(H) thanks to Theorem 1.1. Using Lemma 3.1 and
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the definition of A, one has

1
1.1 3 1.3
E”tz”z < (lnn)pflfjnnj(rrp) E 9jlap=1-(s=7+3)n]

]=]3 +1

_1,1
Note that %p—l—(s— % + %)rl = 0becauseof r; = (1-2a)panda = S( '1 )”3 Hence, E||t, ||
(In n)”‘%"n%(’l‘p) <(In n)%p(“‘T”)“p, which shows (4.10). Combing (4.7), (4.8), and (4.10),

one obtains the desired conclusion (4.6) with i = 2

To end the proof, it is sufficient to estimate E|| T4 ||§. When 6 > 0, one splits T} into

75
Ty = ZZﬂm KO < ipyalzony = D+ Z rer+ e (4.11)

Jj=jo ken; j=io  j=jg+l

Since |’Bj’k|1{|B/‘,k|52}w|5j,k|§2)~} <2[Al, Elleslly < (1 —jio + 1)1 Z} ) —1)2/|A|P due to The-

1-2a

orem 1.2. Note that A = T2 1“7”, 2o ~ (ﬁ)Tz, and o = when 6 > 0. Then

2s+3
ap
nn
Ellerlls S (nm)3* ™5 Zzzw < (Inm)2? 182378 < (inmy- ( ) L (412
n
j=jo
To estimate E||e2||,'§ with ey = j‘1=1'3+1 kaj ﬂj’kwj'k(x)lﬂﬁj,k|§)L:|l3j,k\§2)»}’ one uses the fact

2 \p-
that Ligp<ripul<an = (W)p " because of r < p. Then

1 p-r
Ellealls S Gi—jo + 1P Y 2670 3" g e ( )

j=ig+1 ken;
il .
SGi—jo+ 1P Y 2OP DTy g (4.13)
j=ig+1 ken;

due to Theorem 1.2. By f € Biyq(H) and Theorem 1.1, || 8;.||, < 2 ”"’*2) Furthermore,

Inn\2¢" ., & ,
E||62||5§(]1 ]0+1)p < ) nTp Z 271(5r+%r—%17)

J=io+1
< (In n)pfl ln_n
~ n

In the last inequality, one used the assumption 2/ ~ (ﬁ)% and o = 375
with (4.11) and (4.12) leads to

(p-7)

ST

op
2766r+37-3P) < (In pp-L (m_”) . (4.14)
n

EIT42 S (nmyp 1(“;”) ” (4.15)
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Then one needs only to show that (4.15) holds for 6 < 0. Similarly, one divides T} into

J1 /1 J1
— ) . N — —. ¥ *
Ta= Z Z ﬁl’kw}’k(x)l{\ﬁj,k\fkylﬁj,ﬂfz}»} = Z:’f 2 : =6 té.
J=jo keK; j=lo  j=ji+1

For the first sum, proceeding as (4.13) and (4.14), one has E||ei‘||£ S (i —jo + 1P x
" .

(an)F% Z;:/o 27643730 < (jy — jo + 1)”_1(1“7")% 27i6r+3r-3P) Note that j; — jo ~ Inn and

sk 1.1 _1,1
2 ~ ()77 . Then Ellef [ < (InmP (%) due to o = 512 for 6 < 0.

To estimate the second sum, using Theorem 1.2,

1
Eles|” < Gr—jo+ 17t Y 25D N g,

j=i{+1 ken;

By f € B;,,(H) and Theorem 11, ], < I8l S 27¢ 72, Hence, Ellejlly < (i —

. . 1,1 ok 1,1
jo + 1P Z;'Lf{u oSt plp < (G — o + l)p‘12_’1(3_?+5)’”. By the choice of j;, Ellesll, <

1,1
(In n)p’l(“‘T”)"‘P because of o = ﬁ, when 6 < 0. Then the desired conclusion (4.15)
follows. This completes the proof of Theorem 2.2. O
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