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Abstract

In this paper we study some properties of Kantorovich-type generalizations of the
g-Stancu operators. We obtain some approximation properties for these operators,
estimating the rate of convergence by using the first and second modulus of
continuity. Also, we investigate the statistical approximation properties of the
g-Kantorovich-Stancu operators using the Korovkin-type statistical approximation
theorem.
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1 Introduction
In recent years, many researches focused their attention on the study of a generalized ver-
sion in g-calculus of the well-known linear and positive operators [1-6]. Lupas [7] initiated
in 1987 the convergence of Bernstein operators based on g-integers and in 1996 another
generalization of these operators was introduced by Philips [8]. Also, in [9], Agratini intro-
duced a new class of g-Bernstein-type operators, which fix certain polynomials. More re-
sults on g-Bernstein polynomials were obtained by Ostrovska [10]. Muraru [11] proposed
and studied some approximation properties of the g-Bernstein-Schurer operators. In [12],
Ren and Zeng introduced a modified version of the g-Bernstein-Schurer operators and in-
vestigated the statistical approximation properties. The Kantorovich-type generalization
of these operators was given in [13] by Ozarslan and Vedi. In [14], Agrawal et al. introduced
a Stancu-type generalization of the Bernstein-Schurer operators based on g-integer. They
obtained the rate of convergence of these operators in terms of the modulus of continu-
ity and by a Voronovskaja-type theorem. Many generalizations and applications of the
Stancu operators were considered in the last years [15-17]. The goal of the present pa-
per is to study some approximation properties of the g-analog of the Stancu-Kantorovich
operators.

Before proceeding, we mention some basic definitions and notations from g-calculus.

Let g > 0. For each nonnegative integer k, the g-integer [k], and g-factorial [k],! are defined
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[klg! =

respectively.

For the integers #, k satisfying n > k > 0, the g-binomial coefficients are defined by

ni [n],!
k q“ (K1q!ln - k]!

We denote (a + b)’; = ]_[1]:01 (a +bg).
The g-Jackson integral on the interval [0, 5] is defined as

b o0
/o fOdt=0-9b) f(db)d, 0<q<],
j=0

provided that the sums converge absolutely. Suppose that 0 < a < b. The g-Jackson integral
on the interval [a, b] is defined as

b b a
/ﬂ F(t)dyt = /0 fO)d,t - /0 f®ydgt, 0<g<l.

The Riemann-type g-integral (see [18]) is defined by

b oo
[ rodit-a-a6-03 (s b-ad)d.
a 1:0
The classical Stancu-Kantorovich operators S@P) 1=1,2,..., are defined by

k+l+a

SUA(f,x) = (n+1) an,k(x) /::+ﬁf(t) dt
k=0

n+l+p
n 1 k
=3 pu@ /0 f(fq:l—iZ) dt, f:00,1] >R, 1)
k=0

where p,, x(x) = (Z)xk(l —x)"*and 0 <« < 8.
In [19], Ren and Zeng introduced two kinds of Kantorovich-type g-Bernstein-Stancu
operators. The first version is defined using the g-Jackson integral as follows:

" [k+1]g+a
o _ [n+1]g+B
SEOf,x) = (n+ 1y + B) Y q ™ pui(@;) / tige SOty (12)
k=0 Tn+llg+B

where f € C[0,1] and p,i(g;x) = [,:’]qu(l —x)g‘k.
To guarantee the positivity of the g-Bernstein-Stancu-Kantorovich operators, in [19]
Sﬁff )(f ;x) is redefined by putting the Riemann-type g-integral into the operators instead

of the g-Jackson integral as
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[k+1]g+a
[n+1]g+B

D) = (e 1)y + B)S usta) [ o

k=0 [n+1]q+13

f(&)dit.

These operators verify the following.
Lemma 1.1 ([19]) For 35,‘3‘;1’8), 0<g<l,and 0 <a < B, we have
M
SeP 1) =1,

(i)

2q([n] 1+ [2],«
S(ﬂtﬁ) q q ,
nd %) = o s 11,4 B R+ 1y 4 B)
w -1, [, 20q-1) (q-1? [n]
caB) (2. _ AMqln—1lg q- q- 2 nlq
Sha (¢ ”‘)‘([n+1]q+ﬂ>2<“ 2, "B, )’“ i1, AP
20q-D(1+a) 2 2(q-1) (g-1)°
. gy MR 2
(“ T, e B, e,

+;(L+2—a+a2)
([n+1]g+ B> \[3l;  [2]4 ‘
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1.3)

In [20], Mahmudov and Sabancigil introduced a g-type generalization of the Bernstein-

Kantorovich operators as follows:

[k
(f x):= ank(%x)/ ( (]q R t> dqty

(1.4)

where f € C[0,1] and 0 < g < 1. In [21], inspired by (1.4) we introduced a g-type general-

ization of the Stancu-Kantorovich operators as follows:
1606, = Yt [ 1(TL T o
’ X)) = nk\q> X BT I ’
e k=op kq 0 (m+1],+ B 1
where 0 <« < B and f € C[0,1].

Lemma 1.2 ([21]) Foralln e N, x €[0,1],and 0 < q <1, we have

["]q (o4

(15)

SO =1, SEPx) = —-

[2] 1], + B el B

S (2, x) = [n]qln —1],4% +

1 {q(q+2)
([n+1]4+ B)? (3],

+2—a+i+a}
2]; Blg

(2],

Lemma 1.3 ([21]) Foralln e N, x €[0,1], and 0 < q <1, we have

SpeB((¢ - %)%, x)

- 2[n+112 4 L) 1 o
= (n+1], + B {[] (" - +[n]q)+([n+11q‘[n+1]q

qlnl,

B

<4a +

4+7g+q*
(3],

21, ([n+1],+ B)’

)s
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S (( - x)*, )

<Gt (0 o) (o) |
=11, + p7 12 )\, e, |

where C is a positive absolute constant.

Also, in [21] a Voronovskaja-type theorem for the S;;,(g #) was established.

Theorem 1.4 ([21]) Let f” € C[0,1], g, €(0,1), g, — 1, and g/, — a, a € [0,1) as n — oo.
Then we have

l+a+28

11m [n] (S;(;‘nﬁ (f, %) —f(x)) = (—Tx +o+ %)j/(x) + %(— 211; 1x2 +x ) (%).

The paper is organized as follows. In Section 2 we prove a Voronovskaja-type asymptotic
formula for S'ﬁ’q In Section 3 we establish some approximation properties of the g-Stancu-
Kantorovich operators Seb 7 and Sy . In the final section we give statistical approximation
results for the g-Stancu-Kantorovich operators.

2 A Voronovskaya theorem for g-Stancu-Kantorovich operators

In this section we shall establish a Voronovskaja-type theorem for the g-Stancu-Kanto-
rovich operators S(,,‘ff ). First, we need the auxiliary result contained in the following
lemma.

Lemma 2.1 Assume that 0 < q, <1, g, — 1, and q} — a, a € [0,1) as n — oo. Then we

have

- 1+a+28 1
: (a,8) _ Z
nlgrolo[n]ann’qn (t—x,%)=— 5 X+a+ X

11m [”‘]qn “ﬂ D((t-%)%) = x(1 - x).

Proof To prove the lemma we use the formulas for Sn qn( Lx), i = 0,1,2, given in

Lemma 1.1. We have

l1m [n]qn S ﬁ)(t - %;X)

24y (1], a 1
= lim [n]g, { (E 1]y, + B 1)" Tiel, + B 2, (nt 1y, + }

[n]‘In n+l
n]L“Jo{[z]q”([ml]qn +,3)( =g, = [21g,B)x

. alnlg, + [1]g, }
(n+1]y, + B [2]4,([n+1]g, + B)

l+a+28 1
=—fx+a+—

hm [n]qn 0”5((1,‘ x)%; )

=nli>nolo[n]qn{§£,‘j‘éf)(t2,x) X2 2xS (t X%, X )}
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L n[nlg,[n =114, Aq; +q; +qn 2
‘Jﬂimbn<qn+1]n+ﬁy 21,181, _1)
, 2, 2gn - 1)1 + )
F Gl PR (1 M
L2, 2(qn-1) . (qn —1)2>x
(2]g, (3], (3],

. [n]4, 1 2a 5 .
N 1L, + B ([3]% Yot )‘nli“oloz"[ ]

P (¢ - x,x)

Qn nq

lim (] (4q, + g, +q.) - (M), = [nlg,) )
lim [ qn( 21,81, (n+1], +B? )

l+a+2p 1
+ Qo +2)x—2x —?x+a+5

= lim [n]qn
n=o0 2]y, 31y, ([n +1lg, + B)?
— 214,81, ([n + 114, + ,3) W +x+ (Lt a+2B)x”

i [,
n—>00 [2],, 131, (1 + 1]y, + B)?

~ 121y, 8lg, (1+ gulnly, + B)* ) + 2+ (1 + a +28)x>

o [”]qn 3 2 2 2
=0, Bl Bl (i Ty, 7 | = R By,

~ (443 + @2 + g + 29,1 + B)[21,,[315,) 1), — 1214, 1314, (1 + B)* )42

+x+(L+a+28)x%

{4 + 4% + 4u) (012, — (45, + 42 + qu) [,

{(44 + 45 + qu) )}, — (445, + @), + 4u) [,

=x(1-x). |
The main result of this section is the following Voronovskaja-type theorem.

Theorem 2.2 Letf” € C[0,1], g, € (0,1), g, — 1, and g, — a, a € [0,1) as n — co. Then

we have

i o, (55 /) = (522

X+a+ >f (x) + x(l x)f" (x).
Proof From the Taylor theorem, we have

SO =F0+ 62 @)+ = @)+ 2 =026 ), @1

where £ lies between ¢ and x.
Applying Sff‘,;f) on both sides of (2.1), we obtain

ey (B2, ~F0) = Il f WIS~ + 2 g @S (6~ )

+[n1qns;“q€( © - ), ) 2.2)
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Forallx,t € [0,1], |f"(&§) —f"(%)| < cwpr it follows that

Y
[0 0~ 8 @) )| = a0l 5 (-7 + 57 x). 2

Let Bg’f,f )(f 2%) = > o Pk @ %)f ( ESZ:Z) be g-Bernstein-Stancu operators. It follows that

S (¢ =x)",%)

[k+1] gy, +a
Wn.+ﬂ2%nw%w/ T eyl ¢
k=0 [n+1]qn+ﬁ
[k +1],, — [k]4
]‘ n }’l’ - n #
=([n+1l,, +B anp k(@n )1 —q5) brel, +

k=0

oo

4
XZ<[ [k]g, +o .\ [k+1]qﬂ—[k]qnq{q_x> 7

= n+1l,, +B (n+1],, + B

) n ’ o] [k]q” ra q/n( ) 4 )
=(1-g, an,k(qn»x)z<[n+l]qn + B + [”"'l]qn +ﬂq{4_x> qln

k=0 =0
k 4
<8(1- qn) an k(qu) Z( [ +]iln i —x> qln

4
8(1 - ‘In)ZPnk(OZn,x)Z< n+1] +ﬂ) >
q

(K], + *
_SZPnk(me)<m x)

k=0

4
a,
1+qn+q,,+qn+q3 kz(;p"kq"' ([n+1]qn+ﬁ>

i ' Klg +o [k, +a [k, +a \*
=< SkXO:Pn,k(LImx)([n N l]qn +B - [n]qn +p * [Vl]qn +B _x>

4
7, n,x)
1+qn+qn+qn+qn§pkq ( ] :3)
. [k] +o 4 qn 4
= e n;x)< . ) ( ; ) +64BYP (- x)*,x
;p < [nlg, + B [n+1], + 8 ,qn( ) )

& 4
+82pnk qu)([ ]qn ,3>

n 4 k 4
Tg) eanel (51%55)
<64 ———— +64B +8 nk\ g X .
(M+H%+ﬂ E:pkq o, + B

From [14], Corrollary 1, we have Bnq ((t —-x),%) = O(—=1 M]
[n]q

), where x € [0,1] and [«]

denotes the integer part of «. Also, we have
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n

, g\
an,k(qu) (W>

k=0

(1 -(1- qn)[k]qn -(1- 61n)0l +(1- Qn)0l>2
[nlg, + B

2 1+ A-ge) oy . ([k]+a )2
S([n]wﬂ)Z{ (il v p2 T ;””'k("”’” [l + B

{ aQ+@1- q,,)oz)2

W an K(Gn; %

+(1-q.)"BeD(¢ x)}

[l’l]q,, +pB)?
[n] T+ B {1+0-g)e ) +(1- Qrz)z[[n];nx2 + [, x(1 = %) + 2a[n] g% + o*]}
an
“o(5)
- [n2 )
Therefore
s (e -0( g ) 24

In view of the Lemma 2.1 and the relation (2.4), we have

[0 50 (=@ -5 @) )| < ap0) 0w+ 550( 1))
5 [n]qn
Choosing § = [1]}/?, we get

|11, 3P (£ = 22 (7€) £ (0)), %) | = apr (1] ;%) OQQ).

lim [[r]g, Sy ((¢ = ) (f"(6) = f (), %) = 0

n— o0
In view of Lemma 2.1, we obtain

l+a+28
—x

tim (il (55, - 0) = (2%

1 1
fo+ E)f/(x) +3 (2@ - 2))f" (). 0
3 Approximation properties of g-Stancu-Kantorovich operators
Recall that the first and second modulus of continuity of f € C[0,1] are defined, respec-
tively, by

off,8) = sup [f(x+h) —f(x)|

0<h<8;x,x+he(0,1]

and

wy(f,8) := sup where § > 0.

0<h<8;x,x+2hel0,1]
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Let us consider the following K-functional:

/!

Ky(f,8) := inf{

[0,1] }, where § > 0.

It is well known (see [22]) that there exists an absolute constant C > 0 such that

K> (f,8) < Can(f,V5). (3.1)
2 [n] 1
Denote a, = ﬁ [n+1]Z+,3’b" = [n+1"]‘q+ﬂ + Bl A) » 8 (%) =x(1— x)+ Tl v(e, B,x) = (20 +
[n+1)2
282+ 2a + 4)#33)2 G 0n(@), D(e, B,2) = (20 + B + ot + 4) [n][”]jﬁ 8,(%).

Theorem 3.1 There exists an absolute constant C > 0 such that

|5, %) - f(x)| < Can(f,v/v(@t, B, %))

where f € C[0,1] and 0 < g < 1.

Proof Let
T3P (f, %) = S3P(f,x) + f(x) — f(@ux + by),  where f € C[0,1]. (3.2)
Using the Taylor formula
t
g() =g(x) + g (x)(t —x) + / (t-9)g"(s)ds, geC[0,1], (3.3)

it follows that

t apx+by
T:‘("‘ P(g,x) = g(x) + Sf,f;'ﬁ) (/ (t-s5)g"(s) ds,x) - / (anx + b, —s5)g"(s)ds,

g€ C*0,1].
Therefore

|79 (g3) ~ g )

t
< s;';fgvﬂ)(‘ / (t - s)g"(s)ds x) +

< |5 (( - %)%, %) + | &"|| (@ + by — %)
L A N « BV
=18 <[n+1]q+ﬁ)2{[n1q<x *@)*(m‘m"ﬂ

2q [n]q o 1 2
+le H(2] i1+ B +[n+1]q+/3+[2]q([n+1]q+ﬁ)_x>

[+, 1\ 402 4,
< e agrile ||{[n] ((1—x)+@>+@+@x

anpx+by
/ |anx + by, — sl|g"(s)| ds
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1 2 2 1 >
+@[2([2]q[rz]q [n+1]q) x2+2( +@—ﬂ)i|}

s
S CESYSYAm 1q { (" # nlq)

4i 4_[32 ) i(1+qn+l>2 ) i( L)Z i ) 2}
Yol o T\ e )\ ) T

[I’l+1]2 . 1 4-0[2 4'32 )
< o agr e s(0 -0 o)+ f

2 4 4
+—x2+ —(a+1)%+ ﬁzxz}

(1], [nlq (1],
< 4v(a, B,x) ”g”H

Using the above relation we obtain

|S25P (f5) - f ()]
<T@ - gix)| + | T3P (g3x) — g(0)| + |f () — g0)| + | (@nx + b)) —f ()]
i -1x+b, ’)

< 4I(Z(f, v(a,ﬂ,x))

~1x +by))
and using (3.1) the theorem is proved. O

Theorem 3.2 There exists an absolute constant C > 0 such that

S« (f,x) ~ f(x)] < Can(f,v/D(a, B,x)) ~1)x +by),
where f € C[0,1] and 0 < g < 1.
Proof We have
Se (=27, %)
n [k+1]g+a
=([n+1],+B) Z 4 pur(g;x) /[::;M (£ —x)dgt
= [n+1lg+p
= ([n+1],+B) ,Z;q Pulg (-0 S
= [Kgra [k+1],- [k, 2
* Z([ﬂ+1]q+ﬁ TS ) 7

Jj=0

> [kly q , 2
=(1- q)ank(q,x)Z< PEET [n+1]q+ﬁq’—x> 7

2
<2(1- @ZPnk(%@Z(ﬁ x>q’

k=0
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" o & )2 N
201 - e S N
+2( 4)2::19 ,k(qx);):<[n+1]q+13 q

n

(k] + > 2 . q ’
_2ank(q,x)(m ") +mzp”'k(q’x)<m)

k=0

(K +e Kl +a  [Kl;+a)?
Ezgp"’k(q’x)([n]wﬁ_“[n+1]q+ﬂ_[n]q+ﬁ>

- 1
2 k(G X) ———————.
+ gp G

Let sz’,’(ﬂ ) be g-Bernstein-Stancu operators. From [14], Lemma 1 and Lemma 4 the follow-
ing properties of the g-Bernstein-Stancu operators hold:

1
BE’ZZB) (tz’x) = ([n]q + ﬁ)z ([n];xZ + [n]qx(l —?C) + 2a [n]qx + 052),
B (£ - x)%x) < 0 ][,, 1[1,3)2 x(1 - x).

Therefore
S (e~ 07)

2 n 2
<4B""3 ((t-x)%%) +4ank(q’ ([k}qi;) <[ 1 +ﬂ)
q

n+1],
2
T n+ 11, + B2
(n], 4 @p) 2
= g I G et C) T G A
_ g B 4 @p) i}
“ T B {4x(1 x) + o, —B*P (%) + o,

_ g NN SR )
A B G e -

+ol+ 2a[n]qx) + ﬁ}

(1], 4 , 4 40>  8a 2
< ([n]q+ﬂ)2{4x(1—x)+@x +@x(1 x)+m [n]qx+ @}

[n] 1
= o, + q'B)Z {48n(x) + @(493 +4a? + 8ax + 2)}

[n]q
- ([n]q +B)

Sn(x)(4ot2 +8a + 10).

Let

TP (f,x) = S&P(f,x) + f(x) — f(anx + by),  where f € C[0,1]. (3.4)
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Using the Taylor formula (3.3) it follows that

t apx+by
TP (g, %) = gx) + S ( / (¢t -5)g"(s)ds, x) - / (@nx + by —5)g" (s) ds,

g€ C?0,1].
Therefore

’T“‘s (gx) - gx)’

< :?Sff)( ,x> +

= ¢S5 (¢ = 2%,2) + || (@n + by = 2?

_ I,
= [y + P?

apx+by
/ |anx + by —sl|g"(s)| ds

/ (t—s5)g"(s)ds

8(x) (4a® + 8 +10) ||

AN L)
Rlgn+1,+B  [n+1]g+ B [2)([n+1]5+B)
[,

< o, ﬂ)zs n(x) (40 + 8 +10) | ¢
/" 2 1+qn+1 1 2 2,2
+ ”g H([n]q+/3)2|:< Tvq ) x +2<a+ﬁ) +28%x ]
(1] " 2
< o, qﬂ) (x)(4a + 8 + 10) Hg || + Hg || W[xz +2(a+1)%+ 2,32x2]

[n]q

< Tl + ﬂ)28 (%) (8 + 4% + 160 +16) | g"|| = 40 (e, B, %) |¢" |-

Using the above relation we obtain

|S«A (f;x) — £ ()]
<|TEA(f —gix)| + | TP (g0) - g)] + [ (%) - g@)| + |f(@nx + by) — £ ()]
i —1)x+b, ’)

< 4K (f, (e, B, %))

—1x + by)).
and using (3.1) the theorem is proved. O

In order to start the next result we need the second order Ditzian-Totik modulus [22]
defined by

w0(f,8):= sup  sup  |f(x— D) -2 (%) +f(x + D
0<h<8§ x+th®(x)€[0,1]

fecClo,1],

in which @ :[0,1] — R is an admissible step-weight function.
The weighted K-functional of second order for f € C[0,1] is defined by

Ko,o(f>8) =inf{|If - gll + 8] ®*¢"|, (@}, §=0,



Kang et al. Journal of Inequalities and Applications (2015) 2015:211 Page 12 of 16

where
W?(®) = {g € C[0,1] | ¢’ € AC[0,1], ®*¢" € C[0,1]}
and
AC[0,1] := {h | &1 is absolutely continuous in [a, b], for every 0 <a < b < 1}.

It is well known that the K-functional K3 ¢ (f, 8) and the Ditzian-Totik modulus ws,¢ (f, +/8)
are equivalent (see [22]).
Denote

By (f,8) = sup sup Lf(x+1ﬁ(x ) f(x)|

|h| <8 xx+hy (x)€[0,1]

Theorem 3.3 Let © be an admissible step-weight function of the Ditzian-Totik modulus
of smoothness such that ®? is concave and ® # 0. Then there exists an absolute constant

C > 0 such that
H(@,B) (£, ) \/v(a,ﬂ,x)) N ( ;)
5 V“)ﬂMSCMQQ’ o0 ) O\ B, p) )

where f € C[0,1],0 <q <1, and ¥ (x) = 2 + [2],8)x + [2]40 + 1, x € [0,1].

Proof Applying the operators T;f,ﬁ;”ﬂ ) defined in (3.2) to Taylor’s formula in a similar way
to the proof of Theorem 3.1 we obtain

| T3P (g, %) - g()]

t
sﬁ?%
X

anpx+by
/ (t—s)g"(s)ds / |anx + by, - sl|g"(s)| ds

/“""*b” |anx + by, —s| ‘
R0 S ).
x D2(s)

)+

t —
|t —s| ,x>+ ”q)zg//”

2 || ox(a,B)
< oI5y (| [ ey

Lets=tx+ (1 -1)t, T € [0,1]. Since ®? is concave on [0,1] it follows that
D2(s) > 1P%(x) + (1 — 7)D%(D)

and

|t—s|_r|x—t| - T|x —t] |x — ¢t
D2(s)  D2s) ~ tD2(x)+ (1—1)D2(t) — P2(x)’

Therefore
’T* @) (g -g)| < [l [S: “ﬁ)((t—x)z;x) + (anx + by — x)*]
= @2x) L
| Dg" |

=450 Va(, B, X).
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Using the above relation we obtain

|5 P (f5x) - £ ()|
< |T:}g’"ﬂ)(f—g;x)’ + ’T;"([;"ﬁ)(g;x) —g(x)| + V(x) —g(x)| + [f(a,,x +b,) —f(x)’

2,07
<4lf -gll +4 ”;’Zé )” a0 B%) + [f (@ + by) — @)
= ako (£, "L i+ by - f )
2,0 ) ¢)2(x) n n .

Also, we have

(@, —1)x+ b,
R R e ]

*(ct,8)
- supl/(x i wm%) /)

-1-¢"" - [2]qﬁx . [2]qa +1 D
2]g([n+1]g+B) 24l +1]4+ B)

1
()

N 1
. ‘”‘”(f’ 2.+ 1, +ﬁ))'

IA

Z))x/f(f

Therefore

*(at,B) _ U(O[’,B)x)) — ( ;)
54021 (x)|541<2"1’<f o )TN B, )

Using the equivalence of the K-functional and the Ditzian-Totik modulus we get the de-
sired estimate. O

In a similar way can be obtained the following result for the g-Stancu-Kantorovich op-
erators 5.

Theorem 3.4 Let ® be an admissible step-weight function of the Ditzian-Totik modulus
of smoothness such that ®? is concave and ® # 0. Then there exists an absolute constant
C > 0 such that

) g

S@B) () _
|S\P (f; %) f(x)|SCw2,<l><f’ o) 2],(ln+1], + B)

where f € C[0,1],0 < q <1, and ¥ (x) = (2 + [2];8)x + [2]40 + 1, x € [0,1].

4 Statistical approximation of Korovkin type
The concept of statistical convergence was introduced by Fast [23] and Steinhaus [24] and
recently has become an important area in approximation theory. The goal of this section is
to obtain the statistical convergence properties of the Stancu-Kantorovich operators (1.3)
and (1.5).

Let set K € N and K, = {k < n;k € K}, the natural density of K is defined by §(K) :=
lim,, o0 % |K,| if the limit exists, where |K},| denote the cardinality of the set K.
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A sequence x = {x,} is called statistically convergent to a number L, if for every € > 0,
8{k € N : |xx — L| > €} = 0. This convergence is denoted as st-limy x; = L.
In [25] Gadjiev and Orhan proved the following Bohman-Korovkin-type approximation

theorem for statistical convergence.
Theorem 4.1 ([25]) Ifthe sequence of positive linear operators A, : Cla, b] — Cla, b] satis-

fies the conditions st-1im,, | A, (e;) —é&; | clap) = O with e;(¢) = £,i=0,1,2, then for any function
f € Cla, b] we have

stlim [ 4, () =f ]y = O-

Theorem 4.2 Let (q,), 0 < q,, < 1 be a sequence that satisfies st-lim, q, = 1, st-lim, g/ = a €
(0,1). Then for all f € C[0,1] we have

st-lirllnHS;(;:ﬂ)(f: ) —f”c[o,l] =0

Proof It is necessary to prove st-lim, ||SZ,(gf)(e,v, -)—eillcon) =0, for i = 0,1, 2, and the proof

follows from Theorem 4.1. For the first equality it is clear from Lemma 1.2 that
st-lim 5,6 (eo, ) — o] 19y = O- (4.1)

For the second equality we have

+ = + !
n+1ly+8  [2(n+1],+B)|

IISng;ﬁ)(el’ )-e “C[O,l] =

% . —[n]q _1’
2]; [n+1],+ P8

2qn 3 [”]q o + 1
[z]q [”*Hq*ﬂ [”*Hq*ﬂ [Z]q([”l*l]q*ﬁ) :
From st-lim, g, = 1 and st-lim, ¢}, = a € (0,1) we have

We denote v,, = | —1]and u, =

st-lim v, = st-lim u,, = 0. (4.2)
n n
Now, for a given € > 0, we define the following sets:

A={neN||s:eP(e, ) -e ”c[o,l] e},

mdn

Alzz{neN‘vnzg} and Azzz{neN‘unzg}.

It is obvious that A € A; U A,, which implies that §(A) < §(A;) + 8(Ay). From (4.2) we find
that the right hand side of the above inequality is zero and we get finally

st-lim| S, (e1,) — e1 | g, = 0. (4.3)
In a similar way it can be proved that

st-lim 567 (e, ) — 2] g, = 0. (4.4)
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From (4.1), (4.3), and (4.4), the statement of our theorem follows from the Korovkin-type
statistical approximation theorem. d

A statistical approximation property of the g-Kantorovich-Stancu operators §©#) is ob-
tained in the following theorem.

Theorem 4.3 Let (q,), 0 < q,, <1 be a sequence that satisfies st-lim, g, = 1, st-lim, g/ = a €
(0,1). Then for all f € C[0,1] we have

st-lm S F, ) £ o = O-
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