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1 Introduction

Let C"*" (R"*") denote the set of all # x # complex (real) matrices, A = (a;;) € C"*", N =
{1,2,...,n}. We write A > 0 ifall a;; > 0 (i,j € N). A is called nonnegative if A > 0. Let Z,
denote the class of all # x 7 real matrices all of whose off-diagonal entries are nonpositive.
A matrix A is called an M-matrix [1] if A € Z, and the inverse of A, denoted by A7}, is
nonnegative. M, will be used to denote the set of all # x n M-matrices.

Let A be an M-matrix. Then there exists a positive eigenvalue of A, t(A) = p(A™)7,
where p(A71) is the spectral radius of the nonnegative matrix A™, T(A) = min{|A| : A €
0(A)}, 0 (A) denotes the spectrum of A. 7(A) is called the minimum eigenvalue of A [2, 3].

The Hadamard product of two matrices A = (a;;) € R"*" and B = (b;;) € R™" is the ma-
trix A o B = (a;b;;) € R,

An n x n matrix A is said to be reducible if there exists a permutation matrix P such that

prap- (4 O )
Ay A

where Aj;, Ay, are square matrices of order at least one. We call A irreducible if it is not
reducible. Note that any nonzero 1 x 1 matrix is irreducible.

Estimating the bounds for the minimum eigenvalue 7(A) of an M-matrix A is an interest-
ing subject in matrix theory, and it has important applications in many practical problems
[4—-6]. Hence, it is necessary to estimate the bounds for 7(A).

In [5], Shivakumar et al. obtained the following bound for 7(A): Let A = (a;) € R"*" be
a weakly chained diagonally dominant M-matrix. Then
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Subsequently, Tian and Huang [7] provided a lower bound for 7(A) by using the spectral
radius of the Jacobi iterative matrix /4 of A: Let A = (a;) € R”*" be an M-matrix and Al=
(o). Then

) > 1 1

T 1+ (n—1)p(Ja) maxenfou} @

Recently, Li et al. [8] improved (2) and gave the following result: Let B = (b;) € R"*" be
an M-matrix and B! = (By). Then

2

7(B) > 1 -
max;;{Bi + By + [(Bii — Bj)* + 4(n —1)*BuB;p*(Js)] 2 }

3)

In this paper, we continue to research the problems mentioned above. For an M-matrix
B, we establish some new inequalities on the bounds for t(B). Finally, some examples are
given to illustrate our results.

For convenience, we employ the following notations throughout. Let A = (a;) beann x n
matrix. For i,j,k € N, i #j, denote

i = L r; = max{r;;}
Jt |ll17| — Zk#j’i |a]'k| ) i i Jil»
|laji| + Zk#i |ajk|ri |aji]
mj; = » hz’ =max ’
lajl i Ulajlmii =3 iy \ajclmi
lajil + 3 iy 1@kl michi
uj; = , u; = max{u;}.
|1 i#

2 Main results
In this section, we present our main results. Firstly, we give some notations and lemmas.
Let A > 0 and D = diag(a;;). Denote C = A — D, J4 = D;'C, D, = diag(d;;), where

1, if aji = 0,

dij = .
ai, ifa;#0.

By the definition of 74, we obtain
p(Tar) = p(D'CY) = p(CDY') = p(Dr(CDY')Dy) = p(D;'C) = p(Ta).

Lemma 1 [9] Let A € C"™", and let x1,%,,...,%, be positive real numbers. Then all the
eigenvalues of A lie in the region

1 ,
U{ze C:lz—ajl §xiZ;|aﬂ|,zeN}.
i "

Lemma 2 (3] Let A € C"™", and let x1,x,,...,%x, be positive real numbers. Then all the
eigenvalues of A lie in the region

1 1
U{z €C:l|z—ajllz-aj| < (xizx_|ﬂki|) (%’ZEMZH)}.

ji Kt K 1%
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Lemma 3 [3] Let A,B € R, and let X,Y € R™*" be diagonal matrices. Then
X(A o B)Y = (XAY) 0 B = (XA) o (BY) = (AY) o (XB) = A o (XBY).

Lemma 4 [3] Let A = (a;) € M,,. Then there exists a positive diagonal matrix X such that
XYAX is a strictly diagonally dominant M-matrix

Lemma 5 [10] Let A = (a;) € R"*" be a strictly diagonally dominant matrix and let Al=
(o). Then forall i e N,

oy < ey, jEN,jF1.
Theorem 1 Let A = (a;) > 0, B = (b;) € M, and let B = (B;). Then

p(AoB™) < 111<1fl<7;{ (@it + wip(JTa)dii) B} (4)
Proof 1Tt is evident that the result holds with equality for n = 1.
We next assume that 7 > 2.
(i) First, we assume that A and B are irreducible matrices. Since B is an M-matrix, by
Lemma 4, there exists a positive diagonal matrix X, such that X~!BX is a strictly row di-
agonally dominant M-matrix, and

p(AoB™) = p(X (Ao B)X) = p(Ao (X'BX) ™).

Hence, for convenience and without loss of generality, we assume that B is a strictly diag-
onally dominant matrix.
On the other hand, since A is irreducible and so is J,r. Then there exists a positive
vector~x = (x;) such that J rx = p(Jy1)x = p(Ja)x, thus, we obtain Zj#i ajixj = p(Ja)digxi.
Let A = (ay) = XAX™! in which X is the positive matrix X = diag(x1,%,,...,%,). Then, we

have
a apx1 .. dp¥
11 %2 Xn
a1x2 AnXx2
~ o N S
A= (tll‘j) =XAX" =
Anl¥n aAn2¥Xn
%1 %2 Ann

From Lemma 3, we have
AoBl= (XAX") 0Bl =X(AoB )X

Thus, we obtain p(A o B™!) = p(A o BY). Let A = p(A o B), so that A > a8, Vi € N. By
Lemma 1, there exists iy € N, such that

1. 1.
|)" — Qiyiy ﬂiol’g' = Ui, E u_ati() ﬂﬁo =< Uij, E u_atio Uiy ﬁioio
thig ¢ tig ¢

- Atjy Xt
< u;, Z“tio Bioio = Uig Bigio Z xo = Uiy P(Ta)igiy Bigio -

tHio t#ig 0
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Therefore,

A < @igio Bigio + tig P(Ta)digio Bioio = (@igio + tig 0(Tt)digio ) Bigies

p(A 0 B™) < (aiiy + ttig0(Ta)digio ) Bioio

< lllflfgl{ (@it + wip(JTa)dii) B}

(ii) Now, assume that one of A and B is reducible. It is well known that a matrix in Z, is
a nonsingular M-matrix if and only if all its leading principal minors are positive (see [1]).
If we denote by T = (¢;) the #n x n permutation matrix with t1 = o3 = - -+ = t,_1,4 = t1 = -1,
the remaining #; zero, then both A —eT and B + £ T are irreducible matrices for any chosen
positive real number ¢, sufficiently small such that all the leading principal minors of B+eT
are positive. Now, we substitute A—e7 and B+¢7T for A and B, respectively, in the previous
case, and then letting £ — 0, the result follows by continuity. O

Theorem 2 Let B = (b;) € M,, and B™ = (B;). Then

1

T(B) = maxy<i<u{(1 + ui(n— 1)1}

(5)

Proof Letall entries of A in (4) be 1. Then a; =1 (Vi € N), p(Ja) = n—1. Therefore, by (4),

we have
1 1
7(B) = > .
p(B™) T maxi<i<,{(L + ui(n - 1)) Bui}
The proof is completed. d

Theorem 3 Let A = (a;) > 0, B = (b;) € My, and let B = (B;j). Then
oy 1
p(AoB™) < 5 II};}jX{ﬂiiﬁii +a;Bj + Ayh (6)

where Ay = (@i — ayBy)* + 4w p>(Ta)dudy Bify1? .

Proof 1t is evident that the result holds with equality for n = 1.

We next assume that # > 2. For convenience and without loss of generality, we assume
that B is a strictly row diagonally dominant matrix.

(i) First, we assume that A and B are irreducible matrices. Since A is irreducible and so is
J,r. Then there exists a positive vector y = (y;) such that J,ry = p(Jyr)y = p(Ja)y, thus,
we obtain

> akiye = p(Tn)diyi
ki

Z ayx = P(Ta)dyy;.
K
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LetA = (a;) = YAY™ in which Y is the positive matrix Y = diag(y1,72,...,¥x). Then, we

have
a apy . 4wl
1 Y2 In
a21)2 6122 a2n)2

A=(@y)=yay'=| 7 o

)1 )2

From Lemma 3, we get
AoB'= (YAY ) oB'=Y(AoB )Y

Thus, we obtain p(A 0 B) = p(A 0 B). Let A = p(4 0 B), so that A > a;8;; (Vi € N). By
Lemma 2, there exist iy, jo € N, ig # jo, such that

1, 1,
A — Aiyig ﬂiol’o A - jojo ﬂ/o/’ol = (”io Z u_k“kio ﬂkio> (”io Z u_“kio ﬁk/o)'

k#io kjo

Note that

1., 1, n
Ui, Z P Briy < thi Z ko Ui Bigio = Uiy Bigio Zﬂkio = Uiy Bigio P(Ta)Bigig s

ko ki kio

1. 1, N
Ujy E : M_“kjo /3k/'o = Uj, Z M_“kjo Ukjo /gioio = o Bjojo E :"Zkio = Uj, :6/'0/0 p(Ja )diOJO'
kjo ko kjo

Hence, we obtain

1
A= E(moioﬁioio + @jojo Bjojo + Digjo)»

_ 1
p(A 0 B™) < =(aigio Bisio + Hiojo Biojo + Diojo) < 3 Hiljjx{ﬂiiﬂii +a;Bj + Agh

N =

1
where A = [(aifi — ayBy)* + 4ui;0*(Ta)dud;Biuy)? -
(ii) Now, assume that one of A and B is reducible. We substitute A — &7 and B + ¢T for
A and B, respectively, in the previous case (as in the proof of Theorem 1), and then letting

& — 0, the result follows by continuity. O
Theorem 4 Let B = (b;) € M, and B™ = (B;j). Then

2

, 7)
max;;{Bi + Bjj + Ay}

7(B) >

where Ajj = [(Bii — By)* + 4(n — 1)*uiu; B By 3.
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Proof Let all entries of A in (6) be 1. Then

S

az=1 (YieN), p(J)=n-1,  Aj=[Bi-By)*+4mn-1 uupuB;]>.

Therefore, by (6), we have

1 2
7(B) = 5> .
p(B™Y) T max4{B; + By + Ay}
The proof is completed. d

Remark1 We next give a simple comparison between (4) and (6), (5) and (7), respectively.
For convenience and without loss of generality, we assume that, for i,j € N, i #J,

a;iBy + widy B p(Ja) < aiiBis + uidii Bip(Ja),

uidyiBip(Ja) < aiiBii — aji B + uidiiBiup(JTa).

Hence,

=

Ay = [(@iBi — a;By)* + 4w p*(Ta)dudyBiBy |

D=

< [(aiBii — ajBy)* + 4uip(Ta)diiBi(aiBis — ayBy + widiiBip(JTa))]
= a;Bii — ajf + 2uid;i B p(Ta).

Further, we obtain

aiBii + @B + Ny < 2a; By + 2uidii Biip(Ta),

1
,O(A o B_l) < 5 rr}gx{aﬁﬂﬁ + ajjﬁjj + Aij} < 1111?.2;{(61” + uip(jA)dii)ﬁﬁ}.

So, the bound in (6) is better than the bound in (4). Similarly, we can prove that the bound
in (7) is better than the bound in (5).

3 Numerical examples
In this section, we present numerical examples to illustrate the advantages of our derived
results.

Example1 Let

11 -0.6 -01
B=|-03 1 -0.6
-02 -04 07
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It is easy to see that B is an M-matrix. By calculations with Matlab 7.1, we have

7(B) > 0.10000000 (by (1)),  7(B)>0.11396723 (by (2)),
7(B) > 0.11582163 (by (3)),  7(B)>0.11834016 (by (5)),

7(B) > 0.13163534  (by (7)),
respectively. In fact, T(B) = 0.16213193. It is obvious that the bound in (7) is the best result.
Example 2 Let

1 -02 -01 -02 -01
-0.4 1 -02 -01 -01
B=1-03 -0.2 1 -01 -01
-02 -03 -0.3 1 -0.1

-01 -03 -02 -02 1

It is easy to see that B is an M-matrix. By calculations with Matlab 7.1, we have

7(B) > 0.10000000 (by (1)),  7(B)> 0.16082517 (by (2)),
7(B) > 016831778 (by (3)),  t(B)> 0.18147932 (by (5)),

7(B) > 019169108  (by (7)),

respectively. In fact, 7(B) = 0.25807710. It is obvious that the bound in (7) is the best result.
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