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Abstract

In this paper, we introduce the notions of soft Meir-Keeler contractive mappings and
weaker ¢-Meir-Keeler contractive mappings, and the purpose of this paper is to prove
two theorems which assures the existence of fixed points for these two soft
Meir-Keeler type contractive mappings on a soft metric space. Our results generalize
and improve many recent fixed point results in the literature.
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1 Introduction and preliminaries

In 1999, Molodtsov [1] initiated a novel concept of soft set theory, is a new mathematical
tool for dealing with uncertainties. Soft set is a parameterized general mathematical tool
which deal with a collection of approximate descriptions of objects. In the recent, many
researchers contribute many structure on soft set theory; (see, e.g., [2—4]). Further, Das
and Samanta [5] introduced a different notion of soft metric space by using a different
concept of soft point and investigated some basic properties of these spaces.

Next, we recall some basic definitions about soft sets and the results from the literature.
In the sequel, we let R be a set of all real numbers, let Z be a set of all integers and N be a
set of all natural numbers. We also let U be an initial universe, let E be a set of parameters
and let 2 the collection of all subsets of /.

Definition 1 [1] Let A be a nonempty subset of E. A soft set (F, A) on is a set of the form
(F’A) = {(F(.U);p) p GE};

where F: A — 24 is a set-valued map such that F(p) = ¢ for all p ¢ A. Further, F is called
an approximate function of (F,A), and the collection of all soft sets on ¢/ will be denoted
by S(U).

Definition 2 [6] The intersection of two soft sets (F;,A) and (F,,B) on U is the soft set
(F5,C) where C = AN B and for each p € C, F53(p) = F1(p) N F2(p). This is denoted by

(FliA) ﬁ (F27B) = (FS’ C)
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Definition 3 [6] A soft set (F,A) on/ is said to be a null soft set denoted ® if forall p € A,
F(p) = ¢.

Definition 4 [6] A soft set (F,A) on U is said to be an absolute soft set denoted A if for
allpe A, F(p) = A.

Definition 5 [6] The union of two soft sets (F;,A) and (F», B) on U is the soft set (F3,C)
where C = A U B and for each p € C,

Fl(p), lfPGA\B,
F3(p) = { Fy(p), if p € B\ A;
Fl(p)UFg(p), 1fpeAﬁB

This relationship is denoted by (F,A) U (F, B) = (F3, C)
In 7], the authors introduced the following notion of soft points.

Definition 6 [7] A softset (F,E) onl/ is said to be a soft point if there is exactly one p € E
such that F(p) = {x} for some x € U and F(q) = ¢ forall g € U \ {p}. It will be denoted by X,,.

In [5], the authors introduced the following notion of soft real numbers.

Definition 7 [5] Let B(R) be the collection of all nonempty bounded subsets of R. Then
the mapping F : E — B(R) is called a soft real set. If (F,E) is a singleton soft set, then
identifying (F, E) with the corresponding soft element, it will be called a soft real number

and denoted 7, 5, £, etc.

Let X be the absolute soft set, where (F,E) = X, let SP(X) be the collection of all soft
points of X, and let R* denote the set of all non-negative soft real numbers. In [5], the
author introduced the notion of soft metric on the soft set X.

Definition 8 [5] A mapping d : SP(X) x SP(X) — R* is said to be a soft metric on the
soft set X if d satisfies the following conditions:

(M1) d(&e,,%e,) >0, for all %,,, %, € X;

(M2) d(Ze,%e,) = 0 if and only if &,, = Ze,;

(M3) d(Fey,%e,) = 0, for all Z,,, %, € X;

(M4) d(Zey,Fey) S Aoy Key) + ATy Fes), fOr all Koy, Xy, Koy € X.
The soft set X with a soft metric 4 is called a soft metric space and denoted by ()~( , EZ, E).

Definition 9 [5] Let (X,d,E) be a soft metric space and y be a non-negative soft real
number. Then B(%,,y) = {J EX:d(x,, ye) <y} is called the soft open ball with center %,
and radius 7, and B[x,, 7] = {J» € X: Zi(fce,jie/) <y} is called the soft closed ball with center
X, and radius y.

Definition 10 [5] Let (X,d, E) be a soft metric space. Then the soft set (F, E) is said to be
soft open in X with respect to  if and only if all soft points of (F,E) is interior points of
(F,E).
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Definition 11 [5] Let {#%,,}, be a sequence of soft points in a soft metric space (X, d,E).
Then the sequence {%,,,}, is said to be convergent in (X, d, E) if there is a soft point 7, & X
such that

lim d(%;,7,) = 0.
n—00
Definition 12 [5] Let {%,,,}, be a sequence of soft points in a soft metric space (X, d,E).

Then {X; ,}, is said to be a Cauchy sequence in (X, d, E) if there is a soft point y, € X such
that

lim d(&,;,%,,) = 0.
ij—00

Definition 13 [5] A soft metric space (X, d, E) is called complete if every Cauchy sequence
in X converges to some point of X.

2 Fixed point theorem for the soft Meir-Keeler contractive mapping
In this study, we also recall the Meir-Keeler contractive mapping [8].

Definition 14 [8] Let (X,d) be a metric space, f : X — X. Then f is called a Meir-Keeler
contractive mapping whenever for each 7 > 0 there exists y > 0 such that for all x,y € X,

n=dxy) <n+y = dfe.fy)<n
We introduce the new notion of a soft Meir-Keeler contractive mapping, as follows.

Definition 15 Let ()~(, ;i, E) be a soft metric space and let ¢ : E — E. A mapping (f,¢) :
(X,d,E) — (X,d,E) is called a soft Meir-Keeler contractive mapping if for any soft real
number 7 > 0, there exists 7 > 0 such that for each soft points &;,7,, € SP(X),

N2dEuy)<i0+7 = d((f0)&). (F0)F,) 2.

Remark 1 Note that if (f, ¢) is a soft Meir-Keeler contractive mapping on ()~( f ;i, E), then
we have

A((f,0) @), (,9)6,)) 2d(E,5).

Further, if d(%,,7,) = 0, then d((f, 9)(®.), (f, 9)(3,)) = 0.
On the other hand, if d(%,,7,) 50, then

A((f,0) @), (f9)5,)) 2dGo 7). 6))

Theorem1 Let ()~(, Zi, E) be a complete soft metric space, and let (f, ) : ()~(, ;1, E)— (5(, 21, E)
be a soft Meir-Keeler contractive mapping on (X, d, E). Then (f,¢) has a unique fixed point,
that is, there exists a unique soft point %, € SP(X) such that (f, )(%,) = %».

Proof Leti] € SP(X) be given. Put

5&;:}1 = ((f’ gl))(‘g‘czrz)) = (f”"’l (5220))(;)”*1()»0)’
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for each n € NU {0}. Then by the inequality (1), we have

d(®,,%;1) =d((,9) ). (F0)E,)

d(x)m 1’ x)tn)

for each n € N U {0}. Therefore the sequence {a,’(x,\n,x’“rl )} is decreasing, it must con-
verge to some soft real number 7 > 0, that is, d(xA ,x"*il) — 17, as 1 — 00. Notice that
£ = inf{;i(%kn,xf*l ) : n € NU {0}}. We claim that 7 = 0. Suppose, on the contrary, that
7150. Since f is a soft Meir-Keeler contractive mapping, corresponding to 7, there exist
7 >0 and k € N such that

i 2d(F, %) 0+ 7
= d(xl)iﬁl,xl):i) ((f §0)(xk1<) (f ('0) (xl)ilil)) < ﬁ

This is a contradiction since 7 = mf{d(x,\ ,x)\;'l ) : n € NU {0}}. Thus, we obtain Zi(icfn,
®) —0,as n— oo.

We next show that {ifu }n is a Cauchy sequence in (X, d, E). To prove this, on the contrary,
assume that a soft real number € >0 such that for any k € N, there are my, n; € N with

ny > my > k satisfying
~Hf ~ ~
d(ka’ka) >é.

Further, corresponding to m > k, we can choose n; in such a way that it is the smallest

integer with ny > my > k and El(ic;" ,xkk ) > €. Therefore,

G(~M M2\ ~ ~
d(kak’xknk_z) <E.

Now we have, for all k € N,

ECARELS

[ A

a(x)\m ,56212 ) + d( o 22’&:]( - ) + d(x:ftkll";c:fl:lk)

N

~ ng—-2  ~ng—1 ~ng=1  ~ng
e+d(x,\nk DK ) +d (% o 1,x)\nk)
Letting k — oo in the above inequality, we get
~mk ~nk ~
d(x)\m](,x)\nk) — € asn— oo.

On the other hand, we have

I/\l

a3 %)

~ ~M+ my+l  ~np+l n+l  ~ng
d(kak,ka +1 ) + d(x)‘mk+1’xknk+l) + d(xknkﬂ’xknk)

[ A

[ A

a(x/\m 5‘;",5 +1) +d(x;n;++1 5“:: )+d(x»\m %Zﬁ )

P E) ¢ AE ).
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Letting k — oo in the above inequality, we get

~(~mk+1 g )—>¢é asn— oo.
)\mk+1’ )Lnk+l

Since f is soft Meir-Keeler contractive mapping, we have

d@n 50 ) = (o)) o ES )

s

A\

F(~M  ~Hf
d(ka Ko )-
Letting k — oo in the above inequality, we get € <€, which implies a contradiction. Thus,

{7 }is a Cauchy sequence in (X, d, E).
Since (X, d, E) is complete, there exists ¥} € X such that

Xy —> X, asm— oo,
that is,

d(# ,%)—>0 asn— co.
We also have

() F).%) 2d((F, 0 F,), () (&) + 4, 0)(7,),5)

2, ) + A5

Letting k — oo in the above inequality, we get
a((f,9)(%),5%) =0.

This implies that (f, ¢)(¥;) = ¥}, and hence &} is a fixed point of the mapping (f, ¢).
Finally, let j} be another fixed point of the mapping (f, ¢). Then

d(,5) =d((f0)57), (F ) (&) 2d (5. %),

which implies a contradiction. Thus, X} = ¥, that is, the fixed point of the mapping (f, ¢)
is unique. O

3 Fixed point theorem for the soft weaker ¢-Meir-Keeler contractive mapping
Definition16 Let ¢ : R* — R*. Then ¢ is called a soft weaker Meir-Keeler mapping if for
each soft real number 7 50, there exists a soft real number 7 50 such that for each soft
points € R*

[ A

n<tin+y = 3IAngeN, @@=

In the sequel, we denote by ® the class of functions ¢ : R* — R* satisfying the following
conditions:
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(#1) ¢ is a nondecreasing soft weaker Meir-Keeler mapping with ¢(¢) = 0 iff = 0;
(¢2) {¢"(E)},en is decreasing for all £ € R*;

(¢3) if lim,,, oo i= YV then lim,,_, d’n(z) é V.

Example 1 Let ¢ : R* — R* be defined by

60)= 1.

Then ¢ is a soft weaker Meir-Keeler mapping and ¢ € ®.

We introduce the new notion of soft weaker ¢-Meir-Keeler contractive mapping, as fol-

lows.

Definition 17 Let (X,d,E) be a soft metric space, and let ¢ € ®. A mapping (f,¢) :
(X,d,E) — (X,d,E) is called a soft weaker ¢-Meir-Keeler contractive mapping if, for any
soft real number 7 > 0, there exists > 0 such that for each soft points %;, Yu € SP(X ),

7120(dG.5))2i+7 = d((f,e)&). (F0)F)) 2.

Remark 2 Note that if (f,¢) is a soft weaker ¢-Meir-Keeler contractive mapping on
(X,d, E), then we have

A((f, )&, (f, 0)5,)) 2 (A 5))- (2)
Example 2 Let (R, Zi, E) be a soft metric space with the following metrics:

d(x,y) = max{|xl, Iy}, dy(tpu)=[A—u| and

~ . 1
A yu) = 7y (b, ) + d(x,),

where E = [1,00), ¢(t) = %(t + 2%) for t € [1,00).
We next let f(x) = %x, and let ¢ : R* — R* be defined by

P() = 3t

Then

—_—~

406060 -4((32) ()
Mgy wr

)

L
m

o S |

4|2 21 2u 2772

:l‘l(k—u)<l—i> +maX{1|x|yl|y|}
4|2 20 272

21|x—u|+max{3|x|,3|y|}

-8 2 2
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2
A —pl+ 2 max{|x|, yl}

A

wlw wlm N

[ o — gl + max e, |y|}]

[ d, 0, M)+d(x,y)}
¢ (d(x)uyu))

Thus, (f, @) is a soft weaker ¢-Meir-Keeler contractive mapping on the soft metric space
(R,d, E).

Theorem 2 Let (X, d, E) be a complete soft metric space, and let (f, ¢) : (X, d,E) — (X,d,E)
be a soft weaker ¢-Meir-Keeler contractive mapping on (X,d,E). Then (f,¢) has a fixed
point, that is, there exists a soft point %, € SP(X) such that (f,9)(%,) = %,

Proof Let®) e SP(X) be given. Put

~K::l = ((f (p)(x)hn)) = (f"+1 (xgo))(p”*‘l()»o)’

for each n € NU {0}. Then by the inequality (2), we have

d(xxn'xfxl) ;i((fﬂﬂ (xxn 1) f,0)(,))
2p(d(L,5,))

oA, 0E,2%) o))
$(e(#.%, %))

< ¢ (d(';c)»o ’ x}q))

/\1

Since {¢"((:i(5620,5€i1))}nel\1 is decreasing, it must converge to some 7 > 0. We claim that
1 = 0. On the contrary, assume that 77 > 0. Corresponds to this 7, since ¢ is a weaker Meir-
Keeler mapping, there exists a soft real number 7 50 such that

A2dRE),x)i+7 = ImpeN, ¢"(d(E,,7)).

Since ¢”(a~i(5cgo,5c§1)) — 7] as n — o0, there exists mg € N such that

for all m > my. We also have
S0 =1\ =5
¢m0+”0 (d(x)»()’x)q)) <7
So we get a contradiction. Therefore

¢"(d(x),,%,)) >0 asn— oo,
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that is,
n+1 0
d(x; &) >0 asn— oo.

We next show that {x }, isa Cauchy sequence in (X,d,E). To prove this, on the contrary,
assume that a soft real number € 50 such that for any k € N, there are 1, n; € N with

ny > my > k satisfying
~Hj ~ ~
d(ka ,xknk) >e.

Further, corresponding to m; > k, we can choose #; in such a way that it is the smallest

integer with n; > my > k and d(#; ,k:’;k) > €. Therefore,

Mg ~Hg=2 0\ ~ ~
d(xxm](,xknk 2) <E.

Now we have, for all k € N,

€= gl(ka,fc:’;k)

[ A

A BT) < AT )+ A6

A\

~ -2 ~np-1 ~ng=1 ~n
e+dxn" ,xk +d(Z% ,x"
(B2 ¥ ) + A& E )
Letting kK — oo in the above inequality, we get
dE™ 3% ) > & asn— .
(CHREAND!

On the other hand, we have

SERUCARE)
= A ) A E) AR
S AR A A ) AR )
+d(®) L E) +d(ELE ).

Letting kK — oo in the above inequality, we get

S(~mp+l  ~np+l ~
d( Amku’xknku) — €& asn— oo.

Since f is soft weaker ¢-Meir-Keeler contractive mapping, we have

a(%mkﬂ el ) _ Zl((f,(p)(;c)\m ) (f, q))(x)hnk))

}‘mk+1 ’ )Lnk+1
29, )

By the condition (¢3) of the function ¢ and letting n — 0o, we obtain € < €, which implies

a contradiction. Thus, {x} } is a Cauchy sequence in (X,d,E).
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Since (X, d, E) is complete, there exists ¥ € X such that
X, —> X, asn—> 09,
that is,
d(# ,%)—>0 asn— oo
And, we also have

d((f,0) (%), %) 2d((,0) (%), (F¢) (&) + d((f, ) (%} ), %)

2a(3, %) + A 5)
Letting k — oo in the above inequality, we get
(. 0)().5) -0
This implies that (f, ¢)(¥}) = ¥}, and hence %] is a fixed point of the mapping (f, ¢). O
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