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Abstract

The notion of mixed-brightness integrals was introduced by Li and Zhu. In this paper,
motivated by the notion of general L,-projection bodies, introduced by Haberl and
Schuster, we define general L,-mixed-brightness integrals and determine their
extremal values, as well as several other inequalities for them.
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1 Introduction
Let K" denote the set of convex bodies (compact, convex subsets with nonempty interiors)

in Euclidean space R”. For the set of convex bodies containing the origin in their interiors

n

and the set of origin-symmetric convex bodies in R”, we write K and K7,

respectively. Let
S denote the set of star bodies (about the origin) in R” and let S"~! denote the unit sphere
in R”. By V(K) we denote the n-dimensional volume of a body K and for the standard unit
ball B in R”, we write w,, for its volume.

If K € K", then its support function, ix = h(K,-) : R” — (00, 00), is defined by [1, 2]
h(K,x) =max{x-y:y€ K}, xeR",

where x - y denotes the standard inner product of x and y.

Projection bodies of convex bodies were introduced at the turn of the previous century
by Minkowski [1]. For K € K", the projection body, I1K, of K is the origin-symmetric
convex body, defined by

1
h(TIK, u) = —/ |u-v|dS(K,v)
2 sn-1

for all € $"1. Here S(K, -) denotes the surface area measure of K.

Using the classical notion of projection bodies, Li and Zhu [3] recently introduced the
mixed-brightness integral: For Kj,...,K, € K", the mixed-brightness integral, D(Kj, ...,
K,), is defined by

D(Ky,...,K,) = % /;H (K, u) - - - 8(Kyy, u) dS(u), (1.1)
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where §(K,u) = %h(l’[K ,u) is the half brightness of K € K" in the direction u. Convex
bodies Kj, ..., K, are said to have similar brightness if there exist constants Ay,...,A, >0
such that A8(Ky, 1) = Aa8(Ky, ) = - - - = 1,,8(K,,, u) for all u € S"1,

Further, Li and Zhu [3] established the following Fenchel-Aleksandrov type inequality
for mixed-brightness integrals.

Theorem 1.A IfKy,...,K, € K" and 1 <m < n, then
m-1
D(Ky,..., K,)" < HD(Kl, oK Kpir o Kod), (1.2)
=0

with equality if and only if Kyy_y41, Ku-ms2, - .., Ky, are all of similar brightness.

More recently, Zhou et al. [4] obtained Brunn-Minkowski type inequalities for mixed-
brightness integrals.

The notion of L,-projection bodies was introduced by Lutwak et al. [5]. For each K €
K and p > 1, the L,-projection body, IT,K; is the origin-symmetric convex body whose
support function is defined by

hll'i[pk(u) =Qpp /Snil lu, vIP dS, (K, v), 1.3)

for all u € §*1, where Qpp = 1/nwyc,_yp with ¢, = Wyip/wrw,wp_1, and Sy(K, -) is the L,-
surface measure of K. The normalization in definition (1.3) is chosen such that IT,B = B.

As part of the tremendous progress in the theory of Minkowski valuations (see [6—14]),
Ludwig [15] discovered more general L,-projection bodies IT1,K € K7, which can be de-
fined using the function ¢, : R — [0, c0) given by

(pt(t) = |t| + Tt;

where 7 € [-1,1]. Now for K € K7 and p > 1, let [T K € K7 with support function

W) =ainn(0) [ el Sy, v), )
S§n=
where
Ofn,p(f) = np

L+t +(Q-1)P°

The normalization is again chosen such that I1}B = B for every t € [-1,1]. Obviously, if
7 =0, then H;K =I1,K.

For general L,-projection bodies, Haberl and Schuster [16] proved the general L,-Petty
projection inequality and determined the extremal values of volume for polars of general
L,-projection bodies. Wang and Wan [17] investigated Shephard type problems for gen-
eral L,-projection bodies. Wang and Feng [18] established general L,-Petty affine projec-
tion inequality. These investigations were the starting point of a new and rapidly evolving
asymmetric L,-Brunn-Minkowski theory (see [13-32]).

In this article, using the notion of general L,-projection bodies, we define general -
mixed-brightness integrals as follows: For Kj, ..., K, € K, p > 1and t € [-1,1], the general
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L,-mixed-brightness integral, D;f)(Kl, .., Ky), of Ky, ..., K, is defined by

1
DK, ..., K,) = —/
n

SVI—]

8K, 1) -+ - 8 (K, ) dS (), (1.5)

where 81(97)(K Ju) = %h(l‘[;[( ,u) denotes the half general L,-brightness of K € K7 in the di-
rection u. Convex bodies Kj, ..., K, are said to have similar general L,-brightness if there
exist constants Aq, ..., A, > 0 such that, for all u € §*1,

)»151(:)(1(1, u) = )L25;,T)(K2, u)y=---= A,,S;,”(Kmu).

Remark 1.1 For 7 = 0 in (L.5), we write D(Ky, ..., K,) = Dy(Ki,..., K,) and 85 (K, u) =
8p(K,u) for all u € §"*. Then

1
D,(Ky,...,K,) = —/ 8, (K1, 1) - - - 8,(Kyy, ) dS(u), (1.6)
n Jgsn-1

where 6,(K, u) = %h(l'[pl(, u). Here D, (K, ..., K,) is called the L,-mixed-brightness inte-
gralof Ki,...,K, € K. Obviously, for p = 1, (1.6) is just the mixed-brightness integral from
(1.1).

Let Ki=---=K,; =K and K,,_;;1=---=K, =L (i =0,1,...,n) in (1.5), we denote

—_—— [ —
n—i i

D;i(K, L)= DI(,T)(K, ....K,L,...,L). More general, if i is any real, we define for K,L € K7,

4 N— e S——

n—i i

p>1,and t € [-1,1], the general L,-mixed-brightness integral, D;,i(l( ,L), of K and L by
(7) 1 (7) n—i (1) i
Dpi(K,L) =— S, (K, u) 8, (L, u)" dS(u). 1.7)
7 n Jsn-1

For L = Bin (1.7), we write D;;,) (K,B) = %Dgi) (K) and notice that SI(J)(B, u) = %h(l‘[;B, u) =

% for all u € $"~1, which together with (1.7) yields
POE) = L f 8K, u)" dS(u), (1.8)
Pt 2t-n gn-1 L

where Dg? (K) is called the ith general L,-mixed-brightness integral of K. If t = 0, then
DF)(K) = Dy,(K). For 7 = 1, we write Dy} (K) = D£,(K).

For L = K in (1.7), write Dgi) (K,K) = DI(;)(K ), which is called the general L,-brightness
integral of K. Clearly,

1
(t) -
D) - [

sn-1

85 (K, u)" dS(u). (1.9)

Obviously, by (1.5), (1.7), (1.8), and (1.9), we have

DY(K,...,K) = DI (K); (1.10)
DiR(K) = DP(K);

D)(K,L)=DP(K),  D§)(K,L)=DP(L). 1.11)
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In this paper, we establish several inequalities for general L,-mixed-brightness integrals.

First, we determine the extremal values of general L,-mixed-brightness integrals.

Theorem 1.1 IfK € KI, p > 1, and t € [-1,1], then

Dpn(K) < D)

an(K) < Dy, (K). (1.12)

IfK is not origin-symmetric and p is not an odd integer, there is equality in the left inequality
if and only if T = 0 and equality in the right inequality if and only if T = £1.

Next, we obtain a Brunn-Minkowski type inequality for general L,-mixed-brightness
integrals.

Theorem 1.2 IfK,L e K, p>1, 7 € [-1,1], and i € R, and such that i # n, then for i <

0s’

n-p,

D)o K @, o L) < ADS)K)# + uDy)(L)#. (113)
Forn—-p<i<mnori>n,wehave

D)0 0 K ®, juo L) = RD[K) + uDY) D). 14

In each case, equality holds if and only if K and L have similar general L,-brightness. For
i =n—p, equality always holds in (1.13) or (1.14).

Here, A 0 K @, 1 o L denotes the L,-Blaschke combination of K and L.

Next, we extend inequality (1.2) to general L,-mixed-brightness integrals.

Theorem 1.3 IfK,...,K, € Kl,p>1,t e [-1,1],and1<m <n, then

m
DK, ., K" < [ DY Koo Koy Kooty s Knoin), (1.15)
N——

m

with equality if and only if K,,_ .1, Ky-ms2; . . ., Ky, are all of similar general L,-brightness.
Taking m = n in Theorem 1.3 and using (1.10), we obtain the following corollary.
Corollary 1.1 IfK;,...,K, € KI),p>1,and t € [-1,1], then
DKy, K)" < DY(Kq) -+ DI (K,y),
with equality if and only if Ky, K, ..., K, are all of similar general L,-brightness.

Moreover, we also establish the following cyclic inequality for general L,-mixed-

brightness integrals.
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Theorem 1.4 IfK,Le K!!,p>1,t € [-1L1],and i,j,k € R such that i < j < k, then
DK, L) < DSk, LY D) (K, Ly, (1.16)
with equality if and only if K and L have similar general L,-brightness.
Taking i = 0, k = n in Theorem 1.4 and using (1.11), we obtain the following result.
Corollary 1.2 IfK,L e K}, p>1, and v € [-1,1], then for 0 <j < n,
DI(;] (K, L)" < DK DLy, (1.17)

with equality if and only if K and L have similar general L,-brightness. For j =0 or j = n,
equality always holds in (1.17).

Let L = B in Theorem 1.4, we also have the following result.

Corollary1.3 IfK e K}, p>1,t € [-1,1], and i,j, k € R such that i <j < k, then
D)k < D )T D) (K,

with equality if and only if K and L have similar general L,-brightness, i.e., K has constant
general Ly,-brightness.

2 Notation and background material

2.1 Radial function and polars of convex bodies

If K is a compact star-shaped set (about the origin) in R”, then its radial function, px =
p(K,-): R" — [0, 00), is defined by (see [1])

o(K,x) =max{A>0:Axe K}, xeR" (2.1)

If px is positive and continuous, K will be called a star body (with respect to the origin).
Two star bodies K and L are said to be dilates (of one another) if px(#)/ p (1) is independent
of ue St

If E is a nonempty set in R”, then the polar set of E, E*, is defined by (see [1])
Ef={x:x-y<lyeE}, xeR"

From this, we see that (see [1]) if K € K, then (K*)* = K and

1 1
hK* = —, pK* = —, (22)
PK hk
Lutwak in [33] defined dual quermassintegrals as follows. For K € S and any real i, the
dual quermassintegral, \)NVi(I( ), of K is defined by

Wi(K) = % / 1 (K, u)"" du. (2.3)
N
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Obviously, (2.3) implies that

V(K) = Wo(K) = % /S B (K, u)" du. (2.4)

2.2 L,-combinations of convex and star bodies
ForK,L € K,p>1,and A, u > 0 (not both zero), the Firey L,-combination, A - K+, 1t -L €
KC#, of K and L is defined by (see [34, 35])

B K 4y - Ly = M(K, - + h(L, )P, (2.5)

where the symbol - in A - K denotes the Firey scalar multiplication. Note that A - K = APK.
For K,L € S}, p > 1,and A, 4 > 0 (not both zero), the L,-harmonic radial combination,
AxK+_, uwxL eS8, of K and L is defined by (see [36])

PAXK+_puxL,- )P =1o(K, )7 + pp(L,)?, (2.6)

where A x K = A7VPK.
From (2.2), (2.5), and (2.6), we easily find that if K, L € K, p > 1, and A, u > 0 (not both
zero), then

A K+pp- L) =AxK*+_, u*L" (2.7)

In [37] Wang and Leng established the following Brunn-Minkowski type inequality for

dual quermassintegrals with respect to an L,-harmonic radial combination of star bodies.

Theorem 2.A IfK,L e S),p>1,icR and such that i # n, and A, u > 0 (not both zero),
thenfori<norn<i<n+p,

avd v

Wi x K +_p ow Ly 55 = AWG(K) ™77 + p Wi(L) 7775 (2.8)
fori>n+p,

~ _Pr ~ _r ~ _r

Wi % K +_p o L) i1 < AW(K) i + u Wi(L) . (2.9)

In each inequality, equality holds if and only if K and L are dilates. For i = n + p, equality
always holds in (2.8) and (2.9).

The L,-Blaschke combination of origin-symmetric convex bodies was introduced by
Lutwak [35]. For K,L € K, p > 1, and X, 4 > 0 (not both zero), the L,-Blaschke combi-

0s?

nation, A o K @, o L € K7, of K and L is defined by
dS,(h oK &, poL,-) = AdS,(K,") + ndS,(L,-), (2.10)

where A o K = AV/"P)K, For more information on these and other binary operations be-

tween convex and star bodies, see [38—42].
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2.3 General L,-projection bodies
For p > 1, Ludwig [15] discovered the asymmetric L,-projection body, I1;K, of K € K7,

whose support function is defined by

h%;K(u) =y /Sn_l(u v dS,(K,v),
where (u - v), = max{u - v,0}. In [16], Haberl and Schuster also defined
IT,K = IT}(-K).

Using definition (1.4) of general L,-projection bodies, Haberl and Schuster [16] showed
that, for K e K, p>1,and v € [-1,1],

MK =£(7) - K +, fo(7) - TL K,

where

a+7)y (0) = Q-
QL+t +(Q-1) S T A+ +(1-1)P

Alr) =

Moreover, they [16] determined the following extremal values of the volume for polars

of general L,-projection bodies.
Theorem 2.B IfK € K}, p>1, and t € [-1,1], then
* T,% +,%
V(M;K) < V(I;*K) < V(TT,*K). (2.11)

IfK is not origin-symmetric and p is not an odd integer, there is equality in the left inequality
if and only if T = 0 and equality in the right inequality if and only if T = +1.

Here, T1,*K denotes the polar of the general L,-projection body IT K.

3 Proofs of the main theorems
In this section, we will prove Theorems 1.1-1.3.
To complete the proofs of Theorems 1.1-1.2, we require the following a lemma.

Lemma 3.1 IfK e Kl,p>1,t € [-L1], and i is any real, then

1 =~ *
D (K) = o Wai (7K. (3.1)

Proof By (1.8), (2.2), and (2.3), we have
pi S 2inm

_ 1
T onp

1 .
DN (K) = —— / 85 (K, u)" dS(w)
sn-1

/ (5K, )" dS(u)
sn-1



Yan and Wang Journal of Inequalities and Applications (2015) 2015:190 Page 8 of 11

B 1
Tonp
1

= o ‘F)\‘Vzn_i (H;'*I<) . (|

/ (M5 K, u) ™ dS(u)
sn-1

Proof of Theorem 1.1 Taking i = 2 in (3.1) and using (2.4), we obtain
(7) 1 T,%
Dy, (K) = 2—nv(np K). (3.2)
Therefore, by inequality (2.11) together with (3.2), we immediately obtain
Dyu(K) < D53, (K) < DE,, (K).
This is inequality (1.12).
According to the equality conditions of inequality (2.11), we know that if K is not origin-

symmetric and p is not an odd integer, there is equality in the left inequality of (1.12) if and
only if T = 0 and equality in the right inequality of (1.12) if and only if t = £1. O

Proof of Theorem 1.2 By (1.4) and (2.10), we have, for all u € §"71,

h(T (ko K @ o L), u)’ = Ah(TT K, u)” + pwh(TT5L, u)’,

My( oK @y pol)=A-TIHK +, - TI L.
This together with (2.7), yields
(Ao K @ppol)=(r-TINK +, p-TIIL)" = A TI*K +_p 1+ TIL. (3.3)

Hence, if i < n—p, then 2n—i > n + p. From this, (3.1), (3.3), and inequality (2.9), we obtain

)4

(2"D) (o K @ u o L))
P
(2n-i)

= W2n—i(n;’*()\‘ oK @p no L))_nf 2n—i

~ _ p
= Wayi(h* T K +_p poox TIDFL) 70570

~ __»p ~ __»p
< )\WZn—i(H;’*I<) P R MWZn—i(H;’*L) —(2n=i)

v »r
n—i n—i

= L(2"DS)(K)) ™ + pu(2"DS) (L))
This yields inequality (1.13).

From the equality conditions of inequality (2.9), we see that equality holds in (1.13) if
and only if I1)*K and I1)*L are dilates, i.e., [1,K and I1,L are dilates. This means equality
holds in (1.13) if and only if K and L have similar general L,-brightness.

Similarly, if n —p<i<nori>nthen2n—i<norn<2n-i<n+p. Thus, using (3.1),
(3.3), and inequality (2.8), we obtain inequality (1.14).
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If i =n— p, then 21 — i = n + p. This combined with Theorem 2.A, shows that equality
always holds in (1.13) or (1.14). a

The proof of Theorem 1.3 requires the following inequality [3].

Lemma 3.2 Iffy,fi,...,[,n are (strictly) positive continuous functions defined on S"* and
M, ..., Ay are positive constants the sum of whose reciprocals is unity, then

2=

i

Jo(w) - fou(w) dS(u) < (sn_lﬁ)(u)ﬁi(u)dsm)> , (3.4)
i=1

sn-1

with equality if and only if there exist positive constants oy, Qa, . .., 0y, Such that alflh(u) =
o= tyf i (u) for all u € "1

Proof of Theorem 1.3 For Kj,...,K, € K, take A; = m in (3.4) (1 <i < n), and

Jo=80 Ky, 1)+ 85 (Ko w)  (fo =1if m = n),

fi= 80 Kymiru) (A <i<m).
Then we have

f 8Ky ) - - 85 (K, ) dS (u)
Sn—l

N

<I1 ( /S 8K ) 8 Koy )8 (i, ) dS(u)) ) (3.5)

m
DKy, Ky)" < ]_[D;”(Kl, s Ko Koty -+ o Kopin)-
i=1

According to the equality conditions of Lemma 3.2, we see that equality holds in (3.5) if
and only if there exist positive constants A1, A3,...,,, such that

285 (Kot )" = 2a8 5 (Koo )™ = -+ = M85 (K 1)

for all u € S"1. Thus equality holds in (1.15) if and only if K;,_ 41, Kyy—ps2, - . . , K, are all of
similar general L,-brightness. O

Proof of Theorem 1.4 From (1.7) and the Holder inequality, we obtain

ko i
DN, L) D) (K, L)

k=j

k—i

1 . .
_ [_ / 8 (I, ™18 (L, 1) dS(u)}
sn-1

n

=

k

1
x [— / 88 (K, u)"*85)(L, w)* dS(u)]
SVI—]

n
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k

T

1 i(k=j) 1 k=

:[_/ (85 (K, u) “F 8L, )+ |
sn-1

n

1
X [Z/SM[ WK, u

1 , .
> SOK, u)" 8L, uy dS(u)
n sn-1 P P

5 dS(u)i|

j=

(L u) i ]% dS(u):|

= DK, L).

This gives the desired inequality (1.16). According to the equality conditions of the Holder
inequality, we know that equality holds in (1.16) if and only if there exists a constant A > 0
such that

k=i (n—k) (j—i)

]‘z:x[(s;, (L, u)kt]”

ie. Sj(f)(l( JU) = M;,T)(L, u) for all # € S"1. Thus equality holds in (1.16) if and only if K and
L have similar general L,-brightness. O
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