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1 Introduction

Impulsive differential and integral inequalities play a fundamental role in the global ex-
istence, uniqueness, oscillation, stability, and other properties of the solutions of various
nonlinear impulsive differential and integral equations; see [1-27] and the references given
therein.

Let 0 <ty<ti<tr <- -, limg_ ot = 00, R, = [0,+00), and I C R. We introduce the
following function spaces: PC(R,,I) = {u: R, — L u(t) is continuous for ¢ # t;, and u(0*),
u(ty) and u(t]) exist, and u(ty) = u(t),k =1,2,...} and PCY(R,,I) = {u € PC(R,, 1) : t/(t)
is continuous everywhere for ¢ # £, and u'(0*), u/(t}) and #/(t;) exist, and u/'(¢;) = u'(tx),
k=1,2,...}.

In [1], Lakshmikantham et al. developed a famous impulsive differential inequality given
in the next theorem.

Theorem 1.1 Assume that:

(Ho) the sequence {t} satisfies 0 <ty <ty <ty <---, limg_ 00 tx = 00;
(Hy) m e PC'[R,,R] and m(t) is left-continuous at ty, k =1,2,...;
(Hy) fOVk= 1,2,...,t>ty,

m'(t) < p(O)m(t) +q(t), t#t, (L1)

Wl(t,:) < dkm(tk) + by, (12)

where q,p € C[R,,R], dy > 0 and by, k =1,2,..., are constants.
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Then
t t
m(t) < m(ty) 1_[ dkeffop(s)ds+ Z (l_[ djeftkp(s)ds)bk
to<tp<t to<tr<t tk<tj<t
/ [ die" "% q(s)ds, ¢ 1. (1.3)
to s<tp<t

There are many results on the impulsive differential and integral inequalities (see for
example [28-36]). However, most of these papers deal with jump conditions at impulse
point #; depending on the left hand limit m(#;) or a time-delay value, m(t; — t), T > 0.

Recently, in [37], Theorem 1.1 was generalized to obtain differential inequalities for in-
tegral jump conditions by replacing the inequality in (1.2) by the following inequality:

t—ok
m(t;) <dim(ty) + ck/ m(s)ds+ by, k=12,..., (1.4)

=Tk

where 0 < o < 1 < g — ti1-

In the present paper we generalize further Theorem 1.1 by replacing the inequality in

(1.2) by the inequality
m(t*) F(ﬂ / (b = )% Vm(s) ds + dym() + by, 1.5)
where ¢y, di > 0, Bx > 0 and by, k =1,2,..., are constants. Some new impulsive differential

and integral inequalities are obtained. Two applications to impulsive differential and inte-
gral inequalities with Riemann-Liouville fractional integral jump conditions are given. In
the first one we study the maximum principle of an impulsive differential inequality and
in the second one we show the boundedness of solution of impulsive differential equation
with Riemann-Liouville fractional integral jump conditions.

Nonlocality and memory effects can be represented by the concepts of fractional cal-
culus which contains definitions of fractional derivatives and fractional integrals in the
form of weighted integrals. It is learnt through experimentation that the integral opera-
tors of fractional order take care of some of the hereditary properties of many phenomena
and processes. Impulsive equations and inequalities with nonlocal fractional jump condi-
tions provide a tool to describe systems which have a sudden change of the state values via
memorizing previous events. For details of nonlocal theory and memory effects, we refer
to [38].

2 Impulsive inequalities with nonlocal jumps
In this section, we state and prove some new impulsive differential and integral inequalities
with nonlocal jumps. Throughout of this paper we denote ; = max{; : £ > t, k=1,2,...}.

Theorem 2.1 Let (Ho) and (Hy) hold. Suppose that p,q € C[R,,R] and, for k =1,2,...,
t = tO)

m'(t) <p&)m@) +q(t), t#t, (2.1)
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m(t*) F(ﬂ / (b = )%V m(s) ds + dym(y) + by,

where c,di > 0, Br >0 and by, k =1,2,... are constants.
Then, for t > &,

m(t) <{ (to) 1_[ ( NG )/ (t — )1 f‘k 1 Sa’s+a’keftk 1 )

to<tr<t

+ Z[ ( ) f (t—s)’sf 2P ds+deft )

to<tp<t=tg<tj<t

T et ) de
X(F(ﬁk)/t /t (tx — )k " gq(v)e dvds

t
+ dkf (s)efs P g bk):| }e/f,p(s)ds +/ () PO g
b1 4

Proof For t € [y, 1], inequality (2.1) can be written as

dit (e o PO%] < g(ye P2

Integrating (2.4) from ¢ to ¢ for t € [ty, 1], we have

t t )
m(t) < mty)elo?®% +/ £(5)e PO g

Lo

Page 3 0of 17

(2.2)

(2.3)

(2.4)

(2.5)

Hence (2.3) is valid on [y, £;]. Assume that (2.3) holds for ¢ € [£o, t,,] for some integer n > 1.

Then, for ¢ € [£,,t,41], it follows from (2.1) and (2.5) that

: t
m(t) < Wl(t;)ejtiqp(é)df _,_/ q(s)effp(é)dg ds.

n

Applying (2.2) with (2.6), one has

m(t) < (F(,B )/ (£, = )P m(s) ds + d,m(t,) + by, > IGL
*/q@JMWm

By the principle of mathematical induction, (2.7) can be expressed as

I P
Mﬂshwﬂﬁfas>

) [ B PO g g i 6
X mliy l_[ F(ﬂk) . k—V e k- V+daie k-

to<tr<s

+ Z |:1_[ ( N /1(’51'—1/)‘3"_1eft* dv+de/‘ )ds)

20 <ty <s ~tp<tj<s tj-1

173 v
Ck -1 [ p(&)ds
% (t _ V)/Sk (r)e r P drdv
(F(ﬁk) /tkl /tkl ‘ 1

(2.6)

2.7)
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t, s s .
. dk/ k q(v)efvtkp(g)dé dv + bk):| }eftnlp(f)df +/ q(v)efvp(é')dé dV} ds
tg1 tn

ty 5 "
do{ jmito) ] * / (t — )P 1elun PO% oy g plua PO
to<ti<tpn F(:Bk) tr_1
) 5 .
+ Z |: 1_[ ( Gj /‘l(tj_s)ﬂjflejtj_l dS+deftll S)d&)
Lo <tg<tn “tg<tj<tn 1—‘('8/) tj-1
F(ﬁk) te J e
tr
+dk/ IJ(s)e/S (£)dg dﬂbk)“ef;lp@)ds
k-1

tn ¢
+f q(s)ef;np(ads ds) +bn}effnp(§)d5+/ q(s)ef;p(s)dg ds.
ty-1 t

H—

(2.8)
Set

17% .

¢ . )
k= f (b — 5)Pc el PEOE g o g olu s PO
F(,Bk) 7

f / (tx — )P q(v)elv PO % gy ds
:3/() tg—1 Ytk

ty
+dy / g(s)el PO gs 1 (2.10)
tg1

(2.9)

Substituting (2.9), (2.10) into (2.8), we get for ¢ € [t,, £,,1]

) = {F(ﬂ / (=" 1{{’”“") [1 5+ 2 [H E"Gk“eﬁ“pm

to<ty<s
§ S
+ f q)elir© & dv} s
tn-1

dn<{m(to) H Ey + Z [ 1_[ Eij}}eft[:_lﬂ(é)ds

to<tp<tp Lo <tg<tn “tg<tj<tnp

tn ,
+f q(s)efxtnp(f)df ds) +bn}ef[tnl’(§)d5 +/ q(s)efstp(é)dé ds
th-1

tn

= (to) Ey + [ EGk]) (t, — s)Pr! el POV ¢
{( l_[ tO;%tn tklt_!t F(IB ) /

to<tp<tn

to<ti<s tk<t1'<s

ty
(Cﬁ ) (tn — )P lq(v)el PO% gy ds
n ty-1Yitp-1

+<Wl(t0) l_[ Ex + Z |: 1—[ E].ij|)dnefé’:lp(s)de

to<ti<tn to<tg<tn “tg<tj<tn

fn tn t
+ dn/ q(s)efs p(&)dE ds + bn}eftnp(f) / q(s)efs £)de ds
ty-1

= {(m(to) l_[ E + Z |: 1_[ Eij]>En+Gn}eﬂ[,,P($)d€dS

to<tr<tn Lo<tg<ty —tg<tj<tn
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/ qls)el PO%
tn

" t .
= {Wl(to) 1_[ Ex + Z |:1_[ E,’Gki|}ejfnp(§)dE dS+/ qls)els PO,

to<tr<t to<tp<t“ty<ti<t In
Hence,

(e < {mteo) TT (22 [ = s)iteia PO sy gl
= 0 F(,Bk) ) k—S e S+ ayge
k-1

to<tp<t

G ¥ Bl fz,ll’(s Jt )
! Z[l_[ <F(ﬁj) /t,l(t’ e as + dje

to<tg<t™=tg<tj<t

t )
Ck S de
(tk — )Pkl g(v)el PO gy ds
(F(/gk) tro1 Yt

e " t .
+ dk/ q(s)efs &g go 4 bk>] }ejtnp@)ds +/ qls)els PO g,
tn

-1

for t, <t < t,;1. Therefore, the estimate (2.3) holds for ¢y < ¢ < t,,;. This completes the
proof. d

Theorem 2.2 Assume that the hypotheses of Theorem 2.1 are fullfilled. Then, for t > t,
we have:

(i) 0<Br<3fork=12,...,

1 1
mieo) TT | - AT (BY) ) 7k / * ol perds-s 4\
ﬂk '313 tr-1

to<tr<t /“Lk
73
v d ef,“p(@ds]
eI (BA)\ 7y [ [ 5
+ Z 1—[ G (ST PINY v,(fz P& s~ s)d
r'(B) B}
to<ti<t Sty <ti<t U J b1
j M
1 e de
+ dje’” )

1 s N
8 ( ck (e“"t"r(ﬂf)>”k (/tk erS{/ q(v)elr©d dv} kds) ‘
I'(Be) M/fj 7 tg-1 b1

Lk " t
+ dk/ q(s)efszkp(é’)dé ds + bk):| }ef‘flp(g)dS + / q(s)efs[p(é)dé dS, (211)
tg-1

]

whereuk:ﬁk+1andvk:1+é,
(i) Be>1fork=12,...,

1

2t’<l_‘ 2B —1 % Ik s s 2
mt) < {m(t") H[ <e ziﬁﬁkl )) (/tk &1 PO% )ds>
-1

to<ty<t

v dy effkklp@)ds]
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¢ eZt/'F(Zﬁj - ].) % b 2(fzs,_1 p(&)dE—s) %
1—[ 1 ey ds
r'(B) 25 ti1

tr<tj<t

+Z[

to<tr<t

+dje

1 s 1
» < Ck (eZth(Zﬂk—l))2</-fk 6_25{/ q(v)ef‘fp(é)dg dV}zds>2
F(,Bk) 2281 teo1 tr-1

i ‘ Ireds | 0y
+ dkf qls)els PO gs ¢ bk):| }e u? + / q(s)es PO gs (2.12)
L t

k-1

i lp@)ds)

Proof To prove (i) we apply the Holder inequality. We have for k € N

Ik B pe)de
/ (¢ — s)Px el ¥ ds
k-1

1 1

73 i 23 s Ve

< (/ (t/( _ S)Hk(ﬂk*l)ell«ks dS) Hk </ ef\)kse”k ‘[tk—l pl&)ds dS) k
L1 k-1

1 1
< (e#”kl"(l — 1 - ,Bk))) Iz ( / U perde=9 ds) "
L

1-p(1—
1y i (1=Br) -

ST (BONTE (% i perde—s) ; \
([ e
B th-1

My

using
73 te—tk-1
/ (& — S)/Lk(ﬂk—l)euks ds = etk / kB =ik g1
tk_1 0

il e (E—tic-1)
— e / ' oMk Bi=D g=0 1
Mll(—uk(l—ﬁk) 0

etktk
mr(l - (1 - ,Bk))
M

etttk )
52 F (ﬂk)’
i
Hi

AN

and

174 s s
/ / (tx — s)ﬁk’lq(v)efv P& gy g
t-1 Y k-1

k

7% # 73 s s Vk i
< </ (tx _S)uk(ﬁk—l)euks ds) (/ e‘”ks{/ q(v)efvp(é)dé dv} ds)
-1 k-1 -1
1 1
PLYIN 2 K t s s Yk g
(S ([ o] [ oieona] )
fk tg-1 k1

u

Substituting the above inequalities in (2.3), we obtain the desired inequality in (2.11).
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To prove (ii), applying the Cauchy-Schwarz inequality, we get for k € N

173 s
/ (tr — s)PLelua PO g
t

k-1
1

1
tk i 4 . !
< </ (tx _S)z(ﬂk—l)e2s ds) (/ eZ(jtkilp(é)dé—s) ds)
k-1 P

1 1
. T (2B —1)\2 [ [ 2 pPOdE=s) 4 )2
22;-1 ’

tk-1

and

b s s
/ (ty — s)ﬂ"_lq(v)efv P& gy g
£

k-1 Y tk-1

73 % t s s 2 %
< (/ (tx —s)z(ﬁk’l)ezs ds) (/ ezs{f q(v)efvp(‘g)ds dv} ds)
tk-1 tr-1 tr-1
T2~ 1)\ 2 [ % s : 2 N3
<| —— e q(v)efvp(é)"lE dvy ds) .
2261 ¢ ¢
k-1 k-1

Substituting these two inequalities in (2.3), we get the required inequality in (2.12). The
proof is completed. d

Corollary 2.3 Let (Ho) and (Hy) hold. Suppose that q € C[R,,R] and, for k = 1,2,...,

tZtO,

m'(t) < dm(t) +q(t), ¢4,

[z _
m(t;) < vy Sl =8P m(s) ds + by,

(2.13)

where A, cx > 0, Bx > 0 and by, k =1,2,... are constants. Then, for t > ty, we have the
following two cases.

Case: A #1,

(i) 0<Br<3fork=12,...,

m(t) < m(t0)< 1_[ Ak)ex(t—to) + Z ( 1—[ A,»Bke*(t‘t“)

to<ti<t lo<tp<t “t<tj<t
t
+ / q(s)eMt ds, (2.14)
]
where
G (F(,B,f)) = (1 _ eVkltite1)(1-4) ) I
k= e
I'(Br) B ve(A —1)
M

Ukl (B2 i tk s Vk >
By - FCk <e 2(,3k)>/k </ euk(,\_ns{/ g™ dv} ds) K b
(ﬂk) I’Lfk tr-1 tr_1
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(i) Be>3fork=12,...,

m(t) < m(to)< H Ck>ex(t—to) " Z < l_[ C,-Dke)‘(t“k)>

to<ty<t Lo<tg<t “tg<tj<t
t
+ / q(s)eM ds, (2.15)
7]
where
r@f-1) ?
C p—
Ci= zﬁkrk < =D ez(tk—tk_l)u—n]) ,
B\ A-1
2428, —1)\ 2 / [t s 2 3
D= —% (e 2he )) ( f 62“1)8{ / e dv} ds> + by
F(ﬂk) 2 Br— 175} t—1
Casell: A =1,

(i) 0<Br<3fork=12,...,

m(t) < m(t0)< 1_[ pk)e(t—to) + Z ( 1—[ Pije(t‘tk))

to<ti<t to<tg<t “tg<tj<t
t
+ / q(s)e"™ ds, (2.16)
t
where
oG <r(5§)>#( .
k= bk — tr-1) "%,
TN '
M
ekt (B2 % Lk s Vk L
Vi = Ck ( 2(’61()) k(/ {/ q(v)e“’dv} ds) ‘ + by,
r(ﬁk) Mfk th1 th—1

(i) Bx > %fork:l,Z,...,

oz T 8)0 (I 50

to<ti<t to<tp<t “tg<tj<t
t
+ / q(s)e*™ ds, (2.17)
]
where
1
5, o K (2B — 1) (& — ti1) | 2
“T T 221 ’

o (EHT@B-D\E/ %[ 1P\
uk:F(ﬂ/J( 22T ) (/t‘kl{/t“qw)e dv} ds) + by
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Corollary 2.4 Let (Ho) and (Hy) hold. Suppose that q € C[R,,R] and, for k = 1,2,...,
t > tO)

m'(t) <q(t), tFb

Am(ty) < w5 4 (6= )% mls) ds + by,

(2.18)

where ¢y > 0, B > 0 and by, k =1,2,... are constants, Am(ty) = m(t;) — m(ty). Then, for
t > 1y, the following assertions hold:
(i) 0<Br<3fork=12,...,

m(t) Sm(to)< [1 Fk) > <]_[ F,Hk) + / q(s)ds, (2.19)

i

to<ti<t to<tp<t “tg<tj<t
where
G (TEN A fenton 1\

Fk:1+ 2 ’

I'(Br) By Vk

M

b o [ eHHT(B)\ i [ [ s %N
Hk:/ q(s)ds + < 5 k) </ e‘“"s{/ q(v)dv} ds)

tr_1 F(:Bk) Mfk tr_1 th—1

+ bk,

(i) Bx > %fork:l,Z,...,

m(t) Sm(f0)< 1_[ Mk) + Z ( l_[ M,Nk> +f q(s)ds, (2.20)
7]

to<ty<t to<tg<t “tg<tj<t
where
T2 —1) 2
C p—
Mp=1+—=% < 2’; [ez(tk—tk—l)_1]> ,
I'(Be) 2%Pk
i c (TP -1)\2 [ [* 5 2 2
Nk:/ q(s)ds + ( Y ) (/ ezs{/ q(v)dv} ds)
te—1 F(ﬂk) 2 Br— 17} th-1

+ bk.

Now we state and prove impulsive integral inequalities with nonlocal jump conditions.

Theorem 2.5 Assume that (Hy) and (H;) hold. Suppose that p € C[R,,R,] and, for k =
1,2,...,t>ty,

m(e) < C+ [ pomsyds e 3 yom(e)

b to<tp<t
Lk
(0973 1
£y / (& — ) m(s) ds, (2.21)
to<tp<t F('Bk) -1

where ax > 0, vk > -1, Bk >0,k =1,2,..., and C are constants. Then, for t > &, the follow-
ing assertions hold:
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(i) 0<Br<3fork=12,...,

1
Mictic K
< C 1 jtk—l p(&)dg 373 e r 2
[1 { re XA (1)
k

to<tr<t

1
173 s _ W i
([ et )Lt :22)
k-1

where (i = B + Land vy =1+ ﬁ,
(i) Be>3 fork=12,...,

7 2tk 7
i) = € T fsmoeitard, o (%F(Zﬂk‘”)

to<ty<t
% (f 2y, pE) 5= d) } Ji 6 (2.23)
L1
Proof Define a function g(¢) by the right-hand side of (2.21). Then we have

g =pOm(t), t#t, glt)=C
g(tf) = g(tx) + yem(te) + ‘E‘gk) f;(’il(tk — )% m(s) ds.

Since m(t) < g(t), we obtain

g@) <p)gt), t#u, g(to) =C,
g6) = A+ vglt) + w55 X (o —s)Pgls) ds.

Applying Theorem 2.2, we deduce that:
(i) 0<Br <3 k=12,..,fort>t,

[ peyds | Ok (e“ktk ) %
C | | 1 1 —=
g(t) S t0<tk<t{( +Vk)e k + F(ﬂk) (13/()

4 +
8 </ © e perds s)d) k }ef}lp(smg
k-1

(i) Be>3,k=12,...,fort>t,

t 2t %
g = TT faemeitare . B (Srep-)

to<tr<t

1
173 s 2 t
8 ( / 2, PE)dE=) ds) } G ple)de
k-1

which are the results in (2.22) and (2.23), respectively. O

In the case when in place of the constant C involved in Theorem 2.5 we have a function
h(t), we obtain the following result.
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Theorem 2.6 Assume that (Hy) and (Hy) hold. Suppose thatp € C[R,,R,],h € PC[R,,R],
and, fork =1,2,...,t > &,

t

m(e) <)+ [ plomisyds+ Y yomte)

to to<ty<t

£y F‘("gk) tkkl(tk—s)ﬂk‘lm(s)ds, (2.24)

to<tp<t

where o > 0, yx > -l and B >0,k =1,2,..., are constants. Then, for t > ty, the following
assertions hold:
(i) 0<Br<3ifork=12,...,

1
etiti

w2 oo 2 Shron)’

to<tp<t=tp<tj<t i

i vi( 2 —s "L 23
X </ ' e iy PO )ds> ! }{(1 + yk)/ p(s)h(s)efstkl’@)dS ds
ti 1 tk-1

j—

o eHktk ) ﬁ
T (WFW
k

X </ e‘”ks{/ p(v)l/z(v)efvf’(s)"lE dv} ds)
k-1 Lg-1

KL L tr VL
+ )/kh(tk) + i (gl—w(ﬂz)> 3 (/ ef\;kshvk(s) dS) k }:| }e([t’}p(f)dé
T'(Bx) Mfk tes

+ / tp(s)h(s)effp@)df , (2.25)

]

where iy = P +1and v =1+ i,
(i) Be>1fork=1,2,...,

i ) 2t; 3
mo <h+ | [ TT {ae e 2 (Sren-)

to<tp<t=tp<tj<t

1
tj S _s b tr
: (/ s )ds) ”(1+yk> [ pemoe e as
L

i1 k-1
Qg etk 3
—— | ——T(28 -1
’ r(m)(ﬂﬂkl Chx ))

173 N s 2 %
X (/ e‘zs{/ p(v)h(v)efv1’(5)"1‘§ dv} ds) + yeh(t)
L1 L1

o 2tk 3 s 2 I pe)de
"TBY (22ﬁk—1r(2ﬁk _1)> </tkle 2 hz(s)ds) }“e "

¢ t
+ / ps)h(s)els PO, (2.26)
i
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Proof Setting

g [ pom@ds+ Y momte+ 3 s [ -9 o ds
to tk-1

to<tp<t to<ty<t

and using the fact that m(z) < h(t) + g(£), we have

g2@) <pt)gt) +ph(t), t#t,  glto) =0,
g(6) = A+ v)glt) + rih5 f;ﬁ (tx =) g(s) ds + yich(tr)
s ffkk, (&= )P h(s) ds.

Applying Theorem 2.2 for 0 < 8¢ <1/2 and B > 1/2 together with m(t) < h(t) + g(t), we
then obtain the estimates in (2.25) and (2.26), respectively. a

3 Applications to impulsive fractional integral jump conditions
In this section, two applications of impulsive differential and impulsive integral inequali-
ties with Riemann-Liouville fractional integral jump conditions are given.

Definition 3.1 The Riemann-Liouville fractional integral of order 8 > 0 of a function f :
(¢0,00) = R is defined by

1f0) = %ﬂ) / (6 - 5P f () ds,

provided the right-hand side is point-wise defined on (¢, 00), where I" is the Gamma func-

tion.

We apply our results to work out the maximum principle of the impulsive differential
inequality.

Proposition 3.2 Assume that x € PC'[J,R] satisfies

x'(t) - Mx(t) +a(t) <0, t#u,te]=[0,T],
() < edff w () — b k=1,2,...,m, (3.1)
x(0) =x(T) + A,

where M >0,a € C[R,R,],0=¢ty<ty <ty <---<ty, <ty =T, br,ck >0, B >0, k =
1,2,...,n, and ) are constants.

Suppose in addition that:

Case: M #1.

(i) 0<Br < %fork: 1,2,...,n,

" (T(BD)\ 7k (1 enti-MNG
@ HF(ﬁk)( ﬂ%) <W) e
k=1 My

2 /% s v, UL
(Q2) FCk (eﬂktki(ﬁk)> ‘ <ftk e”kS(M‘l){—/ a(v)e‘MVdv} kds) g
(:Bk) /'L]/fk tk-1 tr_1

= b/o
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T
(Q3) )»5/ a(s)eM T gs,
tn

whereuk:ﬁk+1andvk:1+i,
(i) Be> 1 fork=1,2,...,n,

“ Ck ' -1) (te—tr_1)(1=M) 2 _
(Qa) HZﬂkF(ﬁk)( 1 [1- 2-t0-M] ) * (oM,

1

G (ERTB-D\Z [ [ pns s\
@ () ([ o] [ et a)

= bk’

and (Qz) holds.
Case I M =1.
(i) 0<pBr < %fork: 1,2,...,n,

" a (TE)\™ Lo
@ g (TrF) et <o
-1 Jris

& euktkr(ﬁl%)>ﬁ< tk{_ s iy }vkd># .
(Q7) F(ﬁk)( MZE /f‘kl /t‘kla(v)e vi ds) <by,

T
(Qs) A< / a(s)e T ds,
tn

(i) Be>1fork=12,...,n,

“oa (TBk =Dtk — tier) P
@ g e R
c (e T(2B-1) P s Rk :
(Quo) F(ﬂk)( oA ) </tk_1{_/tk_1 a(v)e dv} ds) <b,
and (Qg) holds.

Then x(t) <0 for t € [0, T]).

Proof To prove Case I(i), applying Corollary 2.3 for ¢ € [0, T], we have

x(t) gx(O)( l_[ AZ)ej\/It+ Z ( 1_[ A;.*B,teM(“tk)> _/ta(s)ef\/I(t—s) ds,

to<tip<t to<tp<t My<ti<t i

where

1

e (r(ﬂg))uk (1_evk<rktk_1><1M>>i
ERNCEA V(M —1) ’

itk r 2 % ti s Yk ])L
Blt _ Ck (e jﬂk)) Pk (/ euk(M—l)s{_/ a(v)e_MV dV} dS) k 3 bk'
F(ﬂk) /'Lfk tk_1 tr-1

Page 13 of 17
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It is easy to see that A} > 0 forall k =1,2,...,n. The condition (Q,) implies that By <0 for
all k=1,2,...,n. Then it is sufficient to show that x(0) < 0. For ¢t = T, we have

n T

x(T) < x(0) (nA,t)eMT + Z ( 1_[ A;kB,’;eM(T‘tk)) —/ a(s)eM T gs.
k=1 to<tp<T “tx<tj<T In

Using the conditions (Q;) and (Q3), we see that

x(0) |:1_ (ﬁAZ)eMT:| <A+ Z < l_[ AjB,teM(T“k)> _/Ta(s)eM(T—s) ds
k=1

to<tp<T “tp<tj<T tn

<0

which implies that x(0) < 0.
Using a similar method to prove Case I(i) with suitable conditions, we deduce that
x(0) < 0. This completes the proof. d

The last application shows the boundedness of solution of impulsive differential equa-
tion with Riemann-Liouville fractional integral jump conditions.

Proposition 3.3 Let x € PC'[R,,R] such that

X(8) = f (6, x(0)), t# tit € [to,00),
Ax(ty) = ZeILk x(t)), k=1,2,..., (3.2)
x(fo) = xo,

where f € C(R, x R,R), Zy e CR,R), 0 <o <ty <ty <---, limg_, oot = 00, Ax(ty) =
x(ty) —x(te), P >0,k =1,2,..., and xo are constants.
Assume that:

(Qu) there exists a constant N > 0, such that
If (£x()| < N|x(@®)| fort = to,

(Qq2) there exist constants Ly > 0 such that
|Zi(x)| < Llxl, xeRk=12,....

Then, for t > ty, the following inequalities hold:
Case: N #1.
(i) 0<Br<ifork=12,...,

1

Ly F(ﬁ/%) /117 1 — e Bt)1-N) \ ¢
ol =l 11 {1+F(,3k)( Mfi ) ( (N -1) ) }

to<tp<t

x eNEt0), (3.3)

Whereuk=,3k+1andvk=1+é,
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(i) Be>3fork=12,...,

1

'gy-1 2
0] < ol [ { mr(m)( (Nﬁil )[1—62(”‘”1)(1’N)]) }

to<tp<t

x eNt-to), (3.4)

Casell: N =1.
(i) 0<pBr < %fork:l,2,,..,

%) <ol ] {1+ %gk)( (ﬁk)) (tx = tr- 1)”k} eli™), (3.5)

to<tr<t

(i) Bx > %fork:1,2,...,

L ' —1)(tx —
[x()] < ol ] {“r(ék)( T ﬂ) } . (3.6)
to<tp<t

Proof The solution x(t) of problem (3.2) satisfies the impulsive integral equation
x(8) = x(t) + f f S, X ds + Z Zk tk 1x(tk
to<tr<t
From conditions (Q11)-(Q1»), it follows for ¢ > £, that

<|x0|+f[fs, ‘ds+ Z‘Zk g% () }

to<ti<t

§|x0|+f Nlx(s)|ds+ Y Lidf xl(t).

to<tr<t
Hence Theorem 2.5 yields the estimate

Ikt r 2 ,%
x(t)| < Ixol 1_[ {eN(tk—tkl) + F(L;k) (e kkﬁ]%(ﬂk)) x

to<ti<t /J,k

178 #
« < / (kN G—t)-9) ds) } N1
tk-1

l 1
= || 1_[{ N—tc-1) | Li <eﬂk 8 Fz(/g/?) ) ik
i T'(Br) M/’fk

1
y ek (N(—ti_1)=tk) _ o=Vitk-1 \ o NG
l)k(N - 1)

l 1
= || H{eN(tk—tkl) + Li (eﬂktkrz(ﬂlg)> Hk
i T'(Br) Mfk

1
y e kW t—te1)=tr) (1 — evkti=tk-1)A=N)Y \ o N
Vk(N - 1)
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l

2 1
= |xo|1_[{eN(tktk_1) + Nti—ti1) Lk (F(ﬂk)>”k

2
P T'(Br) i
(G-t 1)A-N) \ i
X l_e‘)kk—kl k eN(t—tl)’ t> tO'
(N - 1) -

Therefore, inequality (3.3) holds for ¢ > £;. For the other cases the proofs are similar and
thus omitted. The proof is completed. O
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