
Liengtragulngam et al. Journal of Inequalities and Applications  (2015) 2015:189 
DOI 10.1186/s13660-015-0706-4

R E S E A R C H Open Access

Impulsive inequalities with nonlocal
jumps and their applications to impulsive
fractional integral conditions
Walwadee Liengtragulngam1, Phollakrit Thiramanus2, Sotiris K Ntouyas3,4 and Jessada Tariboon2*

*Correspondence:
jessadat@kmutnb.ac.th
2Nonlinear Dynamic Analysis
Research Center, Department of
Mathematics, Faculty of Applied
Science, King Mongkut’s University
of Technology North Bangkok,
Bangkok, 10800, Thailand
Full list of author information is
available at the end of the article

Abstract
In this paper we establish some impulsive differential and integral inequalities with
nonlocal jumps. Two applications to impulsive differential and integral inequalities
with Riemann-Liouville fractional integral jump conditions are given.

MSC: 34A37; 34A40; 34A08

Keywords: impulsive differential inequality; impulsive integral inequality; nonlocal
jump condition; Riemann-Liouville fractional integral

1 Introduction
Impulsive differential and integral inequalities play a fundamental role in the global ex-
istence, uniqueness, oscillation, stability, and other properties of the solutions of various
nonlinear impulsive differential and integral equations; see [–] and the references given
therein.

Let  ≤ t < t < t < · · · , limk→∞ tk = ∞, R+ = [, +∞), and I ⊂ R. We introduce the
following function spaces: PC(R+, I) = {u : R+ → I; u(t) is continuous for t �= tk , and u(+),
u(t–

k ) and u(t+
k ) exist, and u(t–

k ) = u(tk), k = , , . . .} and PC(R+, I) = {u ∈ PC(R+, I) : u′(t)
is continuous everywhere for t �= tk , and u′(+), u′(t+

k ) and u′(t–
k ) exist, and u′(t–

k ) = u′(tk),
k = , , . . .}.

In [], Lakshmikantham et al. developed a famous impulsive differential inequality given
in the next theorem.

Theorem . Assume that:

(H) the sequence {tk} satisfies  ≤ t < t < t < · · · , limk→∞ tk = ∞;
(H) m ∈ PC[R+,R] and m(t) is left-continuous at tk , k = , , . . . ;
(H) for k = , , . . . , t ≥ t,

m′(t) ≤ p(t)m(t) + q(t), t �= tk , (.)

m
(
t+
k
) ≤ dkm(tk) + bk , (.)

where q, p ∈ C[R+,R], dk ≥  and bk , k = , , . . . , are constants.
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Then

m(t) ≤ m(t)
∏

t<tk <t
dke

∫ t
t

p(s) ds +
∑

t<tk <t

( ∏

tk <tj<t
dje

∫ t
tk

p(s) ds
)

bk

+
∫ t

t

∏

s<tk<t
dke

∫ t
s p(σ ) dσ q(s) ds, t ≥ t. (.)

There are many results on the impulsive differential and integral inequalities (see for
example [–]). However, most of these papers deal with jump conditions at impulse
point tk depending on the left hand limit m(tk) or a time-delay value, m(tk – τ ), τ > .

Recently, in [], Theorem . was generalized to obtain differential inequalities for in-
tegral jump conditions by replacing the inequality in (.) by the following inequality:

m
(
t+
k
) ≤ dkm(tk) + ck

∫ tk –σk

tk –τk

m(s) ds + bk , k = , , . . . , (.)

where  ≤ σk ≤ τk ≤ tk – tk–.
In the present paper we generalize further Theorem . by replacing the inequality in

(.) by the inequality

m
(
t+
k
) ≤ ck

�(βk)

∫ tk

tk–

(tk – s)βk –m(s) ds + dkm(tk) + bk , (.)

where ck , dk ≥ , βk >  and bk , k = , , . . . , are constants. Some new impulsive differential
and integral inequalities are obtained. Two applications to impulsive differential and inte-
gral inequalities with Riemann-Liouville fractional integral jump conditions are given. In
the first one we study the maximum principle of an impulsive differential inequality and
in the second one we show the boundedness of solution of impulsive differential equation
with Riemann-Liouville fractional integral jump conditions.

Nonlocality and memory effects can be represented by the concepts of fractional cal-
culus which contains definitions of fractional derivatives and fractional integrals in the
form of weighted integrals. It is learnt through experimentation that the integral opera-
tors of fractional order take care of some of the hereditary properties of many phenomena
and processes. Impulsive equations and inequalities with nonlocal fractional jump condi-
tions provide a tool to describe systems which have a sudden change of the state values via
memorizing previous events. For details of nonlocal theory and memory effects, we refer
to [].

2 Impulsive inequalities with nonlocal jumps
In this section, we state and prove some new impulsive differential and integral inequalities
with nonlocal jumps. Throughout of this paper we denote tl = max{tk : t ≥ tk , k = , , . . .}.

Theorem . Let (H) and (H) hold. Suppose that p, q ∈ C[R+,R] and, for k = , , . . . ,
t ≥ t,

m′(t) ≤ p(t)m(t) + q(t), t �= tk , (.)
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m
(
t+
k
) ≤ ck

�(βk)

∫ tk

tk–

(tk – s)βk –m(s) ds + dkm(tk) + bk , (.)

where ck , dk ≥ , βk >  and bk , k = , , . . . are constants.
Then, for t ≥ t,

m(t) ≤
{

m(t)
∏

t<tk<t

(
ck

�(βk)

∫ tk

tk–

(tk – s)βk –e
∫ s

tk–
p(ξ ) dξ ds + dke

∫ tk
tk–

p(ξ ) dξ

)

+
∑

t<tk <t

[ ∏

tk <tj<t

(
cj

�(βj)

∫ tj

tj–

(tj – s)βj–e
∫ s

tj–
p(ξ ) dξ

ds + dje
∫ tj

tj– p(ξ ) dξ
)

×
(

ck

�(βk)

∫ tk

tk–

∫ s

tk–

(tk – s)βk –q(v)e
∫ s

v p(ξ ) dξ dv ds

+ dk

∫ tk

tk–

q(s)e
∫ tk

s p(ξ ) dξ ds + bk

)]}
e
∫ t

tl
p(ξ ) dξ +

∫ t

tl

q(s)e
∫ t

s p(ξ ) dξ ds. (.)

Proof For t ∈ [t, t], inequality (.) can be written as

d
dt

[
m(t)e–

∫ t
t

p(ξ ) dξ ] ≤ q(t)e–
∫ t

t
p(ξ ) dξ . (.)

Integrating (.) from t to t for t ∈ [t, t], we have

m(t) ≤ m(t)e
∫ t

t
p(ξ ) dξ +

∫ t

t

q(s)e
∫ t

s p(ξ ) dξ ds. (.)

Hence (.) is valid on [t, t]. Assume that (.) holds for t ∈ [t, tn] for some integer n > .
Then, for t ∈ [tn, tn+], it follows from (.) and (.) that

m(t) ≤ m
(
t+
n
)
e
∫ t

tn p(ξ ) dξ +
∫ t

tn

q(s)e
∫ t

s p(ξ ) dξ ds. (.)

Applying (.) with (.), one has

m(t) ≤
(

cn

�(βn)

∫ tn

tn–

(tn – s)βn–m(s) ds + dnm(tn) + bn

)
e
∫ t

tn p(ξ ) dξ

+
∫ t

tn

q(s)e
∫ t

s p(ξ ) dξ ds. (.)

By the principle of mathematical induction, (.) can be expressed as

m(t) ≤
{

cn

�(βn)

∫ tn

tn–

(tn – s)βn–

×
{{

m(t)
∏

t<tk <s

(
ck

�(βk)

∫ tk

tk–

(tk – v)βk –e
∫ v

tk–
p(ξ ) dξ dv + dke

∫ tk
tk–

p(ξ ) dξ

)

+
∑

t<tk <s

[ ∏

tk <tj<s

(
cj

�(βj)

∫ tj

tj–

(tj – v)βj–e
∫ v

tj–
p(ξ ) dξ

dv + dje
∫ tj

tj– p(ξ ) dξ
)

×
(

ck

�(βk)

∫ tk

tk–

∫ v

tk–

(tk – v)βk –q(r)e
∫ v

r p(ξ ) dξ dr dv
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+ dk

∫ tk

tk–

q(v)e
∫ tk

v p(ξ ) dξ dv + bk

)]}
e
∫ s

tn–
p(ξ ) dξ +

∫ s

tn–

q(v)e
∫ s

v p(ξ ) dξ dv
}

ds

+ dn

({
m(t)

∏

t<tk <tn

(
ck

�(βk)

∫ tk

tk–

(tk – s)βk –e
∫ s

tk–
p(ξ ) dξ ds + dke

∫ tk
tk–

p(ξ ) dξ

)

+
∑

t<tk <tn

[ ∏

tk <tj<tn

(
cj

�(βj)

∫ tj

tj–

(tj – s)βj–e
∫ s

tj–
p(ξ ) dξ

ds + dje
∫ tj

tj– p(ξ ) dξ
)

×
(

ck

�(βk)

∫ tk

tk–

∫ s

tk–

(tk – s)βk –q(v)e
∫ s

v p(ξ ) dξ dv ds

+ dk

∫ tk

tk–

q(s)e
∫ tk

s p(ξ ) dξ ds + bk

)]}
e
∫ tn

tn–
p(ξ ) dξ

+
∫ tn

tn–

q(s)e
∫ tn

s p(ξ ) dξ ds
)

+ bn

}
e
∫ t

tn p(ξ ) dξ +
∫ t

tn

q(s)e
∫ t

s p(ξ ) dξ ds. (.)

Set

Ek =
ck

�(βk)

∫ tk

tk–

(tk – s)βk –e
∫ s

tk–
p(ξ ) dξ ds + dke

∫ tk
tk–

p(ξ ) dξ , (.)

Gk =
ck

�(βk)

∫ tk

tk–

∫ s

tk–

(tk – s)βk –q(v)e
∫ s

v p(ξ ) dξ dv ds

+ dk

∫ tk

tk–

q(s)e
∫ tk

s p(ξ ) dξ ds + bk . (.)

Substituting (.), (.) into (.), we get for t ∈ [tn, tn+]

m(t) ≤
{

cn

�(βn)

∫ tn

tn–

(tn – s)βn–
{{

m(t)
∏

t<tk <s
Ek +

∑

t<tk<s

[ ∏

tk <tj<s
EjGk

]}
e
∫ s

tn–
p(ξ ) dξ

+
∫ s

tn–

q(v)e
∫ s

v p(ξ ) dξ dv
}

ds

+ dn

({
m(t)

∏

t<tk <tn

Ek +
∑

t<tk <tn

[ ∏

tk <tj<tn

EjGk

]}
e
∫ tn

tn–
p(ξ ) dξ

+
∫ tn

tn–

q(s)e
∫ tn

s p(ξ ) dξ ds
)

+ bn

}
e
∫ t

tn p(ξ ) dξ +
∫ t

tn

q(s)e
∫ t

s p(ξ ) dξ ds

=
{(

m(t)
∏

t<tk <tn

Ek +
∑

t<tk <tn

[ ∏

tk <tj<tn

EjGk

])
cn

�(βn)

∫ tn

tn–

(tn – s)βn–e
∫ s

tn–
p(ξ ) dξ ds

+
cn

�(βn)

∫ tn

tn–

∫ s

tn–

(tn – s)βn–q(v)e
∫ s

v p(ξ ) dξ dv ds

+
(

m(t)
∏

t<tk <tn

Ek +
∑

t<tk <tn

[ ∏

tk <tj<tn

EjGk

])
dne

∫ tn
tn–

p(ξ ) dξ

+ dn

∫ tn

tn–

q(s)e
∫ tn

s p(ξ ) dξ ds + bn

}
e
∫ t

tn p(ξ ) dξ +
∫ t

tn

q(s)e
∫ t

s p(ξ ) dξ ds

=
{(

m(t)
∏

t<tk <tn

Ek +
∑

t<tk <tn

[ ∏

tk <tj<tn

EjGk

])
En + Gn

}
e
∫ t

tn p(ξ ) dξ ds
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+
∫ t

tn

q(s)e
∫ t

s p(ξ ) dξ

=
{

m(t)
∏

t<tk<t
Ek +

∑

t<tk <t

[ ∏

tk <tj<t
EjGk

]}
e
∫ t

tn p(ξ ) dξ ds +
∫ t

tn

q(s)e
∫ t

s p(ξ ) dξ .

Hence,

m(t) ≤
{

m(t)
∏

t<tk<t

(
ck

�(βk)

∫ tk

tk–

(tk – s)βk –e
∫ s

tk–
p(ξ ) dξ ds + dke

∫ tk
tk–

p(ξ ) dξ

)

+
∑

t<tk <t

[ ∏

tk <tj<t

(
cj

�(βj)

∫ tj

tj–

(tj – s)βj–e
∫ s

tj–
p(ξ ) dξ

ds + dje
∫ tj

tj– p(ξ ) dξ
)

×
(

ck

�(βk)

∫ tk

tk–

∫ s

tk–

(tk – s)βk –q(v)e
∫ s

v p(ξ ) dξ dv ds

+ dk

∫ tk

tk–

q(s)e
∫ tk

s p(ξ ) dξ ds + bk

)]}
e
∫ t

tn p(ξ ) dξ +
∫ t

tn

q(s)e
∫ t

s p(ξ ) dξ ds,

for tn ≤ t ≤ tn+. Therefore, the estimate (.) holds for t ≤ t ≤ tn+. This completes the
proof. �

Theorem . Assume that the hypotheses of Theorem . are fullfilled. Then, for t ≥ t,
we have:

(i)  < βk ≤ 
 for k = , , . . . ,

m(t) ≤
{

m(t)
∏

t<tk<t

[
ck

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

(∫ tk

tk–

eνk (
∫ s

tk–
p(ξ ) dξ–s) ds

) 
νk

+ dke
∫ tk

tk–
p(ξ ) dξ

]

+
∑

t<tk <t

[ ∏

tk <tj<t

(
cj

�(βj)

(eμjtj�(β
j )

μ
β

j
j

) 
μj

(∫ tj

tj–

e
νj(

∫ s
tj–

p(ξ ) dξ–s)
ds

) 
νj

+ dje
∫ tj

tj– p(ξ ) dξ
)

×
(

ck

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

(∫ tk

tk–

e–νk s
{∫ s

tk–

q(v)e
∫ s

v p(ξ ) dξ dv
}νk

ds
) 

νk

+ dk

∫ tk

tk–

q(s)e
∫ tk

s p(ξ ) dξ ds + bk

)]}
e
∫ t

tl
p(ξ ) dξ +

∫ t

tl

q(s)e
∫ t

s p(ξ ) dξ ds, (.)

where μk = βk +  and νk =  + 
βk

,
(ii) βk > 

 for k = , , . . . ,

m(t) ≤
{

m(t)
∏

t<tk<t

[
ck

�(βk)

(
etk �(βk – )

βk –

) 

(∫ tk

tk–

e(
∫ s

tk–
p(ξ ) dξ–s) ds

) 


+ dke
∫ tk

tk–
p(ξ ) dξ

]
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+
∑

t<tk <t

[ ∏

tk <tj<t

(
cj

�(βj)

(
etj�(βj – )

βj–

) 

(∫ tj

tj–

e
(

∫ s
tj–

p(ξ ) dξ–s)
ds

) 


+ dje
∫ tj

tj– p(ξ ) dξ
)

×
(

ck

�(βk)

(
etk �(βk – )

βk –

) 

(∫ tk

tk–

e–s
{∫ s

tk–

q(v)e
∫ s

v p(ξ ) dξ dv
}

ds
) 



+ dk

∫ tk

tk–

q(s)e
∫ tk

s p(ξ ) dξ ds + bk

)]}
e
∫ t

tl
p(ξ ) dξ +

∫ t

tl

q(s)e
∫ t

s p(ξ ) dξ ds. (.)

Proof To prove (i) we apply the Hölder inequality. We have for k ∈ N

∫ tk

tk–

(tk – s)βk –e
∫ s

tk–
p(ξ ) dξ ds

≤
(∫ tk

tk–

(tk – s)μk (βk –)eμk s ds
) 

μk
(∫ tk

tk–

e–νk seνk
∫ s

tk–
p(ξ ) dξ ds

) 
νk

<
(

eμk tk �( – μk( – βk))
μ

–μk (–βk )
k

) 
μk

(∫ tk

tk–

eνk (
∫ s

tk–
p(ξ ) dξ–s) ds

) 
νk

=
(

eμk tk �(β
k )

μ
β

k
k

) 
μk

(∫ tk

tk–

eνk (
∫ s

tk–
p(ξ ) dξ–s) ds

) 
νk

,

using

∫ tk

tk–

(tk – s)μk (βk –)eμk s ds = eμk tk

∫ tk –tk–


τμk (βk –)e–μkτ dτ

=
eμk tk

μ
–μk (–βk )
k

∫ μk (tk –tk–)


σμk (βk –)e–σ dσ

<
eμk tk

μ
–μk (–βk )
k

�
(
 – μk( – βk)

)

=
eμk tk

μ
β

k
k

�
(
β

k
)
,

and

∫ tk

tk–

∫ s

tk–

(tk – s)βk –q(v)e
∫ s

v p(ξ ) dξ dv ds

≤
(∫ tk

tk–

(tk – s)μk (βk –)eμk s ds
) 

μk
(∫ tk

tk–

e–νk s
{∫ s

tk–

q(v)e
∫ s

v p(ξ ) dξ dv
}νk

ds
) 

νk

<
(

eμk tk �(β
k )

μ
β

k
k

) 
μk

(∫ tk

tk–

e–νk s
{∫ s

tk–

q(v)e
∫ s

v p(ξ ) dξ dv
}νk

ds
) 

νk
.

Substituting the above inequalities in (.), we obtain the desired inequality in (.).
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To prove (ii), applying the Cauchy-Schwarz inequality, we get for k ∈N

∫ tk

tk–

(tk – s)βk –e
∫ s

tk–
p(ξ ) dξ ds

≤
(∫ tk

tk–

(tk – s)(βk –)es ds
) 


(∫ tk

tk–

e(
∫ s

tk–
p(ξ ) dξ–s) ds

) 


<
(

etk �(βk – )
βk –

) 

(∫ tk

tk–

e(
∫ s

tk–
p(ξ ) dξ–s) ds

) 


,

and

∫ tk

tk–

∫ s

tk–

(tk – s)βk –q(v)e
∫ s

v p(ξ ) dξ dv ds

≤
(∫ tk

tk–

(tk – s)(βk –)es ds
) 


(∫ tk

tk–

e–s
{∫ s

tk–

q(v)e
∫ s

v p(ξ ) dξ dv
}

ds
) 



<
(

etk �(βk – )
βk –

) 

(∫ tk

tk–

e–s
{∫ s

tk–

q(v)e
∫ s

v p(ξ ) dξ dv
}

ds
) 


.

Substituting these two inequalities in (.), we get the required inequality in (.). The
proof is completed. �

Corollary . Let (H) and (H) hold. Suppose that q ∈ C[R+,R] and, for k = , , . . . ,
t ≥ t,

⎧
⎨

⎩
m′(t) ≤ λm(t) + q(t), t �= tk ,

m(t+
k ) ≤ ck

�(βk )
∫ tk

tk–
(tk – s)βk –m(s) ds + bk ,

(.)

where λ, ck ≥ , βk >  and bk , k = , , . . . are constants. Then, for t ≥ t, we have the
following two cases.

Case I: λ �= ,
(i)  < βk ≤ 

 for k = , , . . . ,

m(t) ≤ m(t)
( ∏

t<tk <t
Ak

)
eλ(t–t) +

∑

t<tk <t

( ∏

tk <tj<t
AjBkeλ(t–tk )

)

+
∫ t

tl

q(s)eλ(t–s) ds, (.)

where

Ak =
ck

�(βk)

(
�(β

k )

μ
β

k
k

) 
μk

(
 – eνk (tk –tk–)(–λ)

νk(λ – )

) 
νk

,

Bk =
ck

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

(∫ tk

tk–

eνk (λ–)s
{∫ s

tk–

q(v)e–λv dv
}νk

ds
) 

νk
+ bk ,
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(ii) βk > 
 for k = , , . . . ,

m(t) ≤ m(t)
( ∏

t<tk <t
Ck

)
eλ(t–t) +

∑

t<tk <t

( ∏

tk <tj<t
CjDkeλ(t–tk )

)

+
∫ t

tl

q(s)eλ(t–s) ds, (.)

where

Ck =
ck

βk �(βk)

(
�(βk – )

λ – 
[
 – e(tk –tk–)(–λ)]

) 


,

Dk =
ck

�(βk)

(
etk �(βk – )

βk –

) 

(∫ tk

tk–

e(λ–)s
{∫ s

tk–

q(v)e–λv dv
}

ds
) 


+ bk .

Case II: λ = ,
(i)  < βk ≤ 

 for k = , , . . . ,

m(t) ≤ m(t)
( ∏

t<tk <t
Pk

)
e(t–t) +

∑

t<tk <t

( ∏

tk <tj<t
PjVke(t–tk )

)

+
∫ t

tl

q(s)e(t–s) ds, (.)

where

Pk =
ck

�(βk)

(
�(β

k )

μ
β

k
k

) 
μk

(tk – tk–)

νk ,

Vk =
ck

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

(∫ tk

tk–

{∫ s

tk–

q(v)e–v dv
}νk

ds
) 

νk
+ bk ,

(ii) βk > 
 for k = , , . . . ,

m(t) ≤ m(t)
( ∏

t<tk <t
Sk

)
e(t–t) +

∑

t<tk <t

( ∏

tk <tj<t
SjUke(t–tk )

)

+
∫ t

tl

q(s)e(t–s) ds, (.)

where

Sk =
ck

�(βk)

(
�(βk – )(tk – tk–)

βk –

) 


,

Uk =
ck

�(βk)

(
etk �(βk – )

βk –

) 

(∫ tk

tk–

{∫ s

tk–

q(v)e–v dv
}

ds
) 


+ bk .
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Corollary . Let (H) and (H) hold. Suppose that q ∈ C[R+,R] and, for k = , , . . . ,
t ≥ t,

⎧
⎨

⎩
m′(t) ≤ q(t), t �= tk ,

	m(tk) ≤ ck
�(βk )

∫ tk
tk–

(tk – s)βk –m(s) ds + bk ,
(.)

where ck ≥ , βk >  and bk , k = , , . . . are constants, 	m(tk) = m(t+
k ) – m(tk). Then, for

t ≥ t, the following assertions hold:
(i)  < βk ≤ 

 for k = , , . . . ,

m(t) ≤ m(t)
( ∏

t<tk<t
Fk

)
+

∑

t<tk<t

( ∏

tk <tj<t
FjHk

)
+

∫ t

tl

q(s) ds, (.)

where

Fk =  +
ck

�(βk)

(
�(β

k )

μ
β

k
k

) 
μk

(
eνk (tk –tk–) – 

νk

) 
νk

,

Hk =
∫ tk

tk–

q(s) ds +
ck

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

(∫ tk

tk–

e–νk s
{∫ s

tk–

q(v) dv
}νk

ds
) 

νk

+ bk ,

(ii) βk > 
 for k = , , . . . ,

m(t) ≤ m(t)
( ∏

t<tk<t
Mk

)
+

∑

t<tk <t

( ∏

tk <tj<t
MjNk

)
+

∫ t

tl

q(s) ds, (.)

where

Mk =  +
ck

�(βk)

(
�(βk – )

βk

[
e(tk –tk–) – 

])



,

Nk =
∫ tk

tk–

q(s) ds +
ck

�(βk)

(
etk �(βk – )

βk –

) 

(∫ tk

tk–

e–s
{∫ s

tk–

q(v) dv
}

ds
) 



+ bk .

Now we state and prove impulsive integral inequalities with nonlocal jump conditions.

Theorem . Assume that (H) and (H) hold. Suppose that p ∈ C[R+,R+] and, for k =
, , . . . , t ≥ t,

m(t) ≤ C +
∫ t

t

p(s)m(s) ds +
∑

t<tk <t
γkm(tk)

+
∑

t<tk <t

αk

�(βk)

∫ tk

tk–

(tk – s)βk –m(s) ds, (.)

where αk ≥ , γk ≥ –, βk > , k = , , . . . , and C are constants. Then, for t ≥ t, the follow-
ing assertions hold:
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(i)  < βk ≤ 
 for k = , , . . . ,

m(t) ≤ C
∏

t<tk<t

{
( + γk)e

∫ tk
tk–

p(ξ ) dξ +
αk

�(βk)

(
eμk tk

μ
β

k
k

�
(
β

k
)
) 

μk

×
(∫ tk

tk–

eνk (
∫ s

tk–
p(ξ ) dξ–s) ds

) 
νk

}
e
∫ t

tl
p(ξ ) dξ , (.)

where μk = βk +  and νk =  + 
βk

,
(ii) βk > 

 for k = , , . . . ,

m(t) ≤ C
∏

t<tk<t

{
( + γk)e

∫ tk
tk–

p(ξ ) dξ +
αk

�(βk)

(
etk

βk – �(βk – )
) 



×
(∫ tk

tk–

e(
∫ s

tk–
p(ξ ) dξ–s) ds

) 

}

e
∫ t

tl
p(ξ ) dξ . (.)

Proof Define a function g(t) by the right-hand side of (.). Then we have
⎧
⎨

⎩
g ′(t) = p(t)m(t), t �= tk , g(t) = C,

g(t+
k ) = g(tk) + γkm(tk) + αk

�(βk )
∫ tk

tk–
(tk – s)βk –m(s) ds.

Since m(t) ≤ g(t), we obtain
⎧
⎨

⎩
g ′(t) ≤ p(t)g(t), t �= tk , g(t) = C,

g(t+
k ) = ( + γk)g(tk) + αk

�(βk )
∫ tk

tk–
(tk – s)βk –g(s) ds.

Applying Theorem ., we deduce that:
(i)  < βk ≤ 

 , k = , , . . . , for t ≥ t,

g(t) ≤ C
∏

t<tk <t

{
( + γk)e

∫ tk
tk–

p(ξ ) dξ +
αk

�(βk)

(
eμk tk

μ
β

k
k

�
(
β

k
)
) 

μk

×
(∫ tk

tk–

eνk (
∫ s

tk–
p(ξ ) dξ–s) ds

) 
νk

}
e
∫ t

tl
p(ξ ) dξ ,

(ii) βk > 
 , k = , , . . . , for t ≥ t,

g(t) ≤ C
∏

t<tk <t

{
( + γk)e

∫ tk
tk–

p(ξ ) dξ +
αk

�(βk)

(
etk

βk – �(βk – )
) 



×
(∫ tk

tk–

e(
∫ s

tk–
p(ξ ) dξ–s) ds

) 

}

e
∫ t

tl
p(ξ ) dξ ,

which are the results in (.) and (.), respectively. �

In the case when in place of the constant C involved in Theorem . we have a function
h(t), we obtain the following result.
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Theorem . Assume that (H) and (H) hold. Suppose that p ∈ C[R+,R+], h ∈ PC[R+,R],
and, for k = , , . . . , t ≥ t,

m(t) ≤ h(t) +
∫ t

t

p(s)m(s) ds +
∑

t<tk <t
γkm(tk)

+
∑

t<tk <t

αk

�(βk)

∫ tk

tk–

(tk – s)βk –m(s) ds, (.)

where αk ≥ , γk ≥ – and βk > , k = , , . . . , are constants. Then, for t ≥ t, the following
assertions hold:

(i)  < βk ≤ 
 for k = , , . . . ,

m(t) ≤ h(t) +
{ ∑

t<tk<t

[ ∏

tk <tj<t

{
( + γj)e

∫ tj
tj– p(ξ ) dξ +

αj

�(βj)

(
eμjtj

μ
β

j
j

�
(
β

j
))


μj

×
(∫ tj

tj–

e
νj(

∫ s
tj–

p(ξ ) dξ–s)
ds

) 
νj

}{
( + γk)

∫ tk

tk–

p(s)h(s)e
∫ tk

s p(ξ ) dξ ds

+
αk

�(βk)

(
eμk tk

μ
β

k
k

�
(
β

k
))


μk

×
(∫ tk

tk–

e–νk s
{∫ s

tk–

p(v)h(v)e
∫ s

v p(ξ ) dξ dv
}νk

ds
) 

νk

+ γkh(tk) +
αk

�(βk)

(
eμk tk

μ
β

k
k

�
(
β

k
)
) 

μk
(∫ tk

tk–

e–νk shνk (s) ds
) 

νk
}]}

e
∫ t

tl
p(ξ ) dξ

+
∫ t

tl

p(s)h(s)e
∫ t

s p(ξ ) dξ , (.)

where μk = βk +  and νk =  + 
βk

,
(ii) βk > 

 for k = , , . . . ,

m(t) ≤ h(t) +
{ ∑

t<tk<t

[ ∏

tk <tj<t

{
( + γj)e

∫ tj
tj– p(ξ ) dξ +

αj

�(βj)

(
etj

βj– �(βj – )
) 



×
(∫ tj

tj–

e
(

∫ s
tj–

p(ξ ) dξ–s)
ds

) 

}{

( + γk)
∫ tk

tk–

p(s)h(s)e
∫ tk

s p(ξ ) dξ ds

+
αk

�(βk)

(
etk

βk – �(βk – )
) 



×
(∫ tk

tk–

e–s
{∫ s

tk–

p(v)h(v)e
∫ s

v p(ξ ) dξ dv
}

ds
) 


+ γkh(tk)

+
αk

�(βk)

(
etk

βk – �(βk – )
) 


(∫ tk

tk–

e–sh(s) ds
) 


}]}

e
∫ t

tl
p(ξ ) dξ

+
∫ t

tl

p(s)h(s)e
∫ t

s p(ξ ) dξ . (.)
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Proof Setting

g(t) =
∫ t

t

p(s)m(s) ds +
∑

t<tk<t
γkm(tk) +

∑

t<tk <t

αk

�(βk)

∫ tk

tk–

(tk – s)βk –m(s) ds,

and using the fact that m(t) ≤ h(t) + g(t), we have

⎧
⎪⎪⎨

⎪⎪⎩

g ′(t) ≤ p(t)g(t) + p(t)h(t), t �= tk , g(t) = ,

g(t+
k ) = ( + γk)g(tk) + αk

�(βk )
∫ tk

tk–
(tk – s)βk –g(s) ds + γkh(tk)

+ αk
�(βk )

∫ tk
tk–

(tk – s)βk –h(s) ds.

Applying Theorem . for  < βk ≤ / and βk > / together with m(t) ≤ h(t) + g(t), we
then obtain the estimates in (.) and (.), respectively. �

3 Applications to impulsive fractional integral jump conditions
In this section, two applications of impulsive differential and impulsive integral inequali-
ties with Riemann-Liouville fractional integral jump conditions are given.

Definition . The Riemann-Liouville fractional integral of order β >  of a function f :
(t,∞) →R is defined by

Iβ
t f (t) =


�(β)

∫ t

t

(t – s)β–f (s) ds,

provided the right-hand side is point-wise defined on (t,∞), where � is the Gamma func-
tion.

We apply our results to work out the maximum principle of the impulsive differential
inequality.

Proposition . Assume that x ∈ PC[J ,R] satisfies

⎧
⎪⎪⎨

⎪⎪⎩

x′(t) – Mx(t) + a(t) ≤ , t �= tk , t ∈ J = [, T],

x(t+
k ) ≤ ckIβk

tk– x(tk) – bk , k = , , . . . , n,

x() = x(T) + λ,

(.)

where M > , a ∈ C[R+,R+],  = t < t < t < · · · < tn < tn+ = T , bk , ck ≥ , βk > , k =
, , . . . , n, and λ are constants.

Suppose in addition that:
Case I: M �= .
(i)  < βk ≤ 

 for k = , , . . . , n,

(Q)
n∏

k=

ck

�(βk)

(
�(β

k )

μ
β

k
k

) 
μk

(
 – eνk (tk –tk–)(–M)

νk(M – )

) 
νk

< e–MT ,

(Q)
ck

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

(∫ tk

tk–

eνk s(M–)
{

–
∫ s

tk–

a(v)e–Mv dv
}νk

ds
) 

νk

≤ bk ,
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(Q) λ ≤
∫ T

tn

a(s)eM(T–s) ds,

where μk = βk +  and νk =  + 
βk

,
(ii) βk > 

 for k = , , . . . , n,

(Q)
n∏

k=

ck

βk �(βk)

(
�(βk – )

M – 
[
 – e(tk –tk–)(–M)]

) 


< e–MT ,

(Q)
ck

�(βk)

(
etk �(βk – )

βk –

) 

(∫ tk

tk–

es(M–)
{

–
∫ s

tk–

a(v)e–Mv dv
}

ds
) 



≤ bk ,

and (Q) holds.
Case II: M = .
(i)  < βk ≤ 

 for k = , , . . . , n,

(Q)
n∏

k=

ck

�(βk)

(
�(β

k )

μ
β

k
k

) 
μk

(tk – tk–)

νk < e–T ,

(Q)
ck

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

(∫ tk

tk–

{
–

∫ s

tk–

a(v)e–v dv
}νk

ds
) 

νk ≤ bk ,

(Q) λ ≤
∫ T

tn

a(s)e(T–s) ds,

(ii) βk > 
 for k = , , . . . , n,

(Q)
n∏

k=

ck

�(βk)

(
�(βk – )(tk – tk–)

βk –

) 


< e–T ,

(Q)
ck

�(βk)

(
etk �(βk – )

βk –

) 

(∫ tk

tk–

{
–

∫ s

tk–

a(v)e–v dv
}

ds
) 

 ≤ bk ,

and (Q) holds.
Then x(t) ≤  for t ∈ [, T].

Proof To prove Case I(i), applying Corollary . for t ∈ [, T], we have

x(t) ≤ x()
( ∏

t<tk <t
A∗

k

)
eMt +

∑

t<tk <t

( ∏

tk <tj<t
A∗

j B∗
keM(t–tk )

)
–

∫ t

tl

a(s)eM(t–s) ds,

where

A∗
k =

ck

�(βk)

(
�(β

k )

μ
β

k
k

) 
μk

(
 – eνk (tk –tk–)(–M)

νk(M – )

) 
νk

,

B∗
k =

ck

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

(∫ tk

tk–

eνk (M–)s
{

–
∫ s

tk–

a(v)e–Mv dv
}νk

ds
) 

νk
– bk .
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It is easy to see that A∗
k ≥  for all k = , , . . . , n. The condition (Q) implies that B∗

k ≤  for
all k = , , . . . , n. Then it is sufficient to show that x() ≤ . For t = T , we have

x(T) ≤ x()

( n∏

k=

A∗
k

)

eMT +
∑

t<tk <T

( ∏

tk <tj<T

A∗
j B∗

keM(T–tk )
)

–
∫ T

tn

a(s)eM(T–s) ds.

Using the conditions (Q) and (Q), we see that

x()

[

 –

( n∏

k=

A∗
k

)

eMT

]

≤ λ +
∑

t<tk <T

( ∏

tk <tj<T

A∗
j B∗

keM(T–tk )
)

–
∫ T

tn

a(s)eM(T–s) ds

≤ ,

which implies that x() ≤ .
Using a similar method to prove Case I(i) with suitable conditions, we deduce that

x() ≤ . This completes the proof. �

The last application shows the boundedness of solution of impulsive differential equa-
tion with Riemann-Liouville fractional integral jump conditions.

Proposition . Let x ∈ PC[R+,R] such that

⎧
⎪⎪⎨

⎪⎪⎩

x′(t) = f (t, x(t)), t �= tk , t ∈ [t,∞),

	x(tk) = Zk(Iβk
tk– x(tk)), k = , , . . . ,

x(t) = x,

(.)

where f ∈ C(R+ × R,R), Zk ∈ C(R,R),  ≤ t < t < t < · · · , limk→∞ tk = ∞, 	x(tk) =
x(t+

k ) – x(tk), βk > , k = , , . . . , and x are constants.
Assume that:

(Q) there exists a constant N > , such that

∣∣f
(
t, x(t)

)∣∣ ≤ N
∣∣x(t)

∣∣ for t ≥ t,

(Q) there exist constants Lk ≥  such that

∣∣Zk(x)
∣∣ ≤ Lk|x|, x ∈R, k = , , . . . .

Then, for t ≥ t, the following inequalities hold:
Case I: N �= .
(i)  < βk ≤ 

 for k = , , . . . ,

∣∣x(t)
∣∣ ≤ |x|

∏

t<tk <t

{
 +

Lk

�(βk)

(
�(β

k )

μ
β

k
k

) 
μk

(
 – eνk (tk –tk–)(–N)

νk(N – )

) 
νk

}

× eN(t–t), (.)

where μk = βk +  and νk =  + 
βk

,
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(ii) βk > 
 for k = , , . . . ,

∣∣x(t)
∣∣ ≤ |x|

∏

t<tk <t

{
 +

Lk

βk �(βk)

(
�(βk – )

N – 
[
 – e(tk –tk–)(–N)]

) 

}

× eN(t–t). (.)

Case II: N = .
(i)  < βk ≤ 

 for k = , , . . . ,

∣
∣x(t)

∣
∣ ≤ |x|

∏

t<tk <t

{
 +

Lk

�(βk)

(
�(β

k )

μ
β

k
k

) 
μk

(tk – tk–)

νk

}
e(t–t), (.)

(ii) βk > 
 for k = , , . . . ,

∣
∣x(t)

∣
∣ ≤ |x|

∏

t<tk <t

{
 +

Lk

�(βk)

(
�(βk – )(tk – tk–)

βk –

) 

}

e(t–t). (.)

Proof The solution x(t) of problem (.) satisfies the impulsive integral equation

x(t) = x(t) +
∫ t

t

f
(
s, x(s)

)
ds +

∑

t<tk <t
Zk

(
Iβk

tk– x(tk)
)
.

From conditions (Q)-(Q), it follows for t ≥ t that

∣∣x(t)
∣∣ ≤ |x| +

∫ t

t

∣∣f
(
s, x(s)

)∣∣ds +
∑

t<tk<t

∣∣Zk
(
Iβk

tk– x(tk)
)∣∣

≤ |x| +
∫ t

t

N
∣∣x(s)

∣∣ds +
∑

t<tk<t
LkIβk

tk– |x|(tk).

Hence Theorem . yields the estimate

∣
∣x(t)

∣
∣ ≤ |x|

∏

t<tk <t

{
eN(tk–tk–) +

Lk

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

×
(∫ tk

tk–

eνk (N(s–tk–)–s) ds
) 

νk
}

eN(t–tl)

= |x|
l∏

k=

{
eN(tk –tk–) +

Lk

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

×
(

eνk (N(tk–tk–)–tk ) – e–νk tk–

νk(N – )

) 
νk

}
eN(t–tl)

= |x|
l∏

k=

{
eN(tk –tk–) +

Lk

�(βk)

(
eμk tk �(β

k )

μ
β

k
k

) 
μk

×
(

eνk (N(tk–tk–)–tk )( – eνk (tk–tk–)(–N))
νk(N – )

) 
νk

}
eN(t–tl)
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= |x|
l∏

k=

{
eN(tk –tk–) + eN(tk –tk–) Lk

�(βk)

(
�(β

k )

μ
β

k
k

) 
μk

×
(

 – eνk (tk –tk–)(–N)

νk(N – )

) 
νk

}
eN(t–tl), t ≥ t.

Therefore, inequality (.) holds for t ≥ t. For the other cases the proofs are similar and
thus omitted. The proof is completed. �
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