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1 Introduction and preliminaries
Let E be a real Banach space with norm | - || and let E* denote the dual space of E. We use
‘-’ and ‘—’ to denote strong and weak convergence either in E or in E*, respectively. We
denote the value of f € E* at x € E by (x,f).

A Banach space E is said to be uniformly convex if , for each ¢ € (0, 2], there exists § > 0
such that

llll = llyll = L, lx-ylze =

A Banach space E is said to be smooth if

x+ty|| —||x
e

t—0 t

exists for each w,y € {z € E : ||z|| = 1}.
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In addition, we define a function pf : [0, +00) — [0, +00) called the modulus of smooth-
ness of E as follows:

1
pE(t) = SUP{E(IIxH/II +llx=yll) —1:2,y € E, il = 1, Iyl < t}.

It is well known that E is uniformly smooth if and only if pET(t) — 0,ast— 0.Letg>1be
a real number. A Banach space E is said to be g-uniformly smooth if there exists a positive
constant C such that pg(¢t) < Ctf. It is obvious that a g-uniformly smooth Banach space
must be uniformly smooth.

The generalized duality mapping J, : E — 2F" is defined by

Joxi={f € E*: (. f) = |xl%, If | = =7}, x€E.

In particular, J = J, is called the normalized duality mapping and J,(x) = ||x[|7%/(x) for
x #0.If E is reduced to the Hilbert space H, then J; = I is the identity mapping. It is well
known that J is single-valued and norm-to-norm uniformly continuous on each bounded
subset of E if E is a real smooth and uniformly convex Banach space, see [1]. Moreover,
J(cx) = ¢Jx for all x € E and ¢ € R'. In what follows, we still denote by J the single-valued
normalized duality mapping. The normalized duality mapping J is said to be weakly se-
quentially continuous if {x, } is a sequence in E which converges weakly to ; it follows that
{Jx,} converges in weak™ to Jx. J is said to be weakly sequentially continuous at zero if {x,}
is a sequence in E which converges weakly to 0; it follows that {Jx,} converges in weak*
to 0.

For a mapping T : E — E, we use Fix(T) to denote the fixed point set of it; that is,
Fix(T):={x € E: Tx = x}.

For an operator A : D(A) C E — 2F, we use A710 to denote the set of zeros of it; that is,
A710:= {x € D(A) : Ax = 0}.

Let T': E — E be a mapping. Then T is said to be

(1) nonexpansive if

ITx— Tyl < llx -yl forVx,y€E;
(2) k-Lipschitz if there exists k > 0 such that
|Tx - Tyl < kllx—y| for Vx,y € E;

in particular, if 0 < k <1, then T is called a contraction and if k = 1, then T reduces
to a nonexpansive mapping;
(3) accretive if for all x, y € E, there exists j, (x — ) € J,(x — y) such that

(T = Ty, jg(x ~ 9)) = O;

(4) p-inversely strongly accretive if for all x,y € E, there exists j;(x — y) € J;(x — y) such
that

(Tx = Ty, jig(x = 9)) = wll Tx = Ty

for some u > 0;
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(5) m-accretive if T is accretive and R(/ + AT) = E for VA > 0;
(6) strongly positive (see [2]) if E is a real smooth Banach space and there exists 7 > 0
such that
(Tx, Jx) = V|lx|*  for Vx € E;

in this case,

lal — bT|| = sup |<(a[— bT)x,](x)) ,

lxll<1

where [ is the identity mapping and € [0,1], b € [-1,1].

We denote by /4 (for r > 0) the resolvent of the accretive operator 4; that is, /& := (I +
rA)~L. It is well known that ];4 is nonexpansive and Fix(],A) =A710.

Many practical problems can be reduced to finding zeros of the sum of two accretive op-
erators; that is, 0 € (A + B)x. Forward-backward splitting algorithms, which have recently
received much attention from many mathematicians, were proposed by Lions and Mercier
[3], by Passty [4], and, in a dual form for convex programming, by Han and Lou [5].

The classical forward-backward splitting algorithm is given in the following way:

Xl = (1 + rnB)il(I - rnA)xm n>0. (1)

Based on iterative algorithm (1), much work has been done for finding x € H such that
x € (A + B)!0, where A and B are p-inversely strongly accretive operator and m-accretive
operator defined in the Hilbert space H, respectively. However, most of the existing work
is undertaken in the frame of Hilbert spaces, see [3-9], etc.

Recently, Qin et al., presented the following iterative algorithm in the frame of g-uni-
formly smooth Banach spaces E in [10]:

x0 €E, Xy =0f(x,) + B[+ r,,B)_l[(I -1, A)x, + e,,] + Yufwr n>0, (2)

where {e,} is the error sequence, f is a contraction, A and B are p-inversely strongly ac-
cretive operator and m-accretive operator, respectively. If (A + B)™10 #, they proved that
{x,.} converges strongly to x = Proj 4, g1 f (x), where Proj 4, p-1 is the unique sunny non-
expansive retraction of E onto (4 + B)~!0, under some conditions.

On the other hand, there is some excellent work done on approximating fixed points of
nonexpansive mappings. For example, in 2006, Marino and Xu presented the following
iterative algorithm in the frame of Hilbert spaces in [11], which sets up the relationship
between fixed point of a nonexpansive mapping and the solution of one kind variational

inequality
x0€C, xp1=0,yflx,)+ [ -a,A)Txy, n=>0, (3)
where f is a contraction, A is a strongly positive linear bounded operator, and T is nonex-

pansive. If Fix(T) # §, they proved that {x,} converges strongly to p € Fix(T'), which solves
the variational inequality ((yf — A)p,z — p) < 0 for Vz € Fix(T) under some conditions.
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The implicit midpoint rule (IMR) is one of the powerful numerical methods for solv-

ing ordinary differential equations, which is extensively studied recently by Alghamdi et

al. They presented the following implicit midpoint rule for approximating fixed point of

nonexpansive mapping in a Hilbert space in [12]:

2

Xy +X
xo € H, xn+1:(1—an)xn+anT<"7"”), n>0, (4)

where T is nonexpansive from H to H. If Fix(T) # ¢, then {x,} converges weakly to po €

Fix(T), under some conditions.

Inspired by the work in [10-12], we shall present the following iterative algorithm with

errors in a real g-uniformly smooth and uniformly convex Banach space E:

X0 e E,
Yn = OpXy + 1 _an)]::l[% - rnB(anW)], (A)

Xn+l = Vnﬂf(xn) +( - Yn T)yn +e, n=>0,

where {e,} is the error sequence, A : E — E is an m-accretive operator and B: E — Eis a

pu-inversely strongly accretive operator. T : E — E is a strongly positive linear bounded

operator with coefficient ¥ and f : E — E is a contraction with coefficient k € (0,1).

]f; = (I + r,A)™L. More details of iterative algorithm (A) will be presented in Section 2.

Then {x,} is proved to converge strongly to py € (A + B)~'0, which is also a solution of the

following variational inequality: Vz € (4 + B)™0, ((T — nf)po,J(po — 2)) < 0. In Section 3,

we shall present two examples, one of which is the generalized p-Laplacian problems with

Neumann boundaries and the other is Laplacian problems with Signorini boundaries, to

demonstrate the applications of the main results in Section 2.

Our main contributions are:

(i)

(i)

(iif)

(iv)

(v)

(vi)

(vii)

the iterative algorithm is new in the sense that it combines the idea of iterative
algorithms (1)-(4);

the discussion is undertaken in the frame of a real g-uniformly smooth and
uniformly convex Banach space, which is more general than that in a Hilbert space;
the assumption that ‘the normalized duality mapping J is weakly sequentially
continuous’ in most of the existing related work is weakened to ‘J is weakly
sequentially continuous at zero’;

a new path convergence theorem for nonexpansive mapping is proved, which
extends the corresponding result in [11] from a Hilbert space to a real smooth and
uniformly convex Banach space;

compared to the work done in [12], strong convergence theorems are obtained
instead of weak convergence theorems;

compared to the work done in [10], the connection between zeros of the sum of
m-accretive operators and p-inversely strongly accretive operators and the
solution of one kind variational inequalities is being set up;

the applications of the main results on the nonlinear problems with Neumann
boundaries and Signorini boundaries are demonstrated, from which we can see the
connections among variational inequalities, nonlinear boundary value problems
and iterative algorithms.
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Next, we list some results we need in the sequel.

Lemma 1 (see [1]) Let E be a Banach space and f : E — E be a contraction. Then f has a
unique fixed point u € E.

Lemma 2 (see [13]) Let E be a real uniformly convex Banach space, C be a nonempty,
closed, and convex subset of E and T : C — E be a nonexpansive mapping such that
Fix(T) # @, then I — T is demiclosed at zero.

Lemma 3 (see [14]) In a real Banach space E, the following inequality holds:
b+ 1% < llxl* + 2{jx +5)), - Va,y €E,
where j(x + y) € J(x + y).

Lemma 4 (see [15]) Let {a,} and {c,} be two sequences of nonnegative real numbers satis-
Sying

Aps1 = (1 - tn)ﬂn +by+c,, VYn=0,

where {t,} C (0,1) and {b,} is a number sequence. Assume that Yy .., t, = +00,
bn

o0 .
2 <0, and ) ", cy < +00. Then lim,_, o a, = 0.

limsup,,_, o,

Lemma 5 (see [16]) Let E be a Banach space and let A be an m-accretive operator. For
A>0,u>0,andx € E, one has

]j{‘x :]/’;‘ (%x + (1 - %)]fx),

where J{ = (I + MA)™ and Ji} = (I + pA)™.

Lemma 6 (see [17]) Let E be a real Banach space and let C be a nonempty, closed and
convex subset of E. Suppose A : C — E is a single-valued operator and B : E — 2F is
m-accretive. Then

Fix(([ +rB) (I - rA)) =(A+B)0 forvr>o.

Lemma?7 (see [18]) Assume T is a strongly positive bounded operator with coefficienty > 0
on a real smooth Banach space E and 0 < p < | T||™}. Then |I - pT| <1- py.

2 Strong convergence theorems

Lemma 8 Let E be a real smooth and uniformly convex Banach space. Let f : E — E be a
fixed contractive mapping with coefficient k € (0,1), T : E — E be a strongly positive linear
bounded operator with coefficient y and U : E — E be a nonexpansive mapping. Suppose
that the duality mapping ] : E — E* is weakly sequentially continuous at zero, 0 < n < %
and Fix(U) # 0. If for each t € (0,1), define T, : E — E by

Tyx = tnf (x) + (I - tT)Ux, (5)
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then Ty has a fixed point x; for each 0 < t < || T||™, which is convergent strongly to the fixed
point of U, as t — 0. That is, lim;_, ¢ x; = po € Fix(U). Moreover, py satisfies the following
variational inequality: for Vz € Fix(U),

(T = nf)po, (o —2)) < 0. (6)

Proof Step 1. T; is a contraction for 0 < ¢ < | T|| ..
In fact, noticing Lemma 7, we have

I Tex = Toyll < tn[f(x) —f )| + | = £T) (U — Uiy) |
<kenllx -yl + 1 -£y)llx -yl
=[1-t@ ~kn)]llx -yl
which implies that T} is a contraction since 0 < 1 < 27—](
Then Lemma 1 implies that T} has a unique fixed point, denoted by x;, which uniquely
solves the fixed point equation x; = tnf(x;) + (I — tT)Ux;.

Step 2. {x;} is bounded for £ € (0, | T'|| ™).
For p € Fix(U), then

e = pll = | (I = ¢T)(Ux; = p) + t(nf () - Tp) |
< (- t7) |, - pll + £ nf () - Tp|
= (1= 7)o = pll + £ n(F @) —f () + (nf () - Tp) |
< @ -tP)llx - pll + t(knllx: - pll + | nf ) - Tp))
= [1-t@ - kn)]llx - pll + | nf 0) - Tp|.

This ensures that

I/ (p) ~ Tl

lxs = pll < ——=
' Y —kn

Thus {x;} is bounded, which implies that both {f(x;)} and {TUx;} are bounded.
Step 3. %, — Ux; — 0,as t — 0.
Noticing the result of Step 2, we have ||x; — Ux;|| = t||nf (x;) — TUx;|| — 0, as t — 0.
Step 4. {(T = nf)x — (T = nf)y, J(x =) = (7 — kn)l|x - y|1? for Va,y  E.
In fact,

(T =nf)x = (T = nf)y.J (x - 9))
= (T = Ty, ) (x = 9)) = n{f (%) = f (), ] (x = )
> Vllx - ylI* = knllx - ylI* = 7 = kn)llx - y>.
Step 5. If the variational inequality (6) has solutions, then the solution must be unique.

Suppose both 1, € Fix(U) and v, € Fix(U) are the solutions of the variational inequality
(6). Then we have

(T = nf)vo,J(vo — o)) <0 (7)



Page 7 of 17

Wei and Shi Journal of Inequalities and Applications (2015) 2015:183

and
((T = nf Yo, J(uo — vo)) < 0. (8)

Adding up (7) and (8), we obtain that

Uy — Vo)) <0.

(T = nfyuo = (T = nf)ve,J(

In view of the result of Step 4, we have i = ;.
Step 6. x; — po € Fix(U), as t — 0, which satisfies the variational inequality (6)

For Vz € Fix(U), x; — z = t(nf (x;) — Tz) + (I — tT)(Ux; — z). Thus Lemma 3 implies that

e = 2I* < I = ¢TI || U, — Uz|| + 2¢(nf (x2) - Tz, ) (x; = 2))

<A -Y)llxe —zl* + 2t{nf (%) — Tz, ] (% — 2)).

Then
lla; — zI|* <)2/(nf(xt)—Tz,l(xt 2))
%[n(f(xt) ~f(2),] (%, — 2)) + (nf (2) - T(2), ] (x; — 2))]
s%[nknxt—znz + (0 @) - To oy~ 2)].

Therefore, for Vz € Fix(U), we have

(nf(Z) Tz,] (%, - 2)). ©9)

2
llx — zll S =

Since {x;} is bounded as t — 0%, then we can choose {¢,} C (0,1) such that ¢, — 0" and
x¢, — po. From Lemma 2 and the result of Step 3, we see that py = Upy. Thus p, € Fix(U).
Substituting z by po in (9), then we can deduce that x,, — py since J is weakly sequentially

continuous at zero. Next, we shall prove that p, solves the variational inequality (6)

Since x; = tnf(x;) + (I — tT)Ux,, then

(T nfyxg == U~ - U

For Vz € Fix(U), since U is nonexpansive, then

((T —nf)xe, J (% — Z))
_1(([ —tT)I - U)xe,] (%, — 2))

-ty - - 27— 2) + (T - U T~ 2)

= [z — zl|* = (U — Uz, J (% — 2))] + (TU = U)o, (e — 2))
(10)

<(T( - Wi (5, - 2)).
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Since x;, — po, then (I — U)x;, — (I — U)py = 0, as n — oo. Since {x;,} is bounded,
(T - nf)x, = (T = nf)po and J is uniformly continuous on each bounded subset of E,
then taking limits on both sides of (10) we have ((T — nf)po,J(po — 2)) < 0 for z € Fix(U).
Thus py satisfies (6).

In a summary, we infer that each cluster point of {x;} is equal to po, which is the unique
solution of the variational inequality (6).

This completes the proof. O

Lemma 9 (see [10]) Let E be a real q-uniformly smooth Banach space with constant K.
1
Let A : E — E be a j-inversely strongly accretive operator. Then for Vr < (%)F‘, (I-rA)

is nonexpansive.

Theorem 10 Let E be a real q-uniformly smooth Banach space with constant K; and also
be a uniformly convex Banach space. Let f : E — E be a fixed contractive mapping with
coefficient k € (0,1), T : E — E be a strongly positive linear bounded operator with coef-
ficient y. Suppose that the duality mapping ] : E — E* is weakly sequentially continuous
at zero, and 0 < n < %( Let A : E — 2E be an m-accretive operator and B : E — E be a
w-inversely strongly accretive operator. Let {x,} be generated by the iterative algorithm (A).
Suppose {e,} C E, {a,} and {y,} are two sequences in (0,1) and {r,} C (0, +00) satisfying
the following conditions:
(i) Yol Vn=00,¥u— 0,y = 0, as n — oo;
(i) Y52 ltner — atnl < +00, D520 Vet — ¥l < +00;
(i) Y02y [rus1 —Tul < +00,0 <& <1, < (%)ﬁforn > 0;
(iv) Y20 llenll < +oc.
If (A + B)™'0 # @, then {x,} converges strongly to a point py € (A + B)'0, which is the
unique solution of the following variational inequality: for Vz € (A + B)™10,

(T = nf)po,] (o - 2)) < 0. (11)

Proof Let u, = (I - r,B)(*5*) for n > 0.

We shall split the proof into six steps.

Step 1. {y,} is well defined.

Define W; : E — E by Wix := tu + (1 - t) W(*5*), where W : E — E is nonexpansive for
x,u € E, then W; is a contraction for 0 < ¢ < 1.

In fact,

u+x u+
IWox - Wy s(l—t)H - y”

2 2

<ty
Lt
= Yy

which implies that W; is a contraction. Thus there exists x; such that W;x; = x;. That is,
x=tu+(1-)W(5*) for0 <t<1.
From Lemma 9 we know that ];t (I — r,B) is nonexpansive, therefore {y,} is well defined.
Step 2. {x,,}, {#,}, {y.} are all bounded.
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In view of Lemmas 6 and 9, we have, for ¥p € (A + B)™10,

lyn —pll < aullx, —pll + 1-a,)

X+ Y H

l-«
< ayllx, - pll + “Jloen — pll + IIJ'n pl, (12)

which implies that ||y, — p|l < |lx, - pI|-
Using Lemma 7 and (12), we have, for p € (A + B)™'0 and n > 0,

101 =PIl < ¥u ” nf (%) — TP” + H I =vuT)yn—p) ” + [leq||
< yunkll% = pll + va|[f @) = Tp| + L= v llyn — Il + llenl

< [1= 1o = k)]s =l + 77 kﬂ“y)n + lleal

||72f(19 Tp| } ‘el

y (13)

=< maX{llxn Pl ——"—

By using the inductive method, we can easily get the following result from (13):

I/ ) mn
|Wm1—PHSHMXhMO—PW . }:uem

which implies that {x,} is bounded. Then (12) implies that {y,} is bounded.

Since ];‘}q and (I — r,B) are nonexpansive, f is a contraction and 7T is bounded, then {u,},
{f xen)}, Uiy}, {B(*524)} and {Ty,} are all bounded.

Set My = sup{|[u,|l, 7 nll, ||B(%)|l, el nIUf @) 1> | Tyl = 1> O}

Step 3. limy, oo [|%41 — %[l =

First, we shall discuss ||J7} u, — ]A Up_1| for m>1.

'n-1

If r,_1 <ry, then by using Lemma 5, we have

A A
I n =T,

N—

A Tn-1 "n-1\,4 A
=W\ —unt(1- S tn ) =T U
n— rn rn n—
-1 Tp-1 A
U, + (1 - )]rnu,, — Uy
'n Ty
Tn-1 A
[
T

1728 4 = 4. (14)

1 Un-1 ”

=<

Tn-1
= . ety — vprll + (1_

n

Ty — Ty

=< ”un — Up-1 ” +

If r, < r,_1, then imitating the proof of (14), we have

Tn-1—"n

T s = T2ttt || < Nty = |l + 172 40 = e || (15)

Combining (14) and (15), we have, for n > 1,

- 1 Pact =Pl 7 — . (16)

rn_lu”—l H = ”un - un—l” +
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Note that

+ 11 =7l

1t — thor || < H(I— rnB)(x” T Tnd ””‘1)

2 2

o)
2

llen =21l N1yn = Yl Xp-1+ Yn-1
< + + |11 =l | Bl ———— ) |- 17
= 2 2 | n-1 n| 2 ( )
Using (16) and (17), for n > 1, we have
”yn _yn—1|| < oyl — Xpa |l + |y — ot |1 |l
+ (1 - O[n) ”];:un _];:71 Up-1 H + |an - O[;'1—1| | ];«:71 Up-1 ||
< apllxn = Xpa |l + loy — @t | 1% | + (1 - an)”un |
|70 = 11l
- ”]yAnun —Up-1 H + |an - an—1| | ];«171 Up-1 ||
1+, 1-qa,
=— l%6n = 2pa |l + 5 lyn = yuall
2
+2M1|Oln—(¥n_1|+ 1+g M1|rn—rn_1|. (18)
From (18), we know that for n > 1,
2
”yn _yn—ln =< ”xn - xn—l” + 4‘M1|an - an—1| + 21\41 1+ E |rn — ru-1l- (19)
Using (19), we have for n > 1,
%1 = %l < Ykl = %t | + 71 = Vit | [f o) | + (U= )1y = Y |
+ | Vn — Vn—l“lTyn—l” + |l —eall
< [1= v = k)l = 201
2
+2My | |V = Va1l + 2| — | + | 1+ g |7y = Tyl
+ ||en+1 - en” (20)

From the assumptions on {e,}, {®,}, {y} and {r,}, in view of (20) and Lemma 4, we have
limy,— o0 [|%n41 — %l = 0.

Step 4. Set W, = J (I - r,B), then W,y,, — y, — 0, as n — 0.

It is obvious that W, is nonexpansive and (4 + B)™10 = Fix(W,,).

Since both {x,} and {W,,(’C"Tﬂ”)} are bounded and «,, — 0, as n — +00, then

Xn + Vn Xn +Vn
Yn— Wy 2 =ay|lx, - W, — 0, asn— +o0.

2

Since both {f(x,)} and {Ty,} are bounded and y,, — 0, as n — +00, then

Kyel — Y = y,,[qf(x,,) - Tyn] +e,—> 0, asn— +o00.
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Therefore, in view of the result of Step 3,

o= ()

Xy — Xy +
<7“” Il x,,—Wn< nzy">H—>(), as n — 00.

” Wnyn _yn” =<

n

- 2

Step 5. limsup,,_, , . (0 (Po) — Tpo,] (Xus1 — o)) < 0, where po € (A + B)~10, which is the
unique solution of the variational inequality (11).

Since W), is nonexpansive, then Lemma 8 implies that there exists z; such that z, =
tnf(z:) + (I — tT)W,z; for t € (0,1). Moreover, z; — po € Fix(W,,) = (A + B)™10, as t — 0;
and py is the unique solution of the variational inequality (11).

Since ||z|| < |zt —poll + llpoll, then {z;} is bounded, as ¢ — 0. Using Lemma 3 repeatedly,

we have

2
Iz = yull

= llze = Wodu + Wiy = yull®

< llze = Woynll® + 2(Woyn = Y, ) (2 = y))

= ”tnf(z[) + ([ —tT)W,ze = Wy, H2 + 2<W,,yy, — Y J (2 —y,,))

< Wzt = Woyull® + 2¢(nf (z0) = TWoze, (2t = Woy)) + 2 Widn = Y (2t = 9)

<llze = yull® + 26{nf () = TWouze, J(ze = Woy)) + 21 Wy = ¥l l2e = ¥l
which implies that
t(Tant nf (), ] (z: - nyn)> < I Wiy = Iullllze = yull.

So, lim;_, ¢ limsup,,_, , . .(TWyz: — nf (z:),J(zt — Wy,y,)) < 0 in view of Step 4.
Since z; — po, then W,z; — W,,po = po, as t — 0. Noticing the following fact that

(Tpo = nf ©0),] o — Wayn))
=(Tpo — nf (o), J(Po = Wouyn) = J(ze = Woy)) + (Tpo — nf (Po), (2 = Wiuyn)
(Tbo = nf (o), T (o = Wryn) = ] (2e = Wiryn))
+(Tpo — nf (po) = TWoze + nf (20),] (2 — Winyn))
+(TWze — nf (20),] (2t = Wayn))s

we have limsup,,_, , .. (Tpo — nf o), J (o — Wuyu)) <
Since (Tpo — nf P0),J (o — %n41)) = (Ipo — nf (po) ](Po —%ne1) = J(po — Wiyn)) + (Tpo —
nf o), J(po — Wauyn)) and x,.q — Wy,y, — 0, thenlimsup, _, . (nf (po) — Tpo,J (Xns1—po)) <0
Step 6. x,, — po, as n — +00, where po € (A + B)710 is the same as that in Step 5.

Since

Xn + Vn

1+a,
lyn = poll < anllx,—poll + (1 —c) -po| < I — poll + ||J’n -poll,

then [y, — poll < llxx = poll-



Wei and Shi Journal of Inequalities and Applications (2015) 2015:183 Page 12 of 17

Using Lemma 3 and letting M, = max{Mj, ||po||}, we have for n > 0,

%1 = poll®
= “ Vn (’lf(xn) - TPO) + (= yuT)Yn = po) + en ||2
< A= yu¥)1yn = poll* + 2vu(nf (1) = Tpo,J (a1 — Po))
+2(en, J (%1 — P0))
< (L= vu?)lxn — poll* + 2vun{f ) = f (p0)s ] (X1 — po) =] (6n — Po))
+ 2y,un{f () = (p0), J (% = po))
+ 2¥u(nf (o) = TP0:,J 1 — o)) + 2llenll 1%ns1 — poll
< [1=vu(@ = 200)]ll%s = polI*
+ Yu 2{0f B0) = Tp0,J (%ns1 = P0)) + 2016 = Poll|Xni1 — Xull] + 4Malle,]l.  (21)
Let 8, = (¥ =20k), 8,7 = v [200f (o) = TPo,J (ns1 = p0)) + 2712 = ol %11 — %, ][] and
8% = 4M, e, || Then (21) can be simplified as |51 — pol> < 1= 88) s — polI? + 82 + 8%
Using the assumptions, the results of Steps 2, 3 and 5 and by using Lemma 4, we know

that x,, — pg, as n — +00.

This completes the proof. O

Theorem 11 Ife, = 0, then iterative algorithm (A) becomes the following accurate iterative

algorithm:
X0 € E,
yn:anxn"',gn]::[anw —rnB(%)]: n>0, (B)

Xn+l = Vnﬂf(xn) +( - Yn T)yru n>0.

If (A +B)710 # 0, then under the assumptions except on {e,} of Theorem 10, {x,,} generated
by the iterative algorithm (B) converges strongly to py € (A + B)™10, which is the unique

solution of the variational inequality (11).

3 Applications
In this section, we shall demonstrate the applications of Theorem 10 to the nonlinear prob-
lems with Neumann boundaries and Signorini boundaries, respectively.

Example 1 Now, we shall present an example of nonlinear Neumann boundary value
problem involving the generalized p-Laplacian, which comes from [19]:

—div[(C(x) + |Vu|2)p%2 Vul + elul%u + g(x, u(x), Vu(x)) = h(x), ae.xeQ,

»2 ©
—(9,(C(x) + |Vul?) T Vu) € Be(u(x)), aexeTl.

In (C), Q is a bounded conical domain of a Euclidean space RN with its boundary I' € C!
(see [20]). h(x) € L*(R2) is a given function. ¢ is a nonnegative constant and © denotes the

exterior normal derivative of ', 0 < C(x) € L?(£2).



Wei and Shi Journal of Inequalities and Applications (2015) 2015:183 Page 13 of 17

Let ¢ : ' x R — R be a given function such that, foreachx € ', ¢, = p(x,-) : R —> R is
a proper, convex and lower-semi-continuous function with ¢,(0) = 0. Let S, be the sub-

differential of ¢y, i.e., B, = d¢,. Suppose that 0 € 8,(0) and for each ¢ € R, the function
xeT — (I +AB,)"!(t) € R is measurable for A > 0.

Suppose that g : Q x RN*1 — R is a given function satisfying the following conditions:
(a) Carathéodory’s conditions:

x — g(x,r) is measurable on Q forall r e RN+,

r— g(x,r) is continuous on RN*! for almost all x € Q.

(b) Nonexpansive with respect to ry, i.e.,
g, 71, ..o rnan) =g s )| < 1 — 8l

where (r1,72,...,7n41)s (B, .. ., Env1) € RN
(c) Monotone with respect to ry, i.e.,

(g(x,i”hu-ﬂ"NA) —-glx, tlr"-;tN+1))(r1 -4)=>0

forallx € Q and (r1,...,rns1), (s - .- » Ene1) € RNFL

2N N 1,1
Assume 7 <p < +00, x5 < g < +00, where N > 1. Let sty = 1. We use || - ||2 to denote

the norm of L(R2) and (-, -) to denote the inner product in RV, respectively.

Lemma 12 ([19]) Define the mapping B, ,: W (Q2) — (W*P(Q))* by

p-2

(v, Bp,qut) :/S;<(C(x)+ |Vu|2)TVu, Vv)dx+8/Q|u(x)|q_2u(x)v(x)dx

Jorany u,v € W*P(RQ). Then B, is everywhere defined, strictly monotone, hemi-continuous
and coercive.

Lemma 13 ([19]) The mapping ®,: W*P(Q) — R defined by ®,(u) = Jr @x(ulr (x)) dT (x)
for any u € WYP(Q) is proper convex and lower-semi-continuous on WP (Q).

Lemma 14 ([19]) The mapping A : L*(Q) — 2L°© defined by
Au={f € L*(Q):f € Bygu+0®,(w)} for Yu € D(A),
where
D(A) = {u € L*(Q) : there exists f € L*(Q2) such that f € B,qu + 8@1,(14)}
is m-accretive.
Lemma 15 Define S: D(A) C L*(Q) — L*(Q) by

Su(x) = g(x, u(x), Vu(x)) — h(x)
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for u(x) € D(S), where h(x) is the same as that in (C). Then S is inversely strongly accre-
tive.

Proof From assumptions (c) and (b) on g, we know that if r, <#, then

gty tnn) = 6 71, ) = | P ) — g By )|

<In-tl=ti-n;
if 1 > #1, then

g(xrl’l,u-:rNu) _g(xrtl:--~rtN+1) = |g(x,’”1,~-;’”N+1) _g(x’tlr'--’tN+l)|

<|n-tl=n-tf.
Thus

[g(x, PloeoosPNs1) — 8 B, ~~,L‘N+1)]2 =< [g(x, .. rNe1) — gt ";tN+1)](r1 - t),

which implies that

(Su—-Sv,u—v)= ‘/Q[g(x, u(x), Vu(x)) —g(x, v(x), Vv(x))](u —v)dx

> A[g(x, u(x), Vu(x)) —g(x, v(x), Vv(x))]2 dx = ||Su — SV||§.

Then § is inversely strongly monotone.

This completes the proof. O

Lemma 16 ([19]) For h(x) € L*(R2), nonlinear boundary value problem (C) has a unique

solution in L*(Q).
Lemma 17 ([20]) For V¢ € C°(R2), (¢, 0P,(u)) = 0, u € W (Q).
Lemma 18 u(x) € L2(RQ) is the solution of (C) if and only if u(x) € (A + S)™10.

Proof If u(x) is the solution of (C), then

p2
)

—div[(C(x) + |Vu|2)p Vu] +elu|Tu +g(x, u(x), Vu(x)) =h(x), aexe.

Thus, for Yo € C3°(£2), by using the property of generalized function and Lemma 17, we

have

pr=2
2

0:/—div[(C(x)+|Vu|2) Vu]gadx+s/ |7 2w dx
Q Q

+ /s;g(x, u(x), Vu(x))go dx — /Q ho dx

= /Q((C(x)+ |Vu|2)

r=2
2 Vu,Vgo)dx+/ elu| T2 ugp dx
Q
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+ /S;g(x, u(x), Vu(x))<p dx — /Q ho dx

= (@, By qu + Su) = ((p,Bp,qu + 0D, (u) + Su) = (@, Au + Su).

Then u(x) € (A + S)10.
On the other hand, if u(x) € (A + S)™0, then for Vg € C°(R),

0 = (p,Au + Su) = (‘p:Bp,qu + 8¢’p(lfi) + SI/l>

= /((C(x)+ |Vu|2)1%2Vu,Vgo>dx+£/ || ugp dx
Q Q

+ /Qg(x, u(x), Vu(x))(p dx — /Q ho dx

= / {=div[(C) + |Vul®) 7 Vu] + elul?u + g(x, ux), Vulx)) - h}p dx.
Q

Therefore, —div[(C(x) + |Vu|2)!%2 Vul + elul?2u + g(x, u(x), Vu(x)) = h(x), a.e. x € Q. By
using Green’s formula, we know that for any v € whr(Q),

p=2
2 Vu)v|r dr'(x)

/F(z?, (C(x) + |Vu|2)
:/Qdiv[(C(x)+|Vu|2)

= / [8|u|q‘2u +g(x,u(x), Vu(x)) - h(x)]v(x) dx + (v, Bpqu) —/ elu|®2uvdx
Q Q

r=2 r=2
2 e

Vu]vdx+/<(C(x)+|Vu|2) Vu,Vv)dx
Q

= (v, Au + Su — 0D, (1)) = (v, —0 D, ()

- /F BVl dT(x).

Thus —(#, (C(x) + |Vu|?) "> Vi) € Bo(u), ace.on T
This completes the proof. O

Theorem 19 Let A and S be the same as those in Lemma 14 and Lemma 15, respectively.
Let f: L*(Q) — L*(Q) be a fixed contractive mapping with coefficient k € (0,1) and T :
L2(Q) — L*(Q) be a strongly positive linear bounded operator with coefficient y. Suppose

that 0 <n < 2L/< Let {u,} be generated by the iterative algorithm (D)

Up € LZ(Q),

I = Ctpthy + (1= o0y (I + 1, A) 1 [H2 — p, S(tatr)], (D)

Uyl = )/nrlf(un) +( - )/nT)yn +e, n=>0.

Suppose {e,} C L*(Q), {a,} and {y,} are two sequences in (0,1) and {r,} C (0,+00) sat-
isfies the conditions presented in Theorem 10. Then {u,(x)} converges strongly to a point
po(x) € (A +8)710, which is the common solution of nonlinear boundary value problem (C)
and the following variational inequality: for Vz € (A + S)710,

(T = nf)po,po —2) < 0. (22)
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Example 2 Next, we shall consider the following Laplacian equation with Signorini
boundary value conditions, which can be found in [21]:

-Au+u=hx), xe€g,

u>Mu,a” >0, (u—Mu g—g:O, aexel,

(E)

where Q is a bounded domain of RN (N > 1) with its boundary I' sufficiently smooth,
¥ is the exterior normal derivative of I". i(x) € L2(2), h € H%(F) ¢ € H? (T") are given
functions. Mu = h(x) — fr P 554l (x) for x € T and ¢ is a nonnegative function defined
onT.

From [21], we know that (E) can be expressed in the form of the following quasi-
variational inequality:

u € H} (Q), u € Q(u),
(Luyu —w) < (h(x),u—w), Vwe Qu),

(F)

1
where H}(Q) := {u € HY(Q) : Lu € L*(Q)} with norm || - ey = (Il - 1%, e I 17, @2
for u € H}(Q), L = Ly + Ly and Liu = —Au, Lyu = u for u € H}(Q). Q(u) := {v € H(Q) :

v > h(x) — (¢, g—l’;)r, a.e.x € I'}, here (-,-) denotes the generalized duality pairing between

H3(T') and H-3 (I").

Lemma 20 ([21]) Quasi-variational inequality (F) has a solution, which implies that (E)
has a solution u(x) € H} ().

Lemma 21 Ifu(x) € (L; + L3)™'0, where Lyu = Lyu — h(x), then u(x) € H} () is the solution
of (E)

Proof 1t is easy to check that if u(x) € (L; + L3)710, then u(x) satisfies (F), which implies
that the result is true in view of Lemma 20.

This completes the proof. d

Theorem 22 Let L, and Ls be the same as those above. Let f : H (Q) — H} () be a fixed
contractive mapping with coefficient k € (0,1), T : H} (Q2) — Hl( ) be a strongly positive
linear bounded operator with coefficient y. Suppose that 0 < n < 5. Let {u,(x)} be generated
by the iterative algorithm (QG):

Up € HI(Q)
Yn = pthy + (1= 0t,) (I + 1, L1)” [un+yn rnLS(%)]) (©)
U1 = Yuif W) + L = ¥ T)yn + €0, 1 >0,
Suppose {e,} C H} (), {a,} and {y,} are two sequences in (0,1) and {r,} C (0, +00) sat-
isfies the conditions presented in Theorem 10. Then {u,(x)} converges strongly to a point

po(x) € (Ly +L3)710, which is the common solution of the Laplacian equation with Signorini
boundary value condition (E) and the following variational inequality: forVz € (L, +L3) ™0,

(T = nf)po,po —2) < 0. (23)
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