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Abstract

About two decades ago Lutwak introduced the concept of p-affine surface area. More
recently, the results of Lutwak have been generalized by Ma to the entire class of
so-called ith p-affine surface areas. In this paper, we further research this new notion
and give its integral representation. Affine isoperimetric and Blaschke-Santalé
inequalities, which generalize the inequalities obtained by Lutwak, are established.
Furthermore, we prove the ith p-affine area ratio of convex body K for the ith p-affine
surface area, which does not exceed the generalized Santald product of convex

body K.
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1 Introduction

During the past three decades, the investigations of the classical affine surface area have
received great attention from many articles (see articles [1-14] or books [15, 16]). Based
on the classical affine surface area, Lutwak [17] introduced the notion of p-affine surface
area and obtained some isoperimetric inequalities for p-affine surface area. Regarding the
studies of p-affine surface area also see [18—25]. In particular, Ma [26] studied the ith p-
geominimal surface area.

The setting for this paper is n-dimensional Euclidean space R”. Let K" denote the set
of convex bodies (compact, convex subsets with nonempty interiors) and K denote the
subset of " that contains the origin in their interiors in R”. Let K denote the set of
convex bodies whose centroids lie at the origin. As usual, V;(K) denotes the i-dimensional
volume (i.e., Lebesgue measure) of a compact convex set K in R”. Instead of V,(K) we
usually write V(K). Let S"! denote the unit sphere with unit ball B,, w, is the volume
of B,, and w; := V;(B,) denotes the i-dimensional intrinsic volume of B,. For K € K, let
K* denote the polar body of K. Let §” denote the set star bodies in R” containing the
origin in their interiors.

In [3], Leichtweif3 defined the affine surface area Q(K) by

n R QUK) S = inf{nVi (K, Q*)V(Q)" : Qe S7). 1.1)

In [17], Lutwak generalized the affine surface area Q(K) to the p-affine surface area

Q,(K) by using the Brunn-Minkowski-Fiery theory as follows:
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nrQ,(K) " = inf{nV,(K,Q)V(Q)" : Qe S} 1.2)

Obviously, if p = 1, Q1(K) is just the classical affine surface area Q(K).
Moreover, Lutwak proved the following inequalities for the p-affine surface area.

Theorem 1.1 Let K € K and p > 1. Then

Q,(K)"™? < WP V(K)" P 1.3)
with equality if and only if K is an ellipsoid.
Theorem 1.2 Let K € K and p > 1. Then

Q,(K)Q,(K*) < (nw,)* (1.4)
with equality if and only if K is an ellipsoid.

For K € K, Lutwak also defined the p-affine area ratio of K by (see [17])

Q,(K)™? \ 7
(viers) 9

and proved (1.5) is monotone nondecreasing in p.

Theorem 1.3 IfK € ) and1 <p < g, then

Q(K)™? \ 7 Q (K)™ \ 4
(n”““ V(K )”P) = (n"w V(K)”q> (1.6)

with equality if and only if K € £", where £" = {K € F)' : K* and AK are dilates} and AK
denotes the curvature image of K.

It is easily seen that the p-affine surface area belongs to the Brunn-Minkowski-Fiery
theory. Recently, Ma [24] further extended the p-affine surface area €2,(K) to the ith p-
affine surface area Qg) (K) of K € K7 (also called the (i,0) type p-affine surface area, i €
{0,1,...,n —1}) by using the Brunn-Minkowski-Fiery theory as follows:

_r.
pria

1QUK) 5 = inf{nW),(K, Q") Wi(Q)

2
a

1:Qed8y}. (1.7)

n

It is the aim of this paper to establish several generalized forms of inequalities (1.3), (1.4),
and (1.6). Our main results can be stated as follows.

Theorem 1.4 Ifp>1,i€{0,1,...,n-1},and K € F!

i,0’

then the integral expressions of ith
p-affine surface area Ql(,i) (K) are as follows:

QO(K) = /S K, W) P57 dS(u), (1.8)

where symbols f, (K, -) and F}, are defined in Section 2.
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Taking i = 0 in (1.8), the ith p-affine surface area reduces to Lutwak’s p-affine surface
area (see [17], Theorem 4.4):

Q,(K) = /S S u) " dS(u),

where K € F) C K7 is a convex body with a positive continuous curvature function,
f»(K,-) denotes a p-curvature function of K € K7.

Theorem 1.5 Suppose K € K!,i€{0,1,...,n—1} and p > 1. Then
QY (KY"?™ < n" Pl WHKY W) (1.9)

with equality for i = 0 if and only if K is an ellipsoid, and for 0 <i < n—-1ifand only if K is
an n-ball centered at the origin.

Theorem 1.6 Suppose K € K!,i€{0,1,...,n—1} and p > 1. Then
, , , n ~2p ,
a0y < o () Wik (L10)

with equality for i = 0 if and only if K is an ellipsoid, and for 0 < i < n -1 if and only if all
(n — i)-dimensional sub-convex bodies contained in K are (n —i)-ball centered at the origin.

Taking i = 0, inequality (1.10) reduces to Lutwak’s result (see [17], this is also Theorem 1.1
in our article).

Theorem 1.7 Suppose K € K, i€{0,1,...,n—1} and p > 1. Then
QUK)QY (K*) < n* Wi(K)W;i(K™) (111)

with equality in inequality for i = 0 if and only if K is an ellipsoid centered at the origin,
and for 0 <i <n—1ifand only if Kis a ball centered at the origin.

Corolloary 1.8 Suppose K € K7,i€{0,1,...,n—1} and p > 1. Then
. . n -2
QY(K)QY (K*) < (nwiw,—) (l) (112)

with equality in inequality for i = 0 if and only if K is an ellipsoid centered at the origin,
and for 0 < i < n—1ifand only if all (n — i)-dimensional sub-convex bodies contained in K
are an (n — i)-ball centered at the origin.

Taking i = 0, inequality (1.12) reduces to Lutwak’s result (see [17], this is also Theorem 1.2
in our article).

Theorem 1.9 IfK € F\ and i€ {0,1,...,n—1}, then, for1 <p < g,

Q(i) n+p—i 1 (i) n+q—i 1
p'(1<) A squ(K) ) w13
P W(Kyp=i ) T \ i W(K) e

with equality if and only if K € £!', where symbol E!" is defined in (3.18).



Ma and Feng Journal of Inequalities and Applications (2015) 2015:187 Page 4 of 26

Taking i = 0, inequality (1.13) reduces to Lutwak’s result (see [17], this is also Theorem 1.3
in our article).

The paper is organized as follows. For the sake of convenience, in Section 2 we introduce
the basic knowledge about the convex geometric analysis. In Section 3 we discuss some of
the properties of the ith p-affine surface area Qg) and ith p-curvature image A,;. Mean-
while, we prove Theorems 1.4-1.7 stated at the beginning of this paper. In Section 4 we
establish the cyclic inequalities of ith p-affine surface area Ql(f) (K) and the monotonicity
of ith p-affine area ratio and ith p-curvature ratio; these results are a generalization of Lut-
wak’s conclusions (see [17]). At the same time, we complete the proof of the monotonicity
theorem (Theorem 1.9 stated at the beginning of this paper). In Section 5, we further de-
fine the concept of QY and discuss its interesting properties. In addition, we give a daisy
chain of inequalities for ith p-affine area ratio with monotone nondecreasing in p, which
does not exceed the generalized Santalé product of convex body.

2 Notation and preliminaries

2.1 Support function, radial function, and polar of convex body

As usual, GL(n) denotes a nonsingular linear transformation group in R”. For ¢ € GL(n),
let 9%, 71, and ¢! denote the transpose, inverse, and inverse of the transpose of ¢, respec-
tively. For K € K", let (K, -) : R” — R denote the support function of K € K”. Namely,

h(K,x) = hg(x) :=max{x-y:y€ K} forxeR",

where x - y denotes the standard inner product of x and y in R”. For ¢ € GL(n), then obvi-
ously h(¢K, x) = h(K, ¢'x). For the sake of convenience, we write /i rather than 4(K;, -) for
the support function of K. Apparently, for K,L € K", K C L if and only if ix < h;. The set
K" will be viewed as equipped with the Hausdorff metric § defined by §(K, L) = ||k —h1 |0
is the sup (or max) norm on the space of continuous functions on the unit sphere C(S"!).

For a compact subset L of R”, which is star-shaped with respect to the origin, we shall
use p(L,-) to denote its radial function; i.e., for x € R”\{0},

o(L,x) = pr(x) :==max{A >0:Ax € L}.

If p(L,) is continuous and positive, L will be called a star body, and S will be used to
denote the class of star bodies in R” containing the origin in their interiors. Apparently, for
K,Le S}, K < Lifand only if px < pr. Two star bodies K and L are said to be dilates (of
one another) if p(K, u)/ p(L, u) is independent of # € ", Let § denote the radial Hausdorff

metric as follows: if K, L € S, then (K, L) = || px — p1lloo-
For K € K7, the polar body K* of K is defined by

K*={xeR":x-y<l,yeK}.
Obviously, we have (K*)* = K. If A > 0, then (AK)* = A"1K*. More generally, if ¢ € GL(n),

then (¢pK)* = ¢~*K*. For K € K", the support and radial function of the polar body K* of
K are defined respectively by (see [16, 27])

1 1
hi(u) = —— and  pg+(u) = —— forallu e S" L. (2.1)
px (1) hic ()
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Define the Santalé product of K € K by V(K)V(K*). The Blaschke-Santalé inequality
(see [16, 27]) is one of the fundamental affine isoperimetric inequalities. It states that if
K € K7 then

VIK)V(K*) <}, (2.2)
with equality if and only if K is an ellipsoid.

2.2 Mixed volumes, p-mixed quermassintegrals, and dual p-mixed
quermassintegrals
We first introduce the following sum theorems for the mixed volumes and the mixed area
measure of convex bodies (see [16], p.280).
There is a nonnegative symmetric function V : (K")” — R, the mixed volume such that,
formeN,

i VK, ..., Ki,)

Vi Ky + ko) = Y Ay

i1yeenip=1

for arbitrary convex bodies Kj, ..., K, € K" and numbers A4,...,A,, > 0.
Further, there is a symmetric map S from (K")"~! into the space of finite Borel measures

on S$"1, the mixed area measure such that, for m € N,

SuaGaky + hnKoms ) = Y Ay hiyy SKeyy o Ky yy)

i15eenip-1=1

forKy,...,K,, € K"and Aq,...,A,, > 0 (where we write S(K3,...,K,,_1,-) = S(K3,...,K,_1)(-)).

Taking Ky =---=K,.;.1 =KandK,_;=---=K,_1 =B, in §(Ky,...,K,_1,"), we write S;(K, )
for S(K,...,K,B,,...,B,,").
The equality

1
V(Ky,...,K,) = —/ h(Ky,u)dS(Ks, ..., Ky, u)
n Jgn-1

holds for K3, ..., K, € K".
For K € K"andi € {0,1,...,n—1}, the quermassintegral W;(K) of K is given by (see [28])

1
Wi(K)=V(K,...,K,By,...,B,) = —/ WK, u)dS(K, u). (2.3)
—— \—’;—-/ n Jgn-1

It turns out that the ith surface area measure S;(K,-) of K, i € {0,1,...,n —1}, on S" ! is
absolutely continuous with respect to the ordinary surface area measure S(K,-) of K and
has the Radon-Nikodym derivative (see [29])

dsi(K,-) ;
S =G (2.4)

From (2.3), we easily see that Wy,(K) = V(K).
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The definition of W;(K) is the classical Steiner formula, which we write in the two forms
(see [16], pp.213, 286):

WWHMPZ){5MW=ZV%mWM
i=0 ! i=0

From the above definition of W;(K) and the definition of V(Kj,...,Kj,), it follows that
(see [16], pp.213, 286)

Wi(K) = V(K,...,K, By, By) = -V, i(K), i€ {0,1,...,m}. (2.5)

hn—i i (l)

Forrealp > 1, K,L € K}, and o, B > 0 (not both zero), the Firey p-linear combination
a oK +, B oL, is defined by (see [30])

Wa oK +, oL,y =ah(K,-Y + Bh(L, ).

For K,L € K, & > 0, and real p > 1, the p-mixed quermassintegrals W), ;(K,L) of K and
L,i€{0,],...,n -1} are defined by (see [28])
—i Wi(K L) - Wi(K
"l (KoL) = tim K e D) Wil
4

e—>0* &

Obviously, for p =1, W1 ,(K, L) is just the classical mixed quermassintegral W;(K, L). For
i =0, the p-mixed quermassintegral W, o(K, L) is just the p-mixed volume V,(K, L).

Forp>1,i€{0,1,...,n -1}, and each K € K7, there exists a positive Borel measure
Spi(K,-) on S" such that the p-mixed quermassintegral W,,;(K,L) has the following in-
tegral representation (see [28]):

1
W,(K,L) = = 1 (v) dSp;(K,v) (2.6)
n Jsn-1
forall L € K. It turns out that the measure S, (K, ), i € {0,1,...,n—1},on " isabsolutely
continuous with respect to S;(K;, -) and has the Radon-Nikodym derivative

dSp,i(K: ) _

1-
25K, =h(K,-)*. (2.7)

Together with (2.3) and (2.6), for K € K7, p > 1, we have W), ;(K, K) = W;(K).
For K € §” and any real i, the ith dual quermassintegral \7%(1( ) of K is defined by (see
(16, 27])

1

%mh;LJwW%m. (2.8)

Obviously, W,(K) = V(K).
For K,L € S/, p > 1, and A, > 0 (not both zero), the p-harmonic radial combination
A% K +_, uxL €S is defined by (see [17])

pA*K+_p,puxL,- )P =1p(K,-)? + pp(L,)*.

Note that here ‘e % L’ is different from ‘e o L’ in Firey p-linear combination.
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ForK,L eS8, e>0,p>1,andreal i #n, the dual p-mixed quermassintegral VNV_p,i(K,L)
of K and L is defined by (see [31])

Hei Wi(K +_p & % L) — Wi(K)

? _piK,L) = EILT(T)L (2.9)

&

If i = 0, we easily see that (2.9) is just the definition of dual p-mixed volume, i.e.,
W_0(K,L) = V_,(K,L).
From (2.9), the integral representation of the dual p-mixed quermassintegrals is given

by Wang and Leng [31]: If K,L € S, p > 1,and real i #n, i # n + p, then

- 1 P
W_pi(K,L) = - /S'H p,y?p (w)p;” (u) dS(u). (2.10)

Together with (2.8) and (2.10), for K € S}, p > 1, and i # n,n + p, it follows that
W_,i(K, K) = Wi(K).

Further, Wang and Leng [31] proved the following analog of the Minkowski inequality
for the dual p-mixed quermassintegrals: If K,L € S, p > 1, then, fori<nori>n+p,

W (K, L)"™ > Wy(K)"P7'W,(L)?, (2.11)

and for n < i < n + p, inequality (2.11) is reverse, with equality in every inequality if and
only if K and L are dilates of each other.

Another consequence of inequality (2.11) will be needed (see [32]): Suppose K,L € S7,
p>land A, u>0.Ifreali<norn<i<n+p,then

Wi % K3 _pp % L) P10 > 3 W (K) /0D 4 o W) >/, (2.12)

with equality in every inequality if and only if K and L are dilates of each other, and for
n > n + p inequality (2.12) is reverse.
The following result will be needed.

Lemma 2.1 Ifp>1,ie R, M C S} is a class of bodies such that K,L € M. If

W, (K, QI Wi(K) = W_, (L, Q)/Wi(L) forall Qe M, (2.13)
then K = L.
Proof Taking Q = L gives W_, (K, L)/ Wi(K) = W_, (L, L)/ Wi(L) = 1. Now inequality (2.11)
gives \/NVi(L) > \T’/,»(K ) with equality if and only if K and L are dilates. Take Q = K and get
\TVi(I( ) > V~Vi(L) with equality if and only if L and K are dilates. Hence, \/~Vi(1< )= %(L), and

K and L must be dilates. Thus, K = L. O

By inequality (2.12), for convex bodies, we introduce the following definition: Suppose
KeKlandLeS). Forp>1landi€{0,1,...,n -1}, define W, ;(K,L*) by

1
Wp'l’(l<,L*) = ; /S‘n_l pL(u)_p dSp,i(K, I/l) (214)
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Since hg+ = 1/pq for Q € K}, it follows from the integral representation (2.6) that, if L
happens to belong to K7 (rather than just S)), the new definition of W, ;(K,L*) agrees
with the old definition.

2.3 The ith p-curvature function and ith p-curvature image

A convex body K € K" is said to have a continuous ith curvature function f;(K, -) : S —
R if its mixed surface area measure S;(K;,-) is absolutely continuous with respect to the
spherical Lebesgue measure S and has the Radon-Nikodym derivative (see [28])

(K0) =fi(K,-), forie{0,1,...,n—1}. (2.15)
ds
Let 77, F/i,, F[. denote a set of all bodies in K", K}, K/, respectively, that have an ith

positive continuous curvature function. In particular, 7y := 7", F¢ = F), Fg = FI.

A convex body K € K/ is said to have a p-curvature function f,(K, ) : S*1 — R if its
p-surface area measure S,(K,-) is absolutely continuous with respect to the spherical
Lebesgue measure S and has the Radon-Nikodym derivative (see [17])

ds,(K,-)

= h ). (2.16)

Lutwak [17] showed the notion of p-curvature image as follows: For each K € F) and
p >1,define A,K € S/, the p-curvature image of K, by
p(ALK, )P = Mﬁ,(l(, ). (2.17)
Wy,
It should be noted that, for p =1, this definition of curvature image differs from the defi-
nition used by the author in [8, 10], and [33].

Recently, Liu et al. [34], Lu and Wang [35], as well as Ma and Liu [24, 36, 37] inde-
pendently introduced the concept of ith p-curvature function of K € K}/ as follows: Let
p>1,i€{0,1,...,n—1},aconvex body K € K/ is said to have an ith p-curvature function
S, 0) S"! — R ifits ith p-surface area measure Sp,i(K, -) is absolutely continuous with
respect to the spherical Lebesgue measure S and has the Radon-Nikodym derivative

ds, (K, )

o =il (2.18)

Ifthe ith surface area measure S;(K, -) is absolutely continuous with respect to the spherical

Lebesgue measure S, we have
JoilK, ) = h(K, VA, ). (2.19)
Together with (2.15) and (2.19), we easily get that, for K € K and real A > 0,
JoiGK, ) = AP (K ). (2:20)
According to the concept of ith p-curvature function of convex body, Lu and Wang [35]

as well as Ma [24] introduced independently the concept of ith p-curvature image of con-
vex body as follows: For each K € ]-'if’o, i€{0,1,...,n-1},andreal p > 1, define A, ;K € S/,
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the ith p-curvature image of K, by

Wi(A,,K)

P(Ap K, )P = fi (K, ). (2.21)

n

Forthecasep =1ori = 0, the subscript p or i in A, ; will often be suppressed. If A, ;K € K,
write Ay K for (A,,;K)*. The unusual normalization of definition (2.21) is chosen so that,
for the unit ball B,,, it follows that A, ;B, = B,,. From definitions (2.17), (2.19), and (2.21), if
i=0,then A,oK = A,K. In particular, we note that if p = 1 in (2.21), then

p(AK, )1 = Mﬁ(K ) (2.22)

Wy

An immediate consequence of the definition of the ith p-curvature image and the inte-

gral representations of W,,; and \77,1” is the following results.

Proposition 2.2 Ifp>1,i€{0,1,...,n—1},and K € F"

1,07

then, for all Q € S,
Wi (K, Q) = 0y Wi A piK, Q) Wi(Ap,iK). (2.23)
The following characterization follows directly from Proposition 2.2 and Lemma 2.1.
Proposition 2.3 Suppose K € F/ and L€ S). Ifp>1,i€{0,1,...,n—1} and if
W, (K, Q%) = 0, W_i(L, Q)/Wi(L) forall Qe S”, (2.24)
then L = A,;K.

3 The ith p-affine surface area
Let O(n) denotes an orthogonal transformation group in R”.

Lemma 3.1 (see [28]) Suppose K,L € K, p > 1, and i € {0,1,...,n — 1}. Then, for any
¢ € O(n),

Wpi(@K, ¢L) = W,,(K, L).

Lemma 3.2 (see [38]) Suppose K,L € S),p>1,andrealicR aswellasi#n,i#n+p.
Then, for any ¢ € O(n),

Wi (6K, ¢L) = W_p, (K, L).

An immediate consequence of the definition of Qg) and Lemma 3.1 as well as Lemma 3.2
is the following.

Proposition3.3 Ifp>1,i€{0,1,...n—-1}, and K € K}, then, for all ¢ € O(n),
0] — 0
QV(¢K) = QV(K).

The ordinary surface area measure of a polytope is concentrated on a finite set of points
of S*! (see, for example, Lutwak [17]). From this, (2.4) and (2.7), it follows that the ith p-
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surface area measure S,;(P, -) of a polytope P € K] is concentrated on a finite set of points
of S"1. A direct consequence of this fact and the definition of ith p-affine surface area is
as follows.

Proposition 3.4 If p > 1, and P € K is a polytope, then Qg) (P)=0 forany i€ {0,1,...,
n-1}.

If i = 0, Proposition 3.4 reduces to the isotropy of the p-surface area measures, which
was essentially proved in [17] by Lutwak.

Lemma 3.5 Ifp > 1 and K; is a sequence of convex bodies in K, such that K; — K, € K},
then, fori=0,1,...,n -1, S, (Kj,-) = Sp,i(Ko, -) weakly.

Proof Suppose f € C(S"™). Since K; — Kj, by the definition of support function, hi, —
hi, uniformly on S". Since the continuous function A, is positive, th are uniformly

bounded away from 0. It follows that h}g_p — h}(;p uniformly on §”7%, and thus that
ﬂq;" — fh}(_op uniformly on S"*,

But K; — Kj also implies that
Si(Kj,-) = Si(Ko,-) weakly on st

follows from the weak continuity of surface area measures (see, for example, Schneider
[17, 39]). Hence,

F@)h(K;, u)' ™ dSi(Kj, u) — Fu)h(Ko, u)' ™ dSi(Ko, u),
gn-1 §n-1

or equivalently,

f(u)dS,, (K, u) — / f(u)dS,, (Ko, u). O
gn-1 gn-1

An immediate consequence of Lemma 3.5 and definition (2.14) is the following.

Proposition3.6 Ifp>1,i€{0,1,...,n -1}, and L € S}, then W,,;(-,L*) : K} — (0, 00) is
continuous.

Lemma 3.7 Suppose K; — Ko € K} and L — Lo € K. If p> 1 and i € {0,1,...,n — 1},
then W, (Kj, Lj) — W,,(Ko, Lo).

Proof Since hL}. — hi, uniformly on S”! and 4; is continuous, then hy, are uniformly
bounded on S*!. Hence,

h’L’i — Hy,  uniformly on s*
By Lemma 3.5 K; — Kj implies that

Sp,i(Kjy-) = Sp,i(Ko,-) weakly on s
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Hence,

/ hﬁi dSp,,'(Kj, M) — h{o dSp'l'(IQ), M) O
§n-1 gn-1
By the definition of dual p-mixed quermassintegrals and the continuity of the radial

function, we have the following.

Lemma 3.8 Suppose K — Ko € S) and L — Lo € S} Ifp>1,icR,andi#n,i#n+p,
then W_p,(Kj, L) — W_,(Ko, Lo).

An immediate consequence of the definition of QY definition (2.14), and Proposi-

tion 3.6 is the following.

Proposition 3.9 Forp >1andie€{0,1,...n -1}, the function Ql(,i) : K — [0, 00) is upper
semicontinuous.

Proof of Theorem 1.4 From the definition of Qg) (K), it can be seen that in order to prove
the theorem, it need be shown that

n+p—i
n—i

~ )4 1 _n—i_
inf{ W,,;(K,Q*)Wi(Q)# : Qe S/'} = [; /S i K u)mr dS(u)} : 3.1)

Recall that A,;K € S} is defined by f,,;(K ) = w,p(Ap,K, -)”*p’i/\?V;(Ap,iI(). From this and
the formula for the ith dual quermassintegrals, it follows that the quantity on the right in
(3.1) is just @, Wi(A,,;K) . By Proposition 2.2,

Wi (K, Q1) W(Q)7 = 0, W i(A K, QWi(Q)7 / Wi(AK).

Hence to prove (3.1) it need only be shown that

)4 n+p—i
=

inf{ W_,,(Ap,iK, QWi(Q)7 : Q € S} = Wi AK) 7 . (3.2)

The fact that the quantity on the left in (3.2) is no less than the quantity on the right is a
simple consequence of the dual p-mixed quermassintegrals inequality (2.11). To see that
the quantity on the right in (3.2) is no less than the quantity on the left, take Q = A,;K and
note that

Wi (A i, A p iKY WA KPP0 = WA K) P00,
Thus the result of Theorem 1.4 is obtained. O

An immediate consequence of the definition of the ith p-curvature image and the inte-
gral representations of Qg) as well as W is as follows.

Proposition 3.10 Ifp >1,i€{0,1,...,n—1}, and K € F}' , then

i,0?

n—i

QOK) = oy ™™ Wil A pK) 7. (3.3)
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The following lemmas will be needed.
Lemma 3.11 (see [40]) Suppose K € Kl and 0 <i<n,ieR, then
WiK) < V()7 ] (3.9
with equality if and only if K is an n-ball (centered at the origin).
Lemma 3.12 (see [40]) IfK € K} andie{l,...,n—1}, then
Wi(K) < Wi(K) (3.5)
with equality if and only if K is an n-ball (centered at the origin).

Proof of Theorem 1.5 From the definition of Ql(f)(K ) it follows that, for K € K and all
Qe Sy,

QU™ < w7 W, (K, Q) WiQP.
Taking Q = K*, we have
QI(;’)(K)”‘LP*[‘ < n,ﬁp,im([()n—iﬁ&i(](*)p. (36)

Hence, together with Lemma 3.11 and the Blaschke-Santal6 inequality (2.2), it follows
that

QI P WK < n" P WiKY' (Wi(K*) Wi(K))
2ip (n—i)

< nn+p—i vyl(]()"*’a)nT (V(I()V(I(*)) Tp

< WP WH(K)"
Therefore
P 2T TR

By the equality condition of the Blaschke-Santalé inequality (2.2) and Lemma 3.11, equality
holds in the inequality of Theorem 1.5 for i = 0 if and only if K is an ellipsoid, for 0 < i <
n—1if and only if K is an #-ball centered at the origin. O

Proof of Theorem 1.6 Together with inequality (3.6), Lemma 3.12, equation (2.5), and the
Blaschke-Santalé inequality (2.2), we have

Ql(yl) (1<)n+p—i < nn+p—im(1<)n—im(]<*)P

= WP EW(K) P Wi (K) Wi (K) T
-2p
= PR P (':) [ViiK) Vi (K*) )

n

_Zp
<" wiw,- ) ( > W;(K)" P~
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In the proof process, we can easily know that for i = 0 equality of inequality (1.10) holds
if and only if K is an ellipsoid, and for 0 < i < n — 1 if and only if all (# — {)-dimensional

sub-convex bodies contained in K are (n — i)-ball centered at the origin. O

Remark 3.13 More recently, the author in [26] defined the notion of ith p-geominimal
surface area: For K e K}, p > 1,i € {0,1,...,n -1}, then

P

2 . o )

wi ™ Gpi(K) = inf{nW,,;(K,QW;(Q*)"7 : Qe K}. (3.7)
Comparing to (1.7) and (3.7), we easily obtain that if K € X!, p > 1,i € {0,1,...,n—1}, then
QK" < (00, Gy (K)™. 39)

The inequality above is (1.8) of the article [26], and from the proof in [26] we know that
equality holds in (3.8) if and only if K" € W, where symbol Wy, is defined in (3.17).
Some results of this paper can immediately be given by (3.8). For example, Theorem 4.2
of [26] implies our Theorem 1.5; Theorem 1.4 of [26] implies our Theorem 1.6. But we
need to note in particular that the condition of equality holds in inequalities (1.9) and

(1.10) cannot be determined.

Proof of Theorem 1.7 By using the definition of Qg) (K), it follows that

2
n n-

o 2 W.(0) i
,Qél)(j() A < an’i(K, Q*) Wi(Q)n=i

for any Q € §!. Taking K* for Q and noticing that K** = K, we get

L (3.9)

4
- i

2
n n-

1 (K) 5 < nWi(K) Wi (K*)

Taking K* for K, we get

n+p—i

Q0 (K) T < n Wi (K) Wi(K)# (3.10)

Combining with (3.9), (3.10), and Lemma 3.12, it follows that

nip—i 2(n+p—i) ~ L.

(QUE)QW(K*)) T < n T WiK)Wi(K*) (Wi(K) Wi (K*))

2(n+p—i)

<n o (WiK)Wi(K*))

n+p—i
n—i

Therefore,
QIK)QY (K*) < i Wi(K)W;i(K™). (3.11)
According to the conditions of equality holds in the inequality of Lemma 3.12, we see that

equality holds in inequality (1.11) for i = 0 ifand only if K is an ellipsoid, and for 0 < i < n-1
if and only if K is a ball centered at the origin. O
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Proof of Corollary 1.8 Considering inequality (3.11), together with equation (2.5) and the
Blaschke-Santal6 inequality (2.2), we now obtain the desired results. O

From inequality (3.9), this is summarized as follows.

Proposition 3.14 Ifp>1,i€{0,1,...,n—1} and K € K, then

; . 1
QK \p ~

— ] < Wi(K)W;(K™). 3.12

(nn+pl‘vi(K)npl ( ) ( ) ( )

Lemma 3.15 (see [28]) Suppose K,L € KI!, and B C K/ is a class of bodies such that K, L €
B.If0<i<nandn-i#p>1,andif

WK, Q)= W,i(L,Q) forallQeB, (3.13)
then K =L.If0<i<n-1,p=n—iand satisfies (3.13), then K and L are dilates.

The next proposition shows that for p #n — i, the functional A, : 7%, — S}' is injective.

Proposition 3.16 Suppose that K, L € F}, are such that A, ;K = Ap;L. If p=n—i, then K
and L are dilates, and ifn—i#p>1, then K = L.

Proof From Proposition 2.2, it follows that A, ;K = A, ;L implies that
W,i(K, Q) = Wpi(L,Q) forall Qe K.
The desired result is now a consequence of (3.13). d

Lemma 3.17 (see [38]) Suppose K,Le S),p>1,icRandi+#n,i+#n+p. Then, for all
Qe Sy, either

WK, Q) = WL, Q) or W.,0(QK) = W.,(Q.L)
is true if and only if K = L.
From (2.20), (2.8), and (2.10), and noting that
Wi (MK, ML) = AW, (K, L),
it is easy to know that for K € 7/} and real A > 0, then

p—i

ApdK =27

ApiK. (3.14)
More generally, the next proposition shows that A; ; commutes with members of O(n).
Proposition 3.18 If K € F/\ and i€ {0,1,...,n -1}, then, for any ¢ € O(n),

ApipK = ¢~ ApiK.
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Proof Since ¢ € O(n), then from Proposition 2.3, Lemmas 3.1 and 3.2, we have

Wopi(ApidK, Q) WpilpK, Q") Wyi(9K, ¢~ Q")

Wi(Ap,iK) w, oy
C Wpi(K,97'QY)  WpilK, (9'Q)F) W i(A,K,$'Q)

@ Wy C WiApK)
Wopi( @ Api, ™9 Q) _ Wopi(¢™ ApiK, Q)

~

Wi(¢pt A K) Wi(p~ ApiK)

Take Q = A,,¢K and note that W_,, (¢~ A, K, A, K) = Wi(¢~* A,,,K), it follows that
Wi (97 DK, 7 A piK) = Wy i (97 ApiK, Ay iK). (3.15)
Together with (3.15) and Lemma 3.17, we immediately get the result. d

Recall that A,; maps B, the centered unit ball, into B,; i.e., A,,;B, = B,. Since (¢Q)* =
¢~'Q*, for ¢ € O(n) and Q € K7, Proposition 3.18 shows that if E is a centered ellipsoid
and E = ¢B,, then

Ap,iE = Ap,i¢Bn = ¢7tAp,iBn = ¢7tBn = ¢7tB: = (¢Bn)* = E*7
namely,
ApE=E*. (3.16)

It follows from Proposition 3.16 that for K € ', and p > 1, the body A, ;K is a centered
ellipsoid if and only if K is a centered ellipsoid. Define

Wy = {K € F},: there exists Q € K} with f, (K, ) = h(Q,-) "7}, (3.17)

An immediate consequence of the definition of Wy; and the definition of A, is the
following.

Proposition 3.19 Ifp>1,i€{0,1,...,n -1} and K € }"Z’n, then

KeW,, ifandonlyif ApKeKy.

It follows from Propositions 3.18 and 3.19 that WV, is an orthogonal transformation

invariant class.

Proposition 3.20 Suppose K € .7-70 and i€ {0,1,...,n—=1}. If p > 1 and ¢ € O(n), then
K e Wy, ifand only if pK € W, .

Define

&' ={K e F', : K* and AK are dilates}. (3.18)
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For the case i = 0, the subscript i in £ will often be suppressed. Namely, £} = £”. Ob-
viously, £/ C Wy, forallp>1andie€{0,1,...,n —1}. From Proposition 3.18 and (3.16)
it follows that all centered ellipsoids belong to £/". If K € £, then from definition (2.21)
of the ith p-curvature image, (2.19) and (2.22), and noting that A;K = AK* with arbitrary

A >0, we have

Wi(A,,iK)

P(Ap K, )P = i (K, )

n

- Mhu(, VPR,

n
Wi(Ap,K) p-1 -
= — P (K- AK, )
TR P (K%, )7 p( )
W(A,”K)
W, (AK*)
_ AVV[(Ap,iI()p( * .)n+p i
W) B

p(K*, Y p(hK, )™

Taking
Wi(K*) (mmnﬁﬂ
)\. = = X ’
\Vi(AmK ) Wy
and then

nip-i
p(A K .)n+p—i _ ("VZ(IO) v p([(* .)n+p—i
Dt ’ - ) >

Wn

it follows immediately that
ApiK = [WiK) w,] P K*

forallp>1andie{0,1,...,n—1}.

On the other hand, if p > 1, i € {0,1,...,n — 1} and the body K € F7, is such that A, ;K
and K* are dilates, then let A,;K = AK* with A > 0. From definition (2.21) of the ith p-
curvature image, (2.19), (2.20), and (2.1) as well as (3.14), it follows that

nip—i _ W()‘-I(*

221) = p(rAK*,) —— (K,
— kpp(1<*")n+p i Wa()[(*)h(1< ) _pfi(1<s )
= Wp(K*,) " = Wf(*) fi(K, ")

yra-t L WiGKD o 3k, ), (3.19)

= p(rAK*,-
Wy

Page 16 of 26
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Comparing to (2.22) and (3.19) and using Proposition 3.19, we let Q = A%K and AK* =
A;Q. Then from (3.14) we get

1—
MK = AiQ= A(ATFTK) = MPAK,
that is,
AK = MPK*,

Accordingly, K € £/ Thus, the sets defined for p > 1and i € {0,1,...,n -1} by Slji ={K e
Fio t K* and Ap,;K are dilates} are one and the same. Namely, &7, = £ for all p > 1 and
ief{0,1,...,n—1}.

It is known that if 3K is a regular C? hypersurface and K € £”, then K must be an ellip-
soid. It is known that if K € £” and K is a body of revolution, then K must be an ellipsoid.
It is also known that £2 consists only of centered ellipses. For all these facts, see Petty [12].
It has been conjectured that £” is exactly the class of centered ellipsoids (see [17]). There-
fore, we conjecture that £/, i = 0,1,...,n — 1, are exactly the class of centered ellipsoids.
None of the facts stated in this paragraph will be used in this article.

For K € K7, define the ith p-curvature ratio of K as

W Wi(Ap K\ 7
Wi(K)nri

Since K € & implies that A,;K = [W;(K)/w,]"PK*, it follows immediately that the ith
p-curvature ratio of K € & equals W;(K YWi(K*) of K. Namely, if K € £/, then

(w:i\TVi(Ap,iK)P

forall p >1and i € {0,1,...,n — 1}. The next proposition shows that this characterizes
bodies in £

Proposition 3.21 Ifp>1and K € ]—'l”o withi€{0,1,...,n -1}, then

(w:—i\%(Ap,iK)P

T )” < WiK) W(K°) (3.20)

with equality if and only if K € £]".

Proof Taking Q = K* in Proposition 2.2, we get
Wi(K) = 0, Wi (Ap i, K*) Wi A i K.

The dual p-mixed quermassintegrals inequality (2.11) gives
WiK)"™ = oy Wi A KY Wi(K*) ™"

with equality if and only if A,;K and K* are dilates. O
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For bodies with ith continuous curvature functions, the equality conditions for the in-
equality of Proposition 3.14 are easily obtained by combining Propositions 3.10 and 3.21.

Theorem 3.22 Ifp>1,i€{0,1,...,n—1},and K € F} , then

i,0?

@) ¢ pryn+p—i L
Q) (K)y™p Z ~
L ACY M, L Wi(K)W;(K*) (3.21)
nn+p—z‘vi(1<)n—p—z

with equality if and only if K € £!".

4 The cyclic inequalities and monotonicity of ith p-affine area ratio
Suppose that 1 <p<g<rand K,L € K. Since

hZI h}(—q _ [ thﬂ h}(—p] (r-q)/(r-p) [ n; h}(—r] (q-p)/ (r—p),
the Holder inequality, together with (2.6) and (2.7), yields the following.
Proposition 4.1 IfK,L € K, and1 <p<q<r, then, fori € {0,1,...,n—1},
W,,i(K, L) ™7 < W, (K, L) W, (K, L)"™” (4.1)

with equality if and only if there exists a constant ¢ > 0 such that hy = chx almost every-
where with respect to S;(K, ).

Suppose 1 <p<gand K € K7 with L € §. Since
-p 1 -4, 1-q1Pla; (q-p)]
il = o g q]p TP,
the Holder inequality yields the following.

Proposition 4.2 Suppose K € K}, L € S)},and 1 < p < q. Then, forany i € {0,1,...,n -1},

Wy (K, L)\P (WK, L)\
(W) §(W> (4.2)

with equality if and only if there exists a constant ¢ > 0 such that py = c/hx almost every-
where with respect to S;(K, ).

Suppose 1 < p < q and K € K with L € §!. From the integral representation of
W,,i(K, L*) the easy estimate follows

| Wi (K, L) = Woi(K, L*)| < W,,,:(K,L*) max |[pr)hx@)]” ™ -1].

uesn-1

This gives the following proposition.

Proposition 4.3 Suppose K € K!, L € S”, and i € {0,1,...,n—1}. The function defined on
(1, 00) by

p— W,i(K,L)

is continuous.
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From the equality conditions of Proposition 3.21 it follows that if K € £/, then the ith p-
curvature ratios are independent of p. The next proposition provides a strong converse by
showing that unless K € £, the ith p-curvature ratios are (strictly) monotone increasing

in p.
Proposition 4.4 IfK € F,i€{0,1,...,n-1},and 1 < p < q, then

W.(K)n-p~i - Wi(K)r-a-

with equality if and only if K € E!".

Proof From Proposition 2.2, with A ;K taken for Q, and Proposition 4.2 it follows that

(wnv?_p,fo,JCAq,i1<>)é _ (wnﬁv_q,xgq,im Aq,i1<)>é i ( o >é
WK Wi(Apik) )~ \ Witk Wi(Agik) WiK))

The dual ith p-mixed quermassintegrals inequality (2.11) now gives the desired inequal-
ity and shows that equality implies that A, ;K and A,;K must be dilates. But definition
(2.21) of ith p-curvature images and definition (2.22) of ith curvature images, together
with (2.19), show that A, ;K and A ;K can be dilates if and only if K € £/ O

The following cyclic inequality will be needed.

Proposition 4.5 IfK € F/,i€{0,1,...,n-1},and1 <p <q<r, then

WA qaK) 1P < WA p KO Wi(A,iK) P (4.4)
with equality if and only if K € £]".
Proof From (2.19) it follows that

Jai& )P = fp (K, ) (K TP

Thus definition (2.21) of the ith p-curvature image shows that

Wi iK™ p(A g K, ) 4000

= Wi A pilO)T p(A ik, )P DW (A iKY p (A K, ) =00,

The Holder inequality and formula (2.8) for ith dual quermassintegrals now yield the de-
sired inequality and show that equality is possible if and only if A, ;K and A,;K are dilates,
or equivalently, if and only if K € £". d

In contrast to the inequality of Proposition 4.4, there is the following proposition.

Proposition 4.6 IfK e F,ic{0,1,...,n—1},and 1 < p < q, then

i,0?

( Wi(Ag,K) )q g ( Wi(AiK) )‘” (4.5)
W, (K*) Wi(K*)

with equality if and only if K € £!".
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Proof From (2.19) it follows that
SoiK, ) = £ (K, (K, )ap),
Definition (2.21) of the ith p-curvature image thus gives
Wi(A i K) 7 p(AgiK, )™ = Wi Ay K) 7 p(A K, Y P (K, )P,

The Holder inequality, together with formula (2.8) for ith dual quermassintegrals, now
yields the desired inequality and shows that equality can occur if and only if A, ;K and K*
are dilates, or equivalently, if and only if K € £]". O

It turns out that there is an inequality between the ith p-affine surface areas of a convex
body that is similar to the classical cyclic inequality between the quermassintegrals of the

convex body.

Theorem 4.7 Suppose K € K}, i€{0,1,...,n—1}and1 <p<q<r. Then
Qg’) ( K)(n+q—i)(r—p) < Q;i) ( I()(”+1’"i)(’"q)§2§i) ( K)(n+r—i)(q—p).

Obviously, the case i = 0 of Theorem 4.7 is just the cyclic inequality for p-affine surface

areas of a convex body by Lutwak (see [17]).

Proof To show this, define Q; € S” by
q(r-p) _ _plr-q) r(g-p)
Pos  =Pq  Po -

Since

,,(,,(q)(n),,) r(q*(p)(n)fi)
n—i _ q\r-p, q\r=p.
PQ; = Pg P, )

the Holder inequality and the dual quermassintegrals formula give
Wi(Qa)™ ) < Wi(QUP"? Wi(Qo) . (4.6)
Since
Pt = Lo i) Log i1
the Holder inequality, together with (2.6) and (2.7), yields
Wi (K, Q3) "7 < W,u(K, Qf) " W,.i(K,Q3)"". (4.7)
Definition (2.21) of the ith p-affine surface area, together with (4.6) and (4.7), yields

QU () a-0r) < QU ()= Q0 () 47Dl 0
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Note that if K is a polytope, then there is equality in the inequality of Theorem 4.7. For
bodies with ith continuous curvature functions, the equality conditions of inequality of
Theorem 4.7 are easily obtained from Propositions 3.10 and 4.5.

Proposition 4.8 Suppose K € F,i€{0,1,...,n-1}and1 <p<qg<r. Then
Q(qi) (K) (n+g—i)(r-p) < Q}(j) (K) (n+p=i)(r-q) Qil') ([()(VHV*I')(Q*P) (4.8)
with equality if and only if K € £!'.

For K € K7, we define the ith p-affine area ratio of K by

QUKy i \» wo)
ptp—i M([()n—p—i : :

We can rewrite definition (1.7) for Qg) (K) of K € K} by

QV(K)
nW;(K)

Wi(K )( ) 7 inf{[W,,;(K, Q*)/W;(K)] 7 Wi(Q:Qe S} (4.10)

Together with definition (4.10) and Proposition 4.2, the following shows that the ith

p-affine area ratios are monotone nondecreasing in p.

Proposition 4.9 IfK € K and i € {0,1,...,n—1}, then, for1 <p <g,
Qi \p_( Qd@yrei \
» (T (4.11)
I’l"+P—i‘)Vl'(1<)”_p_i - n”*‘q_im(]()”_q_i

Proof of Theorem 1.9 Note thatif K is a polytope, then there is equality in inequality (4.11).
For bodies with ith continuous curvature functions, the equality conditions of the inequal-
ity of Proposition 4.9 follow directly from Propositions 3.10 and 4.4. This completes the
proof of Theorem 1.9. d

In contrast to the inequality of Proposition 4.9, we have the following proposition.

Proposition 4.10 IfK € K and i € {0,1,...,n -1}, then, for1 <p <gq,

(i) n+q—i (i) n+p—i
C&ﬁl)q§<&£ﬂ)p. (4.12)
nWi(K*) nWi(K*)

Proof The inequality of Proposition 4.10 follows immediately from the definition of ith p-
affine surface area once the following fact is established: Given Q € S”, there exists Q € S

such that
—k\ n—i ‘/Nvt(é)q n—i W(Q)p
Wi (K, ~—— < W,i(K, Q") ———. 4.13
Q) ey = MO ey .
To show this, define Q € S” by
5 (NP (NP T 4 T
pg = [Wi(K*) ™ Wi(Q) ?] 7 pb ot . (4.14)
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From (4.14) we have

s

1P ~ r
n—i

pg " = Wi(K) ™ Wi o e
the integral representation of W), ;(K, Q*) shows that

q-p p
n—i

W,i(K,Q°) = Wi(K*) ™ Wi(Q) = Wi (K, Q). (4.15)

The definition of Q, together with the Holder inequality and the formula for ith dual quer-
massintegrals, shows that

rq
q

Wi(Q)

W) 7 W@ [ 000 e st |

n

1 . i 4 »
(; /S . Pg—t(u)dS(u)) < /S o ds(u))

-1 (4.16)

r—q

Wi(K*) 7 Wi(Q)~

IA
ESYaN]

Together with (4.15) and (4.16), we show that (4.13), and this completes the argument.
O

If K is a polytope there is equality in the inequality of Proposition 4.10. For bodies with
ith continuous curvature functions, the equality conditions in inequality (4.12) follow im-
mediately from Propositions 3.10 and 4.6.

Theorem 4.11 IfK € F} andi€{0,1,...,n~1}, then, for1 <p<gq,

(i) n+q—i (i) n+p—i
(M) ! S(M) ’ (4.17)
nWi(K*) nW;(K*)

with equality if and only if K € £!'.
An immediate consequence of Propositions 4.9 and 4.10 is the following.

Proposition 4.12 If K € K}, i € {0,1,...,n - 1}, and Qg) = 0 for some p € [1,00), then
Qg) =0 for all p.

The cyclic inequality of Theorem 4.7 shows that the function defined on [1, c0) by
p— (n+p—i)log Ql(j)(l()

is convex. The continuity of this function on [1, 0o) follows from this and Proposition 4.9.
The continuity of this function immediately gives the following.

Proposition 4.13 IfK € K” and i € {0,1,...,n — 1}, then the function defined on (1, 00) by
p QY(K)

is continuous.
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5 Extremal ith affine surface area
Define the generalized Santalé product of K € K by W;(K) \7%(1( *). Proposition 4.9 states
that, for K € K]}, the ith p-affine area ratio

Q(l) (1()Vl+p—i 11—,
14
( phtp-i m([()n—p—i )

is monotone nondecreasing in p, and Theorem 3.22 states that this ratio is bounded by
the generalized Santal6 product of K.

In order to facilitate the formulation of the ith p-affine area ratio for the case p = 0o, it
will be helpful to introduce a quermassintegrals-normalized version of ith p-mixed quer-
massintegrals. If K, L are convex bodies that contain the origin in their interiors, then for
each real p > 0 define

_ (WK D\F 1 () \? ’
Wp‘l‘(K, L) = (W) = |:n‘vl(1<) o1 (hK(M)) h]((lxl) dSL(I<, u)i| )
and for p = 0o define
v T Wp,i(K)L) %
i) = (57067
= max{ u(u) :u € supp Si(K, .)}. (5.1)
hic(w)

Note that 1/ dS;(K,-)/Wi(K) = 2hi' dS(K,-)/W;(K) is a probability measure on supp
Si(K,-) (or S(K,-)).

According to (5.1), we can define ith co-mixed quermassintegrals, W, ;(K,L), of K,L €
S by

Wooi( K, L) = Wi(K)W oo, (K, L). (5.2)

From definition (1.7) of ith p-affine surface area Ql(f) (K), definition (5.1) of W (K, L)
and definition (5.2) of W ;(K, L), we have

o (Y Ne L infgesy (0P W,(K, QYT WHQ) ) 7
p—oo\ =W, (K)n—p-i =i W (K )n-p=i

_p—>OO

- inf{lim (Wp,i(K,Q*)>7 Jim —ViQ }

QeS| P~ W, (K) p—oo Wi(K)™!
. - n—i ‘A)&L(Q)

= inf { W, (K, Q* .
5333{ Q) }

_infgesn {1 W (K, Q)" W(Q))
- i Vyl,(l()n—l—z’ :

Therefore, we can define ith co-affine surface area sz‘;;l(K ) of K € K by

w1 QU (K) W = inf{n Wi (K, Q) Wi(Q)71 : Q e 87},
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Then

(@) ( ryn+1-i @ ( gryn+p—i ;
Qoo (I<) T ( QP (1<) )p (5 3)
p—> 00

nn+l—i‘)yi(1<)n—1—i - nn+p—ivyi(]()n—p—i

An immediate consequence of Proposition 3.3 and the definition of Qg(l( ) is that
Qgg([( ) is invariant under orthogonal transformations of K.

Proposition 5.1 Ific{0,1,...n -1} and K € K]}, then
QD (pK) = QD (K)
for all ¢ € O(n).
An immediate consequence of Proposition 3.4 and the definition of QY is as follows.

Proposition 5.2 If p > 1 and P € K! is a polytope, then Qg())(P) =0 forany i € {0,1,...,
n—-1}.

From Proposition 4.9 and the definition of QY the proposition follows.

Proposition 5.3 IfK e K} andp >1,i€{0,1,...n -1}, then

(@ n+p—i 1 (@ n+l-i
Q) (K) P Q%K)
n =W (K)n-p-i - nn+1—im(K)n—l—i'

If K has the ith continuous curvature function, then the equality conditions in Propo-
sition 5.3 are easily obtained. Note that from Theorem 1.9 it follows that if K’ € 7'\ &7,
then the limit

lim

p—>0oo

() ( r\n+p—i 1 ® n+l—i
QY (K) v Q)
nn+p—ivyi([()n—p—i - nn+l—ivyi(1<)n—l—i

is the limit of a strictly increasing function of p. Hence, from Theorem 1.9 and the defini-
tion of QY, the proposition follows.

Proposition 5.4 Ifp>1,i€{0,1,...n -1} and K € F}, then

i,0?

(5.4)

Qg) (I<)n+p—i }7 - Q(é?)([()nﬂ—i
nn+p—ivyl,(1<)n—p—i - nn+1—i\)yi(1()n—l—i

with equality if and only if K € £]'.
From Proposition 3.14 and the definition of Q(Dg we have

Proposition 5.5 IfK € K and i € {0,1,...,n—1}, then

(@) +1—i
Qoo (K)" ~
nn+1—t‘Vi(I<)n—1—t - ( ) ( ) ( )
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This immediately yields

Proposition 5.6 Suppose K € K} and i € {0,1,...,n -1}, then
QUK)QY (K*) < n*Wi{(K)W;(K™). (5.6)

The inequality of Proposition 5.5 compares W;(K )VNV,-(K *) and Q(o%(K ) for K € ). The
next proposition shows that for an important class of bodies, these quantities are the same.
Proposition 5.7 Ifi€ {0,1,...,n—1} and K € F},, then

Q(olc); (1()n+1—i o
W (R Wi (K)W;(K*). (5.7)
Proof Since f,(K,-) = h}g fi(K,-), and hg and fi(K, -) are positive continuous functions, it

is easily seen that
lim £, (K, ~)% = h,}("_i) uniformly on S"'.
p—>00

The formula for the ith dual quermassintegrals, together with the integral representation
of Theorem 1.4, now yields the desired result. g
Proposition 5.7 shows that when restricted to ', the function Q¥ Fiy = (0,00) is
continuous.
When Theorem 1.9 and Proposition 5.4 are combined with Proposition 5.7, result is that
for K€ F,and1<p <gq,

(0) n+l-i 0] n+p—i 1 (@ n+q—i 1
QO(K) RS v 2K 7
nn+l—i‘)yi(1<)n—l—i - nn+p—i‘)yi(1<)n—p—i - nn+q—ivyi(1()n—q—i

Q(Olg(]()nﬂ—i - .
S W K) Wi(K)Wi(K*). (5.8)
Finally, we propose the following open question.

Conjecture 5.8 Suppose K € FI',i€{0,1,...,n—1} and p > 1. Does it follow that

Q1(;') (K)"P~ < P2 Wi(K)" P42 (5.9)

with equality in inequality for i = 0 if and only if K is an ellipsoid, and for 0 <i <n-1if
and only if Kis a ball.

Obviously, the case i = 0 of Conjecture 5.8 is just the p-affine isoperimetric inequality
by Lutwak (see [17]).
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