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1 Introduction
A real order m dimension » tensor A = (a;...;,,), denoted by A € RU™1 consists of n” real
entries:

Aj iy € R,

where j; = 1,...,n for j = 1,...,m. A tensor A is called nonnegative (positive), denoted
by A > 0 (A > 0), if every entry a;,..;, > 0 (.., > 0, respectively). Given a tensor
A = (aj,..,,) € R, if there are a complex number A and a nonzero complex vector
x = (%1,%,...,%,) that are solutions of the following homogeneous polynomial equations:

Ax = gl

then A is called an eigenvalue of 4 and x an eigenvector of A associated with A [1-6],
where Ax"~! and x"-1I are vectors, whose ith entries are

(Axm—l)i — Z Aty eeipyXiy * ** iy (N = {1,2, .. ,l’l})

12 €N

and (x07-1); = x7"7L, respectively. Moreover, the spectral radius p(A) [7] of the tensor A is
defined as

p(A) = max{ || : A is an eigenvalue of A}.

Eigenvalues of tensors have become an important topic of study in numerical multilinear
algebra, and they have a wide range of practical applications; see [4, 5, 8—21]. Recently, for
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the largest eigenvalue of a nonnegative tensor, Chang et al. [2] generalized the well-known
Perron-Frobenius theorem for irreducible nonnegative matrices to irreducible nonnega-
tive tensors. Here a tensor A = (a;,...;,,) € R™" is called reducible, if there exists a nonempty

proper index subset I C N such that
Aijiy-iyy, =0 foralliy e Iforalliy,...,i, ¢1.
If A is not reducible, then we call A irreducible.

Theorem 1 (Theorem 1.4 in [2]) If A € RV is irreducible nonnegative, then p(A) is a
positive eigenvalue with an entrywise positive eigenvector x, i.e., x > 0, corresponding to it.

Subsequently, Yang and Yang [21] extended this theorem to nonnegative tensors.

Theorem 2 (Theorem 2.3 in [21]) If A € RV is nonnegative, then p(A) is an eigenvalue

with an entrywise nonnegative eigenvector x, i.e., x > 0, x # 0, corresponding to it.

For the spectral radius of a nonnegative tensor, Yang and Yang [21] provided a lower

bound and an upper bound for the spectral radius of a nonnegative tensor.
Theorem 3 (Lemma 5.2 in [21]) Let A = (a,...;,,) € RV be nonnegative. Then
Runin < p(A) = Rinax,
where Rpyin = miniey R;(A), Rmax = max;ey R;(A), and R;(A) = ZizwimeN Aiigvipy -
In order to obtain much sharper bounds of the spectral radius of a nonnegative tensor,
Liet al. [22] have given an upper bound which estimates the spectral radius more precisely

than that in Theorem 3.

Theorem 4 (Theorems 3.3 and 3.5 in [22]) Let A = (a;...,,) € RV be nonnegative with
n>2.Then

P(A) < Qmaxs

where

1 , ,
Qnax = 5162}\)[( 5 (ai...i +aj.j+ (A + \/(alzui —aj.;+ r’i(A))2 + 4a,7...jr,(A)>.
i

Furthermore, Qmax < Ruax-

In this paper, we continue this research, and we give a lower bound and an upper bound
for p(.A) of a nonnegative tensor .4, which all depend only on the entries of A. It is proved
that these bounds are shaper than the corresponding bounds in [21] and [22]. A numerical

example is also given to verify the obtained results.
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2 New bounds for the spectral radius of nonnegative tensors
In this section, bounds for the spectral radius of a nonnegative tensors are obtained. We
first give some notation. Given a nonnegative tensor A = (a;,..;,,) € R"", we denote

; {(iz,ig,...,im):i,-:iforsomeje {2,...,m},where i,is,..., i, EN},

O =
0, = {(iz,ig,...,im):i/#iforanyje {2,...,m},where i,is,..., i, eN},

ri(A) = Z iy iy = Z Aiiy iy — Biei = Ri(A) = aj.is

i2,sim €N, i2,esim €N
iin-im =0
TJZ(A) = Z Aiiy iy = Z Ao eiyg — al‘]‘...j = VL'(.A) - (ll'/'...]‘,
Biig iy =05 2l €N,
8jiyvig =0 i iy =0
0; 0,
ri'(A) = Z iy, 1 (A) = Z | iy i
(i250mim) €9, (i20-i ) €O;
Siigeripg =0 e
where
L ifiy=- =iy
Biyevipy =

0, otherwise.

Obviously, r;(A) = r% (A) + 17 (A), and #(A) = O (A) + r(A) - |ay.|.

1
For an irreducible nonnegative tensor, we give the following bounds for the spectral
radius.

Lemmal Let A= (aj;..;,) € R"" be an irreducible nonnegative tensor with n > 2. Then
Amin = P(A) = Amax:
where

Amin = min A;;(A), Amax = max A;;(A)
ijeN, ijeN,
J#i J#i

and

Agj(A) = %(a,-...,- 4 g + 7O (A) 4 (@00 = g + A + 47D (A)r,»(A)).

Proof Let x = (x1,%,...,%,) be an entrywise positive eigenvector of A corresponding to
o(A), that is,

Ax"t = p(A) . @)
Without loss of generality, suppose that

Kty = Kpy 1 =00 =Ky =% >0,
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(i) We first prove

Amin = min A;;(A) < p(A).
ijeN,
J#i

From (1), we have

i9,eeim €N

equivalently,

-1
(,o(A) - atl...tl)xfl’ = Z AtyigvipgXiy * * * Kiyy + Z Atyin iy iy *

(i2500vim) €Oy , (i25000im) €Oy

‘;tliz.,.im =0

Hence,

-1 -1 -1
(p(A) = a2t = Z Apgigeoig Xy + Z Apyinwig ¥y

(i2)0enr im)ewtlv (. im)E@gl

Styin.im =0

©) _ [S) =
=r, " (Al + 7y (Ap

e m— ] e
(p('A) — - rtl ! (A))xn ! = rtl b (A)xt2 ' >0.
Similarly, we have, from (1),

-1
Z Atyiy- iy Kig ** " Kipy = p(A)xZ’

12,0l €N

and

(P(A) = agyey) 27T = 1, (A)x ™ > 0.
Multiplying inequality (3) with inequality (2) gives

(0(A) = agqy — rfl)tl (A))(p(A) - atz.utz)x;’f_lx:’;_l >, (A)r?1 (A)x
Note that x;, > x;, > 0, hence

(P(A) = .y = 7 () () = ty..,) = 7 (A (A,

that is,

PUAY = (ayty + gty + 75 (A DA + gty (a.0y + 70 (A)) 2 1y (A (A).

“ X

e

Page 4 of 9
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Furthermore, since

® 2 ®, ® 2
(atl...tl tag.r, + r,ltl (A)) - 4'ﬂt2--~t2 (atl"'tl + rtltl (A)) = (atl...tl —Aty..ty T rtltl (A))

then solving for p(A) gives

p(-A) > An,tz (A) = ”Héll{[l Aivi(‘A) = Amin.
i

(if) We now prove

p(A) <max A;;(A) = Apax.
ijeN,
i#

From (1), we have

09, €EN

and

09l EN

Similar to the proofin (i), we obtain easily

,O(A) < Atn,t,,_l (A) < gle%\)l( Ai,j(A) = Amax'
j#i

The conclusion follows from (i) and (ii). |
Now we establish upper and lower bounds for p(A) of a nonnegative tensor A.
Lemma 2 (Lemma 3.3 in [21]) Suppose 0 < A <C. Then p(A) < p(C).

Theorem 5 Let A= (a,...,) € R be a nonnegative tensor with n > 2. Then
Amin < p(A) = Amax'

Proof Let Ay = A++E,wherek =1,2,...,and € denote the tensor with every entry being 1.
Then A is a sequence of positive tensors satisfying

0<A< - A< Ap<--- <A

By Lemma 2, {p(A)}% is a monotone decreasing sequence with lower bound p(A). From
the proof of Theorem 2.3 in [21], we have

Jim p(Ax) = p(A).

Page 5 of 9
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Note that for any i,j € N, j #i,

Ayj(A) <o < Agj(Argr) < Agj(Ag) < -+ < Ay AL,
we obtain easily

kEIPOO Ayi(Ar) = Ayi(A).

Furthermore, since Ay is positive and also irreducible nonnegative for k = 1,2, ..., we have,
from Lemma 1,

min A;;(Ax) < p(Ax) < max A;;(Ag).
ijeN, ijeN,
Jj#i Jj#i

Letting k — +00, then

Amin = min A;;(A) < p(A) < max A;;(A) = Apax.
ijeN, i,jeN,
J#i J#i

The proof is completed. d
We next compare the bounds in Theorem 5 with those in Theorem 3.
Theorem 6 Let A = (a;,..;,) € RV be a nonnegative tensor with n > 2. Then
Rinin < Amin < Amax < Rmax- (4)
Proof We first prove Rmin < Amin. For any i,j € N, j # i, if R;(A) < R;(A), then
Ajjeei — Bjj..j + ri@)i(A) + ri@i(A) <ri(A).
Hence,

(@i —aj;+ r(A) + 42 (A)ry(A)
> (aii—aj;+ 10 (A)
+ 4rP (A) (@i — ag.j + O (A) + 1O (A))
= (ai—aj;+10(A)

+ 41’i@i (A) (ﬂiimi —djj..; t Vl@'(.A)) + 4(;"‘-@" (.A))Z

= ((ll‘...l’ —aj.;t rl@)’(A) + 2?’16!(./4))2
When

a.;—dj.;j+t Fl@l(.A) + ZF?i (.A) > O,
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we have

Qi + Ajj + rl@i(A) + \/(ﬂimi —aj.j+ ’"i@)i

(A)” + 47 (A (A)
> Qi+ @y + 10 (A) + (@i = g + 70 (A) + 2 (A))

= 2apeq + P (A) + 1P (A)

=2R;(A).

When

i — g+ 1 (A) + 2ri@i (A) <0,
that is,

i+ 7y (A) + 2ri6"(/l) <a.j

we have

Gioi + Aj.j + rl@" (A) + \/(dlx..l‘ —aj.j+ rf)"(.A))2 + 4;’16" (A)ri(A)

>a;i+ajj+r (A)+ \/(ai...i —aj.j+ rf)"(./‘l))2
=i+ + 10 (A) = (@i —aj + 1y (A))
=2aj..;

> 2z + 1 (A) + 25 (A))

> 2aii + 1 (A) + O (A))

= 2R;(A).

Therefore,

%(ﬂi---i + a;..j + I’l@i (A) + \/(ﬂi---i —4j..j + r’?i(A))z + 4ri@i (.A)FI(.A)> > Ri(A),

which implies

1 o, o, .
min 5 (ai...,- +aj. + r;)‘ (A) + \/(ai...i —aj.j+ rio‘ (.A))2 + 4r;)’ (.A)r,»(A))

ijen,
Jj#i

i.e., Rpin < Amin.

On the other hand, if for any i,j e N, j #1,

Ri(A) < Ri(A),
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then

Ajj..j — Aijj...i — Vf)i (A) + 7'}(-/4) < rl@’(-A)

Similarly, we can also obtain

1

and that Ryin < Amin. Hence, the first inequality in (4) holds. In a similar way, we can prove
that the last inequality in (4) also holds. The conclusion follows.

5 (a,-...,- +aj.+ r?i(A) + \/(a,‘m,‘ —aj.j+ rl.@i(A))2 + 4;’? (A)r,(A)) > Ri(A),

Example 1 Consider the nonnegative tensor

A= [A(:, L 1),A(,:2),AG:, 3)] e RBAL

where

0.2192
A(;,:,1)=1]0.7637
0.7993

0.4380
A(,:;2) =1 0.1803
0.3773

0.0779
A(,:3) =] 05135
0.1135

We now compute the bounds for p(A). By Theorem 3, we have

0.4411
0.5239
0.3710

0.0482
0.6729
0.1079

0.1982
0.8284
0.1163

2.5474 < p(A) < 5.2318.

By Theorem 4, we have
p(A) <5.0753.

By Theorem 5, we have

3.0097 < p(A) < 4.7894.

It is easy to see that the bounds in Theorem 5 are sharper than those in Theorem 3
(Lemma 5.2 of [21]), and that the upper bound in Theorem 5 is sharper than that in The-

0.5232
0.8330 |,
0.5328

0.1325
0.1809
0.8965

0.4691
0.7352
0.8645

orem 4 (Theorem 3.3 of [22]) in some cases.

3 Conclusions

In this paper, we obtain a lower and an upper bound for the spectral radius of a nonnega-
tive tensor, which improved the known bounds obtained by Yang and Yang [21], and Li et

al. [22].
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