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Abstract

In this paper, the dynamically consistent nonlinear evaluations that were introduced
by Peng are considered in probability space L*(€2, F, (Fi)e=0, P). We investigate the
n-dimensional (n > 1) Jensen inequality, Holder inequality, and Minkowski inequality
for dynamically consistent nonlinear evaluations in L'(€2, F, (Fi)i=0, P). Furthermore,
we give four equivalent conditions on the n-dimensional Jensen inequality for
g-evaluations induced by backward stochastic differential equations with
non-uniform Lipschitz coefficients in LP(S2, F, (Fr)o<i<7, P) (1 < p < 2). Finally, we give
a sufficient condition on g that satisfies the non-uniform Lipschitz condition under
which Holder’s inequality and Minkowski's inequality for the corresponding
g-evaluation hold true. These results include and extend some existing results.

Keywords: dynamically consistent nonlinear evaluation; g-evaluation;
g-expectation; Jensen’s inequality; Holder's inequality; Minkowski's inequality

1 Introduction

It is well known that (see Peng [1, 2]) a dynamically consistent nonlinear evaluation in
probability space L2(R2, F, (F¢)s=0, P), where {F;}s=0 is a given filtration, is a system of op-
erators:

ElX]: X e LX(Q,F, P) > LX(Q, F,,P), 0<s<t<oo,

which satisfies the following properties:
(i) EselXa]l = EeXa], if Xi > Xo;
(il) &EelX]=X;

(il]) &s[Ee[X]] = Ep[X], IO <r<s<t<oc;

(iv) 14&[X] =14&:[14X], VA € Fi.

Of course, we can define this notion in L1(Q2, F, (F;) =0, P).

In a financial market, the evaluation of the discounted value of a derivative is often
treated as a dynamically consistent nonlinear evaluation (expectation). The well-known g-
evaluation (g-expectation) induced by backward stochastic differential equations (BSDEs
for short), which was put forward by Peng, is a special case of a dynamically consistent
nonlinear evaluation (expectation). While nonlinear BSDEs were firstly introduced by
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Pardoux and Peng [3], who proved the existence and uniqueness of adapted solutions,
when the coefficient g is Lipschitz in (y, z) uniformly in (¢, w), with square-integrability as-
sumptions on the coefficient g(¢, w, y,z) and terminal condition &. Later many researchers
developed the theory of BSDEs and their applications in a series of papers (for example see
Hu and Peng [4], Lepeltier and San Martin [5], El Karoui et al. [6], Pardoux [7, 8], Briand
et al. [9] and the references therein) under some other assumptions on the coefficients
but for a fixed terminal time 7' > 0. In 2000, Chen and Wang [10] obtained the existence
and uniqueness theorem for L? solutions of infinite time interval BSDEs when T = oo,
by the martingale representation theorem and fixed point theorem. Recently, Zong [11]
have obtained the result on L? (1 < p < 2) solutions of infinite time interval BSDEs. One of
the special cases is the existence and uniqueness theorem of BSDEs with non-uniformly
Lipschitz coefficients.

The original motivation for studying nonlinear evaluation (expectation) and g-eval-
uation (g-expectation) comes from the theory of expected utility, which is the foundation
of modern mathematical economics. Chen and Epstein [12] gave an application of dynam-
ically consistent nonlinear evaluation (expectation) to recursive utility, Peng [1, 2, 13-15]
and Rosazza Gianin [16] investigated some applications of dynamically consistent nonlin-
ear evaluations (expectations) and g-evaluations (g-expectations) to static and dynamic
pricing mechanisms and risk measures.

Since the notions of nonlinear evaluation (expectation) and g-evaluation (g-expectation)
were introduced, many properties of the nonlinear evaluation (expectation) and g-eval-
uation (g-expectation) have been studied in [1, 2, 6, 10-31]. In [1, 2], Peng obtained an
important result: he proved that if a dynamically consistent nonlinear evaluation &[]
can be dominated by a kind of g-evaluation, then &,[-] must be a g-evaluation. Thus, in
this case, many problems on dynamically consistent nonlinear evaluations &[-] can be
solved through the theory of BSDEs.

It is well known that Jensen’s inequality for classic mathematical expectations holds in
general, which is a very important property and has many important applications. But for
nonlinear expectation, even for its special case: g-expectation, by Briand et al. [17], we
know that Jensen’s inequality for g-expectations usually does not hold in general. So un-
der the assumption that g is continuous with respect to ¢, some papers, such as [18, 19,
25, 27, 28] have been devoted to Jensen’s inequality for g-expectations, with the help of
the theory of BSDEs, they have obtained the necessary and sufficient conditions under
which Jensen’s inequality for g-expectations holds in general. Under the assumptions that
g does not depend on y and is convex, Chen et al. [18, 19] studied Jensen’s inequality for
g-expectations and gave a necessary and sufficient condition on g under which Jensen’s in-
equality holds for convex functions. Provided g only does not depend on y, Jiang and Chen
[28] gave another necessary and sufficient condition on g under which Jensen’s inequal-
ity holds for convex functions. It was an improved result in comparison with the result
that Chen et al. found. Later, this result was improved by Hu [25] and Jiang [27], in fact,
Jiang [27] showed that ¢ must be independent of y. In addition, Fan [22] studied Jensen’s
inequality for filtration-consistent nonlinear expectations without domination condition.
Jia [26] studied the n-dimensional (# > 1) Jensen’s inequality for g-expectations and got
the result that the n-dimensional (n > 1) Jensen’s inequality holds for g-expectations if and
only if g is independent of y and linear with respect to z, in other words, the corresponding
g-expectation must be linear. Then the natural question is asked:
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For more general dynamically consistent nonlinear evaluation &,[-], what are the suffi-
cient and necessary conditions under which Jensen’s inequality for &,[-] holds in general?
Roughly speaking, what conditions on &,[-] are equivalent with the inequality

Et[e®)] = 0(ElE])  as.

holding for any convex function ¢ : R = R?

One of the objectives of this paper is to investigate this problem. At the same time, this
paper will also investigate the sufficient and necessary conditions on &, [-] under which the
n-dimensional (7 > 1) Jensen inequality holds. As applications of these two results, we give
four equivalent conditions on the 1-dimensional Jensen inequality and the n-dimensional
(n > 1) Jensen inequality for g-evaluations induced by BSDEs with non-uniform Lipschitz
coefficients in L7 (2, F, (F¢)o<t<1> P) (1 < p <2), respectively.

The remainder of this paper is organized as follows: In Section 2, we study the
n-dimensional (n > 1) Jensen inequality, H6lder inequality, and Minkowski inequality for
dynamically consistent nonlinear evaluations in L}(2, F, (F;);=0, P). In Section 3, we give
four equivalent conditions on the 1-dimensional Jensen inequality and the n-dimensional
(n > 1) Jensen inequality for g-evaluations induced by BSDEs with non-uniform Lipschitz
coefficients in LP(2, F, (F;)o<t<1,P) (1 < p < 2), respectively. These results generalize the
known results on Jensen’s inequality for g-expectation in [18, 19, 22, 25-28, 31]. In Sec-
tion 4, we give a sufficient condition on g that satisfies the non-uniform Lipschitz condi-
tion under which Hoélder’s inequality and Minkowski’s inequality for the corresponding
g-evaluation hold true.

2 Jensen’s inequality, Holder’s inequality, and Minkowski’s inequality for
dynamically consistent nonlinear evaluations

Let (2, F,P) be a probability space carrying a standard d-dimensional Brownian mo-
tion (B;):>0, and let (F;);>o be the o -algebra generated by (B;);>0. We always assume that
(Ft)e=0 is complete. Let T > 0 be a given real number. In this paper, we always work in the
probability space (€2, Fr, P), and only consider processes indexed by ¢ € [0, T']. We denote
LP (2, F1, P) (p = 1), the space of F;-measurable random variables satisfying Ep[|X|?] < oo,
and by I%(Q2, F,, P) the space of non-negative random variables in L?(S2, F;, P). Let 14 de-
note the indicator of event A. For notational simplicity, we use L?(F;) := L# (2, F, P) and
IE(F,) := L (RQ, F,, P). For the convenience of the reader, we recall the notion of a dy-
namically consistent nonlinear evaluation, defined in L?(F7) in Peng [1, 2], but defined
in LY(F7) in this section.

Definition 2.1 An J;-consistent nonlinear evaluation in L!(F7) is a system of operators:
EulX1: X e LN(F) > LY(F), O0s<s=<t<T,

which satisfies the following properties:
(A.1) monotonicity: &,[X1] > &:[Xa], if X1 > Xa;
(A2) 5t,t[X] =X;
(A.3) dynamical consistency: &,5[Es[X]] =€, [X], if0<r<s<t<T;
(A.4) zeroone law: 14E,[X] = 14&;,[14X], VA € Fs.
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First, we consider Jensen’s inequality for F;-consistent nonlinear evaluations. We have
the following results.

Theorem 2.1 Suppose that E,[-], 0 <s <t < T is an F;-consistent nonlinear evaluation
in L\(Fr), then the following two statements are equivalent:
(i) Jensen'’s inequality for F;-consistent evaluation &[] holds in general, i.e., for each
convex function ¢ : R — R and & € L\(F,), if () € L\(F;), then we have

5s,t[(p($)] = Qo(gs,t[%_]) a.s.;
(i) V(&,a,b) € LN F;) x R x R, E¢la& + b] > a&[E] + b as.

Proof First, we prove (i) implies (ii). Suppose (i) holds, for each (¢,a,b) € L}(F,) x R x R,
let ¢(x) := ax + b. Obviously, ¢(x) is a convex function and ¢ (&) € L'(F;), then we have

Eselag +b] = Eu[p(6)] = p(EulE]) = alu 6] + b as.

In the following, we prove (ii) implies (i). Suppose (ii) holds, for each (£, a, b) € L'(JF;) x
R x R, we have

Erla& +b] > al [E]1+b  as. (2.1)
But, for any convex function ¢ : R > R, there exists a countable set D C R? such that

@)= sup (ax+b). (2.2)
(a,b)eD

In view of (2.1), for any (a, b) € D, we have
Est[@(®)] = Eilat + bl = aly, 61+ as.,
which implies (i) by taking into consideration of (2.2). d

Theorem 2.2 Suppose that E,[-], 0 <s <t < T is an F;-consistent nonlinear evaluation
in L'(Fr) and n > 1, then the following two statements are equivalent:
(i) the n-dimensional Jensen inequality for a F;-consistent evaluation E,[-] holds in
general, i.e., for each convex function ¢ : R" — R and & € L\(F;) (i=1,2,...,n), if
o(&1, &, ..., ) € LN(F), then we have

gs,t[go(gl’ SZ’ e gn)] > 90(55,1:[51]7 gs,t[SZ]’ ey 5s,t[§n]) a.s.;

(i) & is linear, ie.,
() Ei[AX]=AEi[X] as., V(X, 1) € LN(F) x R;
(b) EslX + Y] =Es[X] + Es[Y] as, VX, Y) € LY(F;) x LY (F);
() Eyplul=pas,VueR.

Proof We prove (i) implies (ii).
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First, we prove (i) implies (ii)(a). For each (X, 1) € L}(F,) x R, let @(x1,%2,...,%,) = Ax;
and & := X. Obviously, ¢(x1,%,...,x,) is a convex function and ¢(&,&,...,£&,) € LY(F),
then we have

Est[AX] = gs,t[go(%_hgb . ':Sn)] = </’(5s,: (&1], Eel&als .o Ess [gn]) =AE[X] as. (2.3)

On the other hand, let ¢(x1, %2, ...,%,) := 21 — (A — 1)xo, & := AX, and &, := X. By (i), we can
deduce that

5s,t[X] = 55,[[(p(517$2:~"’5n)] 2 (p(gs,t[SI]: 8s,t[$2]:~~:gs,t[€n])
= EuAX] = (A = 1DE,IX]  ass,

£ X] <AE[X] as. (2.4)
It follows from (2.3) and (2.4) that (ii)(a) holds true.
Next we prove (ii)(b) holds. For each (X, Y) € LY(F;) x LY (Fy), let @(x1,%2,...,%,) := X1 +

%3, & := X, and &, := Y, then we have

gs,t[X + Y] = Es,t[q)(él’ %-27 e én)] > (p(gs,t[‘i:l]: Ss,t[éZL e gs,t[%-n])
= Ei [ X] + Eu[Y]  ass. (2.5)

On the other hand, let ¢ (x1,%3,...,%,) :=x1 — %3, & := X + Y, and & := Y. By (i), we have

Esu[X] = gs,t[§0(gl, ST :En)] > Qo(gs,t[‘i:l]: Esil&al, ..., gs,t[‘i:n])
=Eu[ X+ Y] - &, [Y] as,

Ei[ X+ Y] < Ei[X] + E,[Y]  ass. (2.6)

Thus, from (2.5) and (2.6), we can see that (ii)(b) holds.
Finally, we prove (ii)(c) holds. For each p € R, let ¢(x1,x2,...,%,) := i, then we have

Es,t[M] = gs,t[¢(€1:$2:-~~r€n)] = q)(gs,t[%-l]’ Es,t[$2]7-‘-x€s,t[%-n]) =M as. (27)

On the other hand, let ¢(x1,%3,...,%,) := 2%, — u and & := p. By (i), we can obtain

Es,t[M] = gs,t[q)(éb %-2: “e rén)] = q)(gs,t[%-l]’ Es,t[$2]7 ey gs,t[sn]) = 2gs,t[ﬂ] -4 as,

Eplpl <p  as. (2.8)

It follows from (2.7) and (2.8) that (ii)(c) holds true.
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In the following, we prove (ii) implies (i). Suppose (ii) holds, for any (a3, 4as,...,a,,b) €
R*land & e LN(F,) (i=1,2,...,n), we have

Es,t|:2 ag; + bi| = Zai&,t[&] +b as. (2.9)
i=1

i=1

But, for any convex function ¢ : R” — R, there exists a countable set D C R such that

Ox1,%0,...,%,) = sup (Z ax; + b). (2.10)
i=1

(a1,a2,...an,b)€D

In view of (2.9), for any (43,43, ...,a,,b) € D, we have

Eilo&n 6. 6] = gs,t|:z a&; + b:| = Zﬂigs,t[&] +b as,
i-1 i=1

which implies (i) by taking into consideration of (2.10). d

The basic version of Holder’s inequality for the classical mathematical expectation Ep
defined in (2, Fr, P) reads

Q=

EplXY] = (E[X)) (Ep[ Y1), 1)

where X, Y are non-negative random variables in (€2, F7,P) and 1 < p, g < 00 is a pair of
conjugated exponents, i.e., 1% + % = 1. One may proceed in the following way (cf,, e.g., Krein
et al. [32], p.43). By elementary calculus, one verifies

» -q
ab = inf(r—ap + r—bq)
>0\ p q

for any constant 4,b > 0. This yields XY < %X" + %Y‘f a.s. for any r > 0. Taking the
expectation yields Ep[XY] < %EP[XP] + %EP[Y’I] for any r > 0, and taking the infimum
with respect to r again we arrive at (2.11).

By the above argument, we have the following Hélder inequality for F;-consistent non-

linear evaluations.

Theorem 2.3 Suppose that E,[-], 0 <s <t < T is an F;-consistent nonlinear evaluation
in LN(Fr). If &[] satisfies the following conditions:

(d) Eoil€ +n] < Eil€] + Euln] @s., ¥(E,m) € LL(F2) x LL(Fp);

(€) EilrE]l <AElEl as, VE € LL(Fr), 1 >0,
then, for any X,Y € LNF;) and | X|P,|Y|? € LNF;) (p,q > 1 and 1/p + 1/q = 1), we have

Q=

a.s.

E[IXY1] < (Eu[IXP])? (1Y)

Similarly, we have the following Minkowski inequality for F;-consistent nonlinear eval-

uations.
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Theorem 2.4 Suppose that &[], 0 <s <t < T is an F;-consistent nonlinear evaluation
in LN(Fr). If &[] satisfies the following conditions:

(d) Eult + 0] < El] + Exiln] @s, V(E, ) € LL(F)) x LL(F);

(e) EilrE] < A& lé]as,VE €L (F,), A >0,
then, for any X,Y € LN F;) and | X|P,|Y|P € LNF:) (p > 1), we have

(E[1X + YIP)P < (E[IXP])? + (E[1YP])?  as. (2.12)

Proof Here h:[0,00) x [0,00) — [0, 00) is of the form

101
h(x1,%0) = (2 + x5 )’ = reQiREr;) 1){r‘1’x1 + (-1 "x}, (2.13)

where Q is the set of all rational numbers in R. Let x; := |[X|? and x; := |Y|?. From (2.13),

we have
(IXI+ 1Y) <r?PIXP + A=n)PIYP as.

for all € QN (0,1). It follows from (d) and (e) that
Ee[(1IXI+1Y1)] < rPELIXIP] + A=) PEL[IYIF]  ass.

for all r € QN (0,1). Taking the infimum with respect to r in Q N (0,1), we have
E[(X1+ 1Y) = {(ElIXPD? + EaliP])? ) as

Thus, (2.12) holds true. a

3 Jensen’s inequality for g-evaluations
In this section, first, we present some notations, notions, and propositions which are useful
in this paper.

Let

SP(0,4P;R) = [V : V is R-valued F;-adapted continuous process with

Ep[ sup |Vs|1’] < oo},

0<s<t

S(0,5PR):=|_J57(0,, B R),

p>1

rr (0, L D; Rd) = {V : V; is R%-valued and F;-adapted process with

of(fves) )]

E(O, t; P; Rd) = ULP(O,t; p; Rd),
p>1

MP(0,5P;R) = { V : V; is R-valued F;-adapted process with
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af ([ o) ]}

M(0,5P;R) = JMP (0,5, R)

p>1

and

LF) =\ J1(F.

p>1

For each t € [0, T'], we consider the following BSDE with terminal time ¢:

t t
Vs :X+/ g,y zy) dr—/ z,-dB,, se€][0,t]. (3.1)
Here the function g:
g(w,t,7,2): Q2 x [0, T] x R x R R

satisfies the following assumptions:
(B.1) there exist two non-negative deterministic functions «(¢) and () such that for all
.2 €R, 21,2 € R,

lg(t,y1,21) — g(6,72,22)| < @(B)ly1 — 32| + )21 — 22|, VE€[0,T],
where «(¢) and B(¢) satisfy fOT a?(¢) dt < oo, fOT,BZ(t) dt < oo;
(B.2) g(¢,0,0) € M(0,t;P;R);
(B.3) g(t,9,0)=0,dP x dt-as.,Vy e R.
It is well known that (see Zong [11]) if we suppose that the function g satisfies (B.1)

and (B.2), then for each given X € L(F;), there exists a unique solution (Y*,Z%) ¢
S0, P;R) x L£(0,£P; R%) of BSDE (3.1).

Example 3.1 For each given & € L(F7), the BSDE

ye=&+ /j(%ys + f/%—s%') ds - /ths -dB;, te€][0,T],
has a unique solution in S(0, T; P; R) x £(0, T; P; R%).
We denote E5,[X] := YX. We thus define a system of operators:
XX e L(F) > L(F,), 0<s<t<T.

This system is completely determined by the above given function g. We have the follow-
ing.

Proposition 3.1 We assume that the function g satisfies (B.1) and (B.2). Then the system of
operators E'ft[-], 0 <s <t < T is an F;-consistent nonlinear evaluation defined in L(Fr).
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The proof of Proposition 3.1 is very similar to that of Corollary 2.9 in [13], so we omit it.

Remark 3.1 From Proposition 3.1, we know that the dynamically consistent nonlinear
evaluation £%,[-], 0 < s < ¢ < T is completely determined by the given function g. Thus,
we call Eft[-], 0 <s <t <T ag-evaluation.

Definition 3.1 (g-Expectation) (see Zong [11]) Suppose that the function g satisfies (B.1)
and (B.3). The g-expectation &[] : L(F7) = R is defined by &,[£] = Yg.

Definition 3.2 (Conditional g-expectation) (see Zong [11]) Suppose that the function g
satisfies (B.1) and (B.3). The conditional g-expectation of & with respect to F; is defined
DEAIVAESEE

Proposition 3.2 (see Zong [11]) &,[£|F;] is the unique random variable n in L(F;) such
that

Eellaé] = Ellan], VA€ Fe.

Proposition 3.3 Forany &, € L(F), iflim, &, =& a.s.and |§,| < na.s. withn € L(F),
thenfor0 <s<t<T,

nlin;o 85,;:[5}1] = gft E] as

The proof of Proposition 3.3 is very similar to that of Theorem 3.1 in Hu and Chen [24],
SO we omit it.
In the following, we study Jensen’s inequality for g-evaluations. First, we introduce some

notions on g.

Definition 3.3 Let g: Q x [0,T] x R x R? — R. The function g is said to be super-
homogeneous if for each (y,z) € R x R% and A € R, then g(t, Ay, Az) > Ag(t,y,2), dP x d¢t-
a.s. The function g is said to be positively homogeneous if for each (y,z) € R x R? and A >
0, then g(¢, Ly, Az) = Ag(t,y,2), dP x dt-a.s. The function g is said to be sub-additive if, for
any (y,2), %,z2) € R x R%, g(t,y+y,z+2) <g(t,y,2) +£(t,%,%), dP x dt-a.s. The function g is
said to be super-additive if, for any (y, 2), (7,2) € R x R%, g(t,y+¥,2+2) > g(t,y,2) +g(t,7,2),
dP x dt-a.s.

Theorem 3.1 Suppose that £5,[-],0 <s <t < T is a g-evaluation, then the following three
statements are equivalent:
(i) Jensen’s inequality for g-evaluation E%,[-] holds in general, i.e., for each convex
function p(x) : R +— R and each & € L(F), if p(§) € L(F;), then we have

Eale®)] = p(&5(8])  as;

(i) Y(&,a,b) e L(F;) x R xR, Eft[aé +b] > agft[é] +bas.,;
(ili) g is independent of y and super-homogeneous with respect to z.

Theorem 3.2 Suppose that Es,[-], 0 <s <t < T is a g-evaluation, then the following three
statements are equivalent:
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(i) the n-dimensional (n > 1) Jensen inequality for the g-evaluation Sﬁt[~] holds in
general, i.e., for each convex function ¢ : R" + R and & € L(F;) (i=1,2,...,n), if
(&1, &, ...,&,) € L(F), then we have

gf,t[(p(gl’ 52! e én)] Z ‘P(gft[gl]: gft[gZ]’ e rgﬁt[Sn]) a.s.;

(ii) €ft is linear in L(Fy);

(ili) g is independent of y and linear with respect to z, i.e., g is of the form
g(t,y,2) =g(t,z) = a; - z, dP x dt-a.s., ¥(y,2) € R x RY, where a is a R*-valued
progressively measurable process.

In order to prove Theorems 3.1 and 3.2, we need the following lemmas. These lemmas
can be found in Zong and Hu [33].

Lemma 3.1 Suppose that the function g satisfies (B.1) and (B.2). Then the following three
conditions are equivalent:
(i) The function g is independent of y.
(ii) The corresponding dynamically consistent nonlinear evaluation E8[-] satisfies: for
each 0 <s <t <T, F, measurable simple function X andy € R,

EX+y) =X +y as

(iii) The corresponding dynamically consistent nonlinear evaluation E¢|-] satisfies: for
each0<s<t<T,XecL(F),andn e L(Fy),

EX+n=E0X]+n as.

Lemma 3.2 Suppose that the function g satisfies (B.1) and (B.2). Then the following three
conditions are equivalent:
(i) The function g is positively homogeneous.
(ii) The corresponding dynamically consistent nonlinear evaluation E8[-] satisfies: for
each 0 <s<t<T,A>0,and F; measurable simple function X,

Egg,t[)\.X] = Agft[X] a.s.

(ili) The corresponding dynamically consistent nonlinear evaluation E8[-] is positively
homogeneous: foreach 0 <s <t <T,A>0,and X € L(F),

Eft[kX] = Agft[X] a.s.

Lemma 3.3 Suppose that the function g satisfies (B.1) and (B.2). Then the following three
conditions are equivalent:
(i) The function g is sub-additive (super-additive).
(i) The corresponding dynamically consistent nonlinear evaluation 4[] satisfies: for
each 0 <s <t < T and F; measurable simple functions X and X,

ENX+X] < (2)E X+ ELX) as.
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(ili) The corresponding dynamically consistent nonlinear evaluation E¢|-] is sub-additive
(super-additive): for each 0 <s <t < T and X, X € L(F),

ENX+X] < (2) X+ ELX) as.

Lemma 3.4 Suppose that the functions g and g satisfy (B.1) and (B.2). Then the following
three conditions are equivalent:
(i) g(t,y,2) > g(t,y,2), dP x dt-a.s., ¥(y,z) € R x R
(ii) The corresponding dynamically consistent nonlinear evaluations E¢|-] and E¥[-]
satisfy, for each 0 <s <t < T and F; measurable simple function X,

E,X] = E,1X] as.

(iii) The corresponding dynamically consistent nonlinear evaluations E4[-] and E€[-]
satisfy, foreach 0 <s <t < T and X € L(F}),

E,X] = X1 as.
In particular, E8[-] = E8[-] ifand only ifg =3.

Proof of Theorem 3.1 From Theorem 2.1, we only need to prove (ii) < (iii). (iii) = (ii) is
obvious.

In the following, we prove (ii) = (iii). First, we prove that g is independent of y. Suppose
(ii) holds, then we have, for any (§,y) € L(F;) X R,

ElE+y)=ELE]+y as. (3.2)

By Lemma 3.1, we can deduce that g is independent of y.
Next we prove that g is super-homogeneous with respect to z. By (ii), we have, for any
(&,1) € L(F:) X R,

AES[E] < EXIME] as. (3.3)

For each (s,z) € [0,£] x R, let Y*7 be the solution of the following stochastic differential
equation (SDE for short) defined on [s, t]:

t
Ype = —/ g(r,2)dr +z- (B; — By). (3.4)
From (3.3), we have

ELYF] = AEL YA =05, 0<s<r=<t<T.

r

Thus, (AY;*)res is an Eg-submartingale. From the decomposition theorem of an &,-
supermartingale (see Zong and Hu [33]), it follows that there exists an increasing process
(Ar)refs,y such that

t t
AY# = —/ g, Z,)dr+ A, —As + / Z.-dB,, tel[sT].
S S
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This with 1Y} = - f; Ag(r,z)dr + fst Az - dB, yields Z, = Az and
rg(t,z) <g(t,rz), dP x dt-as. (3.5)
The proof of Theorem 3.1 is complete. d

Remark 3.2 The condition that g is super-homogeneous with respect to z implies that g
is positively homogeneous with respect to z. Indeed, for each fixed A > 0, by (3.5), we have
+g(t,22) < g(t,2), dP x dt-as,, Le.,

g(t,Az) <Ag(t,z), dP x dt-as. (3.6)
Thus by (3.5) and (3.6), for any A > 0,
g(t,Az) = Ag(t,z), dP x dt-as. (3.7)

In particular, choosing A = 2, we have 2g(¢,0) = g(¢,0), dP x dt-a.s. Hence g(¢,0) = 0, dP x
dt-a.s. Thus, for A = 0 (3.7) still holds.

Proof of Theorem 3.2 From Theorem 2.2, we only need to prove (ii) < (iii). (iii) = (ii) is
obvious.

In the following, we prove (ii) = (iii). From the proof of Theorem 3.1, we can obtain, for
any A € R and (y,2) € R x RY, g(t,y,12) = g(t, Az) > Ag(t,z), dP x dt-a.s. Using the same
method, we have g(t,y, 1z) = g(t,Az) < Ag(t,z), dP x dt-a.s., VA € R, (y,2) € R x R%. The
above arguments imply that, for any A € R and (y,2) € R x R?,

g(t,y,0z) = g(t, ) z) = A\g(t,z), dP x dt-as. (3.8)
On the other hand, by Lemma 3.3, we have, for any (y,z), (,z) € R x R?,
gty+y,z+2) =g(t,y,2) +gt,y,z), dP xdt-as. (3.9)

It follows from (3.8) and (3.9) that (iii) holds true. The proof of Theorem 3.2 is complete.
O

From Theorem 3.1(iii), we know that, for any y € R, g(¢,¥,0) = g(¢,0) = 0, dP x dt-a.s.
Hence, Eft[-] = &[-|F5]. Thus, Theorem 3.1 can be rewritten as follows.

Corollary 3.1 Suppose that £5,[-],0 <s <t < T is a g-evaluation, then the following four
statements are equivalent:
(i) Jensen’s inequality for the g-evaluation E5,[] holds in general, i.e., for each convex
function p(x) : R — R and each & € L(F), if p(§) € L(F;), then we have

E[0®)] = p(EL1E))  as;

(i) V(& a,b) € L*(Fr) x R x R, & r[a& + bl = a&§ ;[€] + b, and, forany y € R,
g(t,9,0)=0,dP x dt-a.s.;
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(iii) Y(€,a,b) € LX(F;) x R x R, ES,[aé +b] > a&l [l +bas;
(iv) g is independent of y and super-homogeneous with respect to z.

Similarly, Theorem 3.2 can be rewritten as follows.

Corollary 3.2 Suppose that Sft[~], 0 <s <t <Tisag-evaluation, then the following four
statements are equivalent:
(i) the n-dimensional (n > 1) Jensen inequality for g-evaluation Eft[-] holds in general,
i.e., for each convex function ¢ : R" — R and & € L(F;) (i=1,2,...,n), if
o(&1,&0,...,&,) € L(Fy), then we have

gf,t[(p(gl’ 52! e én)] Z ¢(5§t[§1], gft[%‘Z]’ e rgﬁt[%‘n]) a.s.;

(ii) Sg,T is linear in L*(Fr) and, foranyy € R, g(t,y,0) = 0, dP x dt-a.s.;

(ili) &%, is linear in L*(F,);

(iv) foreach (y,z) e R x R%, g(t,9,2) = g(t,2) = a; - z, dP x dt-a.s., where a is a
R%-valued progressively measurable process.

Proof of Corollary 3.1 From Proposition 3.3 and Theorem 3.1, we only need to prove
(ii) < (iii). It is obvious that (iii) implies (ii).
In the following, we prove that (ii) implies (iii). Suppose (ii) holds. For each (X,¢,k) €
L2(Fr) x [0, T] x R, by (ii), we know that for each A € JF,
Er[laX + k)] = &5 7[1aX + 14k — k] + k
= Sg,T[lAX + lAc(—k)] +k
&8 [E5, X + Lic(—R)]] + k
= &5 [1aEE X + 14c(-R)] + k
= Egt[lASfT[X +1c(=k) + k]

:ggt ( tT[X]"'k)]

Thus
ELX+K=ELX]1+k as. (3.10)

zT[)‘]

Foreach A #0, define &[] := , ¥t € [0, T]. Itis easy to check that £ .[-] and £} []
are two F-expectations in L2(Fr) (the notion of F-expectation can be seen in Coquet et
al. [20]).If . > 0, for each & € L*(Fr), £ 1[£] = &5 +[£]. In a similar manner to Lemma 4.5
in Coquet et al. [20], we can obtain

ElE] = E5,18] as,Vee(0,T). (3.1)

IfA <0, foreach & € L*(Fr), 531[5] < 5§‘T[§]. In a similar manner to Lemma 4.5 in Coquet
et al. [20] again, we have

ENE1 <& [E] as,VEe(0,T]. (3.12)
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From (3.11) and (3.12), we have, for any (§,1) € L2(F7) x R,
E g = 151 E] as,VEe[0,T). (3.13)
From (3.10) and (3.13), we have, for any (§,a,b) € L*(Fr) x R x R,
& rlag + b1 > all [E]+b as,Vie0,T].
Since, for any y € R, g(t,y,0) = 0, dP x d¢-a.s., we have
Eft[as +b] = SfT[aé +b] > asz[g] +b= aé'ft[é'] +b as,V(E,a,b) e LX(F)xRxR.
Therefore, (iii) holds true. The proof of Corollary 3.1 is complete. g
Proof of Corollary 3.2 From Proposition 3.3 and Theorem 3.2, we only need to prove
(ii) < (iii). It is obvious that (iii) implies (ii).
In the following, we prove that (ii) implies (iii). Suppose (ii) holds. By Proposition 3.3, we
know that for each sequence {X,,}5%; C L*(Fr) such that X,(w) | 0 for all w, 5g,T[Xn] 4 0.

By the well-known Daniell-Stone theorem (cf, e.g., Yan [34], Theorem 3.6.8, p.83), there
exists a unique probability measure P, defined on (€2, Fr) such that

&3 rlE1=Ep, €], VE €L*(Fr) (3.14)

holds. Indeed, from (iv), we know that % = exp(fOT oy - dB; — % fOT |t ? dt).

On the other hand, since, for any y € R, g(t,y,0) = 0, dP x d¢-a.s., we can obtain
ELE)=E5,18] as,VE e LX(F). (3.15)
It follows from (3.14) and (3.15) that
ElE] = Ep,[E1F] as,VE € L*(F).
Therefore, £%, is linear in L?(F;). The proof of Corollary 3.2 is complete. d
From Corollary 3.2, we can immediately obtain the following.

Theorem 3.3 Suppose that £5,[-], 0 <s <t < T is a g-evaluation, then the following two
statements are equivalent:
(i) Eft is linear in L(F);
(ii) there exists a unique probability measure P, defined on (2, Fr) such that, for any
& e L(Fy),

ElE) = Ep, [€1F]  as.
The following result can be seen as an extension of Theorem 3.3.

Theorem 3.4 Suppose that £5,[-], 0 <s <t < T is a g-evaluation, then the following two
statements are equivalent:
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(i) Sft is sublinear in L(F;), i.e.,
(f) Eft[AX] = Agft[X] as., forany X € L(F;) and ) > 0;
(g) EilX+Y]< Sft[X] + c‘,ft[Y] as., forany (X,Y) € L(F;) x L(F);
(h) Eft[u] = as., forany L € R;

(i) forany & € L(F),

gf,t[s] = sup EQ@ [‘SlE] a.s.,

QpeA

where A is a set of probability measures on (2, Fr) and defined by
A= {Qp 1 Eq, ] < &5 1[£],¥& € L(Fr)}.

Proof It is obvious that (ii) implies (i).

In the following, we prove that (i) implies (ii). Suppose (i) holds. Since &y,7[-] is a sublin-
ear expectation in £(Fr), by Lemma 2.4 in Peng [35], we know that there exists a family
of linear expectations {Ey : 6 € ®} on (2, Fr) such that, for any & € L(F7),

£6.r1€] = sup Ey[£]. (3.16)
0e®

On the other hand, by Proposition 3.3, we know that for each sequence {X,}52, C L(Fr)
such that X,,(w) | 0 for all w, Eg,T[Xn] J 0. By the well-known Daniell-Stone theorem, we
can deduce that for each 6 € ® and § € L(F7), there exists a unique probability measure
Qp defined on (L2, F7) such that

Epl€] = Eq, [£]. (3.17)
It follows from (3.16) and (3.17) that, for any & € L(F7),

€ 1161= sup Eo,[¢]. (318)

peA

Let IT be a set of probability measures on (2, Fr) defined by

dp, T 17
H::{Pa:OlE@g,F:eXp(/o at.dBt_E/(; |at|2dt>}r

where % := {(a)iefo,] : & i R%-valued, progressively measurable and, for any (y,z) €
R x R4, a; -z <g(t,y,2), dP x dt-a.s.}. In order to prove (ii), now we prove that IT = A.

For any « € ©f, we define g*(t,,2) := a; - z, Vt € [0, T], (¥,2) € R x R“. Then, for any
& € L(Fr), by the well-known Girsanov theorem, we can deduce that

8L 1E] = Ep, [€].

Since, for any (y,z) € R x R o,z =g%(t,y,2z) <g(t,y,2), dP x d¢t-a.s., it follows from the
well-known comparison theorem for BSDEs that Ep, [£] = Eg,aT[S] < EgyT[é]. Hence IT C A.

Next let us prove that A C I1. For each Qg € A, since Eg, [-] < Eg'T['], V&, n e L2(Fr), we
have

Eq,[§ +n] - Eq, [n] = Eq, [§] < & r[£]. (3.19)

Page 15 of 18
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Denote g?(t,y,z) := B(t)|z|, ¥t € [0, T], (y,2z) € R x R%. From Lemmas 3.1 and 3.2 and
applying the well-known comparison theorem for BSDEs again, we have

Eo 761 = E[E] < EplE]. (3.20)

From (3.19) and (3.20), we can deduce that Eq, [ + n] — Eq,[n] < Egﬁ [€]. Then, in a similar
manner to Theorem 7.1 in Coquet et al. [20], we know that there exists a unique function
g’ defined on Q x [0, T] x R x R satisfying the following three conditions:

(H.1) g%(¢,9,0)=0,dP x dt-a:s., Vy e R;

(H2) 1g°ty1,21) — g7 (692, 22)| < B(®)|z1 — 22], Y, 21), (92, 22) € R x RY, where B(¢) is

a non-negative deterministic function satisfying that fOT B2(t)dt < oo;

(H.3) Epl&|Fi] = Eq,[§|F:] as., V& € L2(Fr).
It follows from the linearity of (£ [|F¢])iejo,r7 and Theorem 3.2 that &’ is linear with re-
spect to z. Therefore, there exists a R?-valued progressively measurable process (6;);c(0,1]
such that g‘)(t,y, z) =0, -z, dP x d¢t-as., V(y,2) € R x R4. In view of Qp € A and (H.3),
we have for each & € L*(Fy), EplE] = Eq,l8] < 5§,T[§]~ Then in a similar manner to
Lemma 4.5 in Coquet et al. [20] and by Lemma 3.4, we can obtain g?(¢,y,2) = 0, - z <
g(t,9,2), dP x dt-a.s., ¥(y,z) € R x R?. For §, we define the probability measure P, sat-
isfying % = exp(fOT 0; - dB; — %fOT 61> dt), then Py € I1 and Ep,[£] = Eg (€] = Eq, €],
V& € L*(Fr). Hence, Qy = Py € I1. Thus, A C I1. Therefore, we have IT = A.

Finally, we prove that, for any s,z € [0, T] satisfying s < ¢ and § € L(F), Sf,t[é] =
supg,ca Eq, [€1F5] as. It follows from (H.3), the well-known comparison theorem for
BSDEs, and Proposition 3.3 that

ELE1 = EplEIF] = Eq,[EIF]  as., VE € L(Fy).
Hence, for any s, t € [0, T satisfying s < t and & € L(F),

ELE] > sup Eq,[E|F] as. (3.21)
0

On the other hand, by Lemmas 3.1, 3.2, and 3.3, we can deduce that g is independent
of y and positively homogeneous, sub-additive with respect to z. For any & € L(Fy), let
(Yf s Zf)te[O,T] denote the solution of the following BSDE:

T T
yt=§+/ g(s,zs)ds—/ z;,-dB;, Vtel0,T].
t t

By a measurable selection theorem (cf, e.g., El Karoui and Quenez [21], p.215), we can
deduce that there exists a progressively measurable process «® € ®¢ such that

et Z)=a; - Z;, dPxdt-as. (3.22)

From (3.22) and applying the well-known Girsanov theorem, we have Eft[é ]= EfT[S ]=
Epu%_ [£|F] a.s. Hence, for any & € L(F;),

E5[€] < sup Ep,[§|F] = Sug\EQg [§1F5] as. (3.23)

Pyell Qp
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It follows from (3.21) and (3.23) that

A QSUP Eq,[§1F]  as.,VE € L(F).

g A

The proof of Theorem 3.4 is complete. O

4 Holder’s inequality and Minkowski’s inequality for g-evaluations
In this section, we give a sufficient condition on g under which Hélder’s inequality and
Minkowski’s inequality for g-evaluations hold true.

First, we give the following lemma.

Lemma 4.1 Suppose that the function g satisfies (B.1) and (B.2). Let g satisfy the following
conditions:
(i) foranyy, >0,y, >0, and (z1,25) € R? x RY,

gty +y2,z1 + ) <glt,y,z1) + (6, y2,22),  dP x dt-a.s.;
(ii) foranyr>0,y>0,andz € R4,
g(t, Ay, Az) < Ag(t,y,2), dP x dt-a.s.,

then E%,[-] satisfies the following conditions:

() E5,(& +n) < E,(E) + EXInl aus., for any (§,1) € Lo(Fy) x L.(F);
(k) Eft[ké] = )»Eft[é] as., forany & € L,(F;) and X > 0.

The key idea of the proof of Lemma 4.1 is the well-known comparison theorem for
BSDEs. The proof is very similar to that of Proposition 4.2 in Jia [26]. So we omit it.

Applying Lemma 4.1 and Theorems 2.3 and 2.4, we immediately have the following
Holder inequality and Minkowski inequality for g-evaluations.

Theorem 4.1 Let g satisfy the conditions of Lemma 4.1, then, for any X,Y € L(F;) and
|X|7,1Y |7 € L(F) (p,qg >1and 1/p + 1/q = 1), we have

g8 [1xv1]) = (E[XP)) (ES[Y )7 as

Theorem 4.2 Let g satisfy the conditions of Lemma 4.1, then, for any X,Y € L(F;), and
|XI2, 1Y € L(F:) (p>1), we have

ST

(E[IX + YP))P < (ES[XPDF + (ES[YP]F  as.
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