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Abstract

In this paper, we consider the Barnes-type Daehee with A-parameter and degenerate
Euler mixed-type polynomials. We present several explicit formulas and recurrence
relations for these polynomials. Also, we establish a connection between our
polynomials and several known families of polynomials.
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1 Introduction

In this paper, we use umbral calculus techniques (see [1, 2]) to obtain several new and in-
teresting identities of Barnes-type Daehee with A-parameter and degenerate Euler mixed-
type polynomials. To define the umbral calculus, let IT be the algebra of polynomials
in a single variable x over C and IT* be the vector space of all linear functionals on IT.
The action of a linear functional L € IT* on a polynomial p(x) is denoted by (L|p(x)),
and linearly extended as (cL + dL'|p(x)) = ¢(L|p(x)) + d{L'|p(x)), where ¢,d € C. Define
H={f(t) = Zkzo ak% | ax € C} to be the algebra of formal power series in a single vari-
able t. The formal power series f(¢) € H defines a linear functional on IT by setting
(f(®)|«") = a, for all n > 0. Thus, we have (see [1, 2])

(£1x") = i8,x  forall m,k > 0, (11)

where §,x is the Kronecker symbol. Let fi(¢) = > -, (L|x”)%. By (1.1), we get that
(fL(t)|x") = (L|x"). Thus, the map L — fi(¢) gives a vector space isomorphism from IT*
onto H. Therefore, H is thought of as a set of both formal power series and linear func-
tionals, which is called the umbral algebra. The umbral calculus is the study of umbral
algebra.

The order O(f(t)) of the non-zero power series f(t) is defined to be k when f(¢) =
ank aut" and a; # 0. Suppose that O(f(£)) = 1 and O(g(¢)) = 0. Then there exists a unique
sequence s,(x) of polynomials such that (g(£)f(£)X|s,(x)) = #!8,.x, where 1,k > 0. The se-
quence s,(x) is called the Sheffer sequence for (g(¢),f(£)), and we write s, (x) ~ (g(£),f(2))
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(see [1, 2]). For f(¢) € H and p(x) € I1, we have that (¢”|p(x)) = p(y), (f(£)g(¥)|p(x)) =
<g(t)lf(t)p( ) f@) = ano «(t)|x">%, and p(x) = Y, (t"|p(x))%;. Therefore, (*|p(x)) =
®(0), (1|p%(x)) = (0) where p k) (0) denotes the kth derivative of p(x) with respect to
x atx 0. So, ¢ (x) =pP(x) = » kp(x) for all k > 0 (see [1, 2]).
Let s,,(x) ~ (g(2),f(2)). Then we have

1L o _ &

forally € C, where ]_‘ (¢) is the compositional inverse of f(¢) (see [1, 2]). For s,,(x) ~ (g(£),f ()
and r,,(x) ~ (h(2), £(2)), let s,,(x) = > _;_ cnirk(x). Then we have

(o)) 03

_ 1
ok = /<'< 2 (0)

(see [1, 2]).

Throughout the paper, let 7,s € Z, and let a = (a1,43,...,4,), b = (b1, by, ..., bs) with
aj, b; # 0 for all i, j. We define the Barnes-type Daehee with A-parameter and degenerate
Euler mixed-type polynomials DE, (), x|a;b) (for other Barnes-types, see [3-5]) as

P14 20)F = 3 DE, (G xlasb) -, (1.4
n.

n=0
where we define

PmU)=f1( 1og1+2ﬂ >rﬁ< 2h >‘
i=1 i=1

AMA+ A7 —1) A+r)7% +1

Forx = 0, DE,(1|a;b) = DE, (%, 0|a; b) are called the Barnes-type Daehee with A-parameter
and degenerate Euler mixed-type numbers.
We recall here that the polynomials D,,; (x|a) given by

n

Pro(®)(1+ 1) = Y Dsla)

n>0

are called the Barnes-type Daehee polynomials with A-parameter (see [6, 7]). Also, the
polynomials £, (A, x|b) given by

Pos()1+A)% = Y EuA, xlb) (15)

n>0

are called the Barnes-type degenerate Euler polynomials which are studied in [8—11]. In the
case x = 0, we write £,(A|b) = £,(,0|b), which are called the Barnes-type degenerate Eu-
ler numbers. Note that limy_, o £,(A, x|b) = E,,(x|b) and lim,_, .o A7 E,,(A, Ax|b) = (x),,, where
(%), = ]_[;':_o1 (% — i) with (x)o =1 and E,(x|b) are the Barnes-type degenerate Euler polyno-
mials given by

N

]‘[(eth) =Y E, x|b

i=1 n>0
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It is immediate from (1.2) and (1.4) to see that DE, (A, x|a; b) is the Sheffer sequence for the
i

pair g(¢) = ]_[lf:l("a’ifl) [T ( ;*l) and f(¢) = exi’l. Thus,

r ait S bit At
Dé‘n(k,xla;b)~<1_[(e ; 1>l_[<e 2+1),e . 1). (1.6)
i=1

i=1

The aim of the present paper is to present several new identities for Barnes-type Daehee
with A-parameter and degenerate Euler mixed-type polynomials by the use of umbral cal-
culus. For some of the related works, one is referred to the papers [12-20].

2 Explicit formulas
In this section we suggest several explicit formulas for the Barnes-type Daehee with
A-parameter and degenerate Euler mixed-type polynomials. To do that, we recall that the
Stirling numbers S (1, m) of the first kind are defined as (x),, = Y ., _o S1(n, m)x™ ~ (1,€ —1)
or jl!(log(l +1)) = ZQ/ S (Z,j);—[[. Let (x|)), be the generalized falling factorials defined by
(x|A), = ]_[:':_Ol(x —ix) with (x|A)o = 1, namely (x|1), = A" (x/A),.

Let BE ,(x|a; b) be the Barnes-type Bernoulli and Euler mixed-type polynomials given by

- ! : 2 Ve = 3 BE, (xlasb) - @.1)
edit — 1 ebit +1 n!
i=1

i=1 n>0

Note that BE)*(x) denotes the special case BE,(¥|1,1,...,1;1,1,...,1) and was treated in
——— ——
[21, 22] by using p-adic integrals on Z,,. r s

Theorem 2.1 Foralln> 0,

DEy(1,xlasb) = Si(m,m))" " BE,,(x|a;b).

m=0
Proof By (1.6), we have that

r

et — 1\ £y [ ebit +1 eMt-1
H( - )E[( 5 )DS,,(A,x|a;b)~(1, - ) (2.2)

i=1

Thus,

n r ¢ s )
DSH(A,x|a;b) = ZSl(V[, m))\.nim H(m) (m)xm
m=0 i=1 i=1

=) Si(n,m)A" " BE,,(x[a;b),

m=0

as claimed. O

Theorem 2.2 Foralln >0,

DE, (%, x|a;b) = Z(Z (Z)Sl(z, DATDE, o(Mla; b))xf.

j=0 \ t=j

Page 3 of 13
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Proof We proceed the proof by applying the conjugate representation: for s,(x) ~
(€(6),£(2)), we have S,(x) = 37 /1—, (g(f ()" f(tY|x")¥. By (1.6), we obtain

(e(F@®) " F ey 1x")

=<Pr,s(t)T >- < (0)]: ZSI ,;) >
. 1 n . - n
=17j 2,)NAHP,  (8) 2" ) = A7) 0,)AEDE,_o(M|a;b).
;sz(g)sl( DAP,s(8)]a"") /;@sl( HAEDE,¢(Ala;b)
Therefore, DE, (A, x|a; b) Z/ O /( )S1(€, )L T DE,_¢(A]a;b))#/, as claimed. O

Theorem 2.3 Foralln>1,
n-1
n=1\ 4w
DE (1, xlash) =) . MBS BE,_(x|a;b),
£=0

where B;") is the Lth Bernoulli number of order n (see [23]).

Proof We proceed the proof by using the following transfer formula: for p,(x) ~ (1,£(¢))
and g,(x) ~ (1,g(¢)), we have that g, (x) = x(%)”x’lpn (x) for all n > 1. So, by the fact that
x" ~ (1,t) and (2.2), we obtain

r

e%it — 1\ oy [ elit +1
D&, (A, 5
]‘[( - )]‘1[< 5 >5( x|a;b)

i=1

r\" Attt n—-1
) x(eu - 1) W =a) Bl ( ¢ >AZBEH)xn_Z'

£>0 £=0
which, by (2.1), implies
n-1 n—1 r ¢ s 2
£ p(n) n—t
DE, (%, x/a;b) Z( ' )A By (ea, _1) (ebt+1)x
=0 i=1 i=1
n-1 n—1
= ( , )x‘B§”>BEn_g(x|a;b),
£=0
as required. 0

In order to state our next theorem, we recall the polynomials 8&,(%, x|a;b), which are

called the Barnes-type degenerate Bernoulli and Euler mixed-type polynomials. They are
defined as

Qa1+ 20 = Y BE,Oxlab) 23)

n>0

+At) 2 ~1 (1+A6) % +1

where Q,(t) = [, (—z—) [T;-s(—25—), for example, see [3].
(14,
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Theorem 2.4 Foralln >0,

DEy(A,xlasb) = ©

=0 (‘f:’")

Proof By (1.4), we have

)fSl(ﬂ +7,7)BEn_e(A, x|a; b).

¢t
DE,(x,yla;b) = <ZD&()\,y|a;b)E X"

>0

= <Qr,s(t)(1 L

> = (Ps(6)(1 + 28)7 ")

ylog"1+At) ,
N —x
ATt

Si(€ + 1)\ttt >

r! _ X"
; € +r)

_y~ ) ALS (e <§ : >

= 1l +r,r BEn(A,y|a;b) ,
£=0 ( r ) m>0 m!

which, by (2.3), implies DE,(%,x|a;b) = >, (() AS1(€ + 1,7 BE,_e (A, x|a;b), as re-

i+r)

quired. d

In order to present our next theorem, we recall the polynomials 8,(A,x|a), which are
called the Barnes-type degenerate Bernoulli polynomials. They are given by

Quo(B)(1+ 27 = " Bu(A, x|a)— (2.4)

n>0
for example, see [8, 9, 23].

Theorem 2.5 Foralln >0,

n n-t n
oxlasb) =D Z)[( WS + 1,1 E e (D) By (3, x])

£=0 m=0 r

n n-t (

=Y Y M’;’ MS (€ +7,7) Bpt-m(A]|@)Em(R, x]b).

=0 m=0 r

Proof By the proof of Theorem 2.4, we have

D&, (A, yla;b) = Z (Efz) AS (€ +, r)<Q,,S(t)(1 + )\t)% |x”’e>
£=0 r

-y (Efz) AS1(E + 1 D{Qua()1Quo (D1 + A E ).
£=0 r

Thus, by (1.5) and (2.4), we obtain

DE,(x,yla;b)
=~ ()

£=0 (Z:’)

n—{

2818 + 7, r)<

(l’l - E) ﬁm(k’yla)xn—ﬁ—m>
m
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n n—t )
Kf-z )\ZSI(Z +7,7) <nm ),Bm(}"y|a)(QO,s(t)|xn_£_m)

£=0 r ) m=0
. Z) ¢ o (-t

A2 DY ( ),Bm()\ay|a)£n—€—m()"|b);
£=0 r ) m=0 m

which completes the proof of the first formula.
The second formula can be obtained by using very similar techniques. O

3 Recurrence relations
In this section, we present several recurrence relations for Barnes-type Daehee with
A-parameter and degenerate Euler mixed-type polynomials. Our first recurrence is based

on the polynomials (x|A),,.

Theorem 3.1 Foralln >0,

n

DE,(hx+ylab) =Y (?)Dsj(x,xm b) (Y1)

Jj=0

Proof Let p,,(x) = [1- 1(6 l)nl (55 il +1)D5 (A, x|a;b). By (2.2) we have that p,(x) =
x| M) ~ (1, & ‘1) which leads to the required recurrence. |

The second recurrence is obtained from the fact that f(¢)s,(x) = ns,_1(x) for all s,,(x) ~

(g(®),f(2)) (see [L, 2]).
Theorem 3.2 Foralln>1,
DE, (A, x + Ala;b) — DE,, (A, x|a;b) = nADE,_1(X, x|a;b).

Proof By (1.6) and f(¢)s,(x) = ns,_1(x) whenever s, (x) ~ (g(¢),f(£)), we have

Mt

1
DE, (A, x|a;b) = nDE,_1 (X, x|a;b),
which implies DE, (A, x + A|a;b) — DE,, (A, x|a;b) = nADE,_1(X, x|a; b), as required. O
The next result gives an explicit formula for ;—xDEH()»,x + Ala;b).

Theorem 3.3 Foralln>1,

”1( )nlil

d
d—DE (A, x|a;b) n'ez o D& A x|a;b).

Proof It is well known that for s,,(x) ~ (g(),f(¢)), %sn(x) = ZZ:(I) (2’) (]_‘(t)|x"‘z)s@(x) (see [1,
2]). In our case, by (1.6), we have

Fee) - G log( x"-“>

_ ()" m —1)"e
=A 1<Z m]/n‘ ‘x l>

m=>1
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=AM D) (- - 1)

= (A" m—e -1
Thus %D&’n(k,xla; b)=n') ;- é (Z),‘: 2 1D&(A x|a;b), as required. a
Another recurrence relation can be stated as follows.
Theorem 3.4 Foralln>1,

DE, (X, x|a;b)

r S r n n
= (x - Zai - Zb,»)DS,,_l(A,x— Ala;b) + - Z <£>AlbgD5n_g(k,x— Ala;b)
i=1 j=1 =0
- = Zﬂz Z ( )Xeszfn_z(/\,x—Xlui,al,...,ar;b)
i=1 =

1 S
3 ;b,DE,,_I(,\,x — Ma; bj, by, ..., by),

where by, is the nth Bernoulli number of the second kind, which is defined by og( M) =

Zn>0 b t”

Proof Let n> 1. Then

DE,(x,yla;b)
¢

= <ZD€E(A,y|a; b)% x">
>0 :

= (Prs(6)(L + At |x") = <% (Prs(6)(L + AtP™)

xnl>

d ( log(1 + At) ) S ( 2 ) al
=\ 7 a; - (1+)\,t)y X
<dt1i=_1[ MA+7T -1/ 5 N+ a7 +1

i=

>

. log(1 + Af) ) d ( 2 ) /x ,,_1>
+ (1 + A" |x (32)
<1_[()L((1+M)A -1) dtl_[ (1+At)x +1
+ <P,,S(t) 1+ aey*|x" > (3.3)
By (1.6), the term in (3.3) equals
AP @1+ 20)0 %) = yDE, 1 (,y — Mlasb). (3.4)

For the term in (3.2), we observe that

d 2 s 2 ./ —b; b; 2
dt I b =11 b T+t 20 +20) A+ rnbih+1)
i=1 N+ AT +1 sl N +An)7 +1/ N + + +

14
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So the term in (3.2) is

S
2(1 + )R
_ biP, ()1 + A)O~P/ x|y 1 < —‘xVH
;j j{Prs@(1 + 1)) le PRI

s 1 S
==Y bDEw(hy — Alasb) + 5 > BDE, (kY - Masby, b, ..., by). (3.5)

j1 j-1

For the term in (3.1), we note that

d log(1 + At)
(1 + )\.t)& 1_[ <—ﬂ)

MA+rD7 -1)

o losiern) ) < e )
1,~_1[<k((1+)\t)axi—1 (Zﬂl Z log(1 + At) (1+)\t)ai/x_1 ’

i=1

a;t

At
where log(1+A) — (1+28)%" -1

has order at least 1. Thus, the term in (3.1) equals

—Za, () + AE)OP 1)

1< At ait n-1
- - x
= logl+ ) (1 +Ar)a/* -1

L

+ <P,,s(t)(1 + A8) 0P

= — Za,'Dg,,_l()»,y - )"|a; b)

i=1

r

Z )\.t ﬂl‘t xn
— logl+At) (1 +A)a* -1

==Y @D&, 10,y - la;b)

i=1

1
+ —<p,,s(t)(1 + A2)0PA
n

+ —< Pg(t)(1 + AL
n

r Y
Zb‘kz.t >

£>0

l r 4 M =2)/x
o ;al<k((1 +AD)w 1) Pys(t)(1 + At)

Z’:b Attt >
[y ’

=0

which is equal to

= @DE, 10y ~ Maib) + — (’Z))\‘szﬁnz(k,y—Ma;b)
n

i=1 £=0

_Z Zal Z ( )Mbgpen_e(x,y —Maia, ..., ansb). (3.6)
i=1

By using (3.4), (3.5) and (3.6) instead of (3.3), (3.2) and (3.1), respectively, we complete the
proof. g
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Theorem 3.5 Foralln> 0,

Dgn+l ()‘4’ x|a; b)

r n
=xDE, (A, x — \la;b) — Z“i Z S1(n, m)A"""BE,,(x — A|a;b)
izl m=0
- — Bl+1 g 1 Eé(l) /+1
- ’ )\-n " + 'l
>3 sitnm ( )(MZ ;bl

X BEyy—¢(x — Ala;b),
where By is the £th Bernoulli number and E,(1) is the £th Euler polynomial evaluated at 1.

Proof 1t is well known that for s, (x) ~ (g(£),f(2)), sp11(x) = (x —g/(t)/g(t))ﬁsn (%) (see [1,
2]). In our case, by (1.6), we have

(¢t
DE,.1(A, x|a;b) = xDE, (A, x — A|a;b) — e‘”‘i)

) DE,(x, x|a;b),
and by Theorem 2.1, we obtain
D&y (X, x|a;b) = xDE, (X, x — A|a; b)
=3 Simmyrr e ((t)) BE (x|a;b). (37)
Note that
g Do aetit b; ebit
= 1 t =
20) (ogg( )) ;eait Z bt 41
Z Z Z 2b; bt
a; +
edit b, +1
_ Z+1
—Za, ZZW”@*gZZE( )b; o
i=1 i=1 >0 j=1 €0
Z Z Bes1 Z gl ZEZ(D bt
a.
>0 (€ +1)! i=1 l z>0 2
So
g/(t) d “ m ﬂl+1 : {+1
m ;b) = BE,, ;b “*'BE,,_ ;b
o) BEnwlasb) Zlu (xla )+;<z>u1;“l o(x[a;b)
1 ¢ m - £+1
+ EZ . E/(1)) b/ BE,,_((x[a;b).
=0 j=1

Hence, by substituting into (3.7), we complete the proof. O
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4 Relations with other families of polynomials
In this section, we establish a connection between Barnes-type Daehee with A-parameter
and degenerate Euler mixed-type polynomials and several known families of polynomials.

Theorem 4.1 Foralln> 0,

n

DE, (X, x|a;b) = Z <:1)Dgnm()\|a; b)(%[1).

m=0

Proof Note that (x|1), ~ (1, eMk_l). Let DE, (A, xla;b) = > _ Cum(x|A),. By (1.3) and (1.6),

we have

Cnm = %(Pr,s(t”tmxn) = (}Z[) <Pr,s(t)|xn_m>
= ( " >D5nm()‘|a; b),
m

which completes the proof. d
For the following, we note that B9 (x) ~ ((ett_Tl)a, t).

Theorem 4.2 For all n > 0, the polynomial DE, (), x|a;b) is given by

( - ”Z(z)(z)(‘q‘)

(q+a) 61@,k,q,19Dgrl—K—l’<—c1()L la; b)) B(yz) (%),
t=m k=0 ¢q=0 p=0 a

where agiqp = S1(6m)SiI(q+a,q—p+a)Sa(qg-p +a, a))»k”zﬂ”’”‘b ®) and ba is the Lth

Bernoulli number of the second kind of order a given by ( gD 1+ t Ze>o ) F

Proof Let DE, (A, x|la;b) =Y " cn,mB%)(x). By (1.3) and (1.6), we have

1 L+ )V -1\ At * " g
o= w"< ””( : )(log(um) (log(1-+ 42) ">
¢ @+ —1\* At “ e
-5 2 (rsemfeo( 2 | () )
- - ” 1+ A" —1\®
- EE () et o 2 e

One can show that

((1+At)“—1)“ <e11°g<1+“>—1>“
t - t

q -1
11
= Z(q+a> Si(g+a,q-p+a)Salqg—p+a,0)rf=,
o q!
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where S, (1, m) is the Stirling number of the second kind. Thus,

/ o
<Pr,s(t) <7(1 + “21 - 1) x””>

0k
5 1 )51(61 +0,q—p+a)Sa(q —p + o, )M (P (2) "),
)

> G

-
g=0 p=0 o

n—

where (P, 5(£)|x" %) = DE,_;_x_q(A|a;b). Hence,

n n—f n-t-k q (21) (n];l) (n—[—k)
Cnm = Z Z Z W)qﬂi,k,q,ngn—E—k—q(Mm b),
t=m k=0 ¢q=0 p=0 o
which completes the proof. d

By similar techniques as in the proof of the last theorem, we can express our polynomials
DE, (X, x|a;b) in terms of the degenerate Bernoulli polynomials ﬁf,“) (A, x) of order . These

polynomials are the Sheffer sequence which is given by ,Bff‘)(k,x) ~ ((%)“, %).

Theorem 4.3 For all n > 0, the polynomial DE, (A, x|a;b) is given by

Z (;) Cn,m,Big) (A, %),

m=0
where Cm = Z;;g’ ZZ:O ﬁa))Sl(q +a,q—p+a)Sa(q —p+a,)A’DE,_,_q(A]a;b).

Now we are interested in expressing our polynomials in terms of H,(,a)(xl ) which are
called the Frobenius-Euler polynomials of order «. Note that Hﬁ,a)(x|,u) ~ ((et’“ @, t) (see

1-p
[10, 24]).
Theorem 4.4 Foralln> 0,
Y Gnm )

DE,(x, x|a;b) = %(m)l’[m (%] ),

where
n n-t « " n— 0 o
Apm = <€) < k ) (U)SI(E; m))"e(_ﬂ)a_ngk()\|a; b)(pl)\)n—é—k'
t=m k=0 p=0

Proof Let DE, (M, x|a;b) =" cn,mH,(ff)(xm). By (1.3) and (1.6), we have

o = e PO 207 ) 08 20) )
1 ) N
] W<P O+ 20 = )|t 3 2816 m)atex”>

{>m
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S Ao ,u)O‘)J'“ Z( >51 (€, m)2 (@ + 1) = ) |P,s(E)x™)

(1 M)a)\m Z Z ( ) ( )SI(E m))‘eng()\|a’b)Wnlk;

where

Wk = (((L+ 1M — ) x"F)

= <Z C)Ht)“‘” (1+rp™ x”‘e"‘>
p=0

=y (Z)( m“-P<Z(p|A> x" @—k>
=0 q>0

-y C)(—mw(pmn_g_k.
p=0

Thus, the constants ¢, are given by

n n-t «a
i ma 222 ( ) ( )(z)slw,m)ﬂ(—maPD&(Ma; B)(pIA)-i-

t=m k=0 p=0

which completes the proof. O

Now we are interested in expressing our polynomials in terms of E,Ea)()»,x) which are
called the degenerate Euler polynomials of order «. Note that

| o M_l
EW (o, x) ~ ((e i ) < )
2 A

(see [10]). Using similar techniques as in the proof of the above theorem, we obtain the

following relation.

Theorem 4.5 For all n > 0, the polynomial DE, (A, x|a;b) is given by

20‘ ( ) (Z ( ) (Z) (pM)qun—m—q(Ma; b)) 5,(3)()», x).

q=0 p=0
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