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Abstract

In this paper, we suggest and analyze an iterative method for finding a common
solution of variational inequalities, a generalized mixed equilibrium problem, and a
hierarchical fixed point problem in the setting of a real Hilbert space. Under suitable
conditions, we prove the strong convergence theorem. Several special cases are also
discussed. The results presented in this paper extend and improve some well-known
results in the literature.
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1 Introduction

Let H be a real Hilbert space whose inner product and norm are denoted by (-,-) and || - ||
Let C be a nonempty, closed, and convex subset of H. Let F: C x C — R be a bifunction,
D : C — H be a nonlinear mapping, and ¢ : C — R be a function. Recently, Peng and
Yao [1] considered the generalized mixed equilibrium problem (GMEP) which involves
finding x € C such that

F(x,y) + o(y) — o(x) + (Dx,y —x) >0, VyeC. 1.1)

The set of solutions of (1.1) is denoted by GMEP(F, ¢, D). The GMEP is very general in
the sense that it includes, as special cases, optimization problems, variational inequalities,
minimax problems, and Nash equilibrium problems; see, for example, [2—-5]. For instance,
we refer to [6] for a general system generalized equilibrium problems.

If D = 0, then the generalized mixed equilibrium problem (GMEP) (1.1) becomes the
following mixed equilibrium problem (MEP): Find x € C such that

F(x,y) +9() —9x) >0, VyeC. (1.2)

Problem (1.2) was studied by Ceng and Yao [7]. The set of solutions of (1.2) is denoted by
MEP(F, ¢).
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If ¢ = 0, then the generalized mixed equilibrium problem (GMEP) (1.1) becomes the
following generalized equilibrium problem (GEP): Find x € C such that

F(x,y) + (Dx,y—x) >0, VyeC. (1.3)

Problem (1.3) was studied by Takahashi and Takahashi [8]. The set of solutions of (1.3) is
denoted by GEP(F, D).

If 9 = 0 and D = 0, then the generalized mixed equilibrium problem (GMEP) (1.1) be-
comes the following equilibrium problem (EP): Find x € C such that

F(x,y) >0, VyeC. (1.4)
The solution set of (1.4) is denoted by EP(F). Numerous problems in physics, optimization,
and economics reduce to finding a solution of (1.4); see [9, 10].

Let A: C — H, and let F(x,y) = (Ax,y — x), Vx,y € C. Then x € EP(F) if and only if
(Ax,y —x) > 0, Vy € C, which is a classical variational inequality problem (VIP): Find a
vector u € C such that

(v—u,Au), VveC. (1.5)
The solution set of (1.5) is denoted by VI(C, A). It is easy to observe that

u*eVI(CLA) +— u*= Pc[u* - pAu*], where p > 0.

We now have a variety of techniques to suggest and analyze various iterative algorithms for
solving variational inequalities and related optimization problems; see [1-31]. The fixed
point theory has played an important role in the development of various algorithms for
solving variational inequalities. Using the projection operator technique, one usually es-
tablishes an equivalence between variational inequalities and fixed point problems. We
introduce the following definitions, which are useful in the following analysis.

Definition 1.1 The mapping 7': C — H is said to be

(a) monotone if
(Ix—Ty,x—y) >0, Vx,yeC

(b) strongly monotone if there exists o > 0 such that
(Tx—Ty,x—y) = alx-yl>, VayeC

(c) a-inverse strongly monotone if there exists & > 0 such that
(Tx — Ty, x—y) > | Tx — Ty|?, Vx,y€C;

(d) nonexpansive if

”Tx_ TJ’H = ”x_y”) Vx»ye C;
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(e) k-Lipschitz continuous if there exists a constant k > 0 such that

ITx - Tyll <kllx=yl, Vxye€C;

(f) a contraction on C if there exists a constant 0 < k <1 such that

It is easy to observe that every a-inverse strongly monotone T  is monotone and Lipschitz
continuous. It is well known that every nonexpansive operator 7 : H — H satisfies, for all
(%,y) € H x H, the inequality

(6= T~ by 1), Ty~ T = 3 | (T —)~ (T =), (16)
and therefore, we get, for all (x,y) € H x Fix(T),

(x— T,y — Tx) < %||Tx—x||2. (1.7)
The fixed point problem for the mapping T is to find x € C such that

Tx = x. (1.8)

We denote by F(T) the set of solutions of (1.8). It is well known that F(T') is closed and

convex, and Pr(T) is well defined.

Recently, many researchers studied various iterative algorithms for finding an element
of VI(C,A) N F(S). Takahashi and Toyoda [11] introduced the following iterative scheme:

Ks1 = WXy + (1 =0, )SPc(I = A,,B)x,, Vn>0. (1.9)

They proved that the sequence {x,} converges weakly to a point g € VI(C, B) N F(S). Yao

and Yao [12] introduced the following scheme:

Xi=uec C,
Vn =Pc = 2uA)xy, (1.10)
Xn+l = Oplh + ,ann + ynSPC(I - )\nA)yn:

and obtain some convergence theorems. Later, Chang et al. [9] introduced the following

iterative scheme:

¢(unry) + i()’— Ups Uy — %) > 0, Vy eC,
X1 = f (60) + B + Y Winkin,

ky = Pc(I - )LnB)yn,

Yn = Pc(I - A,B)uy,,

(1.11)
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and obtained some convergence theorems. In 2014, Zhou et al. [13] introduced the fol-
lowing iterative scheme:

F(1) + (DY 11 = ) + 501 = YwsIn = %a) 20, V1 € C,
On = Y puer M P = 1 Bun)Yns (1.12)
Xn+l = Oan/f(xn) + Buxn + (- ﬂn)l — oty A) Wy 00,

where A is a strongly positive bounded linear operator, f is a contraction on H, and W, is
the W-mapping of C into itself which is generated by a family of nonexpansive mappings
Su»Su-1,-..,S1, and a sequence of positive numbers in [0,1], A,, Ay-1,..., A1, then they ob-
tained some strong convergence theorems.

On the other hand, let S: C — H be a nonexpansive mapping. The following problem
is called a hierarchical fixed point problem (in short, HFPP): Find x € F(T) such that

(x—Sx,y—x) >0, VyeF(T). (1.13)

It is well known that the hierarchical fixed point problem (1.13) links with some mono-
tone variational inequalities and convex programming problems; see [14]. Various meth-
ods have been proposed to solve the hierarchical fixed point problem; see [15-19]. In 2010,
Yao et al. [14] introduced the following strong convergence iterative algorithm to solve
problem (1.13):

In = BnSxy + (1 - ﬁn)xm

(1.14)
Xn+l = PC[arzf(xn) +(1 _an)Tyn]: Vn>0,

where f : C — H is a contraction mapping and {«,}, {8,} are two sequences in (0, 1). Under
certain restrictions on the parameters, Yao et al. proved that the sequence {x,} generated
by (1.14) converges strongly to z € F(T), which is the unique solution of the following
variational inequality:

((1 -flz,y - z> >0, VyeF(T). (1.15)
In 2011, Ceng et al. [20] investigated the following iterative method:
Xn+l = Pc[Oty,,OU(xn) + (I — a,uF) T()/n)], Vn >0, (1.16)

where U is a Lipschitzian mapping, and F is a Lipschitzian and strongly monotone map-
ping. They proved that under some assumptions as regards approximations on the oper-
ators and parameters, the sequence generated by (1.16) converges strongly to the unique
solution of the variational inequality

(pU(2) - uF(2),x—2) <0, VxeF(T).

Very recently, Ceng et al. [21] introduced and analyzed hybrid implicit and explicit vis-
cosity iterative algorithms for solving a general system of variational inequalities with a
hierarchical fixed point problem constraint for a countable family of nonexpansive map-
ping in a real Banach space, which can be viewed as an extension and improvement of the
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recent results in the literature. In 2014, Bnouhachem et al. [22] introduced the following

iterative method:

F(un’y)"'i(y_umun_xn) >0, Vye(;
Vn = BuSxn + (1= Bu)th; (117)
X = Pelo,pU(x,) + Yoy + (L= y)I — oy F)T(y,)], Vn >0,

where U and F are the same as above. They proved that under some assumptions as re-
gards approximations on the operators and parameters, the sequence {x,} generated by
(1.17) converges strongly to the unique solution of the variational inequality

(pU(z) — WF(z),x — z) <0, VxeF(T)NEP(F).
In the same year, Bnouhachem and Chen [23] introduced the following iterative method:

F(t,y) + (D, y = th) + () = @(ih) + 1y = thy s = %) = 0, Vy € C;
Zy = PC[un - )\nAun];

Yn = BnSxy + (1 - ﬁn)zn;

Xne1 = Pela,pU(xy) + Yo + (L= y) —auuF)T(y,)], VYn>0,

(1.18)

where U and F are the same as above. They proved that under some assumptions as re-
gards approximations on the operators and parameters, the sequence {x,} generated by
(1.18) converges strongly to the unique solution of variational inequality

(pU(2) - uF(2),x—2) <0, Vxe VI(C,A) N GMEP(F,¢p,D) N F(T).

In this paper, motivated by the work of Zhou et al. [13], Bnouhachem et al. [22, 23] and
others, we give an iterative method for finding the approximate element of the common
set of solutions of GMEP (1.1), VIP (1.5) and HFPP (1.13) in real Hilbert space. We establish
a strong convergence theorem for the sequence generated by the proposed method. The
proposed method is quite general and flexible and includes several well-known methods
for solving variational inequality problems, mixed equilibrium problems, and hierarchical
fixed point problems; see, e.g., [6, 13, 22—27] and the references therein.

2 Preliminaries
In this section, we list some fundamental lemmas that are useful in the consequent anal-

ysis. The first lemma provides some basic properties of the projection onto C.

Lemma 2.1 Let Pc denote the projection of H onto C. Then we have the following inequal-
ities:
(z—Pclz],Pclz] -v) >0, VzeH,veC; (2.1)
(u—v,Pclu] - Pclv]) = |Pclul - PcV|?,  Vu,ve H; (2.2)
|Pclu] = Pc]| < lu—vl, Vu,veH; (2.3)
2

|u-Pclzl|* < lz-ull? - |z-Pclzl|’, YzeH,ueC. (2.4)
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Assumption 2.1 [1] Let F: C x C — R be a bifunction and ¢ : C — R be a function satis-

fying the following assumptions:

(A1) F(x,x)=0,Vx€C;

(Ay) Fis monotone, i.e., F(x,y) + F(y,x) <0, Vx,y € C;

(A3) foreachx,y,z€ C, lim; ¢ F(tz+ (1 - £)x,y) < F(x,y);

(A4) foreachx € C, y — F(x,y) is convex and lower semicontinuous;

(B1) for each x € H and r > 0, there exists a bounded sunset K of C and y, € C N dom(p)
such that

1
F(z,yx) + 9(x) — (2) + ;(yx -zz-x) <0, VzeC\K;

(By) Cisabounded set.

Lemma 2.2 [1] Let C be a nonempty, closed, and convex subset of H. Let F: C x C — R
satisfy (A1)-(A4), and let ¢ : C — R be a proper lower semicontinuous and convex function.
Assume that either (By) or (By) holds. For r >0 and Nx € H, define a mapping T, : H — C

as follows:

T, (x) = {ze C:F(z,y) + () + ¢(2) + %(y—z,z—x) >0,Vye C}.

Then the following hold.:
(i) T, is nonempty and single-valued,;

(i) T, is firmly nonexpansive, i.e.,
| 7,60 - .| < (T,0) - T,(0),x =), Va,yeH;

(iii) F(T,(I - rD)) = GMEP(F, ¢, D);
(iv) GMEP(F, ¢, D) is closed and convex.

Lemma 2.3 [28] (Demiclosedness principle) Let T : C — C be a nonexpansive mapping
with Fix(T) # 0. If {x,} is a sequence in C that converges weakly to x and if {(I — T)x,}
converges strongly to y, then (I — T)x = y; in particular, if y = 0, then x € Fix(T).

Lemma 2.4 [20] Let U : C — H be a t-Lipschitzian mapping, and let F : C — H be a k-

Lipschitzian and n-strongly monotone mapping, then for 0 < pt < un, uF — pU is un—pt-

strongly monotone, i.e.,

((WF = pl)x = (WF = pU)y,x - y) > (un — pT)lx - y>  Vx,yeC.
Lemma 2.5 [29] Suppose that i € (0,1) and > 0. Let F : C — H be a «-Lipschitzian and
n-strongly monotone operator. In association with a nonexpansive mapping T : C — C,

define the mapping T* : C — H by

T*x = Tx — \uFT(x), VxeC.
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Then T* is a contraction provided u < i—g, that is,
|T"% - T*y|| < @ =2v)lx-yll, VxyeC,

wherev =1-/1-u(2n — ux?).

Lemma 2.6 [30] Let {s,} be a sequence of non-negative real numbers satisfying
Sni1 < (1= 0p)Su + Wpy + v, Y1 =0,

where {w,}, {84}, and {y,} satisfying the following conditions:
(i) {wn} C[0,1] and Y52 w, = 00,
(i) limsup,_, o8, <0 or Y ooy |8, < o0,
(i) >0 (m>0), Y o) ¥u < 00.
Then lim,—, o0 S, = 0.

Lemma 2.7 [31] Let C be a closed convex subset of a real Hilbert H. Let {T,,,:1 <m <r}
be a sequence of nonexpansive mappings on C. Suppose that (", _, F(T,,) is nonempty. Let
{Am} be a sequence of positive numbers with y . _| A, = 1. Then a mapping S on C defined

by

.
Sx = Z Aon Tt
m=1

Sor all x € C is well defined, nonexpansive, and F(S) = (,,_; F(T,,) holds.

3 Main result

In this section, we suggest and analyze our method for finding common solutions of the
generalized mixed equilibrium problem (1.1), the variational problem (1.5), and the hier-
archical fixed point problem (1.13).

Let C be anonempty, closed, and convex subset of a real Hilbert space H.Let B, : C — H
be a [,,-inverse strongly monotone mapping for each 1 < m < r, where r is some positive
integer. Let D : C — H be a 0-inverse strongly monotone mapping. Let F: C x C — R
satisfy (A;1)-(A4), and let ¢ : C — R be a proper lower semicontinuous and convex func-
tion. Let S, T : C — C be nonexpansive mappings and such that .% = F(T) N VI(C,B,,) N
GMEP(F,¢,D) # ). Let F : C — H be a k-Lipschitzian mapping and n-strongly monotone,
and let U : C — H be a 7-Lipschitzian mapping.

Algorithm 3.1 For an arbitrary given xy € C, let the iterative sequences {u,}, {v.}, {x4},
and {y,} be generated by

Ftt,y) + (D, y = thy) + 9(0) = (W) + 1y = thy, thy = 2,) 20, Vy € G
Vi = 8t + (1= 8,) 30 M Pl = pmBu) ks

Yn = BnSxy, + 1- ,Bn)Vn;

Xns1 = PelanpU(xn) + yuxn + (L= y)l —ouuF)T(yn)], VYn >0,
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where p,, € (0,2,), {r,} C (0,20). Suppose that the parameters satisfy 0 < p < f—g, 0<
pT < v, where v =1- /1 - 2y — puk?). Also {a,}, {Bx}, {yu}, and {,} are sequences in
(0,1) satisfying the following conditions:

() lim,— o, =0,and Y o) &y = 00;

(b) limnaoo(ﬁn/an) =0;

(C) limneoc VYn = 0, and Vnty< 1

(d) 2221 loty — oy | < 00, Z:il |81 — Bu-1] < 00, Z:il [V = V-1l < 00, and

Z,ﬁl 18/ — 81l < 00;

(e) liminf, o1, >0,and > o) 7y — Fye1| < 00;

(£) lim,— o0 =n™ €(0,1) for each m, where1 <m <r;

(g >ranr=1,Vn>1.

Remark 3.1 Our method can be reviewed as an extension and improvement for some
well-known results, for example, the following:

(i) The (self-)contraction mapping f : H — H in [13], Theorem 10 is extended to the
case of a Lipschitzian (possibly nonself-)mapping U : C — H on a nonempty,
closed, and convex subset C of H.

(ii) The strongly positive linear bounded operator A in [13], Theorem 10 is extended to
the case of the «-Lipschitzian mapping and n-strongly monotone (possibly
nonself-)mapping F: C — H.

(iii) The contractive coefficient & € (0,1) in [13], Theorem 10 is extended to the case
where the Lipschitzian constant 7 lies in [0, 00).

(iv) The equilibrium problem in [13], Theorem 10 is extended to the case of the
generalized mixed equilibrium problem.

(v) fD=¢=0,B,, =0 for each m, and §,, = 0, then the proposed method is an
extension and improvement of a method studied in [22].

(vi) If8, =0, m =1, then we obtain an extension and improvement of a method in [23].

(vii) If p=p=1,8,=8,=0,¢9 =0, U =f a contraction mapping, F = A a strongly
positive linear bounded operator, and T = W,,, where W/, is the W-mapping of C
into itself which is generated by a family of nonexpansive mappings S,, Sy-1, ..., 51,
and a sequence of positive numbers in [0,1] Ay, A,_1,..., A1, then the proposed

method is an extension and improvement of a method studied in [13].
This shows that Algorithm 3.1 is quite general and unifying.

Lemma 3.1 Let x* € % = F(T) N VI(C,B,,) N GMEP(F, ¢, D). Then {x,}, {u,}, {v,}, and
{yu} are bounded.

Proof First, we show that the mapping I — r,,D is nonexpansive. For any x,y € C,

|t =Dy (1 =, DYy|” = &= ) = r(Dx = DY)
= |lx = ylI* - 2r,(x — y, Dx — Dy) + r2|| Dx — Dy||*
< llx = yII> = 74(26 - r,,) | Dx — Dy||*

2
< llx-yl"



Hu and Ceng Journal of Inequalities and Applications (2015) 2015:155 Page 9 of 29

Similarly, we can show that the mapping I — u,,B,, is nonexpansive for each 1 < m < r. For

eachl <m <r, put

r

w) =Pc(I — ppBu)u, and z,= Z(n,’,”wn’”)

m=1

Then Algorithm 3.1 can be rewritten as

F(tt,y) + (D, y = ) + 9(0) = 9(tty) + 1y = thy tty = %) 20, Vy € G
Vi = 8uthy + (1= 8,1) 2

Y = BuSxu + (1= Bu) Vs

Xns1 = PclonpU(xn) + Yuxn + (L= y)I — antF)T(y,)], ¥n>0.

(3.1)

Fixing x € .%, we have

|wyt =a|| = |Pc(t = wmBu)t = P = tomBn)x”|

<|un-o*], 1<Vm<r

It follows that

r

,
2 =% = | Do (arwis) = < Dy wiy =7
m=1 m=1

< -]

It follows from Lemma 2.2 that u, = T}, (%, — ,Dx,) and x* = T}, (x* — r,Dx*), we have

et — * ||2 = | T, &n = ruDxy) = Ty, (x* = ruDx*) ||2
< |4 = ruDx,) = (x* = r,Dx*) ||2
< ”x,, —x* ”2 —1,(20 —=1,) ”Dx,, —Dx* Hz

2
< -
From (3.1) and the above inequalities, we have

v =" < Sulliew — %) "+ (1 = 8,) | 2 — 511>
<8,y [+ 18y -
< | —=* H2
< |0 —*|* = 726 - 1) | Dx, — Dx* |

= [l =]

Then we have

2

)

len =17 = i =" < [z | =120 = 1) Dy~ D' | = [, —

v =" [* < ot =" |” < v =" " = (26 = 1) [ Dy = D2 [* < oy ="
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We define V, = o, pU (%)) + Yty + (1 — v )] —, u F) T (y,). Next, we prove that the sequence
{x,} is bounded, and without loss of generality, we can assume that 8, < «,, for all n > 0.

From (3.1), we have

%1 ="
- etV - Pl
< |leupU @) + yuxn + (L= v — €uptF) T(yn) — ¥
= [Jen (pUGxn) = 1 (x7)) + v (0 = 27) + (L= )] = €uitF) T(yn)
~ (A =yl = aupF) T (") |

<ot Ut~ ()| + s =]

(5o )

=0y Hpu(xn) - pu(x*) + (:OU_HF)x* ” + Vn Hxn _x* H

(28 oo

<ot = +an oL —uBue | + ]

) |

< aupt |y — | + o | (U = WE)x™ || + yu| 200 — x|

+ 1=y

+ 1=y

+(1_yn)<

+ (1= Y = V) || BuSxn + (1 = Bu)vs — x|
< anpelon =] + o - )]+ il -]

+ (1= ¥ — ) (Bn || S = Sx* || + Bu || Sa™ = x*|| + (1 = B) | vu — &™)
<anptln '] + anllpU - P + vl ]

+ (1= Y = V) (Ba|Sn — Sa™ || + Bu||Sx* = 2*|| + @ = Ba) | —x)
< anpt || xn = | + | (oU = wE)x™ || + |0 — x|

+ (1= v — q0) (Ba |00 — % || + Bul| ™ =& || + (1 = Bu) | w — 7))
< (1= an(v = p1)) | —&*|| + @] (pU — F)x*|

+ (1= yu — uV) Bu || Sa™ — &

< (1 —a,(v - ,or)) ||x,, —x* || +ay, || (oU — uF)x* || + By ||Sx* —x* ||

= (1w = p0) '] (11— PR |+ 55" )
= (1= = p) o = + 52D (o - B+ |55 =)

1
<max{ s, = (ot -]+ 5 -]
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where the third inequality follows from Lemma 2.5. By induction on #, we obtain ||x, —

%ol < max{llo = x*[l, 527 (1(pU = F)x*| + [|Sx* —x*|))} for n > 0 and %o € C. Hence {x,}

is bounded, and, consequently, we deduce that {u,}, {v,,}, and {y,} are bounded. a

Lemma 3.2 Let x* € F = F(T) N VI(C,B,,) N GMEP(F,¢,D) and {x,} be generated by
Algorithm 3.1. Then we have:

(@) 1m0 [|%41 — %4l = 0,

(b) the weak w-limit set wy,(x,) C F(T) (wy (%) = {x: %, — x}).

Proof Note that

”WZI -wi “ = ”PC(I ~ WmBp )ty — Pl — pm By )ty ”

< tn—thyall, 1=Vm=r. (3.3)
On the other hand, we have
Vi = V1 = 8ty — 1) + (1= 8,) (20 — Zu-1) + (8 — 8,0-1) (U1 — Zn1)-
It follows from (3.3) that

”Vn - Vn—l”

< 8ulltty — a1l + A = 81z — Zna | + 181 — Sttt — Zua |l

r r
< Sulltn — el + =8 D (nrwt) = D (W) | + 180 = Suca s = zua |
m=1 m=1
r r r r
<@=8) Y (nwi) =Y (nwi) + Y (nrwi) = Y (i)
m=1 m=1 m=1 m=1

+ 871””;1 - un—l” + |8n - 8n—1|”un—1 - Zn—l”

,
< ot — g |+ MY |0 =ty | + 180 = Sl #0o1 = Zuca (3.4)

m=1

where M = max{sup{||Pc(I — pBm)u,| : n >1}:1 < m < r}. Next we estimate that

5 =yl
= ||/3n5xn + (1= Bu)Vn = Bu1Sxu-1 — (1 = Bu-1) Vi1 ”
= ” Biu(Sxn — Sx-1) + (1= Bu) (Vi = V1) + (B = Bu1) (Sxpo1 — V1) “

< Bullxn = xuall + L= B)IVi = Viall + 1Bn = ﬂn—ll(”sxn—ln + ||Vn71||)~

It follows from (3.4) and the above inequality that

r
1y = Yntll < Bullw = 2 [l + A = Bo) { ot — st |l + MY |t =ty |

m=1

+ 18 = S lllttn-1 = Zu | } + 181 = Bual (152 | + 1viall)- (3.5)
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On the other hand, u, = T}, (x, — r,Dx,) and u,_; = T}, _, (x,-1 — ry-1Dx,_1), we have

1
F(uny) + 0() — o) + (DX, y — thy) + — (¥ — thyy iy — %) >0, VyeC, (3.6)
1,

n

and

1
F(uy-1,9) + () = @(thn-1) + (Dxy_, ¥ — thy1) + " 0 — U1y 1 — Xp1) = 0,

n-1

VyeC, (3.7)
Taking y = u,_; in (3.6) and y = u,, in (3.7), we get

1
Ftp, thp-1) + @(n1) — 0 () + (Do, oy — ) + - (W1 = Upy Uy —%y) > 0 (3.8)
n

and
F(tp-1, ) + 0(uy) — @ (thp-1) + (DX, thy — 1)

1

Tn-1

+ <”n — Up-1,Un-1 — xn—l) > 0. (39)

Adding (3.8) and (3.9) and using the monotonicity of F, we have

Up1 —Xp-1  Up— Xy
(Dxn—l - Dxm Uy — un—l) + <un — Up-1, - > 07
Tn-1 T

which implies that

T'n

0 = <Mn — Un-1, rn(Dxn—l - Dxn) + (un—l - xn—l) - (un _xn)>

n-1

Ty
= \Up1—Up Uy — Uy + | 1- Up-1
Tn-1

1,
+ (xn—l - rann—l) - (xn - rann) —Xp-1t r g xn1>
n-1

Ty Ty
=(Up1— U, [1- )t (%n—1 = 1uDxp_1) — (% — 10 DXy) — Xy + ——
n-1 n-1

2
- ”un — Up-1 ”

T
= <un—1 — Up, <1 - )(un—l —%p-1) + (o1 — 1 Dovyy) — (%, — rann)>

Ty-1
= ot - ”;171”2
T,
=< ”un - Mn—l” { ‘1 - ’ ‘ ”un—l - xn—l” + “(xn—l - rann—l) - (xn - rann) ” }
n-1
- ||Lt,,, —Un ”2

T'n
= llun _un—IHHI_
T,

n-1

2
lotn1 = X ll + %1 — % } — Nty — wpa 1%
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and then

'n

ety — 1 || < '1 -

”un—l _xn—1|| + ”xn—l _xn”-
n-1

Without loss of generality, let us assume that there exists a real number u such that r,, >
1 > 0 for all positive integers n. Then we get

1
”un—l - un” =< ”xn—l _xn” + ; |rn—l - rn| ”un—l _xn—IH' (310)
It follows from (3.5) and (3.10) that

”yn —J’n—1||

1
< Bully —xu1ll + (1- ﬁn){”xn — X1l + ;|rn — Pl |ty — X1 |

m=1

,
MY | =t |+ 180 = Su 12 —zn_ln} + 180 = Buca | (11 | + 1Vt )

1 r
= (1% = X | + (1—ﬁn)i;|rn — e lltny = | + M- |0 =l

m=1

+ 18y = Sualllttna — Zua } +1Bn = Bual (1S%1 | + Vi |l)

r
< _ l _ _ M m _ m
< |, xn_1||+M|rn Puctlltno1 = || + MY [0 =i |

m=1

+ 18 = Sn-tlllttn1 = Znoall + 1Bn = Buoa | (IS%n-1 ]l + [[Vas ). (3.11)
Next, we estimate
%1 = 2l
= ”PC[Vn] _PC[Vn—l]”

= Oln,O(U(xn) - u(xn—l)) + (an - O5;’1—1):01/[(95}’1—1)

+ YuXn = Xn1) + (Vi — Yu1)%n1

+(1—yn)[( S F) T(y) - (1— ot F) T(yn_o]

~Vn ~Vn

+ ((1 -yl - O[VIIU‘F) T(yn1) - ((1 — V1) — an—lMF) T(yu-1)

auU
<aupt %y = Xpoall + Yl — 2l + A= y) | 1 - 1 lyn = yu-1ll

—/n
+ |V = Vn—l|(||xn—1|| + ” T(yn—l)”)

+ lotw — ot | (0 | UFn1) || + | WF (T Do)

) (3.12)
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which the second inequality follows from Lemma 2.5. From (3.11) and (3.12), we have

12241 = %l

<ot |%y = X1l + Vil = %1l + A = yu — t0)

.
1 M m m
x 3 1% = 21| + ;vn—rn_nuun_l—xn_ln + MY |-

m=1

+ 185 = Sua ittt = Zuoall + 1B = Buca (1S%a | + Vs )
+|Vn = Vn—1|(||xn—l|| + ” T(,anl)”) + oy = (Xn71|(,0 ” U(xn—l)” + ||MF(T(Yn—1)) ||)

1 r
< (1= (= pD)lln = %uall + 1= r ey =l + M > =]
m=1
+ 185 = Sl lltnos = Zua ll + 1B — Buca | (1% | + Vi)
+|Vn = Vn—1|(||xn—1|| + ” T(yn—l)”)
+ latn = ana| (p | UGenmr) | + | E (T () |)

,
1
<(1-@=p1)l%n — 201l +M-Z|n,’f -y +M1(;|rn —Tpo1

m=1
+ |8n - 8n—1| + |,Bn - ,Bn—ll + |)/n - yn—1| + |an _an—1|>! (313)
where

M, = maX{SUP l£n-1 — %1 ll, SUPp [|4-1 — 21 ||,SUP(||an—1 I+ ”Vn—l”)y
n>1 n>1 n>1

sup(Iall + | 700) ), (o) U] + [HE(TOw0) )

It follows by condition (a)-(e) of Algorithm 3.1 and Lemma 2.6 that
lim %11 — x| = 0.
n— o0

Next, we show that lim,,_. o, [|%,, - %,]| = 0. Since * € .Z = F(T) N VI(C, B,,) N GMEP(F,
¢,D), by using (3.1) and (3.2), we obtain
6t = [* = (PlVa] = 2%, 001 - 7)
= (PclVi] = Vi, Pc[ Vil = &%) + (Vi — &%, %041 — &%)
< {an(pUxn) = wF (")) + (0 = %) + (1 = vl = 2wt F) T(y5)
— (@ =y = @yt F) T (x"), %01 — x%)
= (np (U ®n) = U(5")), %01 — &%) + @ pU (5*) = wF (%), %01 — &%)

+ (Y (200 — %), 01 — %)

+(1—yn)<( - F> T(y,) - (1- ot p) T(x*),xn+1—x*>

Vn —Vn
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< (npT + ) [0 = 2| |01 = %[ + €U (6%) = wF (), 2001 — )

+ (1= Y — @g) |70 = || |21 — 27|

P (=" + o =)

IA

+ otn<,0U(x*) - uF(x*),xml - x*)

1_ —
Nl L TN M
1- -
- dn(;) oT) mel_x*HerVn +;xnpf s - *Hz

+ otn<,0U(x*) - uF(x*),xml - x*)

1-y,—a,v
+7

(Ballsu ="+ 1= By —*[)

2
< 1- dn(;) - pf) Hxn+1 _x* HZ N Yn +;anf Hxn _ *Hz
+ anlpU(E") = WE(x") Hpar = 57) + M IS5 —5°
+ (1 —Vn— Oan)(l - ﬂrz)
2
X {||xn —x* ||2 —r,(26 — ry,)HDxn - Dx* ||2}, (3.14)
which implies that
[ = [* = B,

1+a,(v-p1)
20,

+ ———(pU(x") = WF(x"), %41 — %™
o pU() - B
(1- VYn — a,v) B,

+—
1+a,(v-p1)

+ (l_yn —a,v)(1-B,)

1+a,(v-p1)

e P

1+a,(v-pt)""

a7

{||x,, —x* ||2 —1r,(20 - r,,)”Dxn — Dx* ||2}

IA

’ 1+an(U—,0'C)(pu(x ) ,bLF(x )7xn+1 X >

(1= Yu—ayv)Ba
1+a,(v-p1)

_ (1- Vn — a,v)(1 - B,)
1+a,(v-p1)

+ |+ s ]

{r,,(28 —1y) ||Dx,, - Dx* ”2}

Then from the above inequality, we get

(1 —VYn— Oan)(l - ,8}’1)
1+a,(v-p1)

VYn + 0T
T 1+a,(v-p1)

{r,,(29 —1y) ||Dx,, —Dx* ||2}

2
||xy, —x* ||2 + ﬁﬁn_pt)(pU(x*) - MF(x*),xn+1 —x*)

e B L B
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Vn +0uPT 20[,,,

* |2 * * *
T 1+ay(v-p1) e =] (pU(x") = F (x"), 21 = 7)

+7
1+a,(v-p1)

B S — P+ (o0 = 2| + |1 =% ) 1201 = -

Since {r,} C (0,20), lim, & |[X441 — %4l = 0, Y, = 0, @, — 0, and B, — 0, we obtain
lim,_, o [|Dx,, — Dx*|| = 0.
Since T;, is firmly nonexpansive, we have

et — * ||2 = | T, &u = ruDxy) = Ty, (x* = ruDx*) ||2

<ty — &*, (% — ruDx) — (x* = r,Dx*))

1
=3 { o — %* ||2 + || (n = ruD2xy) — (6% = ruDx*) ||2
= ||tn = & = [y = ruDxy) = (x* = ruDx*)] ||2}

Hence, we get

”un —x* ||2 < H(x,, —r.Dx,) — (x* - r,,Dx*) ||2 - ”u,, — X, + 7y (Dx,, —Dx*) H2

< ||x,, —x* ||2 - ||u,, — %, +r,,(Dx,, —Dx*) ||2

= ”xn —-x" ”2 = ltn _xn”z + 21y || 0y _xn”HDxn _Dx*”

From (3.14), (3.2), and the above inequality, we have

1-anlv-p1)
2
+ a,,(pl,l(x*) - uF(x*),xnu - x*)
1-y,—a,v
R £ i
2
L 1-olv=p7)
- 2
+ a,,(le(x*) - /LF(x*),xnﬂ —x*)
1-y,—a,v
R £ Aei
2
< M”""”_’C*“z .
+ a,,(le(x*) - /LF(x*),xnﬂ —x*)
1-y,—a,v
R £ el
2
+ 21y ||ty — x| ”Dxn - Dx* ”)}’

Yn 00T ”xn _x* ”2

[ = [+ 28

[t =] <

(Bullsu=*[* 4 = B) v —*[)

Yn 00T ”xn _x* ”2

o =+ 20

(BullSn="[* 4 (1= B~ 2 [)

Vn+0ypT

T |

{Ba]| S0 =% |7 + (1= B ([0 = 2| * = Nt = %112

which implies

Vn+ 0y PT w112
Jon =

R P (i i
+a,(v - p1)

2“" * * X
+ m(pl[(ﬁc ) —,uF(x ),xn+1 X >
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(1 —Vn— 0(,,1))/3,,
+ -
1+a,(v-p1)

(1 —Vn— Ol,,U)(l - /371)
+
1+a,(v-p1)
+ 27, ||ty — %l ”Dx,, — Dx* ”}

Vn + 0y PT
T 1+a,(v-p1)

s "]

{00 =2 |* = Nt = 2112

s ="

2“” * * *
+ m(pl,[(x ) —,LLF(?C ),xn+1 —X >

(I = yu — auV) By
1+a,(v-p1)

(1 —Vn— anU)(l - ﬂn)
1+a,(v-p1)

s "

+ || - &* H2 +

x =Nt — %41 + 27 ||ty — %]l | Dy — D™ | }.

Hence
(1_Vn_anv)(1_,3n) 4, — % ”2
1+a,(v-p1) n
Vn T+ 00T 5112 20ty *) « ok
oI o U() - B () s~

T 1+a,(v-p1)

(1 —Vn— anv)ﬂn

+ -
1+a,(v-p1)

2(1 —Vn— C(,,U)(l - ,Bn)rn
+
1+a,(v-p1)

|2 "

Dot =l D = D |+ o =2 [* = [ —*[

Yn + 0 PT 20ty

B m (pU(x*) - 'U“F(x*)’xnﬂ —x*)

[ =7} +1+an(v—pt)

(1 —VYn— anU)IBn
+ S ———
1+a,(v-p1)

2(1 —Vn— Oan)(l - ,Bn)rn
+
1+a,(v-p1)

|2 "

2 — 2l ”Dxn - Dx* ”

# (lben =]+ oemer =27 ) (01 = 2a1)-

Page 17 of 29

Since limy,_, o [|%441 — %4[l = 0, ¥» = 0, @, = 0, B, = 0, and lim,,_, ¢ || Dx,, — Dx*|| = 0, we

obtain

lim ||u, —x,|| = 0. (3.15)
n—00

Consider

me _x* ”2 = HPC(I_ MmBm)un _PC(I - MmBm)x* HZ

n
< [ (= #") =t (Bt = Bux”) |
= H Uy —x* ”2 + ,ufn ||Bmu,, - B,x" ”2 - 2um(un —x*, Buty, —Bmx*)
< it =5+ 12 Bt Bt | = 2t Bt~ B |

2
, 1<Vm<r.

= ||un _x* ||2 - //Lm(zlm - Mm) ”Bmun _Bmx*



Hu and Ceng Journal of Inequalities and Applications (2015) 2015:155 Page 18 of 29

It follows that

r

> (rwr) -«

m=1

2 r
o =] = <y on |’
m=1

r
=< ”un -x* “2 - Z n:,nﬂm(ZIm - ,um)HBmun - B,x* ||2

m=1
Then we have
[ =" = [0 (un —27) + (1 = 8. (20 — ") |

< 8,,Hu,, —x*HZ + (1—8,,)||zn —x* ”2

= [t =2 |* = 0= 820 D" 0 (2o = ) | Bt — B |

m=1

r
< [ =2 * = =80 D 0 ton(@lon — tton) | Bt ~ B

m=1

From (3.14) and the above inequality, we have

1- -
R R P
+ a,,(pL[(x*) - MF(x*):an _x*>
1-y, —
%(ﬂn”&cn—x*”z + (1= B |vu =]
S 1 - Oln(;) - pf) ||xn+1 _x* ||2 N ‘}/n +205in ||xn _x* ||2

+ o (pU (x%) — WF (x*), 2041 — %)

(1= ¥u—a,v)
+—

5 Bnllen—x*Ilz+(1—/5*n)<||xn—x*||2

— (1 — 8”1) Z n};;n/vLm(2lm - /‘Lm) HBmun - Bmx* ”2) }’

m=1
which implies

Vu + QuPT
R i v e R

2a, i} . )

* Trano —pn) PUE) = HE(),n =)
1+a,(v-pT)

(1~ ¥ — 2n0)(1 = Bn)(1 — 8)

— 1+ a,(v-p1) Z ﬂffum(ZIm — ) ||Bmun —B,x* ”2

R

r

m=1
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Then from the above inequality, we have

1- n— Oy 1- n 1_8" -
e lfa:zi—/f‘f;( )Zan:u'm(zlm_Mm)HBmu”_Bmx* ”2

m=1

_Ynta@npT g2 200 %) _ * e
- 1+ay,(v—pr)Hx" * H +1+an(v—pt)(pu(x) MF(x )'xml x)

R e e R |

VY + 00T

20,
T 1+a,(v-p1)

o =] + m(ﬂu(" ) = WE(x"), 21 - &7)

Bl =2+ (s =2+ s =" ) (i =200

Since j, € (0,2L), im0 [|¥n41 = %l = 0, Y — 0, &, — 0, and B, — 0, we obtain
lim |Byuty ~ Bp*[| =0, 1<Vm<r.

On the other hand, we have

Jwy = ]°
= |\ Pcll = pmBun)itn = Pell = pmBy)” |
< (U = wmBm)tbn — (I = pomBp)x*, Wiy — x*)
= = B~ (= B [+ [ ="
0 = Bt = (I = ponBi)s” = (w! =) |}

< ol =17+ w57 =7 = ot = w27 = o (Batn = Boa”) |}

=N

= o =2+ o = | = =iy |
+ 2,um<Bmu,, - B, x*,u, — wZ’) - an ||Bmuy, - B,x* ||2}, 1<Vm<r.

It follows that

A I L e S e L ¥

, 1<Vm<r, (3.16)
where Q™ is an approximate constant such that
Q"= max{2um”un —wZ‘H :Vn > 1}, 1<Vm<r.

On the other hand, we have

r
2w =l < S W = ),

m=1
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which combined with (3.16) gives

r

2w = < " (2w —x|)%)

m=1

< ot =2 |* = 2w = wall® + D (Q" | Bontt — Bunic* )

m=1

Hence we have

D L o e

= Hun —-x" Hz - ”Zn - un||2 + Z(Qm HBmun _Bmx* ”)

m=1

r
E Hxn _x* H2 - ”Zn - un”2 + Z(Qm HBmun _Bmx* ”)

m=1

In view of (3.14) and the above inequality, we have

-~
_1- ay(v - p7)
- 2
+ou(pU (%) — WF (%), %001 — 27)

1-y,—a,v

|

[ = 122

(BallSn =" " + 0= B v —*[")

2
1-— —
< Oln(;i pT) ”anrl it HZ + Vn +;n/01' ”xn it Hz
+ o pU (") = WF ("), 21 — &%) + H%““ { Bl St — |

+(1- ﬁn)(”»’cn —-x" ”2 —lzn - un”2 + Z(Qm ”Bmun - Bx* ”)) };
m=1

which implies that

w2

Ynt 00T ||.7C _x*||2
“1+a,v-pt)""

20[,, * * K
+ m(pl](x )—uF(x )ranrl X )

(1 —Vn— anv)ﬂn
+ -
1+a,(v-p1)

(1 —Vn— Oan)(l - lgn)
1+a,(v-p1)

20—

Page 20 of 29

(3.17)

[ = * = Nz = s> + Y (Q" | Bnttn — Bx*|) -
m=1
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Hence
1=y, —a,v)1-8) 2 — 14y 12
1+ a,(v - p7) o
Ly [ 4 U ) = (),

_ /TPt g
T 1+au(v-p1) 1+a,(v-p1)

(1-yu—auv)B )
et L I DR I e

r

- 3@ Bt - B’ ])
m=1
Vn + 0nPT 20,

" Tra,-p1) (U (6*) = F (), %1 — 4%

”x,, x ” i 1+a,(v-p1)

(L= ¥n—ayv)Bu
+ —_—

e+ (= = )l = 1)
n

r
+ Z(Q’” ||Bmun -B,x" ||)
m=1

Page 21 of 29

Since lim,,_, o |41 — %4l = 0, ¥» — 0, o, — 0, B, — 0, and lim,,_, o ||B,,14, — Bux™|| = 0,

we get
lim ||z, —u,| = 0.
n—00
It follows from (3.15) and (3.18) that
lim ||z, — x| = 0.
n—00
From Algorithm 3.1, we have
Vi = %l < Sullttn — xull + 1 = 8,) 120 — %,
which implies
lim [, — v, =0,
H—0Q

”xn - T()/n)” < % — Xpaall + ”xml - T()/n)”
=[xy — X |l + ||PC[VVI] _PC[T()/n)] ”
< %0 = %paall + ||oz,,(,ol,[(xn) - PLF(T()’H))) + Vn(xn - T(Yn)) ”

< %0 = xnaall + ty ||,OU(.7CV,) - MF(T(yn)) || +Vn “xn - T(ya)

’

and therefore

[ = TOm = T =l + 7= | oU ) = E (TG}

1-yu —Vn

Since lim,, o0 [|%41 — %1l = 0, @, — 0, we obtain

lim ||x, — T()| = 0.

n—00

(3.18)

(3.19)

(3.20)
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Since T'(x,) € C, we have

%0 = TCe) | < Nt = ®msa ll + 01 = Tx) |
= 1% = X1 | + | PcVa] = Pc[ T (x4)] |
< %0 = Xl + | on (0U x4) = WE (T (3,)))
+ Vu(n = Tn)) + Tn) = T(ex) |
< ltn = Xna | + ]| 0U @) = LE(T @) | + Vil %0 = T | + 117 = 2l
< Notn = Xt | + || U ) = LE(T @) | + || 20 = T) |
+ || BuSan + (L= Bu)Vi — x|
< Nlotn = Xt | + ]| U @) = LE(T @) | + || 20 = ) |

+ ﬁnnsxn _xn” + (1 _lgn)”Vn _xn”'

Since limy,_, o %41 — %ull = 0, ¥4 — 0, ay — 0, B, — 0, lim,, o |lx, — T(yn)” =0,
loU(x,) — wE(T(y,))|l, and ||Sx, — x,,|| are bounded and lim,_, », ||x,, — v,|| = 0, we obtain

lim ||xn - T(xn)H =0.
Hn—0oQ

Since {x,} is bounded, without loss of generality we can assume that x,, — x* € C. It follows
from Lemma 2.3 that x* € F(T). Therefore w,(x,) C F(T). a

Theorem 3.1 The sequence {x,} generated by Algorithm 3.1 converges strongly to z, which

is the unique solution of the variational inequality
(pU(2) - uF(2),x—2) <0, Vxe.F =F(T)NVI(C,B,,) N GMEP(F,¢,D). (3.21)

Proof Since {x,} is bounded, x, — w, and from Lemma 3.2, we have w € F(T). Next, we
show that w e GMEP(F, ¢, D). Since u,, = T, (x,, — r,Dx,), we have

1
F(un,y) + o) — o(u,) + (DX, y — thy) + - (y—thy, 0y —%,) =0, VyeC.

n

It follows from the monotonicity of F that

1
‘PO’) - ‘P(”n) + <Dx}’l’y_ un> + r_(y_ Uy, Uy _xn> Z F()’; un): Vy € C;

n

and
unk _xnk
(p(y) - (P(unk) + (Dxnk’y_ unk> +\y- Mnk, 7‘7 = F(y' unk)’ V)’ eC. (322)
03

Since lim,,_. o ||24, —%,|| = 0 and x, — w, itis easy to observe that u,, — w.Forany0 <t <1
and y € C, let y, = ty + (1 — t)w, and we have y, € C. Then from (3.22), we obtain
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Dy, yt — thny) > @(thny) — @(Ve) + (D1, Y — )
Uy, — X
- <Dxnk¢yt - unk> - <yt - Mnk’ krink> +F(yt,unk)
ni
= @) — 9) + (Dye — Dty Y — thy ) + (Dthyyy, — DXy, e — thy)
Upy,

r— Xng > + F(ypthny). (3.23)

Mk

- <yt — Uy,

Since D is Lipschitz continuous and lim,_. [|#, — %, || = 0, we obtain lim,_, [|Du,, —
Dx,, || = 0. From the monotonicity of D, the weakly lower semicontinuity of ¢, and
Uy, — w, it follows from (3.23) that

(Dys, y: —w) = (W) — @(ys) + F(y;, w). (3.24)

Hence, from assumptions (A;)-(A4) and (3.24), we have

0 =F(yo,y) + o) — o) StF(y,y) + A= OF (e, w) + to(y) + A = H)p(w) — ()
= t[F»sy) + 0() — o) ] + A= ) [Fe w) + 0(w) — 0 ()]
< t{F(yy) + 0(0) — ()] + A = )E(Dys,y — w), (3.25)

which implies that F(y;,y) + ¢(¥) — () + 1 — t)(Dy;,y — w) > 0. Letting ¢t — 0,, we have
Fw,y) + ¢() — (W) + (Dw,y —w) =0, VyeC,

which implies that w € GMEP(F, ¢, D). Furthermore, we show that w € VI(C, B,,,). Define
a mapping /: C — C by

Jx=>_ 0"Pc(l - tmBu)x, VxeC,

m=1

where 7™ = lim,,_, o 1}}. From Lemma 2.7, we see that ] is nonexpansive such that

) = (VE(Pcll = tmBw) = [ VI(C, By).

m=1 m=1

Note that

”un _]Mn” = ”Mn _Zn” + ||Zn _]un”

< un =zl +

r r
> Pl = Bty = Y 0" Pl = Bty
m=1

m=1

r
< lttn = zall + MY |0 = ™.

m=1

In view of restriction (f), we find from (3.18) that

lim [|u, — Jun|l =0
n—00
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It follows from Lemma 2.3 that w € F(J) = (,,_; VI(C, B,,). Thus, we have w € . = F(T) N
VI(C,B,,) N GMEP(F, ¢, D).
Observe that the constants satisfy 0 < p7 < v and
k>n < K°271
& 1-2un+pi? >1-2un + p’n?
1— (27— ui?) =1 - pun
& un=1-/1-u(2n-pux?)
< uUnzv,
therefore, from Lemma 2.4, the operator uF — pU is un — pt-strongly monotone, and
we get the uniqueness of the solution of the variation inequality (3.21) and denote it by

ze F =F(T)NVI(C,B,,) N GMEP(F, ¢, D).

Next, we claim that limsup,,_, .. {(pU(z) - uF(2),x, —z) < 0. Since {x,} is bounded, there
exists a subsequence {x,, } of {x,} such that

lim sup(,ol,l(z) — uwF(z),x, — z) =lim sup(,ol,[(z) - WF(2), %y, — z)
= (pU(2) - uF(z),w —z) < 0.
Next, we show that x, — z. We have
”xn+l - Z”2
= <PC[Vn] —Z,Xn+1 _Z)

= <PC[Vn] = Vi, Pc[V)] _Z> + (Vu—2,%001 - 2)

< <an (PUGn) ~ HE()) + ulota —2)

+(1—yn)[< - F) T(y) - (1— o F) T(z)],xn+1—z>

= (oup (U (xn) = U(2)), %01 = 2) + cn(pU(2) = PF(2), %11 ~ 2)

+ VulXn — 2, %041 — 2)

+(1- y,,)<<1— St F) T(y,) — (1— Skt F) T(2), %41 —z>
1- Vi 1 Vn

n

< (Y + upT) %0 — 2| 1Xn1 — 2l| + @u(pU(2) — WF(2), %001 — 2)
+ (L= = )1y = 2l %01 — 2|l

< Y+ @np D)% = 2l %001 — 2ll + 2u(pU(2) = 1 (2), X1 — 2)
+ (L= yu — ) {Ball S — Szl| + Bull Sz — 2zl + (1 = Bu) Vs — 2l }
X [|%u41 — 2|l

< (Y + upT) %0 — 2l 1Xn1 — 2l| + @u(pU(2) — WF(2), %001 — 2)
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+ (1= _O‘nv){ﬁn”xn —z|| + BullSz — 2|l + (1 = B) x4 — 2| } %41 — 2|

(1= (v = p7)) %0 — 2l 1Xns1 — 2l| + €u(pU(2) — WF(2), 601 — 2)
+ (L= yn = V) Bull Sz — 2l %041 — 2]

1—a,(v—p1)
< ”f(llxn —z|* + %1 — 211%) + atu{pU(2) = WF(2), %p41 — 2)
+ (L= = @) Bl Sz = 2l %001 — 2Il,

which implies that

(196241 _Z”2
1-a,(v-p1) 20
< 2P+ ———(pU(2) ~ PF(2), %1~ 2)
1+a,(v-p1) 1+a,(v-p1)
21—y, —a,v)
BT y6p s -2
1+a,(v-p1)
20, (v — pT)
< (1- — P [t S
= (1-auv=p0)llxn —2l" + § oo p7)
1 1-yy—ayv)B
x { (PU(2) ~ HE(@), %1 — 2) + 22 S 2 g — 2] }
V- ptT au(v - p1)
It follows from Lemma 2.6 that x,, — z. This completes the proof. O

4 Applications
In this section, we obtain the following results by using a special case of the proposed
method for example.

Putting D = ¢ = 0, B,, = 0 for each m, and §, = 0 in Algorithm 3.1, we obtain the fol-
lowing result, which can be viewed as an extension and improvement of the method of
Bnouhachem et al. [22] for finding the approximate element of the common set of solu-
tions of equilibrium problem and a hierarchical fixed point problem.

Theorem 4.1 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let F : C x C — R be a bifunction that satisfy condition (A;)-(A4), and let S,T:C — C
be nonexpansive mappings such that F(T) NEP(F) # . Let F : C — C be a k-Lipschitzian
mapping and n-strongly monotone, and let U : C — C be a t-Lipschitzian mapping. For
an arbitrarily given x, € C, let the iterative sequences {u,}, {x,}, and {y,} be generated by

F(,y) + - (y =ty thy = 2,) 20, VyeC;

Yn = ,anxn + (1 - ﬂn)un;
X1 = PelanpU(x,) + Yy + (L — yu)l - anMF)TO’n)L Vn=>0.

Suppose that the parameters satisfy 0 < . < ':’—g, 0 < pt <v,wherev = l—m.
Also {yu}, {au}, {Bu}, and {r,} are sequences in (0,1) satisfying the following conditions:

(@) im0y =0, Yu+a, <1;

(b) lim, o, =0,and y oo a, = 00;

(¢) lim,_o0(Bu/et,) = 0;

() D02 ety — ote1] <00, Yo 1¥n = Va1l <00, and > o | By — Buil < 003

(e) liminf, o1y >0, and y oo |1y =yl < 00.
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Then the sequence {x,} converges strongly to z, which is the unique solution of the varia-

tional inequality:
(pU(2) - uF(2),x —2) <0, Vxe F(T)NEP(F).

Putting §,, = 0, m =1 in Algorithm 3.1, we obtain the following result which can be
viewed as an extension and improvement of the method of Bnouhachem and Chen [23]
for finding the approximate element of the common set of solutions of variational inequal-

ities, a generalized mixed equilibrium problem, and a hierarchical fixed point problem.

Theorem 4.2 Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let
D,A: C — H be 0,a-inverse strongly monotone mapping, respectively. Let F: C x C — R
satisfy (A1)-(A4), and let ¢ : C — R be a proper lower semicontinuous and convex function.
Let S, T : C — C be nonexpansive mappings such that F(T) N VI(C,A) N GMEP(F, ¢,D) #
@.Let F : C — C be a «-Lipschitzian mapping and be n-strongly monotone, and let U : C —
C be a t-Lipschitzian mapping. For an arbitrarily given xo € C, let the iterative sequences

{t4n}, (%}, {yn}, and {z,} be generated by

Fu,y) + (D, y = thy) + 9(0) = 9(tty) + 1y = thyy thy = 2,) 20, Vy € G
zy = Pcluy, — MAuy);

Yn = BnSxy, + 1- ,Bn)zn;

Xns1 = PclanpUxn) + Yuxn + (1= yu)l = anuF)T(yn)], V¥n>0,

where L, € (0,2a), {r,} C (2,20). Suppose that the parameters satisfy 0 < i < i—g, 0<pr<
v, wherev =1- W.Ako {an}, {Bu}, and {y,} are sequences in (0,1) satisfying
the following conditions:

() limysoo¥u =0, ¥y + e, <1;

(b) lim,, oty =0, and Y, oy = 00;

(©) limy,oo(Bu/ay) = 0;

(d) Y2 lew =] <00, 302 1Y — Vucr| < 00, and 302 By — Bua| < 005

(e) liminf, o7, >0, and y oo |1y — rp1| < 00;

(f) liminf,_ oo Ay < limsup,_ Ay <20 and Y oo |hy — Ay < 00.
Then the sequence {x,} converges strongly to z, which is the unique solution of the varia-

tional inequality:
(pU(2) — uF(z),x—2) <0, Vxe VI(C,A) N GMEP(F,¢p,D) N F(T).

Putting p=p=1,8,=8,=0, ¢ =0, U =f a contraction mapping, and F = A a strongly

positive linear bounded operator, we obtain the following theorem.

Theorem 4.3 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let B,, : C — H be l,,-inverse strongly monotone mapping for each 1 < m < r, where r is
some positive integer. Let D : C — H be a a-inverse strongly monotone mapping. Let F : C x
C — R satisfy (A1)-(A4). Let T : C — C be nonexpansive mappings such that % = F(T) N
VI(C,A) NEP # . Let A be a strongly positive linear bounded operator with coefficient y
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and let f : H — H be a contraction with contraction constant h (0 <h<1) and 0 <y <
(y/h). Let {x,}, {yu}, {pn} be sequences generated by x, € H and

F(yuy0) + (DY = Yu) + 301 = Y Y = %) =0, V€ C;
Pn = Zm 1M wPc(l — m)ym
KXn+l = ‘Xnyf(xn) + By + (L= B — ,A)T(04);

where p,, € (0,21,), {a}, {8} C [0,1], and {r,} C [0, 00]. If the following conditions are sat-
isﬁed'

() limy ooy =0,andy ) a, =00;

(b) lim,; oo 77;1 = 77 € (0 1)

(C) Zn 1|rn+l Vn|<OO,

(d) liminf,_. 1, >0, 0 <liminf,_, B, <limsup,_, . Bn < 1;

()Zmlnn ].,VI’IZ].,
then {x,} converges strongly to q € 7, where g = Pz (yf + (I — A))q.

Remark If T = W, in Theorem 4.3, where W, is the W-mapping of C into itself which is
generated by a family of nonexpansive mappings S, S,,-1, .. .,S1, and a sequence of positive
numbers in [0,1] A,, Ay_1,..., A1, we can easily get Theorem 10 in Zhou ez al. [13]. It is worth
to mention two points as follows:
(1) Since we all know that W,, mapping is nonexpansive, if ' = W), in Theorem 4.3, then
we can easily get Theorem 10 in Zhou et al. [13].
(2) A family of infinite k,,-strict pseudocontractive mappings in Theorem 10 in Zhou et
al. [13] did not work, so we should omit them. Theorem 10 in Zhou et al. [13] should
be corrected as follows:

Theorem 4.4 Let C be a nonempty, closed, and convex subset of a real Hilbert space H.
Let By, : C — H be l,,-inverse strongly monotone mapping for each 1 < m < r, where r
is some positive integer. Let D : C — H be a «-inverse strongly monotone mapping. Let
F:C x C— Rsatisfy (A1)-(A4). Let {A,}2, be a sequence of positive numbers in [0, b] for
someb € (0,1),and let {S,}52, : C — C bea family of infinitely nonexpansive mappings such
that F = F(T) N VI(C,A) N EP # (. Let A be a strongly positive linear bounded operator
with coefficient’y and let f : H — H be a contraction with contraction constant h (0 < h <1)
and 0 <y < (y/h). Let {x,}, {yn}, {on} be sequences generated by x; € H and

F(yuy0) + (DY = Y) + 301 = Y Y = %) =0, Y € C;
Pn = Zm 1Mn PC(I Mm m)ym
Xn+l = Olnyf(xn) + By + (L= Bl — 0y AYW, 05

where p,, € (0,21,), {a}, {8} C [0,1], and {r,} C [0, 00]. If the following conditions are sat-

isfied:
() lim, ooy =0,and Yy oo a, = 00;
(b) lim,—, o 0 = 0™ € (0,1);

)
)
(C) Z;?; 7141 — Tu| < 005
(d) liminf,_ o 1, >0, 0 <liminf,_, o B, < limsup,_, . Bn < 1;
(€ Xmy=1LVn>1
then {x,} converges strongly to q € .7, where g = Pz (yf + (I — A))q.
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