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1 Introduction and preliminaries

Throughout this paper, let H be a real Hilbert space with zero vector 6, whose inner prod-
uct and norm are denoted by (-,-) and || - ||, respectively. The symbols N and R are used to
denote the sets of positive integers and real numbers, respectively. Let K be a nonempty
closed convex subset of a Banach space E and T be a mapping from K into itself. In this
paper, the set of fixed points of T is denoted by F(T'). The symbols — and — denote strong
and weak convergence, respectively.

Let T : K — K be a mapping and K a subset of a Banach space E. T is called a nonex-
pansive mapping if, for all x,y € K, || Tx — Ty| < |lx — y||. T is called quasi-nonexpansive,
if F(T) # @ and for all x € K, p € F(T), | Tx — Tp| < |lx — p||. For examples of quasi-
nonexpansive mappings, see [1].

Let H; and H, be two real Hilbert spaces. T : Hy — H;, T, : H, — H; are two nonlinear
operators with F(T1) # ¢ and F(T,) # #. A : H — H, is a bounded linear operator. The
split fixed point problem for 7} and 73 is to

find an element x € F(T}) such that Ax € F(T5). (1.1)

LetI" = {x € F(T1) : Ax € F(T3)} denote the solution set of the problem (1.1). The problem
was proposed by Censor and Segal [2] in a finite-dimensional space firstly. Next, Moudafi
[3] studied the problem (1.1) in real Hilbert spaces; this generalized the problem (1.1) from
a finite-dimensional space to infinite-dimensional Hilbert spaces. More precisely, the fol-
lowing result was obtained.

Theorem M (see [3]) Let H; and H, be two real Hilbert spaces. Given a bounded linear
operator A : Hy — Hy, let U : Hy — H; and T : H, — H, be two quasi-nonexpansive oper-
ators with F(U) # 0 and F(T) # @. Assume that U — I and T — I are demiclosed at 0. Let
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{x,} be generated by

X1 € Hl,
Uy =%, + Y BA*(T — I)Ax,, (1.2)
Xp1 = A=)y, +a,U(u,), Vnel,

where 8 € (0,1), {ae,} C (8,1 - 8) for a small enough § >0, y € (0, %), and A is the spectral
radius of the operator A*A. Then {x,} weakly converges to a split common fixed point x* €

{x* € F(U) : Ax* € E(T)).

It is well known that the split feasibility problem and the convex feasibility problem are
useful to some areas of applied mathematics such as image recovery, convex optimization,
and so on. According to [2], the split common fixed point problem (1.1) is a generalization
of both these; also see [3]. This shows the split common fixed point problem (1.1) is im-
portant. Recently, some convergence theorems for the split common solution problems
were given in [4—9]. We notice that Theorem M is a weak convergence theorem, and it is
well known that a strong convergence theorem is always more convenient to use. Hence,
the purpose of this paper is to give some algorithms for the problem (1.1), and establishes
some strong convergence theorems. At the same time, we generalize the problem (1.1) to
two countable families of quasi-nonexpansive mappings.

A mapping T is said to be demiclosed if, for any sequence {x,} which weakly converges

to y, and if the sequence {Tx,} strongly converges to z, we have T'(y) = z; see [3].

Definition 1.1 (see [4, 5]) Let K be a nonempty closed convex subset of a real Hilbert
space and T a mapping from K into K. The mapping T is called zero-demiclosed if {x,} in
K satistying ||x, — Tx,|| = 0 and %, — z € K implies 7z = z.

Proposition 1.1 (see [4, 5]) Let K be a nonempty closed convex subset of a real Hilbert
space with zero vector 0 and T a mapping from K into K. Then the following statements
hold.
(@) T is zero-demiclosed if and only if I - T is demiclosed at 6.
(b) If T is a nonexpansive mapping and there is a bounded sequence {x,} C H such that
l%, — Txy|| = 0 as n — 0, then T is zero-demiclosed.

Example 1.1 (see [4]) Let H = R with the inner product defined by (x,y) = xy forall x,y €
R and the standard norm | - |. Let C := [0, +00) and Tx = 242 for all x € C. Then T is a

l+x

continuous zero-demiclosed quasi-nonexpansive mapping but not nonexpansive.

Example 1.2 (see [4]) Let H = R with the inner product defined by (x,y) = xy forall x,y €
R and the standard norm | - |. Let C := [0, +00). Let T be a mapping from C into C defined
by
oo | 7 ®€L+00),
0, x € [0,1].

Then T is a discontinuous quasi-nonexpansive mapping but not zero-demiclosed.
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The following results are important in this paper.
Let C be a closed convex subset of a real Hilbert space H. Pc denotes a metric projection

of H onto C, it is well known that Pc(x) has the properties: for x € H, and z € C,

z=Pclx) & {(x-zz-y)>0, VyeC 1.3)
and

2 2
ly—Pc@)|" + |2 =Pc@)|” < lx-yI> VyeCvxeH. (1.4)
In a real Hilbert space H, it is also well known that
2

22+ @=2)y||" = Allxll® + A= W) lyl> = 2@ =) llx=yl> Vx,ye HVAeR  (L5)
and

2(x,9) = I + IylI” = llx = yII>,  Va,y € H. (1.6)
2 Strong convergence theorems
In this section, we construct some algorithms to solve the split common fixed point prob-
lem (1.1) for quasi-nonexpansive mappings.
Theorem 2.1 Let Hy and H, be two real Hilbert spaces. C is a nonempty closed convex
subset of Hy and K a nonempty closed convex subset of Hy. T1 : C — Hy and T : Hy — H,
are two quasi-nonexpansive mappings with F(T1) # 0 and F(T,) # 0. A: Hy — Hy is a
bounded linear operator. Assume that Ty — I and T, — I are demiclosed at 6. Let xy € C,
Co = C, and {x,} be a sequence generated in the following manner:

Vn =QuZy + (1 - an)len;
zy = Pc(x, + MA*(To — 1) Axy,),

Cn+1 = {x € Cn : ”,yn _x” = ”Zn _x” = ”xn _x”}!
KXn+l = PCn+1(x0)r VneNU {0}’

(2.1)

where P is a projection operator and A* denotes the adjoint of A. {a,} C (0,n] C (0,1),
A€ (0, W).Assume thatT = {p e F(TY) : Ap € F(Ty)} # 0, then x,, — x* € I and Ax,, —
Ax* € F(T»).

Proof It is easy to verify that C, is closed for n € N U {0}. We verify C, is convex for
n € NU {0}. In fact, let vi, vy € C,,1, for each A € (0,1), we have

Iy = (o + @=2)02) | = |20 =) = A= 1) — )|
= My =vill* + L= Dllyn = vall> = AL = 1) [lvs = va|?

< Mizw = vil* + @ = Vllze = vall> = AL = ) =21

2

’

= |zu— (A1 + (L= 1)wy)
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namely, ||y, — (Av1 + (1 = M)l < llzy — (A1 + (1 = A)vp)]|. Similarly, we have |z, — (Avy +
@ =)l < %y = (Avy + (1 = A)vo)|l; this shows Avy + (1 — A)vy € Cyyq and Cyq is a convex
set for n € NU {0}. Now we prove I' C C,, for n e NU {0}. Let p € T, then

2)»(96,, - p, A*(ThAx, —Ax,,))
= 2MA@x, - p) + (ToAx, — Axy) — (ToAx, — Axy), ToAx, — Axy,)

= 21 ((T2A%, — Ap, (ToAxy — Ax,)) = | T A%y — A |®)
1 2 1 2
= 20( S1T2A%, — Ap|” + S ToAxy — A%
1 2 2
-3 lAx, — Apll” = | T2 Ax, — Axy|| by (1.6)
1 2 2
<2A 3 | T2Ax, — Axy||” = || ToAx, — Axy ||
= = ToAx, — Ax, |2 (2.2)
From (2.1) and (2.2) we have

Iz =pII* = [ Pc(n + 2A*(ToAx, - Ax,)) = Pc(p) |
< |0 + 2A*(ThA%, - Ax,) - p|*
= ||y — pII? + | AA*(ToA%, — Ax,) | + 24{x, — p, A*(To A%, — Ax,))
< [lxn — plI* + 47| A* ||2|| ToAx, — Axn|)* = M| ToAx, — Ay

)
= s = pII* = A (1= A A% ") T2 A%, — A, |1>. (2.3)
Again from p € T, (2.1), and (2.3), it follows that
lyn = pll < llzn — pll < lI%s = pIl. (2.4)

Hence, p € C, and I C C, for n € NU {0}.
Notice that T' C C,y; C C,, and %41 = Pc,,; (%9) C Cy, then

[%n41 —%0ll < llp—xoll forneNandpeT. (2.5)
By (2.5), {x,,} is bounded. For n € N, by (1.4), we have
2 2
(196241 _xn||2 + [lxo _xn”2 = ||xn+1 - Pc,(x0) ” + ”xO — P, (x0) ” < I%na _x0||21
which implies that 0 < ||, — %1 |12 < |%e1 — %012 = [l%0 — %, [|%. Thus {||x, —xo|} is non-
decreasing. Therefore, by the boundedness of {x,}, lim,_,« [|*, — %o|| exists. For m,n € N
with m > n, from x,, = Pc,, (%) C C, and (1.4), we have

1% = 2l + 160 = %l = [ — Pe, @0)||* + [%0 = Pe, (x0) | < lm — 2012 (2.6)

By (2.5) and (2.6), lim,_, « [|¥, — %4 || = 0. So, {x,} is a Cauchy sequence.
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Let x,, — «x*. Since x,,,1 = Pc,,, (%0) € Cy11 C Cyy, we have

zn = %ull < 1z = Xns1ll + (%041 = % |l < 2| %041 = %[l = O,
Iyn =%l < 1¥n = Xpst | + 1801 = X | < 2[[%41 —%ull = O, (2.7)

yn = zull < lyn = %ull + 1%, = 241l = O.
Notice that A(1 — A|[A*]|?) > 0, from (2.3) and (2.7),

%, = p1I* = l124 = pII>
AL = AlIA*]1%)

” TZAxn _Axn ”2 =

< I -z — + — — 0. 2.8
< s e~ e =1 + s - ) 28)

Again from (2.1) and (2.7), we have
1Tz, — zull = ”(TI - Dz, H — 0. (2.9)

Since x,, — x*, from (2.7) we have z,, — x*, which implies that z, — x*. By Proposition 1.1,
we obtain x* € F(T}).

Next, we want to show Ax* € F(T3). Since A is a bounded linear operator, we know
that ||[Ax, — Ax*|| — 0 by x, — x*. Together with || ToAx, — Ax,|| — 0 and T, — I being
demiclosed at 0, we have Ax* € F(T3). Thus, x* € I" and {x,,} converges strongly to x* € T".
The proof is completed. O

Remark 2.1 If the quasi-nonexpansive mappings 77 and T, are continuous, then the
demiclosed property can be removed for the quasi-nonexpansive mappings 77 and T3 in
Theorem 2.1.

Now, we consider the split fixed point problem for a finite family of quasi-nonexpansive
mappings.

Lemma 2.1 (see [3]) Let T : H — H be a quasi-nonexpansive mapping, and set T, := (1 —
@)l +aT fora € (0,1]. Then || Tyx - pll < llx - pll - «(1 - )| Tx —l, p € F(T) and x € H.
Moreover, F(T,) = F(T).

Lemma 2.2 Let Ty, T, : H — H be two quasi-nonexpansive mappings and set Sz, := (1 —
E) +&Th and S, := (1 — &) + & T, for &,& € (0,1). Again let S = 8¢ + (1 — 1)S¢, for
 €(0,1). Then S is a quasi-nonexpansive mapping, and F(S) = (>, F(St,) = (o, E(T)).

Proof (1) 1t is easy to verify that ﬂizzl F(Sg) = ﬂil F(T;). We only need to prove F(S) =
M7, F(S,). Clearly, N7, F(St,) C F(S). On the other hand, for p € F(S) and p; € (2, F(Sz,),

we have

lp-pl? = [eSep+ Q- DSep-pi|* = | t(Sep -p1) + Q- D) Sep - p) |

t1Sep—pil> + (L= 0)ISep - pill> = T = T)[Se,p — Se, 2|17

<tlp-pl* -t&Q-E)ITip-plI* + A= )llp - pil?
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-(1-1)601-&)|Top-pl*> (by Lemma2.1)

= lp-pil? - t&Q-E)ITip - pI* - 1 - )61 - &) Top - plI%

which yields || Typ — p|| = || Top - pll = 0, namely, p € (7, F(T3) = (-, F(St,)- So, E(S) =
ﬂ?=1F(sz)~
(2) Letx € H and p € F(S). Then

[ISx - pl|l = HTS&’C +(1=1)Sex —pH = || T(Sex—p) + (1 — 7)(Se,x —p)||

<tlx-pl+Q-1)lx-pl=lx-pl (by Lemma2.1).
So, S is a quasi-nonexpansive mapping. The proof is completed. g

Lemma 2.3 Let 11, Ts,..., Tx : H — H be k quasi-nonexpansive mappings and set S =
Zle 7;S¢,, where 1; € (0,1) satisfies Zle 7=1,8; =1 - &I+ &T; for & €(0,1), i =
1,2,...,k. Then S is a quasi-nonexpansive mapping, and F(S) = ﬂle F(S,) = ﬂle F(T;).

Proof Using mathematical induction, Lemma 2.3 is obtained by Lemma 2.2. O

Theorem 2.2 Let Hy and H, be two real Hilbert spaces. C is a nonempty closed con-
vex subset of Hy and K a nonempty closed convex subset of Hy. T1,..., Ty : C — H are
k quasi-nonexpansive mappings with ﬂle F(T)) #9. Gy,...,G; : Hy — H, are | quasi-
nonexpansive mappings with ﬂ}l.le(G,) # 0. A: Hy — H, is a bounded linear operator.
Assumethat T;—1(i=1,2,...,k) and G; -1 (j=1,2,...,1) are demiclosed at 6. Let x, € C,

Co = C, and {x,} be a sequence generated in the following manner:

Y =0nZy + (1—ay) Zf:l Ti T&izn’

Z, = Pc(x, + )»A*(Zgzl &G, - DAx,),
Con={veCy:lly.—vl < llzu—vIl < %= VI},
*ns1 = Pc,,, (%0), VYneNU{0},

(2.10)

where P is a projection operator and A* denotes the adjoint of A, {a,} C (0,n] C (0,1),
A€ (0, m). 7;€(0,1) and ¢; € (0,1) satisfy Zfﬂ T, =land Z]l.zl g =1, Ty = (1-E) +&T;
for& €(0,1),i=1,2,...,k Gg,. =1 -0)I +6,G for 6, € (0,1),j =1,2,...,l. Assume that
'={pe ﬂf;l F(T;):Ap e ﬂ}l.zl F(G))} # 9, then the sequence {x,} converges strongly to an
elementqel.

Proof Let T = Zle 7T, S= Zi:l &jGg,, by Lemma 2.3, F(T) = ﬂleF(T,») # @, and F(S) =
ﬂ;zl F(Gj) #¥. Moreover, T and S are quasi-nonexpansive mappings.

Next, we want to prove T — I and S — I are demiclosed at 6. By the hypothesis, T; — I
(i=12,...,k)and G-I (j=1,2,...,]) are demiclosed at 6. So, T¢, — I = £(T; —I) and C
I=6,(G;—1)are demiclosed at 6, and that T —1I = Zle 7(Tg,—)and S—1 = Zle &(Go —1I)
are demiclosed at 6.

Thus, by Theorem 2.1, we obtain the desired result. The proof is completed. O

If C = H; in Theorem 2.1 and Theorem 2.2, then we have the following corollaries.
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Corollary 2.1 Let Hy and H; be two real Hilbert spaces. Ty : Hi — Hy and T, : Hy — H,
are two quasi-nonexpansive mappings with F(T1) # 0 and F(T,) # 0. A: Hy — Hy is a
bounded linear operator. Assume that Ty — I and T, — I are demiclosed at 6. Let xy € Hy,
Co = Hy, and {x,} be a sequence generated in the following manner:

In = uzZn + (1= 0n) T12y,

2y = Xy + MA*(ThAx, — Ax,),
Con={veCy:lly.—vl < llzu—vIl < %, = VI},
X1 =Pc,, (%0), YmeNU{0},

where P is a projection operator and A* denotes the adjoint of A, {«,,} C (0,7] C (0,1), A €
(0, —||A>1kH2 ). Assume that T = {p € F(T1) : Ap € F(T,)} # 0, then the sequence {x,} converges
strongly to an element x* € T'.

Corollary 2.2 Let Hy and H, be two real Hilbert spaces. Ti,...,Tx : HH — Hj are k
quasi-nonexpansive mappings with ﬂle F(T)) #9. Gy,...,G; : Hy — Hy are | quasi-
nonexpansive mappings with ﬂjzl F(Gj) #90. A: Hy — H, is a bounded linear operator.
Assumethat T;—1(i=1,2,...,k) and G;—1 (j=1,2,...,1) are demiclosed at 6. Let x, € Hi,
Co = Hy, and {x,} be a sequence generated in the following manner:

Y = 2 + (L= 00) Y 7T 2,

Zy =Xy + )»A*(Zle 7,G A%y, — Axy),
Con={veCuly—vil <llzu—vIl < lx. = vI},
Xns1 = Pc,, (x0), VYneNU{0},

where P is a projection operator and A* denotes the adjoint of A, {a,} C (0,n] C (0,1),
A€ (0, W). Here 1; € (0,1) and ¢; € (0,1) satisfy Zle t; =1 and Z,l‘=1 g=1 T :=(1-
EN+& T forE €(0,1),i=1,2,...,k, Gy = (1-6)1+6,G; for6; € (0,1),j=1,2,...,1. Assume
thatT' ={p e ﬂle F(T;):Ap € ﬂ]l.zl F(G))} # 9, then the sequence {x,} converges strongly to

an element g € T.

If H; = H, := H and A is an identity operator, then we have the following results by
Theorems 2.1 and 2.2, respectively.

Corollary 2.3 Let H be a real Hilbert space. C is a nonempty closed convex subset of H. T :
C — Hand T, : H— H aretwo quasi-nonexpansive mappings with I' := F(T1)NF(T3) # (.
Assume that T1 -1 and T, —1 are demiclosed at 9. Let xy € C, Cy = C, and {x,} be a sequence
generated in the following manner:

Vn = 0nZn + (1= ay) T12,,

Zy = Pc((1 = A)xy, + AToxy,),
Conn={x€Cyillyn—xll < llzn — x|l < llxn — x|},
Xu1 = Pc,,, (%0), VmeNU{0},

where P is a projection operator. {o,,} C (0,n] € (0,1), A € (0,1). Then x,, - x* € I'.

Corollary 2.4 Let H be a real Hilbert space. C is a nonempty closed convex subset of H.
T1,...,Tx : C — H are k quasi-nonexpansive mappings with ﬂf;l F(T;) #0. Gy,...,G;:
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H — H are | quasi-nonexpansive mappings with ﬂ,tl F(G)j) #9. Assume that T; — I (i =
L,2,....,k) and G; -1 (j=1,2,...,1) are demiclosed at 0. Let xo € C, Cy = C, and {x,} be a
sequence generated in the following manner:

I =tz + (L= ) i T Te 2,

2, =Pc((1 = M)x, + A Zle 8]'G91.x,,),
Con={velCu:llyn—vl <llzu-vI <%, - v}
%1 =Pc,, (%0), YmeNU{0},

where P is a projection operator. {a,} C (0,n] C (0,1), A € (0,1). 7; € (0,1) and &; € (0,1)
satisfy Zle 7, =1and Z;Zl g =1 T = (L= E) + &T; for § € (0,1),i=1,2,...,k, Gy, :=
(1-6)I +6,G; for 6 € (0,1), /= 1,2,..., L. Assume that T = (" F(T)) 0 (N, F(G))) #,
then the sequence {x,} converges strongly to an element g € I'.

If C = H := Hy = H, and A is an identity operator, then we have the following results by
Corollaries 2.3 and 2.4, respectively.

Corollary 2.5 Let H be a real Hilbert space. Ty, T, : H — H are two quasi-nonexpansive
mappings with T := F(T1) N F(T,) # 3. Assume that Ty — I and T, — I are demiclosed at 6.
Let xo € C, Cy = C, and {x,} be a sequence generated in the following manner:

Vn = 0nZy + (1= ay) T12,,

Zn = (1= A, + ATox,,

Conn ={x € Gyt llyn — x|l < llzn — x| < ll%n — I},
%1 =Pc,, (%0), YmeNU{0},

where P is a projection operator. {o,,} C (0,n] € (0,1), A € (0,1). Then x,, — x* € I'.

Corollary 2.6 Let H be a real Hilbert space. Ty, ..., Ty : H — H are k quasi-nonexpansive
mappings with ﬂf‘;l F(T;) # 0. Gy,...,G;: H — H are | quasi-nonexpansive mappings
with ﬂle F(G)j) #9. Assume that T; -1 (i=1,2,...,k) and G; -1 (j=1,2,...,1) are demi-
closed at 6. Let xy € C, Cy = C, and {x,} be a sequence generated in the following man-
ner:

Vi = Uz + (1 - aty) Zf:l T Tg,2n

Z, =1 - A)x, + A Zﬁzl &iGoxn,
Con={veCu:llyn—vl <llzu—vl <%, - v}
X1 =Pc,, (%0), YmeNU{0},

where P is a projection operator. {a,} C (0,n] C (0,1), > € (0,1). 7; € (0,1) and &; € (0,1)
satisfy ZL 7, =1and Z,lq g =1, Ty, := (L= &) + §T; for & € (0,1), i = 1,2,...,k, G, =
(1= )1 +6,G; for 6 € (0,1),j = 1,2,..., L. Assume that T = (" F(T))) 0 (N, F(G))) #,
then the sequence {x,} converges strongly to an element q € I'.

Remark 2.2 The coefficient condition that {«,} C (§,1 — §) for a small enough § > 0 in
Theorem M is replaced with {«,} C (0,7] C (0,1). This shows we can let «,, = L in this

n+l
paper, which is a natural choice.
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3 Further generalization of the problem (1.1)

In Section 2, we gave a strong convergence algorithm for the problem (1.1). By the al-
gorithm, we also considered the split solution problem for two finite families of quasi-
nonexpansive mappings; see the algorithm (2.10). However, the algorithm (2.10) has an
obvious drawback, in that the algorithm (2.10) will be invalid for two countable families
of quasi-nonexpansive mappings. So, in this section, we introduce an algorithm for the
split solution problem of two countable families of quasi-nonexpansive mappings. The

following lemma can be found in [10].

Lemma The unique solutions to the positive integer equation

-1
n:i+w, m>in=123,.. G.1)

are

. (m—-1)m 1 17 .
i=n———"—, m=—|-—4/2n+-\|>i,n=1,2,3,..., (3.2)
2 2 2

where [x] denotes the maximal integer that is not larger than x.

Theorem 3.1 Let Hy and H, be two real Hilbert spaces. C is a nonempty closed convex
subset of Hy. A : Hy — H, is a bounded linear operator. {T;}7%, : C — H; and {G;}{5, : Hy —
H, are two countable families of quasi-nonexpansive mappings with I = {p € (75 F(T;) :
Ap € ﬂ;fl F(G))} #9. Assume that T; —1 (i =1,2,...) and G; —1 (j = 1,2,...) are demiclosed
at 0. Let xg € C, Cy = C, and {x,} be a sequence generated in the following manner:

yi’l =0pzy t+ (1 - an),rinzm

zn = Pc(x, + AA*(G;, — )Ax,),
Co1={veCu:llyn—vl < llzu =Vl < llx: —vll},
Xn+l = Ple(xO)y Vn e NU{0},

(3.3)

where P is a projection operator and A* denotes the adjoint of A, {«,,} C (0,7] C (0,1), A €

(m-1)m
(U =

{x,} converges strongly to an element g € .

). iy satisfies (3.1), i.e. i, =n— andm>i, forn=1,2,.... Then the sequence

_1
7 14%)12

Proof Just like the proof in Theorem 2.1, we can obtain the following facts (I)-(IV):

() ForpeT,
2%, — p,A*(Gy, - DAx,) < -1|(G,, - DAx,|%, (3.4)
2w~ pI1* < 120 — pII* = (1= 1| A* ") (G, - DA%, | (3.5)
and
Iy =PIl < llzn — pll < ll%n = pII. (3.6)

(II) We have I € C,, for n € NU {0}. C,, is also closed and convex for n € N U {0}.
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(III) {x,} is a Cauchy sequence and

lim |1z, —x, [ = im [y, —%,ll = lim |y, -2, = 0. (3.7)
n— o0 n— 00 n—o0

(Iv)
lim |(T;, - D)za| =0, lim |(G;, - DAx,| =0. (3.8)
n—00 n—00

Now, foreachie N, set K; ={k>1:k=i+ @,m >i,m e N}. Since n =i, + @,
m > iy, and m € N for n = 1,2,..., and the definition of K;, we have i, = i for k € K;.
Obviously, {k} is a subsequence of {n}. Thus, for k € K; and i € N, it follows from (3.8)
that

i = ] = i |, - s =0,

(3.9)
lim ||(G; - DAx || = lim || (G, — DAxi | = 0.
k—00 k— 00

Let x, — x*. From (3.7) we have z, — x*. By (3.9), we obtain x* € F(T;).

Next, we want to prove Ax* € F(G;). Since A is a bounded linear operator, ||Ax, —
Ax*|| = 0 by x, — x*. Together with ||(G; — I)Axk|| — 0, we have Ax,, — Ax* € F(G)).
Thus, x* € I" and {x,} converges strongly to x* € I'. The proof is completed. O

If C = H,, then we have the following result by Theorem 3.1.

Corollary 3.1 Let H; and H, be two real Hilbert spaces. A : Hy — H, is a bounded lin-
ear operator. {T;}7°, : H — Hy and {G;}{5, : Hy — H> are two countable families of quasi-
nonexpansive mappings with T = {p € (2, F(T) : Ap € (7, F(G))} # 0. Assume that T; 1
(i=12,...)and G;-1(j=1,2,...) are demiclosed at 0. Let xo € C, Co = Hy, and {x,} be a
sequence generated in the following manner:

Yn =0uZy + 1- O‘n)Tiﬂzm

Zy =%y + MAX (G, — DAxy,
Conn={veCu:llyn—vl < llzu -Vl < %0 = v}
Xne1 = Pc,,, (%0), YmeNU{0},

(3.10)

where P is a projection operator and A* denotes the adjoint of A, {«,,} C (0,n] C (0,1), A €

(m-1)m
2

{x,} converges strongly to an element g € T.

(0, m). iy satisfies (3.1), i.e. iy =n— andm > i, forn=1,2,.... Then the sequence

If H = H, := H and A is an identity operator, then we have the following results by
Theorem 3.1 and Corollary 3.1, respectively.

Corollary 3.2 Let H be a real Hilbert space. C is a nonempty closed convex subset of H.
(T:}2 : C — H and {G;}2, : H— H are two countable families of quasi-nonexpansive
mappings with T := (5, F(T;) N (ﬂ;’fl F(G))) # 0. Assume that T; — I (i =1,2,...) and
Gi—1(j=1,2,...) aredemiclosed at 0. Let xo € C, Cy = C, and {x,} be a sequence generated
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in the following manner:

Vn =z + (1= ) T, 24,

Zn = Pc((1 = X%y + AGj, %),

Conn={veCyillyn =Vl = llzw =Vl < llxn = vII}
X1 =Pc,, (%0), YmeNU{0},

(3.11)

where P is a projection operator. {o,,} C (0,n] C (0,1), > € (0,1). i,, satisfies (3.1), i.e. i, = n—
w and m > i, forn=1,2,.... Then the sequence {x,} converges strongly to an element

qeT.

Corollary 3.3 Let H be a real Hilbert space. {T;}{°, : H — H and {G;}{S : H — H
are two countable families of quasi-nonexpansive mappings with I = {p € (", F(T3)) N
(ﬂffl F(G))} #9. Assume that T;—1(i=1,2,...) and G;—1 (j=1,2,...) are demiclosed at 0.
Let xo € H, Cy = H, and {x,} be a sequence generated in the following manner:

In =z + (1= ) T, zy,

zn =1 = A)x, + LG, %y,

Conn={veCy:lly.—vl < llzu—vIl < %= VI},
Xni1 = Pc,,, (x0), YneNU{0},

(3.12)

where P is a projection operator. {o,,} C (0,1] C (0,1), A € (0,1). iy, satisfies (3.1), i.e. i, = n—

@ and m > i, forn=1,2,.... Then the sequence {x,} converges strongly to an element

qgeTl.

4 Conclusion

(1) We give strong convergence algorithms for the split common fixed point problem of
quasi-nonexpansive mappings. Our results improve and generalize some
well-known results in [3, 11] and so on.

(2) Although Theorem 3.1 gives a strong convergence algorithm for two countable
families of quasi-nonexpansive mappings, the condition that each mapping must be
demiclosed at 6 is very strong. In addition, we guess the speed of convergence is not
too fast for the algorithm (3.3). Therefore, the algorithm (3.3) should be improved
further in the future.

(3) The split common solution problem is a very interesting topic. It has received
attention by many scholars. Many research articles have been published, for

example, [12—21] and references therein.
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