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1 Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, C be a nonempty
closed convex subset of H, and P¢ be the metric projection of H onto C.Let S: C — C be
a self-mapping on C. We denote by Fix(S) the set of fixed points of S and by R the set of
all real numbers. A mapping V is called strongly positive on H if there exists a constant
¥ > 0 such that

(Vx,x) > )7||x||2, VxeH.

A mapping A : C — H is called L-Lipschitz-continuous if there exists a constant L > 0
such that

Ax - Ayl < Lllx-yl, Vx,yeC.

In particular, if L =1 then A is called a nonexpansive mapping; if L € [0,1) then A is called
a contraction. A mapping T : C — C is called &-strictly pseudocontractive if there exists
a constant & € [0,1) such that

1T - Ty|* < lx—y? + £| (I - T)x— (T - Ty,

Vx,y € C.

In particular, if £ = 0, then T is a nonexpansive mapping.
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Let A : C — H be a nonlinear mapping on C. We consider the following variational
inequality problem (VIP): find a point X € C such that

(A%,y-%) >0, VyeC. (11)

The solution set of VIP (1.1) is denoted by VI(C, A).

The VIP (1.1) was first discussed by Lions [1]. There are many applications of VIP (1.1)
in various fields; see e.g., [2, 3]. It is well known that, if A is a strongly monotone and
Lipschitz-continuous mapping on C, then VIP (1.1) has a unique solution. In 1976, Kor-
pelevich [4] proposed an iterative algorithm for solving VIP (1.1) in Euclidean space R”":

In = Pc(x, — TAxy,),
Xl = PC(xn - .’:Ayn): Vn >0,

with 7 > 0 a given number, which is known as the extragradient method. The literature on
the VIP is vast and Korpelevich’s extragradient method has received great attention given
by many authors, who improved it in various ways; see e.g., [5—20] and the references
therein.

On the other hand, we consider the following general mixed equilibrium problem
(GMEDP) (see, also, [21, 22]) of finding x € C such that

Ox,y) + h(x,y) =0, VyeC, (1.2)

where @,/ : C x C — R are two bifunctions. We denote the set of solutions of GMEP (1.2)
by GMEP(®, ). The GMEP (1.2) is very general; for example, it includes the following
equilibrium problems as special cases.

As an example, in [12, 23, 24] the authors considered and studied the generalized equi-
librium problem (GEP), which is to find x € C such that

O(x,y) + (Ax,y—x) >0, VyeC.

The set of solutions of GEP is denoted by GEP(®, A).
In [21, 25, 26], the authors considered and studied the mixed equilibrium problem
(MEP), which is to find x € C such that

Ox,9) +¢(») - px) >0, VyeC. (1.3)

The set of solutions of MEP is denoted by MEP(®, ).
In [27-30], the authors considered and studied the equilibrium problem (EP), which is
to find x € C such that

Ox,y)>0, VyeC.

The set of solutions of EP is denoted by EP(®). It is worth to mention that the EP is an
unified model of several problems, namely, variational inequality problems, optimization
problems, saddle point problems, complementarity problems, fixed point problems, Nash
equilibrium problems, etc.



Ceng and Wen Journal of Inequalities and Applications (2015) 2015:140 Page 3 of 41

Throughout this paper, it is assumed as in [31] that ® : C x C — R is a bifunction sat-
isfying conditions (91)-(63) and 4 : C x C — R is a bifunction with restrictions (h1)-(h3),
where

(01) O(x,x) =0 forall x € C;
(02) © is monotone (i.e., O(x,y) + O(y,x) <0, Vx,y € C) and upper hemicontinuous in the
first variable, i.e., for each x,y,z € C,

limsup O (tz + (1 - £)x,y) < O(x,9);

t—0*

(63) O islower semicontinuous and convex in the second variable;

(hl1) A(x,x)=0 forallx € C;

(h2) & is monotone and weakly upper semicontinuous in the first variable;
(h3) % is convex in the second variable.

Forr>0and x € H, let T, : H — 2° be a mapping defined by
1

T,x = {ze C:0(z,y)+h(z,y) + -(y—z,z—x) ZO,VyeC},
r

called the resolvent of ® and 4.

Let {T,};°; be an infinite family of nonexpansive self-mappings on C and {A,}}°, be a
sequence of nonnegative numbers in [0,1]. For any # > 1, define a mapping W), on C as
follows:

un,ml = I;
Un,n = }\n Tn un,n+1 + (1 - )Ln)lr
Un,n—l = )Ln—l Tn—l un,n + (1 - )Ln—l)l»

Ui = M Ty + (L= M), (1.4)
Uppa = M1 T Ui + (1= A,

Uyp =2 Toll,z + (1= 2)1,
Wn = Ll,,,l = AlTlLl,,,g + (1 — )\.1)1

Such a mapping W, is called the W-mapping generated by T}, T;-1,..., T1 and A, A,_1,
c A
In 2013, Rattanaseeha [30] introduced an iterative algorithm:

x1 € H arbitrarily given,
O(uy,y) + i(y—un,un—xn) >0, Vye(C, 1.5)
%xpi1 = Pelayyfx,) + ([ -, V)Wau,], Vrn>1,

and proved the following strong convergence theorem.

Theorem R (see [30], Theorem 3.1) Let C be a nonempty closed convex subset of a real
Hilbert space H. Let © : C x C — R be a bifunction satisfying assumptions (Al)-(A4). Let
f be an a-contraction on H with o € (0,1), and let {T,,}32, be an infinite family of nonex-
pansive self-mappings on C such that §2 := (-, Fix(T,,) NEP(®) # (. Let V : H — H be
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a y-strongly positive bounded linear operator with 0 < y < g Let A1, Ag,... be a sequence
of real numbers such that 0 <L, <b<1,n=12,.... Let W, be the W-mapping of C into
itself generated by (1.4). Let W be defined by Wx = lim,,_, o Wyx, Vx € C. Let {x,} and {u,}
be sequences generated by (1.5), where {w,} is a sequence in (0,1) and {r,} is a sequence in
(0, 00) such that the following conditions hold:

(C1) lim,a, =0,

(C2) >0 ay =00, and

(C3) lim,— o7, =7>0.
Then both {x,} and {u,} converge strongly to x* € 2, where x* = Po(I — (V — yf))x" is a
unique solution of the VIP

(V—yfx,a —a) <0, Vxeg,
or, equivalently, the unique solution of the minimization problem
i (Vi )~ 0 ()
g VX = EX,

where W is a potential function for yf.

Let F, F, : C — H be two mappings. Consider the general system of variational inequal-
ities (GSVI) of finding (x*,y*) € C x C such that
(MFAY +x* —y,2x—-x*) >0, VxeC(C, (1.6)
(vaFox™ +y* —x*,x—y*) >0, VxeC, )
where v; > 0 and v, > 0 are two constants. The solution set of GSVI (1.6) is denoted by
GSVI(C, F, F).
In particular, if F; = F, = A, then the GSVI (1.6) reduces to the problem of finding
(x*,9*) € C x C such that

(MAY* +x* —y*,x—x*) >0, VxeC,
(AxX* +y* —x*,x—y*) >0, VxeC,
which is defined by Verma [32] and it is called a new system of variational inequalities
(NSVI). Further, if x* = y* additionally, then the NSVI reduces to the classical VIP (1.1). In
2008, Ceng et al. [8] transformed the GSVI (1.6) into the fixed point problem of the map-
ping G = Pc(I — viF1)Pc(I — v, F), that is, Gx* = x*, where y* = Pc(I — voF>)x*. Throughout
this paper, the fixed point set of the mapping G is denoted by =Z.
In 2012, Marino et al. [33] introduced a multi-step iterative scheme

O (i, 9) + Mty y) + -y = thny thy = %) = 0, Vy€C,
Yn1 = ﬁn,lslun + (1 - ,Bn,l)um

Yn,i :ﬂn,iSl'un + (1—,3n,i)yn,i—1: i:2y~~;Ny

X1 = of () + (1 — ) Tyun,

with f : C — C a p-contraction and {«,},{8,:} C (0,1), {r,} C (0,00), which generalizes
the two-step iterative scheme in [34] for two nonexpansive mappings to a finite family of
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nonexpansive mappings T, S;: C — C,i=1,...,N, and proved that the proposed scheme
(1.7) converges strongly to a common fixed point of the mappings that is also an equilib-
rium point of the GMEP (1.2).

More recently, Marino et al.’s multi-step iterative scheme (1.7) was extended to develop
the following relaxed viscosity iterative algorithm by virtue of Korpelevich’s extragradient
method.

Algorithm CKW (see (3.1) in [13]) Let f: C — C be a p-contraction and 7: C — C
be a &-strict pseudocontraction. Let S; : C — C be a nonexpansive mapping for each i =
1,...,N. Let F;: C — H be {j-inverse strongly monotone with 0 < v; < ¢; for each j =1,2.
Let ©® : C x C — R be a bifunction satisfying conditions (61)-(63) and #: C x C — Rbea
bifunction with restrictions (h1)-(h3). Let {x,} be the sequence generated by

O (tn,9) + h(ttn,y) + -y = thny thy = %) = 0, Vy€C,

Y1 = lgn,lslun + (1 - ,Bn,l)un;

Vi = BuiSithn + (L= Bui)yni1,  i=2,...,N, (1.8)
Yn = anf(yn,N) + (1 - an)Gyn,Nr

Kntl = IBi'lxn + VuYn + 3 Tyn: Vn>0,

where G = Pc(I — viF1)Pc(I — voFy), {a,}, {B,} are sequences in (0,1) with

0 <liminf B, <limsupfB, <1,
n—>00 n—00
{Yu}, {84} are sequences in [0,1] with liminf, . 8, >0and B, + y,, + 8, =1, Yn > 0, {B,,:}
is a sequence in (0,1) for each i =1,...,N, (¥, + 8,)€ <y, Yn >0, and {r,,} is a sequence
in (0, 00) with liminf,_, o, 7, > 0.

The authors [13] proved that the proposed scheme (1.8) converges strongly to a common
fixed point of the mappings 7,S;: C — C, i =1,...,N, which is also an equilibrium point
of the GMEP (1.2) and a solution of the GSVI (1.6).

Furthermore, let B be a single-valued mapping of C into H and R be a multivalued map-
ping with D(R) = C. Consider the following variational inclusion: find a point x € C such
that

0 € Bx + Rx. 1.9)

We denote by I(B,R) the solution set of the variational inclusion (1.9). In particular, if
B=R=0,thenI(B,R) = C.If B =0, then problem (1.9) becomes the inclusion problem in-
troduced by Rockafellar [35]. It is known that problem (1.9) provides a convenient frame-
work for the unified study of optimal solutions in many optimization related areas in-
cluding mathematical programming, complementarity problems, variational inequalities,
optimal control, mathematical economics, equilibria, game theory, etc. Let a set-valued
mapping R : D(R) C H — 2" be maximal monotone. We define the resolvent operator
Jry:H — D(R) associated with R and A as follows:

Jro=U+AR), VxeH,

where A is a positive number.
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In 1998, Huang [36] studied problem (1.9) in the case where R is maximal monotone and
B is strongly monotone and Lipschitz-continuous with D(R) = C = H. Subsequently, Zeng
et al. [37] further studied problem (1.9) in the case which is more general than Huang’s
one [36]. Moreover, the authors [37] obtained the same strong convergence conclusion as
in Huang’s result [36]. In addition, the authors also gave the geometric convergence rate
estimate for approximate solutions. Also, various types of iterative algorithms for solving
variational inclusions have been further studied and developed; for more details, refer to
[11, 15, 38—4.0] and the references therein.

Very recently, Ceng et al. [41] introduced and analyzed one multi-step hybrid steepest-
descent extragradient algorithm and another multi-step composite Mann-type viscosity
iterative algorithm for finding a solution of triple hierarchical variational inequalities de-
fined over the common set of solutions of finitely many generalized mixed equilibrium
problems, finitely many variational inclusions, a general system of variational inequalities,
and a fixed point problem of a strict pseudocontraction in a real Hilbert space H. Here,
the generalized mixed equilibrium problem is defined as follows: Let ¢ : C — R be a real-
valued function, A : C — H be a nonlinear mapping and & : C x C — R be a bifunction.
Then the objective is to find x € C such that

Ox,y) + o) —ekx) + (Ax,y—x) >0, VyeC.

The solution set of such generalized mixed equilibrium problem is denoted by GMEP(®,
¢,A). Under appropriate assumptions, the authors proved that the proposed algorithms
converge strongly to an element of the common set, which is a unique solution of a triple
hierarchical variational inequality problem; see [41], Theorems 3.1 and 4.1.

In this paper, we introduce a relaxed extragradient iterative algorithm for finding
a common element of the solution set GMEP(®, /) of GMEP (1.2), the solution set
GSVI(C, F,, F,) (i.e., ) of GSVI (1.6), the solution set ﬂﬁl I(Bx, Ri) of finitely many varia-
tional inclusions for maximal monotone mappings {Ri}4", and inverse-strongly monotone
mappings {Bk}fﬁ 1» and the common fixed point set ﬂﬁl Fix(S;) N Fix(T) of finitely many
nonexpansive mappings S;: C — C,i=1,...,N, and a strictly pseudocontractive mapping
T : H — H, in the setting of the infinite-dimensional Hilbert space. The iterative algo-
rithm is based on Korpelevich’s extragradient method, viscosity approximation method
[42] (see also [43]), Mann’s iterative method, and strongly positive bounded linear op-
erator approach. Our aim is to prove that the iterative algorithm converges strongly to
a common element of these sets, which also solves some hierarchical minimization. We
observe that related results have been derived say in [13, 26, 28, 29, 33, 34, 44-51]. In ad-
dition, we also point out what are different between the present article and the previous
one [41] as follows:

(i) The problem of finding an element of Fix(7') N ﬂf\il Fix(S;) N\GMEP(®, k)N ﬂﬁl I(By,
Ri)N E in Theorems 3.1 and 3.2 of this paper is very different from the one of finding an el-
ement of ﬂﬁl GMEP(Oy, ¢r, Ar) N ﬂi\il I(B;, R;)N & NFix(T) in [41], Theorems 3.1 and 4.1,
where §; is a nonexpansive mapping for each i € {1,...,N} and T is a strict pseudocontrac-
tion. It is clear that the general mixed equilibrium problem (1.2) is very different from the
above generalized mixed equilibrium problem.

(ii) The iterative scheme (3.1) in this paper is very different from the iterative schemes
(3.1) and (4.1) in the authors [41] because the scheme (3.1) involves finding a com-
mon fixed point of finitely many nonexpansive mappings {S;})¥; and a strict pseudocon-



Ceng and Wen Journal of Inequalities and Applications (2015) 2015:140 Page 7 of 41

traction 7. In the meantime, Theorems 3.1 and 3.2 of this paper show that the pro-
posed algorithm converges strongly to a unique solution of a VIP defined over the set
Fix(T) N Y, Fix(S;) N GMEP(®, ) N (N, I(By, Rx) N E. However, Theorems 3.1 and 4.1
in [41] show that the proposed algorithms converge strongly to a unique solution of a triple
hierarchical variational inequality problem defined over the set ﬂﬁl GMEP(Oy, ¢r, Ar) N
MY, (B, R) N E NFix(T).

2 Preliminaries

Throughout this paper, we assume that H is a real Hilbert space whose inner product
and norm are denoted by (-,-) and | - ||, respectively. Let C be a nonempty closed convex
subset of H. We write x,, — x to indicate that the sequence {x,} converges weakly to x
and x, — «x to indicate that the sequence {x,} converges strongly to x. Moreover, we use
wy(x,) to denote the weak w-limit set of the sequence {x,} and ws(x,) to denote the strong
w-limit set of the sequence {x,}, i.e.,

Wy (%) = {x € H : x,, — x for some subsequence {x,,} of {xn}},
and
ws (%) := {x € H : x,, — x for some subsequence {x,,} of {x,,}}.

The metric (or nearest point) projection from H onto C is the mapping Pc: H — C
which assigns to each point x € H the unique point Pcx € C satisfying the property

ll = Pex|| = inf ||lx — y|| =: d(, C).
yeC

The following properties of projections are useful and pertinent to our purpose.

Proposition 2.1 Given any x € H and z € C. One has
(i) z=Pcx & (x—2z,y—2) <0,Vy e C;
(i) z=Pcx & llx—z|2 < e = yI* = lly - 2II% Yy € G
(iii) (Pcx — Pcy,x —y) > |Pcx — Pcyl||?, Yy € H, which hence implies that Pc is
nonexpansive and monotone.

Definition 2.1 A mapping T: H — H is said to be

(a) nonexpansive if
1Tx =Tyl < llx—=yll, VxyeH;

(b) firmly nonexpansive if 27 — I is nonexpansive, or equivalently, if T is

1-inverse-strongly monotone (1-ism),
(x—y, Tx—Ty) > | Tx - Ty|*>, Vx,y€H;
alternatively, T is firmly nonexpansive if and only if T can be expressed as
1
T==-(+S),
SU+S)

where S: H — H is nonexpansive; projections are firmly nonexpansive.
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Definition 2.2 A mapping A : C — H is said to be

(i) monotone if
(Ax—Ay,x—y)>0, Vx,yeC;
(i) n-strongly monotone if there exists a constant 1 > 0 such that
(Ax Ay, x—y) = nllx=ylI>, VxyeC;
(iii) ¢-inverse-strongly monotone if there exists a constant ¢ > 0 such that
(Ax — Ay,x —y) > || Ax - Ay|?>, Vx,yeC.

It can easily be seen that if T' is nonexpansive, then / — T’ is monotone. It is also easy to see
that the projection P is 1-ism. Inverse-strongly monotone (also referred to as co-coercive)
operators have been applied widely in solving practical problems in various fields.

On the other hand, it is obvious thatif A : C — H is ¢ -inverse-strongly monotone, then
A is monotone and %—Lipschitz—continuous. Moreover, we also note that, for all #,v e C
and A >0,

| = 2A)u = (I = 2A)W||* < llu—vI® + Ak = 20) [ Au — Av]. 2.1)

So, if A <2¢, then I — LA is a nonexpansive mapping from C to H.
In 2008, Ceng et al. [8] transformed problem (1.6) into a fixed point problem in the
following way.

Proposition 2.2 (see [8]) Forgiven x,y € C, (%,y) is a solution of the GSVI (1.6) if and only
if % is a fixed point of the mapping G : C — C defined by

Gx = Pc(l - UlFl)Pc(l - V2F2)x, VxeC,
where y = Pc(I — vy Fy)X.
In particular, if the mapping F; : C — H is {;-inverse-strongly monotone for j = 1,2, then
the mapping G is nonexpansive provided v; € (0,2¢;] for j = 1,2. We denote by & denote
the fixed point set of the mapping G.

We need some facts and tools in a real Hilbert space H which are listed as lemmas below.

Lemma 2.1 Let X be a real inner product space. Then we have the following inequality:
e+ 912 < lI2l* + 20,2 +9),  Vay€X.

Lemma 2.2 Let H be a real Hilbert space. Then the following hold:
(@) Il =yl = Ilxl2 = llyll2 - 2(x = 3,) for all x,y € H;
(B) 1A+ 1y l12 = Al + pllyll? = Ausllx — 12 for all x,y € H and h, i € [0,1] with
A+u=1;
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(c) if{x,} is a sequence in H such that x,, — x, it follows that

limsup ||, — y|? = limsup ||x, — x> + |x —y|I>, VyeH.
n—00 n—0o0

It is clear that, in a real Hilbert space H, T : C — C is & -strictly pseudocontractive if and
only if the following inequality holds:
1-&

(Tx—Ty,x—y) < lx—yl* - T”(I_ T)x—(I-T)y

2
)

Vx,y € C.

This immediately implies that if 7" is a & -strictly pseudocontractive mapping, then / — T'

is %—inverse strongly monotone; for further details, we refer to [52] and the references
therein. It is well known that the class of strict pseudocontractions strictly includes the
class of nonexpansive mappings and that the class of pseudocontractions strictly includes

the class of strict pseudocontractions.

Lemma 2.3 (see [52], Proposition 2.1) Let C be a nonempty closed convex subset of a real
Hilbert space H and T : C — C be a mapping.
(i) If T is a &-strictly pseudocontractive mapping, then T satisfies the Lipschitzian
condition

1
1T - Ty < 5

< gl vayec

(i) If T is a &-strictly pseudocontractive mapping, then the mapping I — T is semiclosed
at 0, that is, if {x,} is a sequence in C such that x, — x and (I — T)x, — 0, then
(I-T)x=0.

(ili) If T is &-(quasi-)strict pseudocontraction, then the fixed point set Fix(T) of T is
closed and convex so that the projection Prix(ry is well defined.

Lemma 2.4 (see [14]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let T : C — C be a &-strictly pseudocontractive mapping. Let y and § be two nonnegative
real numbers such that (y + 8)& <y. Then

ly@x=y)+8(Tx—Ty)| < (v +)llx-yll, Vx,yeC.

Lemma 2.5 (see [53], demiclosedness principle) Let C be a nonempty closed convex subset
of a real Hilbert space H. Let S be a nonexpansive self-mapping on C. Then I — S is demi-
closed. That is, whenever {x,} is a sequence in C weakly converging to some x € C and the
sequence {(I — S)x,,} strongly converges to some y, it follows that (I — S)x = y. Here I is the
identity operator of H.

Lemma 2.6 Let A: C — H be a monotone mapping. In the context of the variational in-
equality problem the characterization of the projection (see Proposition 2.1(i)) implies

ueVI(C,A) & u=Pc(u—rAu), 1>0.

Lemma 2.7 (see [54]) Let V be a y-strongly positive bounded linear operator on H and
assume 0 < p < ||V||™L. Then |[I - pV| <1-py.
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Lemma 2.8 (see [55]) Let {a,} be a sequence of nonnegative real numbers satisfying
ne1 < (1 —84)ay +Suby +t,, VYn=>1,

where {s,}, {tu}, and {b,} satisfy the following conditions:
(i) {sx} C[0,1] and Y 2, s, = 00;
(i) either limsup,_, . b, <0 or Y 2, |suby| < 00;
(i) t, >0 foralln>1,and >, t, < co.
Then lim,—, o a,, = 0.

In the sequel, we will indicate with GMEP(®, &) the solution set of GMEP (1.2).

Lemma 2.9 (see [31]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let © : C x C — R be a bifunction satisfying conditions (01)-(03) and h: C x C — Risa
bifunction with restrictions (h1)-(h3). Moreover, let us suppose that

(H) for fixed r > 0 and x € C, there exist a bounded K C C and % € K such that for all

z€ C\K, -0O(x,2) + h(z,x) + %(&—z,z—x) <0.
For r >0 and x € H, the mapping T, : H — 2€ (i.e., the resolvent of © and h) has the
following properties:
(i) Tox#0;

(i) Ty« is a singleton;
(iii) T, is firmly nonexpansive;
(iv) GMEP(O®, h) = Fix(T;) and it is closed and convex.

Lemma 2.10 (see [31]) Let us suppose that (01)-(63), (h1)-(h3), and (H) hold. Let x,y € H,
r1,¥ > 0. Then

ry

1Ty = Trxll < lly —xIl + Ty =yl

ry
Lemma 2.11 (see [33]) Suppose that the hypotheses of Lemma 2.9 are satisfied. Let {r,} be
a sequence in (0,00) with liminf,_, » 1, > 0. Suppose that {x,} is a bounded sequence. Then

the following statements are equivalent and true:
@) if %y — Ty, %ull = 0 as n — oo, each weak cluster point of {x,,} satisfies the problem

O(x,y) +h(x,y) =0, VyeC,
i.e., w,(x,) € GMEP(®, h);
(b) the demiclosedness principle holds in the sense that, if x, — x* and ||x,, — T}, %,|| = 0

asn— oo, then (I — T, )x* =0 for all k > 1.

Recall that a set-valued mapping 7 : D(T) C H — 2" is called monotone if for all x,y €
D(T),f € Tx and g € Ty imply

{f —gx-y)=0.

A set-valued mapping T is called maximal monotone if T is monotone and (I + AT)D(T) =
H for each A > 0, where [ is the identity mapping of H. We denote by G(T') the graph of T..
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It is well known that a monotone mapping T is maximal if and only if, for (x,f) € H x H,
(f —g,x —y) > 0 for every (y,g) € G(T) implies f € Tx. Next we provide an example to
illustrate the concept of a maximal monotone mapping.

Let A : C — H be a monotone, k-Lipschitz-continuous mapping and let Ncv be the
normal coneto CatveC,ie,

Ncv = {ueH: (v—-p,u)>0,Vpe C}.
Define

~ AV+NCv, ifve C,
Tv=
@, ifveC.

Then it is well known [4] that T is maximal monotone and 0 € Tv if and only if v €
VI(C, A).

Let R: D(R) C H — 2 be a maximal monotone mapping. Let A, i > 0 be two positive
numbers.

Lemma 2.12 (see [56]) We have the resolvent identity

JrRax =Ry (%x + (l - %)]R,Ax), Vx € H.

Remark 2.1 For X, i > 0, we have the following relation:

1 1
rax = Jrpud Il < X =yl + 1A = .U«|<X||]R,Ax—y” + ﬁllx—fze,uyH), Vx,yeH. (22)

In terms of Huang [36] (see also [37]), we have the following property for the resolvent

operator Jg, : H — D(R).

Lemma 2.13 J, is single-valued and firmly nonexpansive, i.e.,

Urax = Jrar% = ) = Wrax = Jrayll*s  Vx,y € H.
Consequently, Jr ;. is nonexpansive and monotone.

Lemma 2.14 (see [15]) Let R be a maximal monotone mapping with D(R) = C. Then for
any given A >0, u € C is a solution of problem (1.9) if and only if u € C satisfies

u = Jr, (4 — LBu).

Lemma 2.15 (see [37]) Let R be a maximal monotone mapping with D(R) = C and let
B: C — H be a strongly monotone, continuous, and single-valued mapping. Then for each
z € H, the equation z € (B + AR)x has a unique solution x; for A > 0.

Lemma 2.16 (see [15]) Let R be a maximal monotone mapping with D(R) = C and B :
C — H be a monotone, continuous and single-valued mapping. Then (I + A(R+ B))C=H
foreach X > 0. In this case, R + B is maximal monotone.
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3 Main results

We now propose the following relaxed extragradient iterative scheme:

O (n,y) + M, 9) + 5oy = sty = %) = 0, VyeC,

Vi = IRyt U = AatnBa) Ry 1 ipg 1.0 = Ada1,nBar1) =+ - TRy (L = A1,0B1) iy
Y1 = BuiS1vn + L= Bui) v,

Ini = BniSivn + U= Bui)ynic1, i=2,...,N,

In =V fOnn) + (I = ctupt V)Gyun;

Xni1 = BuXn + Yl + 6 Lyn,

(3.1)

for all » > 0, where

V is a y-strongly positive bounded linear operator on H and f : C — Cisan
I-Lipschitz-continuous mapping with 0 < y/ < uy;
T:H — H is a &-strict pseudocontraction and S; : C — C is a nonexpansive mapping
foreachi=1,...,N;
Ry : C — 2 is a maximal monotone mapping and By : C — H is ni-inverse-strongly
monotone with {A,} C [ax, bx] C (0,2nx) for each k =1,2,...,M;
F;: C — H is {j-inverse-strongly monotone and G := Pc(I — viF1)Pc(I — v, F,) with
v €(0,28) forj=1,2;
®,h: C x C — Rare two bifunctions satisfying the hypotheses of Lemma 2.9;
{a,}, {Bn} are sequences in (0,1) with O < liminf,_, o B, <limsup,_, . Bn <1;
{vu}, {84} are sequences in [0,1] with 8, + y, + 8, =1, Vn > 0;
{Bni}Y, are sequences in (0,1) and (¥, + 8,)& < y,,, Y1 > 0;
{r,} is a sequence in (0, 00) with liminf,_, o, 7, > 0 and liminf,_, » 3, > 0.

We start our main result from the following series of propositions.

Proposition 3.1 Let us suppose that 2 = Fix(T)N ﬂﬁl Fix(S;)N ﬂkle I(By, R¢) NGMEP(®,
h)N & # Q. Then the sequences {x,}, {¥u}, {yun:} for all i, {u,}, {v,} are bounded.

Proof Since lim,,_, o, = 0 and 0 < liminf,,_, B, < limsup,_, ., B, < 1, we may assume,
without loss of generality, that {8,} C [¢,d] C (0,1) and 0 < a,;e < ||V||™! for all n > 0.

Since V is a y-strongly positive bounded linear operator on H, by Lemma 2.7 we know
that

1 -a,uV|| <1-a,uy, VYn=>0.
Put
Ak = TRingon T = MenBOTR i1 T = i1,0Bi1) - - TRy g (L= A1,0B1)
forall k € {1,2,...,M} and n > 0, and Ag = I, where [ is the identity mapping on H. Then

we have that v, = AMy,,.
First of all, take a fixed p € §2 arbitrarily. Utilizing (2.1) and Lemma 2.13 we have

1V = Il = TRyt T = 2atndar) AL = Trpginsn T = At ndan) AL ||

< [T = hranAs) At — (= AagnAnn) A



Ceng and Wen Journal of Inequalities and Applications (2015) 2015:140 Page 13 of 41

= [ 47w - 4P|

< [ A% - A5p

= llun —pll < %0 = pll. (3.2)

Let us observe that, if p € £2, then

¥n1 = pll < l1ve =PI < lun = pll < ll%n = pII.

For all from i = 2 to i = N, by induction, one proves that

i — Pl < Buillve —pll + A = Buid)llynics —pIl < v = pll < sty — pll < % —pl.

Thus we obtain, for everyi=1,...,N,
i =Pl < v =PIl < 4 = pll < ll2n = pll- (3.3)

For simplicity, we write p = Pc(p — vaFap), yun = Pc(Yun — V2F2yun), and z, = Pc(Yun —
v1F1y,,n) for each n > 1. Then z,, = Gy, 5 and

p=Pc( —viF)p=Pc(I—viF)Pc(I—voFy)p = Gp.

Since F; : C — H is ¢j-inverse-strongly monotone and 0 < v; < 2¢; for each j = 1,2, we know
that, forall n > 0,

lzn - pII>
= | Gyun - pII?
= || Pc( = viF)Pe(I = vaFy)yun — Pell = wiE)Pe(I - vaFy)p|)?
< || (T = F)Pc(I = voFa)yn — (= wF)Pc(I - voFa)p|
= | [PcU = vaF2)yun — Pc = v2F2)p)]
~w[EPc(l = vaF2)yun — FPc(I — v Fy)p] |
< |Pcll = vaEs)yun — Pell = vs E)p|?
+u1(v1 = 28) | AP - vaFa)ynn — FiPC - wE)p |
< |Pcll = vaFs)yun = Pell = vsE)p|?
< || = vaE)yun — I = mFy)p|
= | Wun = p) = va(Esyun — Fop) ||2
< yun = pI? + va(v2 = 285) | Foyn — Fopl?

< llymn =PI < Ve —pI* < lttw = pII* < llxn - plI*. (3.4)
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Utilizing Gp = p and the nonexpansivity of G, from (3.1) and (3.4) we have

lyu -2l
= etny (FOmn) —f®©)) + U = it VY(Gyun = p) + (v f — uV)p|
<y [fOun) =@ + 1 = ut VI Gynn = pll + || (vf = 1 V)p||
< @y lyun —pll + A= auu?)lyun = pll + | (vf = V)|

= (1= au(u? = ¥ D) lyun — Pl + | (vf = V)|

%
= (L=an(u? = yD)ynx =PI +ou(uy - yl)w
wy =yl
< max{ lyun =P, II()/f_——MV)PH}
wy =yl
< max{ b, -, LT TN Y 5)

Since (yy + 8,)€ <y, for all n > 0, utilizing Lemma 2.4 we obtain from (3.1) and (3.5)

%41 = PI* = | Baln = 1) + YuOn = D) + 8:(Tyu — p)|
= /3n||xn —P” + ”Vn(yn —P) + Sn(Tyn —P)H
< Bullxw =l + (Vu + 8u)llyn = Pl

I(vf = V)l
< Bullan = pll + (v + an)max{nxn -7l L_yl”
%
§max{||x,,—p||, ||()/f_ © )pll}’ (3.6)
—]/l
By induction, we get
—uV)
len—pllSmax{llxo—pll,wi_“ylm'}, Vn > 0.

This implies that {x,} is bounded and so are {Foy,n}, {FiVun} N} 2u} {tn}s (Vi) (9}
IL

{y4,:} foreachi=1,...,N. Since || Ty, — p|| < it

Ly — pll, {Ty,} is also bounded. a

Proposition 3.2 Let us suppose that $2 # (). Moreover, let us suppose that the following
hold:
(HO) lim,— 0o 0ty =0 and y_ ooy oty = 00;
(H1) 302 [hin = hinot] < 00 or limy, oo Mk%ik”’“ =0 foreach k=1,...,M;
(H2)
(H3) Y02y 1Bui = Buosil < 00 or limy,_ o P2lbil 2 0 for each i=1,...,N;
1 |y = 1] < 00 or limy,_, oo =21 = 0;
(H4) Z:Cill n n 1| li n—00 b ;:‘ s 0
= 0 — Pu-1] <00 or lim,,_, o "= = 0;
(H5) 3051 1Bu = Bl limy o0 22011 = 0
(H6) Y02 1% — | < 00 or im0 oo |12 — {252-| = 0.

1-Bn 1-Bua 1-Bn 1-Bp
Then lim,,_, o ||%,41 — %]l = 0, i.e., {x,} is asymptotically regular.

o0 . Oy —0ly
D oo oty — 1] < 00 or limy,, ‘”a—”” =0;

Proof First, it is well known that {8,} C [c,d] C (0,1) as in the proof of Proposition 3.1.
Taking into account liminf,_, 7, > 0, we may assume, without loss of generality, that
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{r.} C [€,00) for some € > 0. First, we write x,, = B,_1%,_1 + (1 — B,_1)W,_1, Y1 > 1, where
Wyl = x”’f’/g% It follows that for all n > 1

KXn+l — ,ann Xn — ,Bn—lxn—l

B T R
- YnYn + 8;1 Tyn _ VYn-1Yn-1+ 8;4—1 Tyn—l
1- ﬂn 1- ,Bn—l
_ yn(yn _yn—l) + SM(Tyn - Tyn—l) n ( Vn VYn-1 )y
= - n-1
l_lgn l_ﬁn 1_,3;1—1
3;1 871—1
- Ty,_1. 3.7
+<1_’3n 1—,Bnl> Yn-1 (3.7)

Since (y, + 8,)& <y, for all n > 0, utilizing Lemma 2.4 we have
”Vn()/n — Y1) + 8,(Tyy — Tyn—l)” < W+ 8 1Yn = s ll- (3.8)
Next, we estimate ||y, — ¥,,-1]|.- Observe that

2 = Zn-1
= |Pc( = viF)Pc(I = vaFy)ynn — Pc(I = viF)Pc(I = vaFa)ynin ”2
< ||t =viF)Pc = voF3)yun — (I = viFy)Pc(I - 1)21'"2)31;471,1\1”2
= |[Pcl = vaF2)yun — P = vaFa)yn-1n]
—vi[FPc(I = vaFa)yun — FLPc(I = vaF)yu-1n ] “2
<||Pc = vaFs)yun — Pc = vaF2)yn-1n ”2
=128 = v1) | FiPc( = vaF2)yun — FLPc(I = vaFa)yuan ||2
<||Pc = vaFs)yun — Pcl - V2F2)yn—1,N”2
< |t = vaF)yun — I = vaF2)yuin ||2
= | N = yuoin) = Va(Fayun — Fayu-in) ||2
< Nyun = Inan ? = 2282 = V) IFayun = Foynan |

< yun = Yol (3.9)

Also, from (3.1) we have

Vn = Y fWun) + U = auitV)zy,
Yn-1 = 1 Vf Onan) + U =it V)z, Vn> 1

Simple calculations show that

Yn—Yn-1= (1 — Oyl V)(Zn - Zn—l) + (an - an—l)(yf()/n—l,N) - Mvzn—l)
+ o,y (f(yn,N) _f(yn—l,N))-
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Then passing to the norm we get from (3.9)

19 = Yntll < 1 = ot V12w = Zua | + letn = et | ¥ Gnotn) = 146V |
+ 0¥ [ Onn) = f i) ||
< (@ = i)Y = Ynan | + Mty = tt| + 2y HYmn = Yno |
= (1= a7 = YD) 19nx = Ynorv | + Mlety — o1, (3.10)

where sup, .o 1 Vf(nn) — 1 Vzall < M for some M > 0. In the meantime, by the definition
of y,,; one obtains, foralli = N,...,2,

¥ = Yn-1ill < Buillve = Victll + 1Sivi-1 = ¥u-v,ic1 11 Bri — Bu—1,i]

+ (1= Bui)lyni-1 — Yn-viz1ll (3.11)

In the case i = 1, we have

1yn1 = Yu-11ll < Buillve — Vil + 1S1Vi-1 — Vi 1 Bt = Bu-1al + (1 = Bu) Vi — Vil

= v = vyl + 181Vt = Vi1l Brt — Bu-111- (3.12)

Substituting (3.12) in all (3.11)-type expressions one obtains for i = 2,...,N

i
1y = Ynovill < 1V = Vi | + > 11SkVi1 = Ynot ot | 1B = Busel
k=2

+ [151V5-1 = Vi1 1l Bup = B |-

This together with (3.10) implies that

lyn = yu-ll

< (1= aulud = YD) ynn = Yuoanll + Ml — a1

N

< (1-au(uy - yD) [nvn —Vnaall + Y 1SkVict = Yncs ket 1Bk = Bucril
k=2

+ 1S1v1 = vl Bt — ﬁn1,1|i| + Moy, — oy

N
< (1= an(u? = ¥ D) 1Vn = Vucr | + D _N1SkViu1 = Ynct ot | 1B = Busl
k=2
+ 1181Vt = Vi 1Bt = Busa| + Mlety — s . (3.13)

Furthermore, utilizing (2.1) and (2.2), we obtain

”Vn - Vn—l”

oAM= AM |
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= ||]RM,xM,,1 (I = ApguBi) AY M, —JRapiagn = A1 Ban) AM T w4 H
< Vratiagn T = AatnBat) AL 0 = Ty T = 2atnc1 Bag) AN |

+ ||/RM,AM,,, (I = 1B AY s, —JRapingn = Mgn1Bar) AN ||
< = AagnBan) Ay sy = (1= Mg 1 Ban) Ayt

+ [ = Mg Bat) ANty — (I = Aagnr Ba) AN st | + 1hatn = Aana|
1
X (_)»M 17Rat 2010 I = A1 Bar) Ay 1t = (1 = Aagn1 Bar) Ay vt |
B
1
AM,n-1

< Poatin = Al (|BaAs s |+ 80) + [ A7 20y = A0 |

+ [ = Atn1Ba) AY s = Trygngn s 4 = Aatn1 Bat) Ayt ”)

<I|Apnu— )\M,n—1|(||BMA]r\1/171M” H + M)

st = Mgt (| B AY || + M) + | AY P, = AN w4 |

=< |)\M,n - )\M,n—1|(||BMAi\1/I_1u” “ + M)
+ A1 — )»M—l,n—ll(HBM—lAy_zun ” +M) te

+ A = A | (| BiASun | + M) + || ASu, — A0 1|

M
< Mo ) M = Mool + ity =t |, (3.14)
k=1

where

1
sup { — Vrerin T = An1Bi) Aty = (I = M B) ANt |
n>1,1<k<M )"k,n

1

+ I = M1 Bi) Aty = Ty I = Mkn1Bi) Ayt | } <M,

k,n—1

for some M > 0 and Supn30{2£l B AX1ag, || + M} < M, for some M > 0.

By Lemma 2.10, we know that

Tn-1
1-

lletn — 1 ll < N6y — 201l + L , (3.15)

n

where L = sup, . ||z, — %, |. So, combining (3.13)-(3.15), we obtain

”yn _yn—l”
N
< (L= an(u? =y D)1V = vl + D _1SkVie1 = Ytk 1Bk = Buciil
k=2

+ ”Slvn—l - Vn—l” |ﬁn,1 - ,Bn—l,1| + M|Q'n - an—1|

M
< (1 - an(ﬂ]; - Vl)) |:ZVIOZ|)‘I<,;1 - }‘k,n—1| + ”un — Uy ||j|
k=1
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N
+ 3 1SkVnot = Ynsit 1Bk — Bu-ril
k=2
+ 181Vt = Va1l Bt = Bu-v1] + Ml — a1

M

_ ~ T
< (1-au(uy - yD) [MOZMM = Mgt | + 1156 = X | +L‘1 -
k=1

n-1

n

|

N
£ Y NSVt = Ynokot 1Bk = Buoril

+ 1S1v-1 = Vil But = Bu-11] + Moy, — a1

M

_ ~ Tn-1
< (1 - Oln(MJ/ - Vl)) ”xn —Xp-1 ” + MOZp‘k,n - )\k,n—l| + L‘l - :
k=1 "
N
+ Y 1SkViat = Yt 1Bk = Buciil
k=2
+ 1111 = Vit 1Bt = Bt + Mloty — ty|
M |ry =1,
- ~ —I'n-1
< (1= au(ey = ¥ D) 1960 = pa | + M [Dm bt +
k=1 n
N
+ Y 1Bk = Buctil + 1Bt = Buaa| + ot — ot |]
k=2
= (1 oy — Vl))”xn = X1l +M1|: + Zp\kn A1l

N
+ 3 1Bk = Bu-sil + loty —an_u],

k=1

where supnzl{ZN\/[o +L+ Z]/:iz I1SxVi-1=Yn-1h-1ll + 1S1V—1 = Vi1l +]\~/I} < ]\N/Il for some ]N\/Il > 0.
This together with (3.7)-(3.8) implies that

”Wn - WVI*I”
”)/n(yn Yn-1) + 8u(Typ — Typ1)|l +‘ Vn VYn-1 |
- n-1
1- :Bn 1_,Bn ]-_,Bn—l
‘ S O gy,
+ T 5 n—.
1_:3;1 1- ,Bn 1 Il
( n+8n)|| n = Jn- ” n n— 5 8;4_
SV Yn = Yn-1 Yn  Vn-l sl + 1
l_ﬁn l_ﬁn 1_ﬂn—l 1- ,3;1 1_,8;«1—1
Vn Vn-1
= n— VYn— - n— T n—
Iy =ynall+ |77 1_ﬂn_l‘(ny U+ 1 Ty )

M
_ ~ | |ty — 1l
= (1 —a,(uy - Vl)) oy — %1 |l + My T Zp\k,n = M1l
€ k=1

Vn _ VYn-1
1- ﬂn 1- /Bn—l

‘(IIJ’HII + 1 Ty ll)

N
+ Zlﬁn,k - lgn—l,k| + |an _an—1|:| +
k=1
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M
_ ~ [ 17 =1l
< (L= otu(p = YD) 1 = 2t |l + My | ="+ 1A = A
€ k=1

:|, (3.16)

N
+ 3 1Bk = Buorkl + latn — | +

’ Vn Vn-1
k=1

1-8, 1-fu

where supnzO{Z\N/Il +yull + 11 Ty} < M, for some M, > 0.

Further, we observe that

{xrﬁl = ,ann + (1 - ,Bn)wn;

%n = Proa®pr + (L= Bu))Wy1, V=1
Simple calculations show that
Knit = %n = (L= Bu)Wn = Wi1) + (B = Buo1) -1 = Wit) + Bu(Xn — %)
Then passing to the norm we get from (3.16)

12241 = %l

<@1- ;Bn)”Wn — Wil + 180 = Bualll%n-1 = Watll + Bullxn — %51 |l

M
_ ~ | |ty =1yl
f(l_ﬁn) (l_an(ﬂy_yl))”xn_xn1”+M2|: g 67!1 +§ |)"k,n_)\k,n—l|
k=1

M
_ ~ | Py = Fnal
= (1 —(uy —yDA - ﬁn)an) % = xpall + Mo [% + Z|)"k,}’l — M-l
k=1

Vn _ Vn-1
1-Bn 1-PBua

N
) 1Bk = Brtid + lotn — ] +

k=1

+|Bn = Bu-a %1 = Wyt || + Bulln — %1l

Yo Vn1
1- ﬁn 1- ,Bn—l

N
+ 3 1Bk = Buork] + lety — et | + } +1Bu = Bual %01 = W |
k=1

M
_ ~ | |ry =1l
s(1—(w—yl)(l—d)an)llxn—xn_l||+M3[—” 6’“ + 3 M = M|
k=1

Vn Vn-1

1_,3;1 1_,Bn—l

N
+ Zlﬁn,k = Bu-1xl + oty — 1| +

k=1

+1Bn - ﬁn1|:|’ (3.17)

where suanO{Z\N/[z + 1%, — wull} < M; for some M; > 0. By hypotheses (H0)-(H6) and
Lemma 2.8, we obtain the claim. a

Proposition 3.3 Let us suppose that 2 # . Let us suppose that {x,} is asymptotically

regular. Then ||x, — u,| = ||x, — Ty, %4l = 0 and ||x,, — v,|| = 0 as n — oco.



Ceng and Wen Journal of Inequalities and Applications (2015) 2015:140 Page 20 of 41

Proof Take a fixed p € §2 arbitrarily. We recall that, by the firm nonexpansivity of 7}, ,
a standard calculation (see [44]) shows that for p € GMEP(®, h)

2t = pI* < %0 = PII® = 1% — 141 (3.18)
Observe that

| Akt = p||* = [T 0 = tonB) A 1t = T, (= 2tcnBiP |
<[ = ruB) A 0, - (1 - )»k,an)JUH2
< | AK = p* + MonGoton = 20 | B ARy ~ Bip |
< Nt =PI + A (hin — 200) | B AX —BkP“2

< N =PI + AionCeien — 200) | B AL 1ty — (3.19)

foreach k € {1,2,...,M}.
Utilizing Lemmas 2.1 and 2.2(b), we obtain from 0 < y/ < uy, (3.1), (3.4), (3.18), and

(3.19) that
1y, - pII?
= [letny (FOnn) f @) + U = 2wt V)20 = p) + 2y f = uV)p|”
< |etny (FOun) —f D)) + I = auu V)2 = p)|| + 200{(vf = £V, 70 - P)

< [y [fOun) =f®)| + 1] = e Vil —pn] +20((vf = V)P, yu — p)

< [y Ulyun =Pl + A = i) 2w = pI]* + 20a{(vf = £V)D, 30 D)

2
[anw — YN —pll + = appey) iz, - pll] +20,((yf = uV)p,yu — p)

2

I
anuy((y )) lyun = pI* + A = i) zn = pII* + 20((vf = V)P, Y — p)

< ity yun = pI* + 120 = pII* + 20| (vf = 1 V)p|| 3 - pll

< auit¥ yun = pI” + lyun — pI* = 12282 = v2) | Faynn — Bop|®
— 1128 = V) IFiyun — Fip I + 200 | (vf = uV)p | lya - pll

< a7 1yun =PI + 1V = plII* = 12282 = v2) | Fayun — Eapll?
=128 = VIE N = FipI* + 20 | (vf = uV)p||lys - Pl

< oyt ¥ lyun — pI* + | Aty —PH2 —12(28 = V)| Fayun — Fopll®
=128 = V)| Fn — B + 200 | (vf = uV)p | llys - £

< @t 19 =PI + it =PI + hion ot = 200) | BeAS - Bip |
= 1328 = W) By — Eopll* = 11201 = v) | Fin — Fip )
+ 20, | (vf = uV)p||lyn - Pl

_ _ 2
< otV 1ynn =PI + 1% =PI = 1% = snll® + At Ousen — 204) | Be A, — Byp |
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12282 = V)| Fayun — Eopll” = vi(28 — vi) | Fuyinn — Fi2 NI

+ 20, | (vf = uV)p| llys - pll- (3.20)

Since (y, + 8,)§ < y, for all n > 0, utilizing Lemma 2.4 we have

2
”xn+1 —-p ”

= Hﬂn(xn —P) + Vn(yn —P) + (Sn(Tyn —P) ”2

=< ﬁn”xn —P||2 + (yn + 8;1)

1 2

Yn + 6

ﬁn(xn_p)"'(yn +8n) [Vn(y”_p) +8n(Tyn_p)]

2

1
m [yn(yn —P) + Sn(Tyn —P)]

< Bulln = pI* + (v + )1y — pII?

= Bull%n — pII” + (L= B)llyn — pII>

< Bullxn = oI + A = B [@us? [9un =PI + 1% = pII* = 60 — 1 ®
4l O = 200) | B AX s, = Bip||* = v2(285 = va) Il Fayun — Eopl®
=128 = V) IE iy — Fip I + 200 | (vf = uV)p||lyn - plI]

< s = pI? = @ = B[ 116 = I + A (20 = htr) | Be A Mt = Byp |
+12(282 = V) IFoyun — Fopll* + vi(281 = v) | Fyyun — Fip|%]

+ a7 lyun = pIIP + 20 | (vf = uV)p| Iy - plI. (321)
So, we deduce from {8,} C [¢,d] C (0,1) and {Ak,} C [ak, bx] C (0,2mx), k =1,..., M, that

(1= d)[ 1260 = | + A 11k = M) | B AX 14— By |
+ (28 = V2) | Fayun — Fap |l + v1(281 — v) | Foyinn — Fip %]
< (U= B) [0 — sl + A2 = dt) | BeAK 14— Bip|®
+ (28 = V) | Fayun — Fap |l + 1281 — v) | Fyyinn — Fip %]
< Ntn = pII” = %01 = PP + et P lynn =PI + 200 | (vf = 1 V)p ||l - P
< 1% = st | (60 = Pl + %001 = pI) + @itV lynn =PI
+ 20, || (vf = V)p|lyn - pII.

By Propositions 3.1 and 3.2 we know that the sequences {x,}, {y,.}, and {y, n} are bounded,
and that {x,} is asymptotically regular. Therefore, from «,, — 0 we obtain

1im [, — syl = lim | Fayyoy = Fopll = lim | Figy — Fip

= lim | By AS ™ u, - Bip| =0, (3.22)

n—00

foreach k € {1,...,M}.
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Utilizing Lemmas 2.2(a) and 2.13, we obtain for each k € {1,..., M}

| A%un - p]°
= rersn T = tonBO A = Ty, (U = hicnBoP|

< (I = MouBR) A1, — (I = At B)p, Ak, — p)
1
= (U= hanBO A = (= koo | + | At |

— (7 = AeuBi) AR 1ty = (= dieuB)p - (Akut - p)|)

1

=5 (45w, —p|)” + | Ak~ p|* ~ | AE 0~ Aty = A (BeAE - Bip) %)
1

< 5 (s =p I + | AL, —p|” = | A5, — ARy = A (Be A s, - Bip) )
1

< E(Hx" —pl* + || Al —PH2 — | AK = Aty = dion (B A 1 — Bip) ||2)’

which immediately leads to

| Ak = p
< Nt = pII? = | A1, — Akt = hn (B AS 10, — Bip) |
= Il = I” = | 4§ 100 = Afpan|* = 23, | Be A = Bep |
+ 2hion{ ANy — A1ty Be A% uy, — Bip)
<l = pI? = | A&ty — Al |®

+ 2hion|| A% uy — AR, || Be AR w, — Bip|- (3.23)
From (3.4), (3.20), (3.21), and (3.23) we conclude that

%41 = pII*
< Bullxn = pI* + A= Bu)llyn - pII?
< Bullxn =PI + A = Bo) [@nia? |9nn =PI + 120 — P
+ 20, || (vf = V)Pl — Il
< Bullxn = pII* + A= Bllzn = PI? + cuit7 |yun = PI? + 20| (vf = V)p| Iy - Pl
< Bullxn = plI*> + A= B lyun = pI* + @itV lyun - pII?
+ 20, | (vf = uV)p||lyn - Pl
< Bullxn =PI + A= BIva = pI? + auts? 1yun =PI + 200 | (v f = uV)p | lyu - p
< Bullon = plI> + (L= B) | Akt = p||* + a7 1y - pII?
+ 20, || (vf = V)P llyn - Pl
< Bullxs = pl* + (L= B[ - pII = | AX ut, = A, |

+ 2o || AN 1y — Al | | BeAS i — Bip ]



Ceng and Wen Journal of Inequalities and Applications (2015) 2015:140 Page 23 of 41

+ au ¥ [nn =PI + 20 | (vf = uV)p| llya - p
<l =2l = @ = Bo) | A 0y — Ak |®
+ 2hion|| A% wy — AR, || BeAS i — Bip |
+ 7y =PI + 200 [ (vf = wV)p| Iy - pll, (3:24)

which, together with {8,} C [¢,d] C (0,1) and {Ax,} C [ar, bi] C (0,2m1), k = 1,..., M,
yields

(=) A%y — Ak |
< (- B)]| A5y — Ak, |®

< 1% =PI = 11 =PI + 20k | AN st — At ||| Be Ay - Bup |
+ a7 lynn = pII* + 20| (f = V)p| Iy - pll

< 1% = %t (120 = Pl + [%i1 = pIl) + 26 | Ay 1ty — Ay | | B AN st = Bap |
+ a7 |ymn =PI + 20| (vf = uV)p| 90 - pII.

Since o, — 0, and {x,}, {y4}, {yun}, and {u,} are bounded, we obtain from (3.22) and the
asymptotical regularity of {x,} (due to Proposition 3.2),

lim | AN w, — Afu, | =0, Vke{l,...,.M). (3.25)
n— o0

Therefore,
it = vall = | A9t = A 10 |

= ”Agun = Ay ” + ||A11un - Ay, ” Foot ”Ay—lun ~ AMy, ”

— 0 asn— oo,
and hence

”xn - Vn” = ”xn - un” + ”Mn - Vn”

—0 asun— oo. (3.26)
O

Remark 3.1 By the last proposition we have w,(x,) = w,(v,) and wy(x,) = ws(vy), i.e., the
sets of strong/weak cluster points of {x,} and {v,} coincide.

Of course, if B,,; — B; # 0 as n — 00, for all indices i, the assumptions of Proposition 3.2
are enough to assure that
%41 — %l _

lim

n—00

0, Viell,...,N}.

n,i

In the next proposition, we estimate the case in which at least one sequence {,,} is a
null sequence.
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Proposition 3.4 Let us suppose that 2 # (. Let us suppose that (HO) holds. Moreover, for
an index ko € {1,...,N}, lim,_, o Buk, = 0, and the following hold:
(H7) foreachie{l,...,N}and k€ {1,...,M},

. | Bni = Bu-1,i] . oty — o1 . 181 = Bu-1l . |7 = rn-al
Iim ———=lim ——=1lm ——— = lim ——
n—00 anlgn,ko n—=>00 Uy Puky n=>00 Uy Pu,ky n—00 anﬁn,ko
- lim Vn _ Vn-1 _ Mk,n - )&k,n—1| -0
n—00 O‘nﬁn,ko 1-8, 1-B4a n—00 anﬂn,ko ’
(H8) there exists a constant T > 0 such that ~| 2~ - -2 —| <t foralln> 1.
ap ﬂn,ko ﬁn—l,ko
Then
li (1241 = Xl
1 _—.
n— 00 ko
Proof We start by (3.17). Dividing both terms by 8,,x, we have
12241 = %l
,Bn,ko
M
- KXy — Xy ~ ||ty —1p 1Ak — M-
5[1—(My—yl)(1—d)a,,] ” n n 1” +M3|:| n n 1| +Zk—1| k,n k,n 1|
n,ko Eﬂn,ko ,371,/(0
N Yn VYn-1
_ — B o —o | E - TE) — B
N > ket Buk = Burkl A oty — oty I Pl |8 — Bn 1|:|' (3.27)
ﬁn,ko ﬂn,ko ﬁn,ko ﬁn,ko
So, by (H8) we have
141 — %
ﬁn,kg
- %60 — %1l
<[1-(uy-yh(-d)a, | ————
n-1,ko
_ 1
+ [1 —(ny —yhH - d)an] loen = Xpall| — -
1371,/(0 :3}'1—1,/(0
M N
n MS |: |I",,, - rn—1| . Zk:ll)\k,n - )\k,n—1| n Zk:ﬂﬂn,k - ,Bn—l,k|
6:8;1,k0 /gn,kg ﬂn,ko
Yn Yn—
|5, — 17/3,41,1 . oty — oty . 1By — ﬁn1|:|
ﬂn,ko ,Bn,ko ,Bn,ko
- 1% — %1 1 1
<[1-(uy - yDU - Doy | ———"— + x5 — X1l -
n-1,kg an,k() :anl,ko
M N
n MS |: |rn - rn—1| ¥ Zk:ll)\k,n - )\k,n—1| n Zk:ﬂﬂn,k - ﬁn—l,k|
Eﬂn,ko ;Bn,ko ﬂn,ko
¥Yn Yn—
T~ Thal | =l 1Ba- ﬁnu}
ﬂn,ko ,Bn,ko ,Bn,ko
- %0 — %1l
<[1-(uy -yDU - d)ay | " + T %0 — X1 |
ﬂn—l,kg

M N Yn_ _ _Vn-1
M |:|Vn — rn,1| + Zkzllkk,n - )\k,n—1| n Zk=1|ﬂn,k - ﬂn—l,k| n |1—ﬂ,,, 1—;,/,,1

6:3}’1,/(0 ﬁn,ko ﬁn,ko ﬂn,ko
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oty — a1 |Bn = Bn-l ]
+ +

ﬁn,k() ﬂn,k()
1= a7 - D)1 d)]w s o — Y- d)
n-1ko
1
=T L]

M N Yo _Yna
+ MS |: |7y = Tyl + Zk:ll)\k,n — Mol + Zk=1|,3n,k — Bu-1kl + | 1-B;  1-Bn1
6Oln,Bn,ko anﬂn,ko anﬂn,ko anﬂn,ko
oty — a1 |Bn _,Bn—1|]}
+ + .
an,Bn,ko anﬁn,kg

Therefore, utilizing Lemma 2.8, from (HO), (H7), and the asymptotical regularity of {x,}
(due to Proposition 3.2), we deduce that

. 41 = %l
Iim — =

n—00

0. O

n,ko

Proposition 3.5 Let us suppose that §2 # (). Let us suppose that (H0)-(H6) hold. Then

1z = Yunll = 0 as n — oo.

Proof Let p € £2. In terms of the firm nonexpansivity of Pc and the ¢j-inverse-strong
monotonicity of F; for j = 1,2, we obtain from v; € (0,2¢;), j = 1,2, and (3.4)

[y — BII”
= | Pell = vaE)yun = Pell = mE)p|®
< (I = wF)yun = (I = aF2)p, Jun - P)
= LU= vaEyn = U= vaE o + I~ 1P

|t = vaF2)yun = U = vaFa)p = (Grun — P) ||2]

< %[nym — I + 15 = B = [ Gnc = i) = v2(Fayn — F2p) — (0 - D)
= 5 [ =PI+ 13~ = | oy =500~ =)
+205((Vun = Fnn) = (0 = P) Fayun = Fop) = V3 | 2y = Fopl®]
and
2 - pII?

= |Pc = vED)jnn = Pl - viF)p|

= <(1 - vlFl)j/n,N - (1 - VlFl)i?, Zn _P>
1 ~ ~
= U= wE s~ (4= wEDB* + 2 - pI?

— || = viF)jun — I = viF)p — (24 — p) ||2]
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1. - - -

< S [Wnx =51 + lzw —pI = |G = 2) + 0 =D’
+ 201(Fi¥un — F1D, G — 20) + (0 = D)) = Vi | Foyinn — FiP %]
1 - -

< S [Iynn =2 + 2w =PI = |Gy 2 + w-p)|’

+ 2V1<F15/n,1\l - Fp, @n,N -z,)+(p —[5))]

Thus, we have

~ ~ ~ ~\ 12
175 =PI < lymn =21 = || @nn = Iun) = (0 = D)||
+200(VuN = FuN) = (B = B)s Fayun — Fop) = v3 | Fayun — Fopl* (3.28)

and

1zn =21 < 1yn =21 = | Gun —20) + 0 - )|
+ 201 | Fiyinn = F1pll | G = 20) + (0 = P) |- (3.29)

Consequently, from (3.4), (3.24), and (3.28), it follows that

1 = pII?

< Bullxn = pI* + A = B2 = pII* + ctut¥ yun - pII?
+ 20, || (vf = V)P Ilyn - Pl

< Bullxn = pII* + A= B)Fnn = BI* + €ups? |ynn — plI*
+ 20, || (vf = V)P llyn - Pl

< Bullx = I + A= B[y — 217 = |G = Fun) = 0 =P
+203 | Gy = Fun) = (0 = D) | | Faynns = Fopl]
+ a7 ymn =PI + 20| (vf = uV)p| Iy - pll

< Bullx = pI* + @ = B[00 = pI? = |G = Fu) - (0 - D[
+ 203 | 0y = Fun) = (2 = D) | | Eaynns — Fopl]
+ et 7 [ynn =PI + 20| (vf = nVIp| Iy -

< 1w =PI = A= B) | G = ) — (0 = )|
+ 202 | On = Fu) = (2 = B)| | Eayun — Fopl

+ a7 ymn — I + 20| (v f = V)P Iy - P,

which yields

(1= )| Gn = ) - 0 - D)

< (1= B Oun =) - 0-D)|”
< %n = I = %ne1 =PI + 202 || G = Fu) = (0 = B) | IF2yun — Fop
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+ o7 lyun =PI + 20 || (2 f = V)P |y - pII
= ”xn _xn+1|| (”xn —P” + ”xm—l —P”) +2vy || (yn,N _yn,N) - (p _]3)” ”FZyn,N _FZPH
+ au ¥ [nn =PI + 200 | (vf = V)P lyn = pII-

Since lim,,, oo @y = 0, 1im,,, oo %41 = %4l = 0, and {x,}, {¥n}, {¥nn} and {,,n} are bounded,
we deduce from (3.22) that

Tim |G = ux) = (0= B)| = 0. (3.30)
Furthermore, from (3.4), (3.24), and (3.29), it follows that

%1 = pII*

< Bullxn =PI + (L= B)lzn — pI? + ctut 7 9 — P
+ 20, | (vf = uV)p| llya - pl

< Bullxs = I + U= B[y =217 = |Gy —20) + (0 - D)
+ 20113 = BN Gun = 20) + (0 = D) ]
+ &t [yun = PI* + 200 | (vf = V)| lyu - Pl

< Bullx =PI + (U= B)[I1%n = p1I% = | Gy —20) + (0= D)
+ 20113 = DI Gun = 20) + (0 = D) ]
+ a7 [yun = PI* + 200 | (vf = V)| lyu - Pl

< [ =PI = (U= B) | Gy —2) + (0 - D)
+ 201llF3uN = Bl | Gun = 20) + (0 - D)

+ &t ¥ [yun = PI* + 200 | (vf = V)| Iy - plI,

which leads to

1= Gnn —20) + 0 - D)
<@ B)|Gun —20) + 0 -D)|’
< 1% =PI = %1 =PI + 20111 FiFnn = FiPI | Gun = 20) + (0 - D) |
+ a7 |ymn =PI + 20| (vf = V)P Iy - pll
< 1% = %t | (160 = oIl + %001 = ) + 2011 FiFun = Fipll | G — 2a) + (0 = D)
+ a7 lyun = pII* + 20, [ (vf = uV)p| Iy - plI.

Since lim,, o0, = 0, lim,,—, o |41 — %]l = 0, and {x,,}, {2}, (¥u}, Wun} and {F,n} are
bounded, we deduce from (3.22) that

Tim |Gy —24) + (0= B)| = 0. (3.31)
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Note that

YN — zall < “(yn,N _Jjn,N) - (P—f?)” + H@n,N_Zn) + (p‘ﬁ)”

Hence from (3.30) and (3.31) we get

lim ||y,n = 2z4ll = lim ||y,n — Gyunll = 0. (3.32)
n—00 n—00 0

Proposition 3.6 Let us suppose that §2 # (. Let us suppose that 0 < liminf,_, o B,; <
limsup,,_, o Bni <1 for each i =1,...,N. Moreover, suppose that (H0)-(H6) are satisfied.
Then lim,,_, o ||S;v, — vyl = 0 foreach i=1,...,N provided || Ty, — y,|| = as n — oo.

Proof First of all, observe that

Xpsl — Xy = Vn(yn - xn) + ‘Sn(Tyn _xn)
= Vn(yn _xn) + Sn(Tyn _yn) + an(yn _xn)
= (yn + 5n)(3’n _xn) + 8n(Tyn _yn)

=(1- ,Bn)(yn — %) + Sn(Tyn _yn)«

By Proposition 3.2 we know that {x,} is asymptotically regular. Hence we have
(L= B)llyn = %all = %1 = % = 82(Tyn = y) | < w1 = %ull + 85 Ty =y,
which, together with || 7y, — y,|| — 0, implies that
lim i, =yl = 0. (3.33)

Let us show that for each i € {1,..., N}, one has ||S;v, — ¥,;-1]| = 0 as n — co. Let p € £2.
When i = N, by Lemma 2.2(b) we have from (3.3), (3.4), and (3.20)

19n = 21> < €ups? Iy =PI + 24 = pII* + 20 | (v.f = £V lys — £l

< a7 |yun = pII* + 20, (vf = 1 V)p|| 190 =PIl + Iy — oI

= aut? [yun = PI* + 200 | (vf = V)P | Iy =PIl + BunlISnva — pIIP
+ (1= Bun) Iynn-1 = PI* = Bun(@ = Bun) ISV = Yun- 1

< auu P lyun = pII* + 20 | (vf = £ V)p| 1y — pll + Bunllve - pII?
+ (1= Bu) Ve =PI = Bun (= Bun) ISn Vi = Y-l

= w17 Iy = pII* + 200 | (v f = 1 V)p| Ilyn = oIl + lva = pII>
= Bun(@ = B IS Vi = Yun-1 1)

< ot P lynn = pII* + 200 | (vf = £ V)P | lyn = P + %0 — pII>

= Bun (L = Bun) 1SNV = Y-l
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So, we have

Bun( = Bun) 1SNV = Yun-1 |l
< auut¥ lymn = pI* + 20, || (v f = uV)p|| Iy = 2l + 1% =PI = lyu =PI

< w7 lyun =PI + 20, || f = uV)P| 11y = 2N+ 1% = ¥l (1% = I + 13 = P1I)-

Since o, — 0, 0 < liminf,,_, o BN < limsup,_, . Bun < 1, and lim,,_, « ||%, — ¥ || = O (due
to (3.33)), it is well known that {||Sy v, — ¥,n-1]|} is @ null sequence.
Letie {1,...,N —1}. Then one has

19n = PI* <t lynn — pI* + 200 | (v = uV)p| I = Pl + 1y =PI
< aut¥ lymn = PI” + 20, || (v f = V)P | I1yn = Pl + Bun IISxva — pII?
+ (1= Bun) ymn-1 - plI?
< auuP lyun = pII* + 20 | (vf = uV)p||Ilyn = pll + Bunllxn - plI?
+ (1= Bu) lymn-1 — oI
< a7 |yun = pIIP + 20| (vf = 1 V)p|| 190 =PIl + Bunllxn = 11
+ (1= Bu ) [ Brn-1lSn-1Vn = pII* + (A = Bun-D) Iynn-2 — pII*]

< aut P lynn = pI* + 200 | (vf = V)P |l - P

N
+ (Bun + = Bur)Buna) l6n — 1> + [T 0= Buidllynn— - oI,
k=N-1

and so, after (N — i + 1) iterations,

s =PI < cutZ lynn =PI + 20| (vf = 1 V)p |l - P
N N N
+ (ﬂn,N £y (l_[(l - ﬂn,z)) ﬁn,,«l) e =pI> + T ] = B lymi — I
j=i+2 \ I=j k=i+1
< w7 lymn = pII* + 20| (v f = V)| Iy - Pl

N N
+ (ﬁn,N > (]‘[(1 - ﬁn,l)) ﬁn,,_l) %, - pII*

j=i+2 \ I=j

N
+ [1a@-Bu)[BuillSiten — pII>

k=i+1
+ (1= Bui)lymict =PI = Bui(L = Bud)1Sivin = ymica ]

< P lyun = pI* + 200 | (vf = £ V)P | Nyn = P + %0 = pII”

N

= Bui [ = Bui1Sivis = ymia 1. (3.34)

k=i
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Again we obtain

N
,3;4,1'1_[(1 = BuiISive = Ymica I?

k=i
< aul¥ lyun =PI + 20, || (v f = uV)p|| 11y = Pl + 1% = 21 = lyu =PI

< auit¥ lymn = oI + 20, || (v f = £V)p || 1170 = 2N+ 1% = ¥l (1% = 21 + 170 = P1)-

Since o, — 0, 0 < liminf,_, By; < limsup,_, . Bui <1 for each i =1,...,N — 1, and

limy,— o [|% — ¥4l = O (due to (3.33)), it is well known that
lim [|S;vy = yuiall = 0.

Obviously for i = 1, we have ||Su, — u,|| — 0.

To conclude, we have
182V = vall < 1S2vi = Yuall + [1¥n1 = Vaull = [1S2vi = Y|l + B IS1vi — vl

from which ||Syv, — v,|| = 0. Thus by induction ||S;v,, — v,|| — 0 for all i = 2,...,N since

it is enough to observe that

1Sivin = Viull < NSivia = Yt ll + Yot = SicaVill + 1Si=1vi = vl

SNSivi = Ymizill + A = Bric)NISiciVi — Y2 | + 1Si1vi — vl O

Remark 3.2 As an example, we consider M =1, N = 2, and the sequences:
@ Apup=m— %, Vn > %;
b) a, = ﬁ,r,,:Z—%,le;

(c) /3n=l3n,1=%—%,ﬂng:%—n%,\?’n>2.
They satisfy the hypotheses on the parameter sequences in Proposition 3.6.

Proposition 3.7 Let us suppose that 2 # 0 and B,,; — B forall i as n — oo. Suppose there
exists k € {1,...,N} such that B, — 0 as n — oco. Let ko € {1,..., N} be the largest index
such that B,,x, — 0 as n — co. Suppose that

(i) ﬂ"’” — 0asn— oo;
n,ko p

(i) ifi < ko and B,; — O then Tklo — 0asn— oo;
(iti) if By — Bi # 0 then B; lies in (0,1).
Moreover, suppose that (HO), (H7), and (H8) hold. Then lim,_,  ||Siv, — vu|| = O for each

i=1,...,N provided | Ty, — y,|| = 0 as n — oo.

Proof First of all we note that if (H7) holds then also (H1)-(H6) are satisfied. So {x,} is
asymptotically regular.

Let ko be as in the hypotheses. As in Proposition 3.6, for every index i € {1,...,N} such
that 8,,; = B; # 0 (whichleads to 0 < liminf,,_, , B,; <limsup,_, ., B <1), onehas ||S;v, -

Yni-1ll = 0 as m — oo.
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For all the other indices i < kg, we can prove that ||S;v, — ¥,,-1]| & 0 as » — oo in a
similar manner. By the relation (due to (3.21) and (3.34))

%41 = pII* < Bulltn = pII* + (1= Bu)llyn — pII®

< Bullxn —[7||2 +(1- ﬂn)[anﬂf lynn —19||2 +2a, “ (vf - MV)P|| ly. —pll

k=i

N
+ ”xn —P||2 - ﬂn,il_[(l - ﬂn,k)”SiVn _yn,i—1||2:|
<% = pI* + s ¥ lymn =PI + 200 || (v f = V)P |y =PIl

N
= (1= B)Bui] [ = BuiISivn = ymia I,

k=i

we immediately obtain

N
A -ad)[ [a - Bu)ISivi = ymicall®

k=i

N
< (=B [ = BuidISi¥ = a1

k=i
< g"' [P lyun —pI? + 2| (f = V)p| Iy - pll]
+ ||’““;#1”(% Pl + %1 Pl
n,i

By Proposition 3.4 or by hypothesis (ii) on the sequences, we have

1% — Xl 1% = X |l ,Bn,ko
= . — 0.
ﬂn,i ﬂn,ko ﬁn,i
So, the conclusion follows. O

Remark 3.3 Let us consider M =1, N = 3, and the following sequences:
(a) ay, = nl%,rn:Z—n%,Vn>1;
(b) )"l,n =M - ,%2’ Vn > ’71%;
1
(C) ,Bn,l = }11%! Bn= ,Bn,Z = % - an, ﬁn,S = nl%’ Vi >1.
It is easy to see that all hypotheses (i)-(iii), (HO), (H7), and (H8) of Proposition 3.7 are
satisfied.

Remark 3.4 Under the hypotheses of Proposition 3.7, analogously to Proposition 3.6, one
can see that

lim ||S;vy, =yl =0, Vie{2,...,N}.
n—00

Corollary 3.1 Let us suppose that the hypotheses of either Proposition 3.6 or Propo-
sition 3.7 are satisfied. Then w,(x,) = ww(Vy) = Ow(Vn1), ©s*xy) = ©Os(Vi) = 0s(Y41), and
wy(x,) C £2.
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Proof By Remark 3.1, we have w,(x,) = wu(v,) and ws(x,) = ws(v,). Note that by Re-
mark 3.4,

lim ”SNVn _yn,N—IH =0.
n—0oQ
In the meantime, it is well known that
lim ”SNVn —Vull = lim vy =%l = lim (B _yn” =0.
n—00 n—00 n— 00
Hence we have
lim ||Syv, —yull = 0. (3.35)
n— 00
Furthermore, it follows from (3.1) that
lim ||yun = Yun-1ll = 1im By [ISnVi = Yun-1ll = 0,
n—00 n—oo
which, together with lim,,, oo [|SNVy — Yun-1]l = O, yields
lim |[Sxvy = yunll = 0. (3.36)
n—00
Combining (3.35) and (3.36), we conclude that
lim ||y, = yun|l =0, (3.37)
H—0Q
which, together with lim,,_, o [|x, — ¥4l = 0, leads to
lim ||x, —y,n| = 0. (3.38)
n— 00
Now we observe that
e = Y1 Il < N = vill + 171 = Vaull = 1% = Vil + Bu1 1S1vie = vl
By Propositions 3.3 and 3.6, |x, — v,|| = 0 and ||S;v,, — v,|| = 0 as n — oo, and hence
lim |[%, — yuall = 0.
n—00
So we get w,, (%) = Wy (1) and ws(x,) = Ws(Vi1)-

Let p € wy(x,). Then there exists a subsequence {x,,} of {x,} such that x,, — p. Since
p € wy(v,), by Proposition 3.6 and Lemma 2.5 (demiclosedness principle), we have p €
Fix(S;) for each i =1,...,N, ie, p € ﬂfil Fix(S;). Taking into account p € w,(y,n) (due
to (3.38)) and ||y,n — Gyun|l — O (due to (3.32)), by Lemma 2.5 (demiclosedness prin-
ciple) we know that p € Fix(G) =: &. Also, since p € w,(y,) (due to ||x, — y,|| = 0), in
terms of || 7y, — y,|| — 0 and Lemma 2.3 (demiclosedness principle), we get p € Fix(T).

Moreover, by Lemma 2.11 and Proposition 3.3 we know that p € GMEP(®, ). Next we
prove that p € ﬂ/x:l I(B,u, R,y). As a matter of fact, from (3.22) and (3.25) we know that
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u,, — p and Aty —p for each m =1,..., M. Since B,, is 1,,-inverse-strongly monotone,
B,, is a monotone and Lipschitz-continuous mapping. It follows from Lemma 2.16 that
R,, + B, is maximal monotone. Let (v,g) € G(R,, + By,), i.e., g — B,,v € R,,v. Again, since
AUy = TR I = ki Bm) Ay, 1> 0, m € {1,2,...,N}, we have

A = KB ATy, € (4 MR Ay,

that is,

1
(Azn_lun - A:lnun - )"m,anA:,n_lun) c RmAann.

m,n

In terms of the monotonicity of R,,,, we get

<v - AUy, g — Byv— (A:,”‘lu,, - AVuy, — )»m,,,BmAZ’_lu,,)> >0

m,n

and hence

(v—Au,,g)

> <v — AV Uy, Byv + (Af’lu,, - AVu, - Am,,,BmAn”’lu,,)>

mn

= <v — AV, Byyv — By AV uy, + By, Ay, —BW,AWW’_IM,, + (A;”_luy, - A;"u,,)>

m,n

1
> (V - Ay, By Ay, —BmAZ”"lun) + <v - ATu,, i

m,n

(A7 u, — AL”un)>.
In particular,

<V - Afiuni,g> > <V - A;’;uni,BmA:Zu,,i —BmATLflu,,i)

m m-1 m
+ <v - Aniu,,i, (Ani Uy, — Amuni)>.

)\m,ni
Since || A”u, — A" u,|| — 0 (due to (3.25)) and ||B,, A%u, — B, A7 u,|| — 0 (due to
the Lipschitz-continuity of B,,), we conclude from Ay, = p and {A,,} C [@m bm] C
(0,21n,,) that

lim (v — A u,,g) = (v-p,g) = 0.
i—00 t

It follows from the maximal monotonicity of B,, + R,, that 0 € (R,, + B,,)w, i.e., p €

I(By,R,,). Therefore, p € ﬂfn/lzl (B, Ry). Consequently, p € Fix(T) N ﬂﬁl Fix(S;) N

GMEP(®,h) N\ 1B, R,) =: 2. 0

Theorem 3.1 Let us suppose that 2 # (. Let {a,}, {Bui}, i =1,...,N, be sequences in (0,1)
such that 0 < liminf,_. » B,; <limsup,,_, ., B < 1foreach index i. Moreover, let us suppose
that (HO)-(H6) hold. Then the sequences {u}, {v.}, {x,}, and {y,} defined by scheme (3.1),
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all converge strongly to x* = Po(I — (uV — yf)x* if and only if |y, — Ty,|| — 0 as n — oo,
where x* = Po(I — (uV — yf))x* is the unique solution of the VIP

((yf —uV)x*,x —x*) <0, Vxef2, (3.39)
or, equivalently, the unique solution of the minimization problem

.M
212135 (Vx,x) — W (x), (3.40)

where ¥ is a potential function for yf.

Proof First of all, we note that V is a y-strongly positive bounded linear operator on H

and f : H — H is an [-Lipschitz-continuous mapping with 0 <yl < uy. It is clear that

(WV =yfx =V —yf)yx-y) > (uy - yDllx—ylI*>, Vx,y€H.

Hence we deduce that uV — yf is (uy — yI)-strongly monotone. In the meantime, it is
easy to see that uV —yf is (u|| V|| + yI)-Lipschitz-continuous with constant u|| V|| + ¥ > 0.
Thus, there exists a unique solution x* in §2 to the VIP (3.39). Equivalently, x* is the unique
solution of the minimization problem (3.40).

Now, observe that there exists a subsequence {x,,} of {x,} such that

lim sup((yf —uV)x*,x, —x*) = lim ((yf —uV)x*, %y, —x*). (3.41)

n—00 11— 00
Since {x,,} is bounded, there exists a subsequence {x;, y } of {x,,} which converges weakly to
some p € H. Without loss of generality, we may assume that x,,, — p. Then by Corollary 3.1,
we get p € w,(x,) C 2. Hence, from (3.39) and (3.41), we have

lim sup((yf —uV)x*,x, —x*) = <(yf —uV)x*,p —x*) <0. (3.42)
n—00
Since (H1)-(H6) hold, the sequence {x,} is asymptotically regular (according to Propo-
sition 3.2). In terms of (3.33) and Proposition 3.3, ||x, — y,|| = 0 and ||x, — v,|| = O as
n— oo.

Let us show that ||x,, —x*|| — 0 as n — 00. Indeed, putting p = x*, we deduce from (3.4),
(3.20), and (3.21) that

2
k
a1 =]

5 ﬁn”xn _x* ”2 + (1_,314)”))71 _x* ”2

)2 _(yd? o2 i} 12
< Bullwn —x*|" + (1= B anﬂ)’W”yn,N_x 17+ @ = i) | 2n — x|
+ 2a,((yf = nV)&*, 30 — x*)}

12
sﬁnnxn—x*||2+<1-ﬂn>[an@||

X, —x* ||2 +( —anu)?)”x,, —x* ||2
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+ 200 (vf = V)X 9 - x*)}

2 (2

=ﬁn”xn_x*”2 +(l—ﬁ,,)li(l—anw>”xn—x*”2
nwy

+ 20, ((yf — V)&, — x*)]

=)2 _ 12
_ <1 (- m)%) [y = [+ 2001 = B0 — VI 90— 2°)
I
< (1—an(1—ﬁn)u> Pt
(uy)* = (y1)? 21y . .
nl_ n - : — - V yVn — . 343
+ (1= B) " (W)Z_(yl)z«yf V)K", y, — &) (3.43)

Since Y 2oy = 00, {B4} C o ] C (0,1) and |lx, — yull — 0, we obtain Y~ a,(l —
,3,,)(’”/)2 ~r)? > Y% (1 —d) (up) y(yl)z - 00 and

2uy . .
s i — (i (¥ ~ V=]
timsup T (((yf = VI — )+ (f — VI - 52)
noo (UV)* = (y1)?
= lim sup 21y ((rf = uV)x*, %, —x*) <0

n—00 (M)/) _(Vl)z

(due to (3.42)). Applying Lemma 2.8 to (3.43), we infer that the sequence {x,} converges
strongly to x*. This completes the proof. 0

In a similar way, we can conclude to another theorem, as follows.

Theorem 3.2 Let us suppose that 2 # ). Let {a,,}, {Bni}, i =1,...,N, be sequences in (0,1)
such that B,; — PB; for each index i as n — oo. Suppose that there exists k € {1,...,N}
for which B, — 0 as n — oo. Let ko € {1,...,N} the largest index for which B, x, — 0.
Moreover, let us suppose that (HO), (H7), and (H8) hold and

(i) ﬂ"’” — 0 asn— oo;
nko

(ii) if i < ko and B,; — B; then ﬂgk" — 0asn— oo;
(ili) if Bui — Bi # 0 then B; lies in (0,1).

Then the sequences {uy,}, {v,}, {x.}, and {y,} defined by scheme (3.1) all converge strongly

to x* = Po(I — (uV — yf))x* if and only if |y, — Ty,|| = 0 as n — oo, where x* = P (I —
—yf))x* is the unique solution of the VIP

((yf —uV)x*,x —x*) <0, Vxe$,
or, equivalently, the unique solution of the minimization problem
min— 5 2 (Vi) — (),

where W is a potential function for yf.
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Remark 3.5 According to the above argument process for Theorems 3.1 and 3.2, we can
readily see that if in scheme (3.1), the iterative step y, = o,y f (yun) + I — ¢t V)Gyun is
replaced by the iterative one y, = o0,y f (%) + (I — ¢yt V) Gyyn, then Theorems 3.1 and 3.2

remain valid.

Remark 3.6 Theorems 3.1 and 3.2 improve, extend, supplement, and develop [13], The-
orems 3.1 and 3.2 and [33], Theorems 3.12 and 3.13 in the following aspects.

(i) The multi-step iterative scheme (3.1) of [13] is extended to develop our relaxed ex-
tragradient iterative scheme (3.1) by virtue of Korpelevich’s extragradient method and the
strongly positive bounded linear operator approach. The iterative scheme (3.1) is based on
Korpelevich’s extragradient method, the viscosity approximation method [42] (see also
[43]), Mann’s iterative method, and the strongly positive bounded linear operator ap-
proach.

(ii) The argument techniques in our Theorems 3.1 and 3.2 are very different from the
techniques in [13], Theorems 3.1 and 3.2 and [33], Theorems 3.12 and 3.13, because we
make use of the properties of strict pseudocontractions (see Lemmas 2.3 and 2.4), the
ones of resolvent operators and maximal monotone mappings (see Remark 2.1 and Lem-
mas 2.12-2.16), the ones of the resolvent operator associated with ® and % (see Lem-
mas 2.9-2.11), the fixed point problem x* = Gx* (< GSVI (1.6)) (see Proposition 2.2), and
the ones of strongly positive boundedness linear operators (see Lemma 2.7).

(iii) The problem of finding an element of Fix(7) N ﬂf\il Fix(S;) N GMEP(®, h) N
ﬂﬁl I(Bx, Rx) N Z in our Theorems 3.1 and 3.2 is more general and more subtle than the
one of finding an element of Fix(7") N ﬂf\il Fix(S;) N GMEP(®, /) in [33], Theorems 3.12
and 3.13 (where T is a nonexpansive mapping) and the one of finding an element of
Fix(T) N ﬂf\il Fix(S;) NGMEP(®, 1) N Z in [13], Theorems 3.1 and 3.2 (where T is a strict
pseudocontraction).

(iv) Our Theorems 3.1 and 3.2 generalizes from the nonexpansive mapping 7 to the
strict pseudocontraction 7" and extend [33], Theorems 3.12 and 3.13 to the setting of GSVI
(1.6), hierarchical minimization (3.40) and finitely many variational inclusions for maxi-
mal monotone and inverse-strongly monotone mappings. In the meantime, our Theo-
rems 3.1 and 3.2 extend [13], Theorems 3.1 and 3.2 to the setting of hierarchical minimiza-
tion (3.40) and finitely many variational inclusions for maximal monotone and inverse-

strongly monotone mappings.

4 Applications
For a given nonlinear mapping A : C — H, we consider the variational inequality problem
(VIP) of finding x € C such that

(A%,y-X) >0, VyeC. (4.1)

We will indicate by VI(C, A) the set of solutions of the VIP (4.1).
Recall that if u is a point in C, then the following relation holds:

ueVI(C,A) & u=Pc(I-2Au, VA>0.
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In the meantime, it is easy to see that the following relation holds:
GSVI(1.6)withF, =0 <« VIP (4.1) with A = F. (4.2)

An operator A : C — H is said to be an «-inverse-strongly monotone operator if there

exists a constant « > 0 such that
(Ax — Ay,x —y) > a||Ax — Ay||*>, Vx,yeC.

As an example, we recall that the «-inverse-strongly monotone operators are firmly non-
expansive mappings if « > 1 and that every «-inverse-strongly monotone operator is also
é—LipschitZ—continuous (see [45]).

Let us observe also that, if A is «¢-inverse-strongly monotone, the mappings Pc(I — AA)
are nonexpansive for all A € (0, 2«] since they are compositions of nonexpansive mappings
(see p.419 in [45]).

Let us consider S, ..., S to be a finite number of nonexpansive self-mappings on C and
Ay, ..., Ay tobea finite number of a-inverse-strongly monotone operators. Let T : H — H
be a &-strict pseudocontraction on C with fixed points. Let us consider the mixed problem
of finding x* € Fix(T) N GMEP(®,h) N & N (%, I(By, Ry) such that

(0 =81,y = 2%)
(U= So)at,y = 2)

=
=

0, VyeFix(T)NGMEP(®,h) N & N[, 1B, Re),
0, VyeFix(T)NGMEP(®,h) N & N[, 1Bk, Ry,

((I-Sk)x*,y—x*) >0, V¥yeFix(T)NGMEP(®,h) N & N(%, 1Bk, Re),
(Ax*,y—x*) >0, VyeC,
(Axx*,y—x*) >0, VyeC,

(Anx™,y—x*) >0, VyeC.

Let us call (SVI) the set of solutions of the (N + K)-system. This problem is equivalent to
finding a common fixed point of T, {PFix(T)mGMEP(@,h)mEmﬂﬁl I(Bk,Rk)gi}:I‘il’ {Pc(I - )LAi)}ﬁl.

So we claim that the following holds.

Theorem 4.1 Let us suppose that 2 = Fix(T)N(SV)NGMEP(®,h)NE N ﬂﬁl I(Bk, Ry) #
@. Fix » > 0. Let {a,}, {Bui}, i = 1,...,(K + N), be sequences in (0,1) such that 0 <
liminf,_, o0 By < limsup,_, . B < 1 for all indices i. Moreover, let us suppose that (HO)-
(H6) hold. Then the sequences {u,}, {v,}, {x,}, and {y,} explicitly defined by scheme

O (n,y) + Mty 9) + 5oy =ttty = %) = 0, VyeC,

Vi = IRagiiaan U = 28 Ba) Ry 1 dgo1n 0 = Aat-1nBat-1) = - TRy pg (L = A1nB1)

Yn1 = BniPrix(rynaMep(@ mnzn, 18,80 1V + (1= Bu1)Vn,

Ini = PriPrix(rinomep@©nnznn, I(Bk,Rk)SiVn + 0= Bui)Vuict, i=2,...,K, (4.4)
Ynisj = BuixiPcld = My + 1 = Buxsj)nisj-1, j=1...,N,

Vn =V Wnicin) + = auitV)Gynicins

Xns1 = Bun + VnIn + 60 TYn,
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all converge strongly to x* = Po(I — (uV — yf)x* if and only if |y, — Ty,|| — 0 as n — oo,
where x* = Po(I — (uV — yf))x* is the unique solution of the VIP

((yf —uV)x*,x —x*) <0, Vxef£2,
or, equivalently, the unique solution of the minimization problem

M
ﬁgE(me - ¥ (x),

where W is a potential function for yf.

Theorem 4.2 Let us suppose that §2 # (). Fix X > 0. Let {a,}, {Bui}, i=1,...,(K + N), be
sequences in (0,1) and B,,; — P, for all i as n — oo. Suppose that there exists k € {1,..., K +
N} such that B,y — 0 as n — oo. Let ko € {1,...,K + N} be the largest index for which
Buk, — 0. Moreover, let us suppose that (H0), (H7), and (H8) hold and

(i) él‘—']’(o—>0asn—>oo;
Bu,

(ii) ifi < ko and B,; — 0O then ﬂn? — 0asn— oo;
(ili) if By — Bi # 0 then B; lies in (0,1).
Then the sequences {u,}, {vVu}, {x4}, and {y,} explicitly defined by scheme (4.4) all converge

strongly to x* = Po(I — (uV — yf))x* if and only if ||y, — Ty,|| — 0 as n — oo, where x* =
Po(I—(uV —yf))x* is the unique solution of the VIP

((yf —uV)x*,x —x*) <0, Vxef2,
or, equivalently, the unique solution of the minimization problem

LM
g;g;;(vm -¥(x),

where W is a potential function for yf.

Remark 4.1 If in system (4.3), i =F,=A1=--=Ay=0,Bj=--- =By =R =--- =
Ry =0, and T is a nonexpansive mapping, we obtain a system of hierarchical fixed point
problems introduced by Mainge and Moudafi [26, 28].

On the other hand, if S: C — C is a k-strictly pseudocontractive mapping, that is, there

exists a constant « € [0,1) such that

2
152 = Syl < llx =yl + | (I = S)x = (I = S)y

, Vx,yeC,

thenA=1-Sis 1’T"—inverse—strongly monotone; see [52].

Utilizing Theorems 3.1 and 3.2, we also give two strong convergence theorems for
finding a common element of the solution set GMEP(®, &) of GMEP (1.2), the solution
set ﬂﬁl I(Bx, Ri) of finitely many variational inclusions and the common fixed point set
ﬂf\il Fix(S;) N Fix(S) of finitely many nonexpansive mappings S;: C — C,i=1,...,N, and

a k-strictly pseudocontractive mapping S.
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Theorem 4.3 Let v, € (0,1—«). Let us suppose that 2 = ﬂf\il Fix(S;) NFix(S) N GMEP(®,
h) N ﬂﬁl I(Br,R) # 0. Let {a,}, {Bni}, i =1,...,N, be sequences in (0,1) such that 0 <
liminf,_, o By <limsup,_, ., B < 1for all indices i. Moreover, let us suppose that we have
(HO)-(H6) with y, = 0, Vn > 0. Then the sequences {u,}, {v,}, {x,}, and {y,} generated ex-
plicitly by

O(uy,y) + h(uy,y) + i (y—ttputy —x,) >0, VyeC,

Vi = IRapiagn U = A Ba) Ryp 1 ipg 10 = Ada1,nBar-1) - - TRy iy (L = A1,nB1) thiny
Y1 = BuiS1vu + (L= Bu1)vi,

Vi = BuiSivn + 1 = Bui)ynict, i=2,...,N,

I = nf Onn) + (1= o) (L = v1)yun + V18YnN),

X1 = Buxn + (1 - ,Bn)ym Vn >0,

(4.5)

all converge strongly to x* = Po(I — (uV — yf))x*, which is the unique solution of the VIP
((yf —uV)x*,x —x*) <0, Vxe$,
or, equivalently, the unique solution of the minimization problem

.M
~ ’ _q/ ’
3?32”/’“ x) - ¥(x)

where ¥ is a potential function for yf.

Proof In Theorem 3.1,put Fi =A =/-Sand F, =0.Then A is 1‘T’(—inverse—strongly mono-
tone. Hence we deduce that Fix(S) = VI(C,A) = I" and

GyuN =Pc — viF1)Pc(I — voFy)yun
=Pc(I —viF1)yun

= (1= v)yun + V1SYnN-
Thus, in terms of Theorem 3.1, we obtain the desired result. O

Theorem 4.4 Let v, € (0,1 —«). Let us suppose that 2 = ﬂf\il Fix(S;) N Fix(S) N GMEP(®,
h)nN ﬂgl (B, Rk) #9. Let {a,,}, {Bni}, i =1,...,N, be sequences in (0,1) such that B,,; — B;
forall i as n — oo. Suppose that there exists k € {1,...,N} for which B, — 0 as n — oo.
Let ko € {1,...,N} be the largest index for which B,x, — 0. Moreover, let us suppose that
we have (HO), (H7), and (H8) with v, =0,Vn > 0, and

(i) /;:I‘—ZO—>Oasn—>oo;
Bu,

(ii) ifi < ko and B,; — O then 5,
(i) if Bui — Bi # 0 then B; lies in (0,1).
Then the sequences {u,}, {v,}, {x,}, and {y,}, generated explicitly by (4.5), all converge
strongly to x* = Po(I — (uV — yf))x*, which is the unique solution of the VIP

0 > 0asn— oc;
i

(pf —uV)x*,x—x*) <0, Vxeg,
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or, equivalently, the unique solution of the minimization problem

W
min 5 (Vx,x) — W (x),

where ¥ is a potential function for yf.
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