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1 Introduction

Let H be a real Hilbert space with the inner product (-,-) and the norm | - ||, C be a
nonempty closed convex subset of H and P¢ be the metric projection of H onto C. Let
S: C — C be a self-mapping on C. We denote by Fix(S) the set of fixed points of S and
by R the set of all real numbers. A mapping A: C — H is called L-Lipschitz continuous if

there exists a constant L > 0 such that
| Ax — Ay|| < Lllx-yll, Vx,yeC.

In particular, if L = 1 then A is called a nonexpansive mapping; if L € [0,1) then A is called
a contraction. A mapping T : C — C is called &-strictly pseudocontractive if there exists
a constant & € [0,1) such that

1T - Ty|® < lx—y? + £| (I - T)x— (I - Dy,

Vx,y € C.

In particular, if £ = 0, then T is a nonexpansive mapping.
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Let A: C — H be a nonlinear mapping on C. We consider the following variational
inequality problem (VIP): find a point x € C such that

(Ax,y-x)>0, VyeC. (1.1)

The solution set of VIP (1.1) is denoted by VI(C, A).

VIP (1.1) was first discussed by Lions [1] and now it is well known. Variational inequal-
ities have extensively been investigated; see the monographs [2—-6]. It is well known that
if A is a strongly monotone and Lipschitz continuous mapping on C, then VIP (1.1) has
a unique solution. In the literature, the recent research work shows that variational in-
equalities like VIP (1.1) cover several topics, for example, monotone inclusions, convex
optimization and quadratic minimization over fixed point sets; see [7-11] for more de-
tails.

In 1976, Korpelevich [12] proposed an iterative algorithm for solving VIP (1.1) in the
Euclidean space R”:

Yn = PC(xn - '(Ax,,,),
Xn+l = PC(xn - .’:Ayn): Vn > 0;

with T > 0 a given number, which is known as the extragradient method. The literature on
the VIP is vast, and Korpelevich’s extragradient method has received great attention given
by many authors who improved it in various ways; see, e.g., [11, 13—21] and the references
therein, to name but a few.

On the other hand, let C and Q be nonempty closed convex subsets of infinite-
dimensional real Hilbert spaces H and H, respectively. The split feasibility problem (SEP)
is to find a point x* with the property

x*eC and Ax*€Q, 1.2)

where A € B(H,H) and B(H, ) denotes the family of all bounded linear operators from
H to H. We denote by I" the solution set of the SFP.

In 1994, the SFP was first introduced by Censor and Elfving [22], in finite-dimensional
Hilbert spaces, for modeling inverse problems which arise from phase retrievals and in
medical image reconstruction. A number of image reconstruction problems can be for-
mulated as the SFP; see, e.g., [23] and the references therein. Recently, it has been found
that the SFP can also be applied to study intensity-modulated radiation therapy (IMRT);
see, e.g., [24, 25] and the references therein. In the recent past, a wide variety of iterative
methods have been used in signal processing and image reconstruction and for solving the
SEP; see, e.g, [13, 15, 18,19, 23-28] and the references therein. A seemingly more popular
algorithm that solves the SFP is the CQ algorithm of Byrne [23, 27] which is found to be a
gradient-projection method (GPM) in convex minimization. However, it remains a chal-
lenge how to implement the CQ algorithm in the case where the projections P¢ and/or P
fail to have closed-form expressions, though theoretically we can prove the (weak) con-
vergence of the algorithm.

Very recently, Xu [26] gave a continuation of the study on the CQ algorithm and its
convergence. He applied Mann’s algorithm to the SFP and proposed an averaged CQ algo-
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rithm which was proved to be weakly convergent to a solution of the SFP. He also estab-
lished the strong convergence result, which shows that the minimum-norm solution can
be obtained.

Throughout this paper, assume that the SFP is consistent, that is, the solution set I" of the
SFP is nonempty. Let f : H — R be a continuous differentiable function. The minimization
problem

1
i i= —[|Ax — PoAx||
minf(x) := - [Ax — PoAx|
isill-posed. Therefore, Xu [26] considered the following Tikhonov regularization problem:
info (x) = | Ax - Podul” + Sl
minfo(x) := S [|4x — PoAx(|”™ + Sallx|,

where « > 0 is the regularization parameter.

Very recently, by combining the gradient-projection method with regularization and
extragradient method due to Nadezhkina and Takahashi [14], Ceng et al. [19] proposed
a Mann-type extragradient-like algorithm, and proved that the sequences generated by
the proposed algorithm converge weakly to a common solution of SFP (1.2) and the fixed
point problem of a nonexpansive mapping.

Theorem CAY (see Theorem 3.2in [19]) Let T : C — C be a nonexpansive mapping such
that Fix(T)N T # (. Assume that 0 < A < W, and let {x,} and {y,} be the sequences in C
generated by the following Mann-type extragradient-like algorithm:

xo=x€ C chosen arbitrarily,
Yn = (1= Bu)xn + BuPc(xn — AV, (xn)),
Xnl = Ynkn + (1 - Vn)TPCO/n - )‘Vfan ()/n)): Vn=>0,

where the sequences of parameters {o,}, {Bn} and {y,} satisfy the following conditions:
(i) ZEZO oy < O0;
(il) {B.} C10,1] and 0 <liminf,_ ~ B, <limsup,_, ., Bn <1;
(iii) {yn} C [0,1] and O < liminf,_, o ¥, <limsup,_ . vu <1.
Then both the sequences {x,} and {y,} converge weakly to an element z € Fix(T) N I".

In this paper, we consider the following general mixed equilibrium problem (GMEP)
(see also [29, 30]) of finding x € C such that

Ox,y) + hx,y) 20, VyeC, (L.3)

where @,h : C x C — R are two bi-functions. We denote the set of solutions of GMEP
(1.3) by GMEP(®, ). GMEP (1.3) is very general; for example, it includes the following
equilibrium problems as special cases.

As an example, in [16, 31, 32] the authors considered and studied the generalized equi-
librium problem (GEP) which is to find x € C such that

Ox,y) + (Ax,y—x) >0, VyeC.

The set of solutions of GEP is denoted by GEP(®O, A).
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In [29, 33, 34], the authors considered and studied the mixed equilibrium problem
(MEP) which is to find x € C such that

O,y + ) —ex) =0, VyeC.

The set of solutions of MEP is denoted by MEP(®, ¢).
In [35-37], the authors considered and studied the equilibrium problem (EP) which is
to find x € C such that

O(x,y)>0, VyeC.

The set of solutions of EP is denoted by EP(®). It is worth to mention that the EP is a
unified model of several problems, namely, variational inequality problems, optimization
problems, saddle point problems, complementarity problems, fixed point problems, Nash
equilibrium problems, etc.

Throughout this paper, it is assumed as in [38] that ® : C x C — R is a bi-function
satisfying conditions (61)-(63) and % : C x C — R is a bi-function with restrictions (h1)-
(h3), where

(01) O(x,x) =0 forallx e C;
(02) © is monotone (i.e., O(x,y) + O(y,x) < 0, Vx,y € C) and upper hemicontinuous in the
first variable, i.e., for each x,7,z € C,

limsup ® (tz +(1-1t)x, y) <O(x,y);

t—0%

(63) O is lower semicontinuous and convex in the second variable;

(h1) A(x,x) =0 for all x € C;

(h2) h is monotone and weakly upper semicontinuous in the first variable;
(h3) % is convex in the second variable.

Forr>0and x € H, let T, : H — 2 be a mapping defined by
1
T,x = {ze C:0(z,y) + hz,y) + ;(y—z,z—x) zO,VyeC}

called the resolvent of ® and 4.

Assume that C is the fixed point set of a nonexpansive mapping T: H — H, i.e., C =
Fix(T).Let F : H — H be n-strongly monotone and « -Lipschitzian with positive constants
n,k > 0. Let ug € H be given arbitrarily and {A,};2, be a sequence in [0,1]. The hybrid
steepest-descent method introduced by Yamada [39] is the algorithm

Uyt = Ty = (I = hp uF)Tu,, V>0, (1.4)

where [ is the identity mapping on H.
In 2003, Xu and Kim [40] proved the following strong convergence result.

Theorem XK (see Theorem 3.11in [40]) Assume that O < i < 2n/k?. Assume also that the
control conditions hold for {A,}52: lim, oo Ay = 0, Z;il A =00 and limy,_, oo Ay/Ape =1
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(or equivalently, im,_, oo(Ay — A1)/ Ans1 = 0). Then the sequence {u,} generated by algo-
rithm (1.4) converges strongly to the unique solution u* in Fix(T') to the hierarchical VIP:

(Fu*,v—u*)>0, VveFix(T). (L.5)

Let F1,F, : C — H be two mappings. Consider the following general system of varia-
tional inequalities (GSVI) of finding (x*,y*) € C x C such that
(ALY +x* —y ,2x—-x*) >0, VxeC(C,
(1.6)
(vaFox™ + y* —x*,x —y*) > 0,

where v; > 0 and v, > 0 are two constants. The solution set of GSVI (1.6) is denoted by
GSVI(C,F,, F,).

In particular, if F; = F, = A, then the GSVI (1.6) reduces to the following problem of
finding (x*,y*) € C x C such that

(nAy* +x* —y* ,x—x*) >0, VxeC,
(v Ax* +y* —x*,x—y*) >0, VxeC(C,

which is defined by Verma [41] and it is called a new system of variational inequalities
(NSVI). Further, if x* = y* additionally, then the NSVI reduces to the classical VIP (1.1). In
2008, Ceng et al. [21] transformed GSVI (1.6) into the fixed point problem of the mapping
G =Pc(I = viF1)Pc(I — voF), that is, Gx* = x*, where y* = Pc(I — voF>)x*. Throughout this
paper, the fixed point set of the mapping G is denoted by Z.

On the other hand, if C is the fixed point set Fix(7’) of a nonexpansive mapping 7 and S is
another nonexpansive mapping (not necessarily with fixed points), then VIP (1.1) becomes
the variational inequality problem of finding x* € Fix(7T') such that

((I —S)x*,x — x*) >0, VxeFix(T). 1.7)

This problem, introduced by Mainge and Moudafi [34, 36], is called the hierarchical fixed
point problem. It is clear that if S has fixed points, then they are solutions of VIP (1.7).

If S is a p-contraction (i.e., ||Sx — Sy|| < pllx — y|| for some 0 < p < 1), the solution set of
VIP (1.7) is a singleton and it is well known as the viscosity problem. This was previously
introduced by Moudafi [7] and also developed by Xu [8]. In this case, it is easy to see
that solving VIP (1.7) is equivalent to finding a fixed point of the nonexpansive mapping
Prix(1)S, where Prix(r) is the metric projection on the closed and convex set Fix(T).

In 2012, Marino et al. [42] introduced a multi-step iterative scheme

O, 9) + My, y) + -y = thny thy = %) = 0, Vy€C,
Yn1 = ﬁn,lslun + (1 - ﬁn,l)um

Yni = ﬁn,iSiun + (1 - ,Bn,i)yn,i_l, i=2,...,N,

%ns1 = Qf (%) + (1 = ) Ty

(1.8)

with f: C — C a p-contraction and {&,}, {8,,} C (0,1), {r,} C (0,00), that generalizes the
two-step iterative scheme in [10] for two nonexpansive mappings to a finite family of non-
expansive mappings 7,S;: C — C,i=1,...,N, and proved that the proposed scheme (1.8)
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converges strongly to a common fixed point of the mappings that is also an equilibrium
point of GMEP (1.3).

More recently, Marino, Muglia and Yao’s multi-step iterative scheme (1.8) was extended
to develop the following relaxed viscosity iterative algorithm.

Algorithm CKW (see (3.1) in [43]) Let f : C — C be a p-contraction and 7: C — C
be a &-strict pseudocontraction. Let S; : C — C be a nonexpansive mapping for each i =
1,...,N. Let F;: C — H be {j-inverse strongly monotone with 0 < v; < ¢; for each j =1,2.
Let ® : C x C — R be a bi-function satisfying conditions (01)-(93) and #: C x C — R be
a bi-function with restrictions (h1)-(h3). Let {x,} be the sequence generated by

O (tn,9) + h(ttn,y) + -y = thny thy = %) = 0, Vy€C,

Yn1 = ﬁn,lslun + (1 - lgn,l)un;

Vi = BuiSithn + (L= Bri)ynic1,  i=2,...,N, 1.9)
Yn = anf(yn,N) + (1 - an)Gyn,Nr

Xns1 = By + YnYn + Sn Tyn; Vn=>0,

where G = Pc(I — viF)Pc(I — voF), {a,}, {B.} are sequences in (0,1) with 0 <
liminf,_, o B, <limsup,_, ., Bn <1, {yu}, {,} are sequences in [0, 1] with liminf,_, 8, > 0
and B, + ¥, +68,=1,Vn>0,{B,,} isasequencein (0,1) foreachi=1,...,N, (¥, +8,)§ < ¥V,
Vn >0, and {r,} is a sequence in (0, 00) with liminf,_, ., 7, > 0.

The authors [43] proved that the proposed scheme (1.9) converges strongly to a common
fixed point of the mappings T,S;: C — C,i=1,...,N, that is also an equilibrium point of
GMEP (1.3) and a solution of GSVI (1.6).

In this paper, we introduce a hybrid extragradient viscosity iterative algorithm for find-
ing a common element of the solution set GMEP(®, /1) of GMEP (1.3), the solution set
GSVI(C,F,, F,) (i.e.,, &) of GSVI (1.6), the solution set I" of SFP (1.2), and the common
fixed point set ﬂf\il Fix(S;) N Fix(T) of finitely many nonexpansive mappings S; : C — C,
i=1,...,N, and a strictly pseudocontractive mapping 7 : C — C, in the setting of the
infinite-dimensional Hilbert space. The iterative algorithm is based on Korpelevich’s ex-
tragradient method, viscosity approximation method [7] (see also [8]), Mann’s iteration
method, hybrid steepest-descent method [40] and gradient-projection method (GPM)
with regularization. Our aim is to prove that the iterative algorithm converges strongly
to a common element of these sets, which also solves some hierarchical variational in-
equality. We observe that related results have been derived say in [10, 13, 28, 34, 36, 37,
42-54].

2 Preliminaries

Throughout this paper, we assume that H is a real Hilbert space whose inner product
and norm are denoted by (-,-) and || - ||, respectively. Let C be a nonempty closed convex
subset of H. We write x,, — x to indicate that the sequence {x,} converges weakly to x
and x, — x to indicate that the sequence {x,} converges strongly to x. Moreover, we use
wyw(x,) to denote the weak w-limit set of the sequence {x,,} and ws(x,) to denote the strong
w-limit set of the sequence {x,}, i.e.,

wy(x,) = {x € H : x,, — x for some subsequence {x,,} of {x,,}}
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and
wg(xy,) := {x € H : x,, — x for some subsequence {x,,} of {x,,}}.

The metric (or nearest point) projection from H onto C is the mapping Pc : H — C

which assigns to each point x € H the unique point Pcx € C satisfying the property
llx — Pcx|| = inf [lx — y|| =: d(x, C).
yeC
The following properties of projections are useful and pertinent to our purpose.
Proposition 2.1 Given any x € H and z € C, one has
(i) z=Pcx o (x—2z,y—2) <0,Vy e C;
(i) z=Pcx & llx—z|> < lx = ylI*> = Iy —zlI*, Vy € C;
(iii) (Pcx — Pcy,x —y) > |Pcx — Peyl|?, Yy € H, which hence implies that P is

nonexpansive and monotone.

Definition 2.1 A mapping T : H — H is said to be
(a) nonexpansive if

||Tx—T)’|| SHx_y”’ Vx»yGH,

(b) firmly nonexpansive if 27 — I is nonexpansive, or equivalently, if T is 1-inverse
strongly monotone (1-ism),

(x—y, Tx—Ty) > | Tx - Ty||*>, Vx,y€H;
alternatively, T is firmly nonexpansive if and only if T can be expressed as
1
T=-(U+3S),
S+
where S: H — H is nonexpansive; projections are firmly nonexpansive.

Definition 2.2 A mapping A: C — H is said to be

(i) monotone if
(Ax - Ay,x-y) >0, Vx,y€eC;
(ii) n-strongly monotone if there exists a constant 1 > 0 such that
(Ax— Ay, x—y) = nllx—y|?, Vx,yeC;
(ili) a-inverse-strongly monotone if there exists a constant o > 0 such that

(Ax — Ay,x —y) > a||Ax— Ay|>, Vx,yeC.
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It can be easily seen that if T' is nonexpansive, then / — T’ is monotone. It is also easy to see
that the projection P¢ is 1-ism. Inverse strongly monotone (also referred to as co-coercive)
operators have been applied widely in solving practical problems in various fields.

On the other hand, it is obvious that if A4 : C — H is a-inverse-strongly monotone, then
A is monotone and é—Lipschitz continuous. Moreover, we also have that, for all u,v € C
and A >0,

| = 2 Ay = (L= 2 AW||* < = V)% + 20 — 20) | A — Av|)>. @.1)

So, if A < 2a, then I — A A is a nonexpansive mapping from C to H.
In 2008, Ceng et al. [21] transformed problem (1.6) into a fixed point problem in the
following way.

Proposition 2.2 (see [21]) For given x,y € C, (%,y) is a solution of GSVI (1.6) if and only if
x is a fixed point of the mapping G : C — C defined by

Gx = Pc(l - UlFl)Pc(I - Uze)x, VxeC,
where y = Pc(I — vy Fy)X.

In particular, if the mapping F; : C — H is ¢j-inverse-strongly monotone for j = 1, 2, then
the mapping G is nonexpansive provided v; € (0,2¢;] for j = 1,2. We denote by & the fixed
point set of the mapping G.

The following result is easy to prove.

Proposition 2.3 (see [18]) Given x* € H, the following statements are equivalent:
(i) x* solves the SFP;
(ii) x* solves the fixed point equation

Pc(I-AVf)x* =x7,

where . >0, Vf = A*(I - Pq)A and A* is the adjoint of A;
(ili) x* solves the variational inequality problem (VIP) of finding x* € C such that

(Vf(x*),x —x*) >0, VxeC.
It is clear from Proposition 2.1 that
I' =Fix(Pc(I - AVf)) = VI(C, Vf), V1> 0.

Definition 2.3 A mapping 7' : H — H is said to be an averaged mapping if it can be writ-
ten as the average of the identity / and a nonexpansive mapping, that is,

T=(1-a)+as,

where @ € (0,1) and S: H — H is nonexpansive. More precisely, when the last equality
holds, we say that T is «-averaged. Thus firmly nonexpansive mappings (in particular,
projections) are %—averaged mappings.
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Proposition 2.4 (see [55]) Let T : H — H be a given mapping.
(i) T is nonexpansive if and only if the complement I — T is %-z’sm.
(i) If T is v-ism, then fory >0, y T is %—z’sm.
(ili) T is averaged if and only if the complement I — T is v-ism for some v > 1/2. Indeed,
. . . L1 .
Jora €(0,1), T is a-averaged if and only if I - T is 5 -ism.

Proposition 2.5 (see [55,56]) Let S, T,V : H— H be given operators.
() fT=Q0-a)S+aV forsomea € (0,1) and if S is averaged and V is nonexpansive,
then T is averaged.

(i) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.

(iii) If T=Q1-a)S+aV for some a €(0,1) and if S is firmly nonexpansive and V' is
nonexpansive, then T is averaged.

(iv) The composite of finitely many averaged mappings is averaged. That is, if each of the
mappings {Ti}Y, is averaged, then so is the composite Ty - - - Tn. In particular, if Ty is
ayj-averaged and Ty is ay-averaged, where ay,a € (0,1), then the composite T1 T, is
a-averaged, where o = a1 + ay — Q100

(v) Ifthe mappings {T:}Y, are averaged and have a common fixed point, then

N
ﬂFix(T,.) =Fix(Ty - -- Ty).
i=1

The notation Fix(T) denotes the set of all fixed points of the mapping T, that is,
Fix(T)={x € H: Tx = x}.

We need some facts and tools in a real Hilbert space H which are listed as lemmas below.

Lemma 2.1 Let X be a real inner product space. Then there holds the following inequality:
e+ 911> < llx1? + 2(p,2+3), VxyeX.

Lemma 2.2 Let H be a real Hilbert space. Then the following hold.:
(@) llx—yl2 = %l = llyll2 - 2(x - y,) for all x,y € H;
(b) 12+ eyl = Allxll? + pliyll® = hpellx = yII2 for all x,y € H and &, p € [0,1] with
A+u=1
(c) if{xy} is a sequence in H such that x, — x, it follows that

lim sup [|x, — yI|* = limsup ||, — x[* + |l = y[|>, Vye€ H.
n—o00 n—o0
It is clear that, in a real Hilbert space H, T : C — C is &-strictly pseudocontractive if and
only if the following inequality holds:
1-§

(Tx - Ty,x—y) < |lx—ylI* - TH(I— T)x—(I-T)y

2, Vx,y € C.

This immediately implies that if 7" is a & -strictly pseudocontractive mapping, then / — T'

is %—inverse strongly monotone; for further details, we refer to [57] and the references

therein. It is well known that the class of strict pseudocontractions strictly includes the
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class of nonexpansive mappings and that the class of pseudocontractions strictly includes

the class of strict pseudocontractions.

Lemma 2.3 (see Proposition 2.1 in [57]) Let C be a nonempty closed convex subset of a

real Hilbert space H and T : C — C be a mapping.

(i) If T is a &-strictly pseudocontractive mapping, then T satisfies the Lipschitzian
condition

1+§&

1Tx - Tyl < Ellx—yll» Vx,y € C.

(i) If T is a &-strictly pseudocontractive mapping, then the mapping I — T is semiclosed
at 0, that is, if {x,,} is a sequence in C such that x, — x and (I — T)x,, — 0, then
(I-T)%=0.

(iii) If T is &-(quasi-)strict pseudocontraction, then the fixed-point set Fix(T) of T is

closed and convex so that the projection Prix(ry is well defined.

Lemma 2.4 (see [17]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let T : C — C be a &-strictly pseudocontractive mapping. Let y and § be two nonnegative
real numbers such that (y +38)& <y. Then

|y—y +8(Tx-Dy)| < (v +8)llx-yl, VxyeC.
Lemma 2.5 (see Demiclosedness principle in [58]) Let C be a nonempty closed convex
subset of a real Hilbert space H. Let S be a nonexpansive self-mapping on C with Fix(S) # (.
ThenI-S is demiclosed. That is, whenever {x,} is a sequence in C weakly converging to some
x € C and the sequence {(I — S)x,} strongly converges to some y, it follows that (I — S)x = y.

Here I is the identity operator of H.

Lemma 2.6 Let A: C — H be a monotone mapping. In the context of the variational
inequality problem, the characterization of the projection (see Proposition 2.1(i)) implies

ueVI(C,A) <& u=Pc(u—-rAu), 1>0.
Let C be a nonempty closed convex subset of a real Hilbert space H. We introduce some
notations. Let . be a number in (0,1] and let > 0. Associating with a nonexpansive map-
ping T : C — C, we define the mapping T*: C — H by

T*x:= Tx — AuF(Tx), VxeC,

where F : C — H is an operator such that, for some positive constants «,n > 0, F is

k -Lipschitzian and n-strongly monotone on C; that is, F satisfies the conditions
IFx—Fy| <wlx—yl and (Fx—Fy,x—-y)>nlx-yl*

forallx,y € C.
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Lemma 2.7 (see Lemma 3.1 in [40]) T* is a contraction provided 0 < i < i—g; that is,
|T*x - T*y| <@ -2r0)llx-yll, VxyeC,

wheret =1—-/1-u(2n - ux?) € (0,1].

Lemma 2.8 (see Lemma 2.1 in [59]) Let {a,} be a sequence of nonnegative real numbers

satisfying
ans1 < (1= Bu)an + BuYu +8u, Yn >0,

where {B,}, {vu} and {5,} satisfy the following conditions:
(i) {Ba} C[0,1] and Y2, Bn = 00;
(i) either imsup,,_, o v» <0 0r Y 20 BulVul < 00;
(i) 8, >0 foralln>0,and 2,8, < co.
Then lim,_, o a,, = 0.

In the sequel, we will indicate with GMEP(®, /) the solution set of GMEP (1.3).

Lemma 2.9 (see [38]) Let C be a nonempty closed convex subset of a real Hilbert space H.
Let ® : C x C — R be a bi-function satisfying conditions (01)-(03) and h: C x C — R be
a bi-function with restrictions (h1)-(h3). Moreover, let us suppose that
(H) for fixed r > 0 and x € C, there exist bounded K C C and x € K such that for all
z€ C\K, -O(%,2) + h(z,%) + 2 - 2,z x) < 0.
For r >0 and x € H, the mapping T, : H — 2€ (i.e., the resolvent of © and h) has the
following properties:
@) Tx#9;
(if)
(iii) T, is firmly nonexpansive;
(iv) GMEP(O®, h) = Fix(T;) and it is closed and convex.

T,x is a singleton;

Lemma 2.10 (see [38]) Let us suppose that (01)-(63), (h1)-(h3) and (H) hold. Let x,y € H,

r,r2 > 0. Then

r

1Ty — Trhx|l < |ly—x|l + 1Ty -yl

-n
ry
Lemma 2.11 (see [42]) Suppose that the hypotheses of Lemma 2.9 are satisfied. Let {r,} be
a sequence in (0, 00) with liminf,_, o, r,, > 0. Suppose that {x,} is a bounded sequence. Then
the following statements are equivalent and true:

(@) if %y — Ty, xn |l = 0 as n — oo, each weak cluster point of {x,,} satisfies the problem

O(x,y) + h(x,y) >0, VyeC,
ie., wy,(x,) € GMEP(®,h);

(b) the demiclosedness principle holds in the sense that if x, — x* and ||x, — Ty, %4|| = O
as n— oo, then (I - T, )x* = 0 for all k > 1.
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Recall that a set-valued mapping 7 : D(T) C H — 2" is called monotone if for all x,y €
D(T),f € Tx and g € Ty imply

f-gx-y >0.

A set-valued mapping 7 is called maximal monotone if 7" is monotone and (I + AT)D(T) =
H for each A > 0, where [ is the identity mapping of H. We denote by G(T') the graph of T..
It is known that a monotone mapping 7T is maximal if and only if, for (x,f) € H x H,
(f —g,x —y) > 0 for every (y,g) € G(T) implies f € Tx. Next we provide an example to
illustrate the concept of maximal monotone mapping.

Let A: C — H be a monotone, k-Lipschitz-continuous mapping, and let N¢v be the
normal coneto CatveC,ie,

Nev={ueH:(v-p,u)>0,YpeC}.
Define

~ Av+Ncv, ifveC,
Tv=
@, ifveC.

Then it is known in [60] that 7 is maximal monotone and
0eTv & veVICA). (2.2)

3 Main results

We now propose the following hybrid extragradient viscosity iterative scheme:

O (n,y) + M, 9) + -y = sty = %) = 0, VyeC,

Y1 = BuiSitby + (1 — Bu1)thns

Vi = BuiSithy + 1= Bui)yni-1, i=2,...,N,

YuN = PN = 2n Ve, OnN))s

Yn = Pclény Viun + U = €,uF)GPc(Yun = An Ve, Gun))],

X1 = Bu¥n + VPN = 2n Vo Gnn)) + 8 TPc(YuN = 2n Vi )

(3.1)

for all n > 0, where
F:C — H is a k-Lipschitzian and n-strongly monotone operator with positive
constants k,7 >0 and V : C — C is an [-Lipschitzian mapping with constant / > 0;
F;: C — H is {j-inverse strongly monotone and G := Pc(I — viF)Pc(I — vy Fy) with
v; €(0,28) forj=1,2;
T :C — Cisa &-strict pseudocontraction and S; : C — C is a nonexpansive mapping
foreachi=1,...,N;
©,h: C x C — R are two bi-functions satisfying the hypotheses of Lemma 2.9;
{X\,} is a sequence in (0, W) with 0 < liminf,_, o A, <limsup,_, . A, < W;
0<u<2n/k?and 0 < yl <t with 7:=1-/1— u(2n — ux?);
{a,} is a sequence in (0,00) with Y72 o,y < 00;
{e.}, {Bu} are sequences in (0,1) with 0 < liminf,_, B, < limsup,_, ., Bn < 1;
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{yn}, {84} are sequences in [0,1] with B, + y, + 8, =1, Vn > 0;
{ﬁn,i}ﬁl are sequences in (0,1) and (y,, + 8,)é < y,,, Vn > 0;
{r,} is a sequence in (0, co) with liminf,_, o, r, > 0 and liminf,_, o, 8, > 0.

We start our main result from the following series of propositions.

Proposition 3.1 Let us suppose that $2 = Fix(T)N ﬂﬁl Fix(S;) N\GMEP(®,h)NENT # .
Then the sequences {x,}, {yu}, {yn,i} for all i, {u,} are bounded.

Proof Since 0 < liminf, .o X, < limsup,_ A, < and 0 < liminf, B, <

1
la?
limsup,_, ., Bx < 1, we may assume, without loss of generality, that {%,,} C [a4,b] C (0, W)
and {8} C [c,d] C (0,1). Now, let us show that Pc(I — AVf,) is o-averaged for each

A€ (0, a+||AH2) where
2+ A2
= 2+ Mo + |1AI7) € (0,1). (3.2)
4
Indeed, it is easy to see that Vf = A*(I — Pg)A is W—ism, that is,
1
(V) = Vf 0hx=3) = s [ V70 - V) (33)

Observe that

(e + IAIP) (Vo) = VLo ()2~ )
= (a+ 1A1%) [allx = yII* +{Vf (@) - Vf (), x - )]
= —yII* + V(@) - V()5 — y) + | Al [l - y])*
+ AV @) - Vf (), - )
> ol - g2 + 26(Vf (%) = V() —y) + | Vf () = VIO |
= |a@ =) + Vf@) - VfO)|’

2
= | Vful@) - VL) (3:4)
Hence, it follows that Vf, = al + A*(I — Pg)A is |\A||2 -ism. Thus, AV, is W ism ac-
0l+HAH ) _

cording to Proposition 2.4(ii). By Proposition 2.4(iii), the complement I — AV, is
averaged. Therefore, noting that P¢ is i—averaged and utilizing Proposition 2.5(1V), we

know that for each A € (0, m), Pc(I - AVf,) is o -averaged with

L AMa+[AIY) 1 Ale+ AP 2+ A+ A7)

_ _ . = €(0,1). 3.5
772" 2 2 4 0.1 (3.5)
This shows that Pc(I — AVf,) is nonexpansive. Furthermore, for {4,} C [a,b] C (0, W),
we have
1
a< 1nfk <supr, <b (3.6)

n=0 Al n=o0 ey + ||A]
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Without loss of generality, we may assume that

1
a<infA, <supr,<b<——, Vu=>0. 3.7
T n20 n_nzg "= 0‘71"'”14”2 - ( )

Consequently, it follows that for each integer n > 0, Pc(I — A, Vf,,) is 0,-averaged with

oy =

1 A +JAID) 1 A +lAI%) 2+A + A%
g alan + 1AN%) L nlan + 1 Al%) _ nlo, + IA]%) €(0,1). (3.8)
2 2 2 2 4

This immediately implies that Pc(I — A, Vf,,,) is nonexpansive for all n > 0.
For simplicity, we write ¢, = Pc(¥un — AnVa, Unn)) and

Vy =€,y Vyun + (I — €,uF)Gty,

for all # > 0. Then y,, = Pcv, and %11 = Buyn + Vuln + 8,1t
First of all, take a fixed p € §2 arbitrarily. We observe that

yn1 = pll < llttw = pIl < %0 =PIl

For all from i = 2 to i = N, by induction, one proves that

lyni =PIl < Buillttn — Il + (L = Bui)lyni1 = Il < lun = pIl < lln = plI-

Thus we obtain that for every i=1,...,N,

yni —pll < llttw = pIl < 1% =PIl (3.9)

For simplicity, we write p = Pc(p — voFap), t, = Pc(t, — v2Fst,) and z,, = Pc(t, — viFit,)
for each n > 0. Then z, = Gt,, and

p=Pc( —viF))p=Pc(I—viF)Pc(I — v Fy)p = Gp.

Since F; : C — H is ¢j-inverse strongly monotone and 0 < v; < 2¢; for each j = 1,2, we know
that forall # > 0,

lzn =PI = 11Gts - pII?
= | Pl = wF)Pc(I = voFy)ty, — Pl — wF)Pc(I - voFo)p|
< |t =wF)Pe(I = vaFy)t, — (I = wF)Pc(I - voFo)p|
= |[Pc( = vaFa)t, = Pc - v2F>)p)]
—wi[FiPc(I = vaFy)t, — FiPc(I - v F)p]||
< |Pclt = Bty - Pell - wEy)p)|®
+ (v = 20) | EiPeI = v Byt — FiPe(I - v Fo)p |

< (= vaFo)t, — (I = voFo)p|* + vi(ny — 28)IIFiE, - Fip))?
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2 ~ ~
= || (ta = p) = v2(Fatn = Fop) |~ + vi(v1 — 201) | Fu — Fip |l
< lItu = pI* + va(v2 = 28) | Fatyy — Eapll* + vi(vy — 281) | Fut, — Fip||?
< lita - pl*. (3.10)

From (3.1), (3.9) and the nonexpansivity of Pc(I — X, Vfy,), it follows that

15 = Il = [Pl = 21 Vfo, )yun = Pl = 1, V)P ||
< |Pcl = 2V fo)yun = Pl = 1uVfar, )|
+|Pcll = 2V fo, )p = Pl = 2,V )p||
< yun =2l + |0 = 22V fa, )0 = L= 2,Vf)p||

< lxn = pll + Anaullpll. (3.11)
Utilizing Lemma 2.1, we also have

W =PI = | Pell = 2nVfa Yymn — Pl = 2,V )p|?
= |Pc(l = %V fa,)Ynn = Pl = 2NV fa, )P
+ Pc(l = 1V fa, )0 = P = 1, f)p
< |Pell = 2 foo ) = Pell = 2n Vo )|
+2(Pc(l = %, Vfa,)p = Pc = 1u V), 3uN = )
< Iyun = pI* + 2| Pl = 2, Vo, )p = Pe = VAP |7 = Pl
< [l = plI? + 2| (I = %, Vo, )p = (I = 2 V)P 17 =

=< llxx —P||2 + 20,0, ||pl| ||5/n,N -pll. (3.12)
Furthermore, utilizing Proposition 2.1(ii), we have

1w =PI < |95 = 2 Vo Giud) = 2> =[98 = 2n Vo ) = ]
= lyun = pIP = 19nn = tall® + 22V o, Gu) 2 = )
= 1y =PI = 1705 = tall* + 22 (Voo Gun) = Vo )2 = Fun)
(Vo 0),2 = 5} + (Voo Gu)s T = 1))
< lynn = I = Iy = tall®
+ 20 ((Vfarn (00,2 = Fu) + (Voo Gu)s T = )
= lymx = 21> = llynn — tal®
+ 2hn[{(@nl + V)P, = Fun) + (Voo Gnn)s Fnn — )]
< 1y =PI = 1y = tall* + 2000 = Fn) + (Vo G Iy = )]
= 1ynn =PI = 19nN = InN 1P = 200N = T TN = ) = 1Ty — Bl

+ 2)¥n [Ol,, (P,p _yn,N) + (Vﬁxn @n,N)¢5’n,N - tn)]
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2 ~ 2 ~ 2
= lyun —2N° = yuN = YN II” = 1Yun = tall

+ 2(yn,N - )"nvfan G’n,N) - 5};1,N: In— 5/n,N> + 2)%0[}1 (P,P - j/n,N>' (313)
In the meantime, by Proposition 2.1(i), we have

N = 2n Vo GuN) = s bn = T
= (Y = 2on Voo ) = Frus b = I
+ (A Voo ) = 2 Vo G )y i = T
< (A Vo O) = 20 Vg Gru)s r = F)
< o | Vfeon 9) = Vo G| 160 = T |

<Ay (Oln + ||A||2) lyun = Yun it = Fun |l (3.14)
So, from (3.9) and (3.11), we obtain

It =PI < Wyna =212 = 19 = T 1 = 15 = tall?
+ 200N = Mn Vo GuN) = FnNs bn = I ) + 2200 (0P = TN
< 11ynn =PI = 1908 = T 1 = 1T = tall?
+ 24 (cn + AP YN = I En = T | + 2200 (P = Fin)
< 19 =PI = 1yn = Fnal? = [ = all?
32 (0t + IANZ) Uymac = I 1 + 15 = > + 20 (220 = Fn0)
= yn =PI + 20mealIpll 12 = T |
+ (A2 (0 + IAI2)? = 1) 19y = I
< lyun =PI + 2200 [P [Fnn = Pl
< lynx = 2I% + 2hntn P [19 = I+ Anctallpll]
< lynn = pI% + 2V 2kt Pl 1y = pll + 2222 |p]12
= (Iyun - 2l + V20504 1p11)°
< (0 = pll + v 20nctnlpl) . (3.15)

Hence, utilizing Lemma 2.7 we deduce from (3.9) and (3.15) that

Iy, = pll = IPcv, = pll
< | €wy (Vyun = Vi) + (I = €4uF) Gty — (I — €uuuF)p + €4(y V — uF)p||
< ey Vyun = Vol + || (I = €4uF) Gty — (I = €uuuF)p| + €u||(y V = nF)p|
< eylyun —pll + L= €0ty —pll + €| (¥ V = nF)p|
< euvlllynn = pll + A= €,0)[Iyun = pll + V2hueullpll] + €| (v V = uF)p)|
< (1-enlr = yD)lynn —pll + €| (v V = uF)p| + V2hnerullpll
< (1=t = ¥D)llxu - pll + €| (v V = uF)p| + V2hneulp|

Page 16 of 43
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V —uF
= (1= et =y D)l = pl e =y DAL
V —uF
< max{ I = 2l W} V2 pl (3.16)

Since (Y + 84)& < y, for all n > 0, utilizing Lemma 2.4, we obtain from (3.15) and (3.16)
that

16041 =PIl = || Ba®n = P) + Vultn = p) + 84(Ttw = p) ||

< Bullyn —pll + (v + 81)

ﬂn(yn_p)"'(yn +8n) [Vn(tn —P) +6n(Ttn_p)] H

1
Yn + 6

1
% +3 [Vn(tn —P) +8n(Ttn —P)] H
n n

< ﬁn”yn —P|| + (Vn + (Sn)”tn —P||
Iy V = uE)p|
< B, [max{ s - I, Ti” PNCYWER Y

+ 1= Ba) (1% = pll + V2011l
V —uF
= Bu max{nxn ol W} + (1= Bl — pll + v Zhctulpl

V — uF
< max{ I — 2l W} N

By induction, we can prove

IV -nFpll | <
1 5max{ o =plh == 1 YV akandpl 0.
k=0

Since {A,} C [a,b] C (0, W) and ) o2, &, < 00, we know that {x,} is bounded, and so are
the sequences {un}x {Vn}7 {tn}) {Zn}: {J’n}, {yn,N}f {yn,i} for eaCh i= 1: .. 'rN- Since ” Ttn —P” =<

% \It, — pll, {Tt,} is also bounded. O

Proposition 3.2 Let us suppose that §2 # (). Moreover, let us suppose that the following
hold:

(HO) lim,—,c €, =0 and Y, €, = 00;

(H1) lim,_ o '“”’EM =0 and lim,_, » % =0;

(H2) limy,_, oo Bri—brotil _ 0 foreachi=1,...,N;

€n

(H3) 3% len — €41 < 00 or lim,, o M =0;

(H4) D02 17— ruca| < 00 or limy,_, o % =0

(H5) Y021 1Bn = Bu-1] < 00 or lim,,_, "3%5"-1‘ - 0;

[e’e} _ . 1 _
(H6) >0, |1f1’§n - 11/2,11_1 | < 00 or limy o0 | lfgn - 11/2,11_1 | =0.

If ||lu, — uy1|| = o(€,), then lim,,_,  ||x,41 — %, || = 0, i.e., {x,,} is asymptotically regular.

Proof First, it is known that {A,} C [a,b] C (0, W) and {8,} C [¢,d] C (0,1) as in the

proof of Proposition 3.1. Taking into account liminf,_, - r, > 0, we may assume, without

loss of generality, that {r,} C [r,00) for some 7 > 0. First, we write x, = B,.1y,-1 + (1 —
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Bu_1)Wy_1, Yn > 1, where w,,_; = x”_l’i’/’s% It follows that for all n > 1,

_ Xl — ,Bnyn _ Xp — ,Bn—lyn—l

1- ﬁn 1- ,Bn—l
Vuln + 8, Tt _ Vn-1bn1 + 8,1 Tty

Wy — Wy1

1- IBn 1- ,Bn—l
_ Yultn — tuo1) + 8,(Tt, — Tt1) ( Vn Vn-1 )t
= - n-1
1_,3;1 1_1371 1_/3}’1—1
Sn Sy
R ( _ S )Tt,,_l. (3.17)
1- IBn 1- ,Bn—l

Since (y, + 8,)& <y, for all n > 0, utilizing Lemma 2.4 we have
|Vt = tna) + 8Tt = Tt )| < (v + 8180 = s . (318)
Next, we estimate ||y,, — ¥,,1||. Indeed, according to A,(a, + [|A]1?) <1,

= tucall < [ Gy = 2n Vo Gu)) = Gt = Aosct Vs Grr) |
< YN = Ynean I+ | 2n Voo Gnr) = Anct Vi Gra) |
S YN = YL+ 1 = At | Ve G |
+ hnt || Vg Gn) = Vs Gnan) |
< 19 = Yuean |+ 12w = A ||| Vo, Ged) |
+ Mn1 (| Voow O) = Vs O | + | Vityd Ginn) = Vi G |)
< 19N = YuaNl+ 12w = e l]| Vo, Gd) |
+ D[ ltn = G| [Fm | + (s + IAI?) [T = Fnci ]
= 1ynn = Y| + Do = A | Ve, G|
+ Mt lotn = @t [Tl + At (s + IAN) [T = ol
< 19 = Yuean |+ 12w = e ||| Vo, Gd) |

+ Aty — | ||5’n,N I+ ”5/71,N _5’71—1,1\/” (3.19)
and

1703 = Fnan || = | Pe(mn = 2n Ve ) = Pe(n-in = Aot Vaoyy i) |
< |1Pc(yun = 2nVfar, 0nn)) = Pe(Vn-1n = dn Vo, On1n)) |
+ | Pc(na1n = 2n Voo On1n)) = Pe(Vn1nv = Ane1 Vi Ona)) |
< MynN = Ynnll
] 1 = 2 Ve 0n10)) = Gt = 2wt Vo O |
= 119nN = YuaN |+ [ Vo OnetN) = 2ot Vg Ona) |

< 1N = Yt |+ 1nt = Ancr @t Yot I+ Do = At || VG |



Ceng et al. Journal of Inequalities and Applications (2015) 2015:150 Page 19 of 43

< yunN = Ynanll + (anMn = Apaa| + Apoao, - Oln—l|) lyn-1nl

+ |)‘n - )Ln—1| ” Vf()’n—l,N) ” . (3.20)
In the meantime, by the definition of y,; one obtains that, foralli = N,...,2,

Wy = Yn-v,ill < Buillthn — thpa | + 1Sittp1 = Yu—v1,i-1ll1 Bri = Bu-v,il

+ (L= Bu)lymi1 = yn-viall- (3.21)

In the case i = 1, we have

lyn1 = yn-11ll < Buallttn — vy |l + |S1¢40-1 — Uu-all1Bug — Bu-11]
+(1- ﬁn,l)”un — Uy |

= luy — thy || + 1S1280-1 — -1 || By — Br-r,1l- (3.22)

Substituting (3.22) in all (3.21)-type one obtains, for i = 2,...,N,

i
19 = Ynoill < Nt = Il + Y 1Skttt = Vs lll Bk = Bu-ril
k=2

+ |S1¢4-1 — pal1Bug — Bu-111, (3.23)

which together with (3.20) implies that

”5/n,N _5/n—1,N|| lyuN = Yn-1n]l [An = Apal oty — 01
. < . + | ay + A —— | 1yuanll
n n

671 n

A — A
+ M ” Vf()’n_LN)”
€n

Uy — Uy
<”n nl”

N
=—_— ¢+ Z”Skun—l — Yn-t -1l

|:3n,k - lgn—l,k|
n k=2 €n

|ﬁn,1 - ,Bn—l,l |

n

|}\n - }‘n—1| |an - an—l|
+ | o + Au-1 lyn-1n ]l
€y €

n

+ || S1p-1 — Uy ||

Ay — Ay
+ |n€7nl| [ Vf @n-1n)|)- (3.24)
n

Since ||, — uy1 || = o(€,) and the sequences {u,}, {y,,}Y, are bounded, we know that

lim 1Yun = Y1l _

n—00 €,

0.

On the other hand, we observe that

Vn = €2y Vyun + (I — €,1uF)zy,
Vn-1= €p-1Y Vyn—l,N + (1 - En—llu/F)Zn—l, Vn >1
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Simple calculations show that

Vn = Vp1 = (1 - En/LF)Zn - (1 - En,uF)Zn—l
+ (Gn - En—l)(y Vyn—l,N - MFZn—l)

+ €Y (VWun — Vo).

Then, passing to the norm and using the nonexpansivity of G, we get

19 = Yt ll < Vi = Viea |
< |0 - €uptF)zn — (I = €uptF)znr || + l€n = €ntllly Vin-rn — Fzu-1 |
+ €Y VYN — Vil
< (1= €x)12n — Znt | + M€y — € + €xy Ll yun = Vi |
< (L= D)t — tuos || + Mlen — €nt| + €V Ynn = Vsl (3.25)

where sup, .o |y Vyun — nFz, || < M for some M > 0. Also, it is easy to see from (3.17) and
(3.18) that

Vu(ty — tuo1) + 8u(Tt, — Tt,) |l

lw, —wpall <

1_13;1
Vn Vn-1
+ = = ———|ltnll
‘l_ﬂn 1_1371—1 "
1) Su_
+‘ e | Tty
1—/3,, 1_,Bn—1
< (Vn"'fsn)”tn_tn—l” ‘ Vn _ VYn-1 el
l_ﬁn 1_ﬂn 1_,3;1—1
Vn Vn-1
+ - I 7%yl
‘l_ﬁn 1_,Bn—1 "
Yn VYn-1
= ||ty — Lo - [ Tt,_ . 3.26
£y = tuall + 8 1 (It ll + 1 Tt 1) (3.26)

Moreover, by Lemma 2.10, we know that

Tn-1

ety — syl < |l = 1|l + L{1 -

’

T'n

where L = sup, .. 1t — %,
Further, we observe that

Xp+l = /Bnyn + (1 - ,Bn)wm
Xn = ﬁn—lyn—l + (1 - ,Bn—l)wn—l) Vn>1.

Simple calculations show that

Xne1 =% = (1= B) Wy = wy1) + (B — lgn—l)(Yn—l - Wpo1) + ,Bn(yn _yn—l)-
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Consequently, passing to the norm we get from (3.19), (3.23) and (3.25)-(3.26)

141 — %
<A -BI)Iwn—wuall + 184 — Bu-il yn-1 = Wutll + Bullyn — yuall

Vn _ VYn-1
1- ﬁn 1- /3;1—1

+1Bn = Bualllyn-1 = wuall + Bu [(1 — €Tty — tuall

= (1 _,Bn)|:||tn - tn—l” +

’(”tn—lll + ”Ttn—l”)]

+ Mley — €l + €y UYnn = Yuinll]

Vn _ VYn-1
1- ;Bn 1- lgn—l

+1Bn = Bu-allyn-1 — Wy |l +M|€n —€p1| + ,BnEnVl”yn,N = In-1l
<@1- ,annf)[”yn,N — YN+ Ay = Al ” Vfdn @n,N) ”

< A= BuenTltn = tuarll + (Nuaall + 1 Ta N)

+ Ap1lety — | [1Yan |l + 190N —5’n—1,N||]

Vn _ Vn-1
1- :Bn 1- ﬂn—l

+1Bn = Bualllyn-1 — wuall +j\7[|€n —€n1l + Bu€nV YN = Ynin |l
=< (1 - ﬂnen(t - )/l)) ”yn,N _yn—l,N” + |)"n - )Vn—1| ”vﬁxn @n,N)H

(e ll + 1 Tt )

+ ‘

+ }‘n—l |Oln - a}’l—l' "&n,N” + "5/}’1,N _yn—l,N ”

Vn Vn-1
+ |\ ool + || Tt
‘1—,3,4 =5 | (et + 1Tt
+1Bn = Bucal1nct = Woca | + M€y = €51
N
< (1= Buenl - 1) [nun —tpa |+ D NSkttnor = Yus it 1Bk = Busil
k=2

+ ”Slun—l —Up ” |,3n,1 - ﬁn—1,1|:| + Mn - )Ln—1| ” Vﬁxn @n,N) ”

+ }‘471—1 |Oln — Uy | "&n,N” + "5/}’1,N _yn—l,N ”

Vn _ Vn-1
1-By 1-PBua

+1Bn = Buallyn-1 = wua |l + Mle, — €,,1]

(Ntuaall + 1 T2 )

+ ‘

n-1

= (l_ﬂnen(f - Vl)) |:||xn —%p-1]| +L’1 -

n

N
+ 3 USkttns = Yuri1 1 Buk = Bu-ri]
k=2

+ [1S1401 — a1 By — ﬁn—1,1|:| +[An = Apal ” Ve WuN) ”

Yo _ Vi
l_ﬁn l_ﬂn—l

(Ntueall + 117251 )

+ Ap1lo, — o] ”5’?1,N” + ”5/n,N _5’n—1,N|| + ’
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+1Bn = Buallyn-1 = wuar |l + Mle, — €,

|70 = Tl

N
< (1= cen(t =y D)t = sina |+ L=+ 3 lSittner = Yoot Bk = vl
k=2

+ 1181851 = tna 11 Bt = Bural + 1hn = At || Ve G|

Vn _ Vn-1
1- IBn 1- ﬂn—l

+ Ap1lo, — ey ”5’}'1,N” + ”5’n,N _5’n—1,N|| +

(I1Enea ]l + 11 Tta )
+|Bn — Bul ”yn—l = Wyl + Mle, — €,1]

~ | —Tpa
= (1 —Gn(T - )/l)C) ”xn _xn—IH +M0nfnl

N
+ Mo ) |Buk = Buskl + Mol Buy = Byl

k=2
~ ~ ~ i~ ~ ~ Vn Vn-1
+ Mo | Ay = A1 | + Molay, — a1 | + MollYun = Y n | + Mo -
l_ﬂn l_lsn—l
+ Mol By = Bua| + Molen — €51
= 1ol
~ — T
= (1 —en(T - Vl)c)”xn = %1l + Mo { s Z|,Bn,k = Bu-1kl
r
k=1
~ ~ Vn Vn-1
+ Ay — Ayl + oy — | + — Ve + -
| n 22 1| | n n 1| ”yn,N Yn l,N” 1—/3;1 1_,8n—1
+1Bn — Buaal + e — En—l|}
= (1 —€en(T - )/l)C)llxn =%l
Mo [ Iru=rual = 1Buk = Burkl
+En(‘[ —)/l)C' 0 n _n—l + Z n,k n-1,k
(t-yDc €7 pay €,
|)‘n _)"n—1| |05n _an—ll |,Bn _,Bn—1|
+ + +
€, € €,
| — 2t €p — €n VN = Ve
Tpn TP l€y — €41 N 1Ynn = Yn-1n |l , (3.27)
€, €, €
where
N
supd 1+ L+ M+ Y 1Skt = Yol + 1128 =t
n=0
z k=2

+ [ Vforn G | + DU | + 1ll + 1 T8l + Nl — wnn} < My

for some M > 0. Noticing lim,_, o w = 0 and using hypotheses (H0)-(H6) and
Lemma 2.8, we obtain the claim. a

Proposition 3.3 Let us suppose that 2 # (). Let us suppose that {x,} is asymptotically
regular. Then ||x, — u,|| = ||x, — T, %4l = 0 and ||yun — Yun|l = 0 as n — oco.
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Proof Take fixed p € §2 arbitrarily. We recall that, by the firm nonexpansivity of T, , a stan-
dard calculation (see [44]) shows that for p € GMEP(®, h),

lltn = pII* < N1 =PI = 1960 — 1> (3.28)
Utilizing Lemmas 2.1 and 2.7, we obtain from 0 < y/ < 7, (3.1) and (3.10) that

lyn - plI?
= | €wy (Vi = Vi) + (I = €utF)z, = (I = €quF)p + €,(y V = uF)p|*
< ||€ny (Vyun = Vio) + (I = €411 F)z, = (I = €quF)p||” + 2€,((y V = uF)p, 3, - p)
en 1 Vinn = VoIl + | (I = eqtF)z, — (I = €quF)p | + 264y V = nF)p, 3, - p)

ey ynn —pll + 1= €,0)12 = pll ] + 2€4((v V = E)p, 3 - p)

<[
<[
2
[ ”ynN -pl+Q-€7)lz, - pll] +2€,((y V = uE)p,yu — p)

<€t

+(1-€,7) |2, —P||2 + 2€n((7/V ~ UE)p, yn —]9)

< eutllyun —pI* + 120 = pI* + 264 | (v V = nE)p | lyw - pll
< entllyun =PI + 1t = pI> = v2(282 — v2) | oty — Fopl|®

1281 = IIFiE, = FiplI* + 26, || (v V = wBE)p| llyn - plI. (3.29)

Since (y, + 8,)& <y, for all n > 0, utilizing Lemma 2.4 we have from (3.1), (3.9), (3.15),
(3.28) and (3.29) that

2
141 =PI

”:Bn(yn P) + Vultn = p) + 8u(Tt, —P)||2

=< ﬂn”yn —P||2 + (Vn + 5n)

1 2

= BuOn =) + (Vi + 8n )—[Vn(tn_p)+3n(Ttn —19)]
Y+ 8n

2

[Vn(tn - p) +8u(Tt, —P)]

Yn + 8
< Bullyn = 2I* + (v + 80) I — pII
= Bullys —pII* + @ = Bl — pII>
< Bulentlynn = pII* + 1w = pII* = v2(28, — v) || oty — Fypl|®

- 01281 = V)| Fiy — Fip|1* + 264 | (v V = nE)p| llys — pIl] + (L= Bt — pII?
< Nltw = pI? = Ba[v2(2¢2 = v2) | Fatyy = Fopll* + v1(281 — vi) | Fiky — Fip|I*]

+ enTlyun = pII* + 26, (v V = uE)p| Iy, - pll
< 19 =212 + 20@allpl12 = Funll + (2 (et + 1AI2)" = 1) 19 = T 1

= Bu[v2(282 = Vo) | Fatyy = Fop|1* + v1(281 — v) || Fy, — FiplI*]

+€nTllynn —pII* + 26, (v V = uF)p| Iy, - p
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< Nt = pI? + 20000 lP 12 = Tl + (A2 (cn + 1ANZ)* = 1) 1§y = w1
= Bu[v2(282 = v2) | Faty — Fopl|® + 11(281 — v1) | Fiy — Fip||?]
+enT lyun — plI* + 26, (v V = uE)p| s - pll
< lotn = pII* = Iotn — > + 22 netullpll 1 = v |
+ (A2 (@ + IAI)? = 1) 1y = |l
= Bu[v2(282 = v2) | Fatyy = Fop|1* + 11(281 — )|y — FipII*]

+ €nTllynn = pII” + 26, (v V = uF)p| lly. - pIl. (3.30)

So, we deduce from {8,} C [¢,d] C (0,1) and {A,} C [a,b] C (O, W) that

st = sl + (1= 2 (0t + IAI2) ) 19w = T 12

+ c[v2(282 = V)| Faty — Bop|* + v1(281 = ) | Fiy — Fip )]

< [0 =t + (1= 22 (e + 1AI2) ) 19y = T |12
+ Bu[v2(282 = w) | Faty — Fopl|® + v1(201 — ) | Fiy — Fip )]

< %0 =PI = 1%na1 = pI* + 222l 12 = T |
+ enTllynn = pI* + 26, (v V = uF)p| Iy - pll

< 1% = Zns 1 (10 = Pl + 1 = 1) + 20BN 12 = T |
+ €T yun — pII” + 264]|(y V = uE)p| Iy - plI.

By Propositions 3.1 and 3.2 we know that the sequences {x,}, {y.}, {yun} and {y,n} are

bounded and that {x,} is asymptotically regular. Therefore, from «, — 0 and €, — 0 we
obtain that

lim ||, — || = lim ||Fot, — Fopll = lim ||FiZ, = Fipll = im [ly,n = Jun |l = 0. (3.31)
n—00 n—00 n—00 n—00 0

Remark 3.1 By the last proposition we have w,,(x,) = w, (14,) and ws(x,) = ws(u,), i.e., the

sets of strong/weak cluster points of {x,} and {u,} coincide.

Of course, if 8,,; — B; # 0 as 1 — 00, for all indices i, the assumptions of Proposition 3.2

are enough to assure that

. ||xn+1 —an
lim — =

n—00 ﬁn,i

0, Vie{l,...,N}.

In the next proposition, we estimate the case in which at least one sequence {B,x,} is a

null sequence.

Proposition 3.4 Let us suppose that §2 # (. Let us suppose that (HO) holds. Moreover, for
an index ko € {1,...,N}, lim,_, o0 By, = 0 and the following hold:
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(H7) foreachindexie€{1,...,N},

. |ﬂn,i - ﬁn—l,i| . |O(n - O5;'1—1| . |ﬁn - ﬁn—l| . |rn - rn—1|
lim——=lim——=1lm — = lim —
n—>00 6nﬁn.ko n—>00 6nﬁn,ko n—>00 En,&’t,ko n—>00 6nl3n,k0

. |€n - en—l| VYn Vn-1
= lim ——= -
n—00 Enﬁn,ko n—00 Enﬂn,ko 1-8, 1-Bua
VP
- lim | n n 1| _ 0;

n—00 enﬂn,ko

| 1 1
Buky  Pn-lkg

(H8) there exists a constant 8 > 0 such that é
[f”un - Mn—l” = 0(€n/3n,k0); then

| <8 foralln>1.

. [1%241 = Xl
Iim — =

n—00

0.

ﬂ Vl,k()

Proof 1t is clear from (3.24) that

[ N e Bk = Bu-ril
N — Yn-1N —Up-1 k — Pn-1k
PN InAINT o T B S Skttt = |k
6nﬂn,ko enﬁn,kg 2 6nﬂn,ko
[Bu1 — Bu-11]
+ [1S1thy1 = || =
6WIBVIJ(()
|)\n - }‘4n—1| |an - Oln—1|
+ | oy + Aot ”ynfl,N”
Gnﬂn,ko Enﬂn,ko
[ = Anal
= |V )|
Enﬂn,ko
According to (H7) and ||u,, — 1,1 || = 0(€,Buk,), We get
lim 17nN = Ynnll 0. (3.32)

n—00 Enﬁn,ko

Consider (3.27). Dividing both the terms by 8,,,, we have

X —X Xy — Xp—
” n+l n” g(l—en(r—yl)c)” n nl”
ﬂn,ko ﬁn,ko
~ N
My [T — Pl | Bk — Bn-1,k]
+€,(t —yl)c- — +
(7: - )/l)C Enﬂn,kor P Gn,Bn,ko
|)\n - )"n—l| |an - aVl—1| |ﬁrl - ﬁn—l|
+ + +
En,Bn,ko En/gn,ko €n,&q,ko
| Yn _ _VYn-1 ~ ~
-8, 1-Bn1 + l€n — €n-1l + ”yn,N _)’n—l,N”
En,Bn,ko €nlgn,ko En/sn,ko
So, by (H8) we have
X —X Xy — Xy—
” n+1 n” S(I—EH(T—VI)C) ” n n 1”
/371,/(0 ,Bn—l,kg

+ (1 - Gy,(T - VZ)C) ”xn —Xn-1 ”

: ‘
IBVI,/(() ﬂn—l,ko
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MO |rn - rn—1|
+e€,(t —yl)c- -
(r - )/l)C En,Bn,kor
N
|,3n,/< - ﬁn—l,k| |}"n - )Vn—l| |an - an—1|
+ Z + +
P En,Bn,ko €n,Bn,kc. enﬂn,ko
Yn Yn-1 ~ ~
+ 181 — Bual |1—;3,, T 1-B.1 + l€n — €n1l + ”yn,N —yn—l,N”
enﬁn,ko enﬁn,ko Gnﬁn,ko En,Bn,ko
”xn —Xn-1 ” 1
< (1-enlr - ylo) ——— + |xn — Xy || 7— -
ﬂn—l,ko :3}1,/(0 ﬁn—l,k()
MO |rn - rn—1|
+e,(t —yl)c- -
(t=yDc| €nBukT
N
1Bk = Bu-1kl  1Au—=Aual  lay — 0]
+ Z + +
P En,Bn,ko En/gn,ko Gnﬂn,ko
Vn Yn-1 ~ ~
+ 181 = Bu-1l + |1—f3,, - 1—2,,,1 + l€n — €41l + YN = Yn-1n ]l
EnlBVl,ko En,BVt,ko enﬁn,ko E}1,‘3;1,k0

|
=< (1 —eu(t - VZ)C)# + €46 ||y — x|

n-1,ko
My |70 = Fpal
+é€,(t —yl)c- =
(t=yDc| €nBuk”
N
| Bik = Bu-1,kl [An = Ayl oty — ety
£y + +
1 enﬂn,ko 6n/gn,ko enlgn,ko

Yn_ _ _Vn-1 ~ ~
N |81 — Bl . =5 — Tha . l€n — €pl . 1Yun = Y1l

6nlgn,ko 6nﬂn,ko Gnﬂn,ko 6nﬂn,ko
%60 — 21|
= (1 - En(r - Vl) )
ﬂn—l ko

N
|7 — Tl + |Bni — Bu-1,xl + [An = Apal + ety — 0t
€n ﬂn,ko r P €n ,Bn,ko €n ,Bn,ko €n ,Bn,ko

BBl 1T~ EES le—enml 15 =T ||
6nlgn,ko 6nlgn,ko €nﬁn,ko 6nﬂn,ko

Therefore, utilizing Lemma 2.8, from (3.32), (HO0), (H7) and the asymptotical regularity of

{x} (due to Proposition 3.2), we deduce that

. %61 — %l
lim — =

n—00

0. O

ﬂ rl,k()

Proposition 3.5 Let us suppose that §2 # (). Let us suppose that (H0)-(H6) hold. If |u, —
U1l =o(e,), then ||z, — t,|| = 0 as n — oo.
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Proof Let p € £2. In terms of the firm nonexpansivity of Pc and the j-inverse strong
monotonicity of F; for j = 1,2, we obtain from v; € (0,2¢;), j = 1,2 and (3.10) that

12, = BI* = | Pl = vaFa)t, — Pe(l - voFo)p||?
< (T =voF)ty — (I = vaF2)p, Ty — p)
1 ~ -
= Sl = vaFo)t, - - nE)p| + 1%, - pII?

— I = vaFo)ty — (T = v3Es)p — (B - )]

IA

1 ~ N ~ -

5['”" =PI+ 15 = BI? = |t — £) = va(Fat — Esp) — (p - P)||*]
1 ~ - ~ -

= 5Lt —pI + 1, - I - |t -E) - 0-p)|

+ 2U2((t,, - Zn) - (19 _ﬁ)’F2tn - F2P> - U%”th,, - sz”z]
and
Izs = pII* = |Pcll = wF)E, - Pell - wF)p|
< (U = viF)E — I = vF)p, 24 — p)
1 ~ -
= S = wF)E ~ = wE)B| + 2~ pI

~ |t = wE)E, - I~ wF)p - (20 - p)|’]

IA

1, . " ~ -

S [N =BI” + 2 =PI = [ G~ 2) + w-p)|’

+2v(Fit, — F1p, (B0 — 24) + (p = P)) = vi | Frn — F1pII?]
1 ~ -

< S [tw=pI? + Nz = pI = | G —2) + w-p)|’

+2v(Fit, — Fip, (8 — z) + (p - D))

Thus, we have
17, = BI® < =PI = | (80— ) = 0 - )|
+205((tn = £1) = (p = D), Faty — Fap) = v3 | Faty — Fopl|® (3.33)
and
12 = plI? < Ntw =l = |G = 2) + (0 - D) |
+2v1 |\ Fity — Fipll | (B — 2) + (0 - D)||- (3.34)
Consequently, from (3.10), (3.15), (3.29), (3.30) and (3.33), it follows that

2
%01 = pl

< Bulyn —pI* + (L= B)lItn - pII?
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< Bulentllynn = pII* + 20 = pI* + 26, | (¥ V = uE)p| Ilyn - pll ] + (1L = B lItw — pII?
< Bulentllynn —pI* + 115, = pII* + 26, [ (v V = uE)p |1y, = pII] + (L= Ba)lI& - pII?
< Bulent lyun =PI + lta = pI> = || (6 E) - (0 - )|

+ 20| (tn = Tn) = (p = D) || Fatn — Fopll + 26, || (v V = uF)p|| 1y, - pll]

+ (1= Bt~ pl?
< lltw = PI* + €T lynn =PI = Bu| (& — &)~ (0 - D)

+ 20| (8w = T4) = (p = D) | | Fatn — Fopll + 26, (v V = uF)p|| s - p
< (I =PIl + V2hnttullpl) + ent 1 = PI* = Bu| (8~ ) — 0 - D)

+ 20| (80 — £) = (p = P)||1Fatss — Fopll + 26, || (v V = uF)p| I3 - plI,

which yields

ot~ - @-p)|
< Bulta=%) - 0 -D)|
< (I = 2ll + V2hnttullpl)” = 1%me1 =PI + €T 19 — 211>
+20s|(t = T0) — (p = P) | I Faty — Eapll + 26, | (y V = wF)p | Iy -
< (1960 = | + V200t [ P11 (1960 = 21 + 601 = Pl + V2000t 1)
+entllyun —pI* + 20 |t — £) = (0 - B) | | Fatn — Fop|

+2€, [ (y V = uF)p| lly. - pl.

Since lim,_, o 0t = 0, lim;,, o €, = 0, limy,—, o %41 — % || = 0, and {x,,}, {yn} ynnh {80} and
{,} are bounded, we deduce from (3.31) that

Jlim (& ~ &) - (p - )| = 0. (335)
Furthermore, from (3.15), (3.29), (3.30) and (3.34), it follows that

%1 = pII>
< Bullyn = pII* + A= Bt - pII?
< Bulentllynn —pI* + 1120 = pII* + 26, | (v V = uF)p||llyn — pll] + (1= B It — pII®
< Bulent 19un = I + llta = pI* = | G~ 20) + (0 - )|
+2u1[|Fity — Fpll| (B — z0) + (0= )| + 26| (v V = uF)p | Iy - p1l]
+ (1= B)lta - pl?
< it =PI + €xtllynn =PI = Bul| s —z) + (0~ )|
+ 20| Fidy — Fipll || (G = 20) + (0 = D) | + 264 | (v V = wB)p Iy = Pl
< (160 = 2l + V2200llp)” + €nTllynn =PI = Bu| G~ 20) + (0 - D)

+ 2])1”1:1;;1 - Fpll ||(Zn ~2zn) + (p—P) ” +2¢, ||(VV—MF)P|| Iy =PI,
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which leads to
e G-z + 0 -P)|
< Bul| G —2) + (0 - P)|
< (160 = pll + V220llpll)” = [ne1 =PI + € Iy = pII>
+ 2v1| Fily = Fipl || = 24) + (0 = D) | + 264 | (v V = B)p | 1y = pi
< (1% = 2| + V2hetullpl) (160 =PI+ a1 = 21l + V200l
+ €T lymn =PI + 201 |Fiky — Fipl || (B — 2a) + (0 = )|

+2€,) (v V = uF)p||llyn - pll.

Since lim,,—, oo @y = 0, lim,,—, o €, = 0, limy,—, o6 (%41 — % || = 0, and {x,,}, {yn}7 {yn.N}! {z,} and
{,} are bounded, we deduce from (3.31) that

lim [|(Z ~z,) + (0 - p)| = 0. (336)
Note that

It = 2zull < |t = 2) = 0 =D + |G —20) + (0 - D).
Hence from (3.35) and (3.36) we get

lim ||ty — z,ll = lim ||, — Gt,|| = O. (3.37)
n—o0 n—o0 D

Proposition 3.6 Let us suppose that §2 # (). Let us suppose that 0 < liminf, o B,; <
limsup,_, o Bni <1 for each i =1,...,N. Moreover, suppose that ||u, — u,_1| = o(€,) and
(HO)-(H6) are satisfied. Then lim,,_, o ||Sitty, — U, || = 0 for each i =1,...,N provided || Ty, —
Yull = 0 as n— oo.

Proof First of all, it is clear that

Itn = Fun || = [|Pcun = 2nVfa Gun)) = Pe(Vnn = 2n Vo ) |
< 1O = 2n Ve Gun)) = O = 2 Voo On)) |
= Jon || Voo, Gn) = Vo 0u) |
< hn(@n + 1AIP) 170N = Yun |

S MYuN = Yunll.
By Proposition 3.3, we get
lim ”tn _yn,N” =0,
n—00
which together with (3.31) implies that

lim |4,y |l = 0. (3.38)
n—0o0
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Note that

lyn = tall < ||6ny Vyun + (I = €utF)zy — ty ”

< €nlly Vynn — uFzull + 120 = tull.
From Proposition 3.5 and €, — 0, we obtain
lim ||y, — £,] = 0. (3.39)
n—00
Also, observe that

Xnsl =X Xy — YV = Xpt1l — Yn
= yn(tn _yn) + 5n(Ttn _yn)
= yn(tn _yn) + an(Ttn - Tyn) + SM(Tyn _yn)~

By Proposition 3.2 we know that {x,} is asymptotically regular. Utilizing Lemma 2.4 we
have from (y,, + §,)€ < y,, that

”_yn - xn” = Hxn+1 —Xp — Vn(tn __yn) - Sn(Ttn - Tyn) - an(Tyn _yn) ”
< %1 —xall + ” Yultn = yn) = 8,(Tt, — Tyn)n + 8l Ty — yull
S Mt = %l + Y + )18 = Yl + 8| Ty = Yl

< %ner =Xl + 1t = Yull + 1 Ty = yull,
which together with (3.39) and || Ty, — y,|| — O leads to
lim ||x, — y,|l = 0. (3.40)
n—00

Let us show that for each i € {1,...,N}, one has ||S;u,, — y,;-1|| = 0 asn — oco. Letp € £2.
When i = N, by Lemma 2.2(b) we have from (3.9), (3.10), (3.15) and (3.29)

lyn - pII>
<eunTllyun —pI* + 120 =PI + 264 | (¥ V = uF)p | lyu - pll
< entlyun —pI* + ltn = pI” + 264 | (y V = uF)p| lya - plI
< entlyun =21 + 26| (v V = wF)p| lyn — pll + 2000ullpl 7 — 2l + 1ynn — I
< entllynn —pI* + 26, | (¥ V = uE)p| Ilyn — pll + 21n0t || 170 — P
+ BunlISnttn — pI* + (1= Bun) lymn-1 =PI = B = Bun) 1SN thn = Yun-1 ]I
< entllyun =PI + 26| (v V = wF)p| llyn - pll + 20 ncullpllFnn - pll
+ Bunlltn = pI* + A= Bun) it =PI = Bun @ = Bun) ISt = YN |1
= entllynn —pI? + 264 | (v V = uE)p | Iyn = pll + 24netn Pl [T -

+ lttw = pI* = Bun (L = B ISnttn = Yun-1 ]I
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<entllyun —pI* + 26, | (v V = uE)p | lyn — 2l + 2Xncu ol |7n = Pl

+ 12 = pII* = Bun (L = Bun) 1SNty = Y- I

So, we have

B = Bun) 1SN thn = Yun-1 I
< entllynn =PI + 264 | (v V = uF)p| lyn = Il + 22n0tullpll|7nn - Pl
+ %0 = pI* = llyn - pII?
< eutllynn = plI* + 26, (y V = wE)p||Ilyn = pll + 2000, | P17 = I
+ 1% = ¥l (1120 = 21l + 1y = pII).
Sincea, = 0,€, = 0,0 < liminf,_, o By <limsup,_,  Bun <1landlim,_ o [[%, =yl =0

(due to (3.40)), it is known that {||Syu, — y,n-11} is a null sequence.
Letie{l,...,N —1}. Then one has

lyn - pII”
< entlyun =21 + 26| (v V = wE)p| llyn = oIl + 20ntullplFnn — 2l + 1ynn — I
< entllyun =PI + 26| (v V = uF)p| llyn - pll + 20 ncullpllFnn - pll
+ Bun IS — plI* + (L= Bun) 1yun-1 — P12
< entllynn —pI* + 26, | (v V = uE)p| Ilyn — pll + 21net || 70 — P
+ Bun %0 = pII* + (L= Bup) Pnn-1 — P11
< entllynn =PI + 264 | (v V = uF)p| 1y — oIl + 22n0tullpll|7nn - Pl
+ Bun16n = PI” + (L= Bun) [ Bun-1lSn-1t4n = P> + (1 = Bun-1)1ymn-2 = pII*]

< enTllyun —pI* +264]|(y V = uE)p||1yn =PIl + 2%nctullp | |7 — P

N

+ (Bun + (1= Bun)Buna)Ixn = pI”* + ] A= Bui) w2 - pI%

k=N-1

and so, after (N — i + 1)-iterations,

Iy —pI?
< entllyun —pI* +264]|(y V = uE)p||1yn = Il + 2%n0tullp | |7 — P
N N N
+ (ﬁn,N + Z (l—[(l - ﬁn,l)) ﬁn,j—l) ”xn —P||2 + 1_[ (1 - lgn,k)”yn,i _17”2
j=i+2 \ l=j k=i+1
<entllyun —pI* + 26, | (v V = uE)p | lyn — 2l + 2Xncu ol |7n = Pl

(ﬁm+2(]—[1 ﬂnl)ﬂn, l)nxn -pl? +H (1= Bui) [ Buill Sittn - pII?

j=i+2 \ I=f k=i+1

+ (L= Bui)ymics = PI* = Bui(l = Bup)ISittn — yiza|I?]
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<entllyun —pI* + 26, | (v V = uE)p | lyn — 2l + 2Xncu ol |7n = Pl

N

+ 11260 = pI* = Bui[ [ = Bui)l1Sitt = yica I (3.41)
k=i

Again we obtain that

N
Bui] [0 = B I1Sitt = yuia I

k=i
< et llyun —pI* +26,||(y V = uE)p|| s - Pl
+ 220 [P = Il + 1% = pII* = Iy — pII?
<entllyun —pI* + 26| (v V = uE)p|| Iy - pl

+ 200|110 =PI+ 156 = 3l (6 =PI+ 1170 = P11

Since a, = 0, €, — 0, 0 < liminf,_, o B,; <limsup,_, ., Bni <1 foreachi=1,...,N -1,
and lim,, . [|%;, — ¥, || = 0 (due to (3.40)), it is known that

lim ||S;u, = yuiall = 0.
n—0o0

Obviously for i = 1, we have ||S1u, — u,|| — 0.
To conclude, we have that

I1S2tty — il < S2ttyy = Yuill + 1Yn1 — tnll = 1S2tt — Y1l + BualS114 — |

from which ||Syu, — u,|| — 0. Thus by induction ||S;u, — u,|| — 0 foralli=2,...,N since
it is enough to observe that

1Sittn — wnll < 11Sittn = Ynicall + 1Ynic1 — Sicatg || + | Sicaen — |

< Sittys = Ymica | + A = Bric)1Sicitb = Ymica | + 1 Sic1tt — 1| O

Remark 3.2 As an example, we consider N = 2 and the sequences:
(a) ﬁn:%+%, ,,:8,,:%—%,Vn>4;
(b) A= 5k — 2, V> A%
(c) a,,:%,e,,:%m,rn=2—%,‘v’n>l;
(d) Bui=3—% Bua=3— 2 ¥n>2.
Then they satisfy the hypotheses on the parameter sequences in Proposition 3.6.

Proposition 3.7 Let us suppose that 2 # ¥ and B,,; — Bi for all i as n — oo. Suppose that
there exists k € {1,...,N} such that B, — 0 as n — oo. Let ko € {1,...,N} be the largest
index such that B, x, — 0 as n — 00. Suppose that

(i) &t — 0asn— oo;
ﬂn,ko
B

(il) ifi <ko and B,; — 0, then Wklo — 0asn— o0;
(ili) if Bui — Bi # 0, then B; lies in (0,1).
Moreover, suppose that ||u, — tu,_1|l = 0(€,Buk,) and (HO), (H7) and (H8) hold. Then

limy,— o0 ||Sitty, — uy|| = 0 foreach i =1,...,N provided || Ty, — y,|| = 0 as n — oco.
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Proof First of all we note that if (H7) holds then also (H1)-(H6) are satisfied. So {x,} is
asymptotically regular.

Let ko be as in the hypotheses. As in Proposition 3.6, for every index i € {1,...,N} such
that 8,,; = B; # 0 (whichleadsto 0 < liminf,_, o, B,; < limsup,_, ., Bui < 1), onehas || S;u, —
Yni-1ll = 0 as n — oo.

For all the other indices i < ko, we can prove that ||S;u, — y,,1] = 0 as n — oo in a
similar manner. By the relation (due to (3.15), (3.30) and (3.41))

2
%1 — Pl

< Bulyn —pI* + L= B)lItn - pII?

< Bn [anllyn,z\z =pI? + 26, | (y V = uE)p || llyn = pll + 22nen | pl [T — Pl

N
1% = plI* = B ] [ = Bui) ISien —yn,l-_lnz}

k=i

+ (1= B (1% - pll + V2200, pll)?

< (190 = pll + vV22,@allp 1) + €uT 1y =PI + 264 ]| (v V = 1E)p| Iy — pll

N

+ 200t | INFn = Pl = BuBi[ [ = Buil1Sith = ymica 1%,
k=i

we immediately obtain that

N
o[ [@ = BuiSitt = ynica >

k=i
N
< Bu] [ = BuidISitt = yiall?
k=i
2
< (lxn —pll + V2hnellpl)” = %01 = pI* + €T llymn — pII>
+ 26, (v V = uF)p||17n = pll + 2200l P |7n — Pl

< ”xn _xn+1” + \/E)‘nan”p”
- :Bn,i

+€nTllynn —pII* + 26, | (v V = uF)p| lyn = pll + 200t o1 1 Fn = P

(Il6n =PIl + %1 = Pl + V24,0, 1Pl

By Proposition 3.4 or by hypothesis (ii) on the sequences, we have

1% = 2 ll 1% — %l ﬂn,ko
= . — 0.
ﬂn,i ﬁn,ko .Bn,l'
So, the conclusion follows. O

Remark 3.3 Let us consider N = 3 and the following sequences:
(a) ﬂﬂ:%+;_2:yn:5n:i—n%,vn>2;
(b) %, 3 V> lIAll;

-1 __
T 201412 2#
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1 1 1
(c) Oln=,,—2r0!n=m,rn=2—n—2,‘v’n>1;

(d) ﬁn,l = nl%’ ﬁn,Z = % - an: lgn,3 = '11%; Vn>1.
It is easy to see that all hypotheses (i)-(iii), (HO), (H7) and (H8) of Proposition 3.7 are
satisfied.

Remark 3.4 Under the hypotheses of Proposition 3.7, analogously to Proposition 3.6, one
can see that

lim ||Siuy — Yyl =0, Vie{2,...,N}.
n—00
Corollary 3.1 Let us suppose that the hypotheses of either Proposition 3.6 or Propo-

sition 3.7 are satisfied. Then w,(x,) = wu(U,) = 0W¥n1), 0s(x,) = ws(u,) = ws(¥,1) and
wy(%,) C 2.

Proof By Remark 3.1, we have w,(x,) = ww(u,) and ws(x,) = ws(u,). Note that by Re-
mark 3.4,

lim ||Syuy — yun-1ll = 0.
n—0Q

In the meantime, it is known that
lim |[Snuy —uyll = lim |lu, —x,| = lim [z, - .| = 0.
n—00 n—00 n—00

Hence we have
lim ||Syu, —yal = 0. (3.42)
n—0oQ

Furthermore, it follows from (3.1) that
im |lyun = yun-all = im By nlISnetn = Yun-all = 0,
n—00 n—0oo

which together with lim,,_, « ||Sny#, — Yun-1] = 0 yields
lim [|Syu, = yun|l = 0. (3.43)
n—0oQ

Combining (3.42) and (3.43), we conclude that
lim ||y, = yunll =0, (3.44)
n—00

which together with lim,,_,  ||%,, — ¥, || = 0 leads to
lim [lx,, — yun | = 0. (3.45)
n— o0

Now we observe that

% = Y1 | < 10 — tnll + 1Yn1 — Unll = %0 — nll + BualIS126n — 1.
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By Propositions 3.3 and 3.6, |x, — u,|| — 0 and ||S;u4, — u,|| — 0 as n — 00, and hence
lim |[%, —yuall = 0.
n—00

So we get w,, (%) = W, (1) and w;(x,) = Ws(V1)-

Let p € wy(x,). Then there exists a subsequence {x,,} of {x,} such that x,, — p. Since
p € w,(u,), by Proposition 3.6 and Lemma 2.5 (demiclosedness principle), we have p €
Fix(S;) for each i=1,...,N, i.e, p € ﬂf\il Fix(S;). Combining (3.38) and (3.45), we obtain
|2, — t4]l = 0 as n — oo. Taking into account p € w,(t,) and |¢, — Gt,|| — 0 (due to
(3.37)), by Lemma 2.5 (demiclosedness principle) we know that p € Fix(G) =: &. Also,
since p € w,(y,) (due to (3.40)), in terms of || Ty, — y,|| — 0 and Lemma 2.3 (demiclosed-
ness principle), we get p € Fix(T). Moreover, by Lemma 2.11 and Proposition 3.3 we know
that p € GMEP(®, k). Next we prove that p € I". As a matter of fact, from (3.31) and (3.45)
we know that y,, — p and y,, y — p. Let

Fo o Vf(v)+Ncv, veC(C,
g, véC,

where Ncv={u e H: (v-p,u) > 0,Vp € C}. Then T is maximal monotone and 0 € Tv if

and only if v € VI(C, Vf); see [60] for more details. Let (v, u) € G(T). Since u— Vf(v) € Ncv
and y,n € C, we have

(v — YN U — Vf(v)) > 0.
On the other hand, from ¥, x = Pc(I — A, Vfy,)ynn and v € C, we have

(V _5’n,N;5’n,N - (yn,N - )‘-nvﬁxn Un,N))) Z 0)

and hence

<V _5/n,N; M + vﬁxn (yn,N)> >0.

Therefore we have

(V _5/ni,N! M)

> (v=Fun, V()

> (V - yni,N: Vf(V)) - <V - yni,N’ ynv}v}\’ﬂ + Vfani (y”i:N)>

i
Yn;,N = Yn;,N
o

i

= (V - yﬂi,N’ Vf(V)) - <V _yni,N: + Vf(yn,-,N)> — Qy; (V _yni,N:yn,-,N>

= (V= , VI ) = VI Grph)) + (V= TN VI Grh) =V Gin)

5/71,‘,1\[ = Yn;,N
on

i

- <V - 5/71,-,Nr > — Oy; (V - yni,N:yn,-,N>

~ ~ ~ ~rl,-,N - Jn;,N ~
> (V - yn,-,N: Vf(yni,N) - Vf(yn,-,N)) - <V - yn,-,N) %> - ani (V - yn,-,Nryn,-,N>-

i
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From (3.31) and since Vf is Lipschitz continuous, we obtain that lim,_, o [|Vf(¥4,n) —
Vf()/ni,N)” =0. From 5’n,~,N _\pr {)"n} - [ﬂ, b] C (0; W) al‘ld (331), we have

(v—p,u) = 0.

Since 7' is maximal monotone, we have p € 7710 and hence p € VI(C, Vf), which im-
plies p € I'. Consequently, it is known that p € Fix(T) N ﬂf\il Fix(S;) N\GMEP(®,h) N E N
Ir=2x. (N

Theorem 3.1 Let us suppose that 2 # (. Let {a,,}, {Bui}, i =1,...,N, be sequences in (0,1)
such that 0 < liminf,_, » B,; <limsup,,_, ., B < 1foreach index i. Moreover, let us suppose
that (HO)-(H6) hold. Then the sequences {x,}, {y,} and {u,} defined by scheme (3.1) all
converge strongly to x* = Po (I — (WF — yf))x™ ifand only iflim,_, o ||y, — Ty, || = 0, provided
llety —thy1 || = 0(€,), Wwhere x* = Po(I— (WE — yf))x* is the unique solution of the hierarchical
vIP

((yf —uP)x*,x—x*) <0, Vxe . (3.46)

Proof First of all, we note that F : C — H is n-strongly monotone and «-Lipschitzian on
Candf: C — Cisan [-Lipschitz continuous mapping with 0 < y/ < 7. Observe that

un>=t & pn>=1-,/1-pu(2n-pk?)
& J1-u(2n-pe?) =1-uny
& 1-2un+p’k*=1-2un+u’n’
& e
& k=7

It is clear that

((WF = yf)x = (WF =y )y,x—y) > (un - yDllx - ylI*>, Vx,yeC.

Hence we deduce that uF — yf is (un — y[)-strongly monotone. In the meantime, it is easy
to see that uF — yf is (uk + yl)-Lipschitz continuous with constant puk + yI > 0. Thus,
there exists a unique solution x* in £2 to VIP (3.46).

Now, observe that there exists a subsequence {x,,} of {x,} such that

lim sup((yf — uF)x*, %, — x*> = lim <(yf — UE)X", %, — x*) (3.47)

n—0o0 11— 00
Since {x,,} is bounded, there exists a subsequence {xnij} of {x,,} which converges weakly
to some p € H. Without loss of generality, we may assume that x,, — p. Then, by Corol-
lary 3.1, we get p € w,(x,,) C 2. Hence, from (3.46) and (3.47), we have

lim sup((yf — uwF)x*, %, — x*) = ((yf — uF)x*,p —x*) <0. (3.48)

n—0o0
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Since (H1)-(H6) hold, the sequence {x,} is asymptotically regular (according to Propo-
sition 3.2). In terms of (3.40) and Proposition 3.3, ||x, — y,|| — 0 and |x, — u,|| — 0 as

n— 00.
Let us show that ||x, —x*|| — 0 as n — oo. Indeed, putting p = x*, we deduce from (3.9),

(3.10), (3.15), (3.29) and (3.30) that
01 = 2**

= ,Bn”yn _7‘:*”2 + (l_lgn)“tn _x*”2

(r0?

< Bu [enr— lymn =27 + @ = €50 || 20 = || * + 2€4{(r V = wF)x*, y, —x*)}

.52
+ (1= B ta -7
(r))? L2 L2 ) .
< By GnT”yn,N_x |7+ Q= €nt)||tn = 2| + 2€a((y V = uE)x*, s — 57)

+ (1= Bt -

12
= (1 - Buent)|tn —&* ||2 + Bu€n (VT) [ymn — ||2 +2Buen{(y V = nF)x*, y, — x*)
* % ()2 (yl)Z ® |2
< Q- frert)(fn 1 + VB )+ n 2 -

+ 2:Bn€n<(yv - /’LF)x*’yn _x*>
= (1= Buent) [ =" + 2 |2 [ (V2] 00 = 2] + D [2°)]

i 2
+ ﬁneng [, — x* ||2 +2Buen((y V — uF)x*, 3, — x*)

2 —(yl)?
T

= <1 ~ Bu€n > ”xn —x* ”2 + 2/3;16;1(()/‘/ — UE)X", yu _x*>

+ 200ty [ (V2[00 = 7| + At |4°]))

2 _ 2
=(1_m@’ (V”)H%_xwz

T

2 — (yl)? 27
T

+ 200ty || (V2] = 7 + 2 | 4°]). (3.49)

(yV - uF)x", yu — x¥)

+ Bu€n

Since Y 2 ay < 00, Y oog€n = 00, {A,} C [a,b] C (0, W) and {B,} C [c,d] C (0,1), we
conclude from (3.48) that y o2, 20,0 165 1 (V2 1% — 25| + Aty ll*]]) < 00,

N N
;ﬁnen > ce =00

T
n=0

and

2t
limsup—————((y V = uF)x*, y, - x*
l,ﬂs;lpﬂ-(ynz«y WE)X", yn — )

=lim sup%yl)z(((yv — uF)x*, x, —x*) + ((yV — WF)x*, y, —xn>)

n—soo T
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Jim sup——" ((yV = uF)s" )
=1 up—————7—= — X , Xy — X
n%oopfz _ (J/Z)Z y /"l’ n

<0.

Applying Lemma 2.8 to (3.49), we infer that the sequence {x,} converges strongly to x*.
This completes the proof. d

In a similar way, we can conclude another theorem as follows.

Theorem 3.2 Let us suppose that 2 # . Let {a,}, {Bni}, i =1,...,N, be sequences in (0,1)
such that B,; — B; for each index i as n — 0o. Suppose that there exists k € {1,...,N} for
which Bux — 0 as n — 00. Let kg € {1,...,N} be the largest index for which B,x, — 0.
Moreover, let us suppose that (HO), (H7) and (H8) hold and

(i) & — 0asn— oo;
ﬂn,ko
Bu

(ii) ifi < ko and B,; — Bi, then Tkto — 0asn— oo;

(ili) if By — Bi # 0, then B; lies in (0,1).
Then the sequences {x,}, {y,} and {u,} defined by scheme (3.1) all converge strongly to x* =
Po (I = (WE -y )x* if and only if im, . oo lly — Tyull = O, provided iy — 1| = 0(€n o),
where x* = Po(I — (WE — yf))x* is the unique solution of the hierarchical VIP

((vf —uF)x*,x-x*) <0, Vxe.

Remark 3.5 According to the above argument process for Theorems 3.1 and 3.2, we can
readily see that if in scheme (3.1) the iterative step y,, = Pcl€,y Vyun + (I — €, 0 F)GPc (YN —
AnVfa, Wnn))] is replaced by the iterative one y, = Pcle,y Vx, + (I — €,uF)GPc(yun —
AnVfa, @un))], then Theorems 3.1 and 3.2 remain valid.

Remark 3.6 Theorems 3.1 and 3.2 improve, extend, supplement and develop Theo-
rems 3.1 and 3.2 in [43] and Theorems 3.12 and 3.13 in [42] in the following aspects.

(i) The multi-step iterative scheme (3.1) of [43] is extended to develop a hybrid extra-
gradient viscosity iterative scheme (3.1) by virtue of Korpelevich’s extragradient method,
hybrid steepest-descent method [40] and gradient-projection method (GPM) with regu-
larization. The iterative scheme (3.1) is based on Korpelevich’s extragradient method, vis-
cosity approximation method [7] (see also [8]), Mann’s iteration method, hybrid steepest-
descent method [40] and gradient-projection method (GPM) with regularization.

(ii) The argument techniques in our Theorems 3.1 and 3.2 are very different from those
techniques in Theorems 3.1 and 3.2 in [43] and Theorems 3.12 and 3.13 in [42] because
we make use of the properties of strict pseudocontractions (see Lemmas 2.3 and 2.4),
the ones of the resolvent operator associated with & and % (see Lemmas 2.9-2.11), the
fixed point problem x* = Gx* (< GSVI (1.6)) (see Proposition 2.2), the equivalence of
inclusion problem 0 e Tv to the VIP v € VI(C, Vf) for maximal monotone operator T
(see (2.2)) and the contractive coefficient estimates for the contractions T* associating
with nonexpansive mappings (see Lemma 2.7).

(iii) The problem of finding an element of Fix(7) N ﬂf\il Fix(S;) N\GMEP(®,h)nENT
in our Theorems 3.1 and 3.2 is more general and more subtle than the one of finding an
element of Fix(7T) N ﬂf\il Fix(S;) N GMEP(®, k&) in Theorems 3.12 and 3.13 in [42] (where
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T is a nonexpansive mapping) and the one of finding an element of Fix(7T) N ﬂf\il Fix(S;) N
GMEP(®, ) N & in Theorems 3.1 and 3.2 in [43] (where T is a strict pseudocontraction).

(iv) Our Theorems 3.1 and 3.2 generalize Theorems 3.12 and 3.13 in [42] from the non-
expansive mapping T to the strict pseudocontraction T and extend them to the setting of
GSVI (1.6), hierarchical VIP (3.46) and SFP (1.2). In the meantime, our Theorems 3.1 and
3.2 extend Theorems 3.1 and 3.2 in [43] to the setting of hierarchical VIP (3.46) and SFP
(1.2).

4 Applications
For a given nonlinear mapping A : C — H, we consider the variational inequality problem
(VIP) of finding x € C such that

(A%,y-%) >0, VyeC. (4.1)

We will indicate with VI(C, A) the set of solutions of VIP (4.1).
Recall that if u is a point in C, then the following relation holds:

ueVI(C,A) & wu=Pc(I-rA)u, Vr>0.
In the meantime, it is easy to see that the following relation holds:
GSVI(L6) with F, =0 < VIP (4.1) with A= F;. (4.2)

An operator A : C — H is said to be an «a-inverse strongly monotone operator if there
exists a constant « > 0 such that

(Ax — Ay,x —y) > || Ax — Ay||>, Vx,yeC.

As an example, we recall that the «-inverse strongly monotone operators are firmly non-
expansive mappings if @ > 1 and that every a-inverse strongly monotone operator is also
é—Lipschitz continuous (see [45]).

Let us observe also that if A is ¢-inverse strongly monotone, the mappings Pc(I — A.A)
are nonexpansive for all A € (0, 2«] since they are compositions of nonexpansive mappings
(see p.419 in [45]).

Let us consider Sy,..., Sy be a finite number of nonexpansive self-mappings on C and
Aj,...,Ap be a finite number of «-inverse strongly monotone operators. Let 7: C — C
be a &-strict pseudocontraction with fixed points. Let us consider the following mixed
problem of finding x* € Fix(T) N GMEP(®, k) N & N I" such that

(I =S)x*,y —x%)

>0, VyeFix(T)NGMEP(®,h)NENT,
(I -S)x*,y—x*) >0,

Vy € Fix(T) N\GMEP(®,)) N ENT,
(I =Sp)x*,y—x*) >0, VyeFix(T)NGMEP(®,h))NENT,
(Aix*,y—x*) >0, VyeC,
(Axx*,y—x*) >0, VyeC,

(4.3)

ceey

(Anx*,y—x*) >0, VyeC.
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Let us call (SVI) the set of solutions of the (M + N)-system. This problem is equivalent
to finding a common fixed point of T, {PFiX(T)mGMEp(@,h)ngmpg'i}f‘fl, {Pc(I - )»A,-)}f\il. So we
claim that the following holds.

Theorem 4.1 Let us suppose that §2 = Fix(T) N (SVI) N GMEP(®,h) N E N T" # (. Fix
A>0.Let{a,}, {Bni},i=1,...,(M+N), be sequences in (0,1) such that 0 < liminf, . B,,; <
limsup,,_, o, Bui < 1 for all indices i. Moreover, let us suppose that (H0)-(H6) hold. Then the
sequences {x,}, {y,} and {u,} explicitly defined by scheme

@(unry)+h(un’y)+ %(y_umun_xﬁ >0, VyeC,

Y1 = B Prix(r)nGMER@©,1)n 50 St + (1= But) ko

Vi = BuiPrixcrynomer@mnzar Sithn + (L= Bui)ymict,  i=2,..,M,

Ynmsj = BumsPcl = MA)uy + (1= Bupej)ynmsj-1, j=1,...,N, (4.4)
;N = PcOnmsn = 2n Vo, Wnatin)),

In = Pcleny Vinmin + (I = €uuF)GPc(umiN = 2n Vi, Onmn))],

Xns1 = BuYn + VuPcWnstiN = A Ve, Onmin)) + 8 TPcVumsn = AnVfa, Gnaain))s

all converge strongly to x* = Po(I — (WF — yV))x* if and only if lim,_, « ||y, — Ty,|l = 0,
provided ||u, — u,_1| = o(€,), where x* = Po(I — (WF — y V))x* is the unique solution of the
hierarchical VIP

(yV —uFa*,x-x*) <0, Vxes.

Theorem 4.2 Let us suppose that 2 # (. Fix A > 0. Let {o,}, {Bn}, i=1,...,(M + N), be
sequences in (0,1) and B,,; — Bifor alli as n — oco. Suppose that there exists k € {1,...,M +
N} such that B, — 0 as n — oo. Let kg € {1,...,M + N} be the largest index for which
Bk, — 0. Moreover, let us suppose that (H0), (H7) and (H8) hold and
(i) ﬁ—)OﬂSl’l—)OO;
(i) ifi <ko and B,; — 0, then ﬂ;,,,o — 0asn— oo;
(iii) if B; — Bi #0, then p; lies in (0,1).
Then the sequences {x,}, {y.} and {u,} explicitly defined by scheme (4.4) all converge

strongly to x* = Po(I — (WF — yV))x* if and only if lim,_, o |y, — Tyl = 0, provided
ety — tp1 || = 0(€4Briy)> Where x* = Po(I — (WF — y V))x* is the unique solution of the VIP

(yV-puF)x*,x—x*)<0, VYxe.

Remark 4.1 If in system (4.3), F; = F, =A; =--- = Ay =0 and T is a nonexpansive map-
ping, we obtain a system of hierarchical fixed point problems introduced by Mainge and
Moudafi [34, 36].

On the other hand, recall that a mapping S : C — Cis called ¢ -strictly pseudocontractive
if there exists a constant ¢ € [0,1) such that

2

ISx=Syl> <l =yI> + ¢ |- Sx— U -S)y|", VxyeC.

If ¢ = 0, then S is nonexpansive. Put A =1 - S, where S: C — C is a ¢ -strictly pseudocon-
tractive mapping. Then A is 1_T{—inverse strongly monotone; see [57].
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Utilizing Theorems 3.1 and 3.2, we also give two strong convergence theorems for find-
ing a common element of the solution set GMEP(®, &) of GMEP (1.3), the solution set I
of SFP (1.2) and the common fixed point set ﬂf\il Fix(S;) N Fix(S) of finitely many non-
expansive mappings S;: C — C, i=1,...,N, and a ¢ -strictly pseudocontractive mapping
S:C— C.

Theorem 4.3 Let v, € (0,1-¢). Let us suppose that 2 = ﬂf\il Fix(S;) NFix(S) N GMEP(®,
N #@. Let {a,}, {Bni}, i =1,...,N, be sequences in (0,1) such that 0 < liminf,_,  B,,; <
limsup,_, ., Bui <1 forall indices i. Moreover, let us suppose that there hold (HO)-(H6) with
vn =0,Yn > 0. Then the sequences {x,}, {y,} and {u,} generated explicitly by

@(un’y)"'h(un’y)"' %(y_umun_xﬁ >0, Vye(C,

Y1 = BuaSitky + (L= Br1)thy,

Vi = BuiSithn + 1 = Bui)ynict, i=2,...,N,

YN = PcWnn = 2 Ve, OnN))s (4.5)
tn = Pcun = 2n Ve, GuN)),

Vn = Pcleny Vyun + (I — €,uF) (1 = vty + v18t,)],

X1 = Buyn + U= Bu)ty, ¥Yn=>0,

all converge strongly to x* = Po(I — (WF — y V))x*, provided ||\u, — u,_1|| = o(€,), which is the
unique solution of the VIP

(yV-uF)x*,x-x")<0, Vxe.

Proof In Theorem 3.1, put F; = A=71-Sand F, = 0. Then Ais 1’T{—inverse strongly mono-
tone. Hence we deduce that Fix(S) = VI(C, A) = £ and

Gty = Pc(I — viF1)Pc(I — vaFo)t,
=Pc(I — viF)t,

=1 - v)t, + v St
Thus, in terms of Theorem 3.1, we obtain the desired result. O

Theorem 4.4 Let v, € (0,1-¢). Let us suppose that 2 = ﬂf\:[l Fix(S;) NFix(S) N GMEP(®,
NI #@. Let {a,}, {Bui}, i =1,...,N, be sequences in (0,1) such that B,; — p; for all
i as n — oo. Suppose that there exists k € {1,...,N} for which B,x — 0 as n — oco. Let
ko € {1,...,N} be the largest index for which B,,x, — 0. Moreover, let us suppose that there
hold (HO), (H7) and (H8) with y,, =0,VYn > 0 and

(i) & — 0asn— oo;
ﬂn,ko

(il) ifi <ko and B; — 0, then Bg’kf’ — 0asn— oo;
(ili) if Bui — Bi # 0, then B; lies in (0,1).

Then the sequences {x,}, {y,} and {u,} generated explicitly by (4.5) all converge strongly to

x* = Po(I - (WF —yV))x*, provided ||u,, — 1| = 0(€,Bnx,), which is the unique solution
of the hierarchical VIP

(yV-uF)x*,x-x")<0, Vxeg.
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