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Abstract

Let H be a Hilbert space. Let (W,),en be a suitable family of mappings. Let S be a
nonexpansive mapping and D be a strongly monotone operator. We study the
convergence of the general scheme X1 = Wy (anSx, + (1 —ap)(l = aD)x,) in
dependence on the coefficients (&¢y)nen, (n)nen.
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1 Introduction and motivations

The approximation of fixed points of nonlinear mappings is a wide and active research
area and its applications occur more and more widely in the calculus of variations and
optimization. The starting point of many papers is a modification of Mann’s iterative
method [1],

Xl = OUpXpy + (1 - an)Txnr

in order to obtain strong convergence results.
Many of these modified Mann schemes yield approximation sequences by suitable con-

vex combinations like

X1 = Qg (%) + (L= at) Vyy,

where g, V, and (y,),en are opportunely chosen (see, for instance, Halpern [2], Ishikawa
[3], Moudafi [4], Nakajo and Takahashi [5]).
In this paper, we instead focus on the following iterative method:

Xpi1 = Wy (ansxn + (1 - 0(,,)(1 - /LnD)xn)'
This method is very different from most of existing methods in literature and immediately

we discuss on some motivations.
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Let H be a Hilbert space and f : H — R be a convex and lower semicontinuous. Our
interest is focused on the minimization problem

minf(x), 1.1)

where C is a constraint closed and convex subset of H.
The following theorem is proved in [6].

Theorem 1.1 Let H be a Hilbert space and f : H — R be a convex functional. Then
(@) f(xo) = ming f(x) if and only if 0 € df (xo).
(b) Let C C H. Then f(xo) = minc f(x) if and only if (—9f (x9) N 3¢ (x0)) # @, where 8¢ is
the indicator function of C.

Denote by X the set of solutions of (1.1). Let us start by the simple case in whichf : H —
R is a convex and continuously Fréchet differentiable functional.
By the definition of an indicator function we recall that (see [6])

V), X0 € H \ C,
98c(xo) = 1 0, % €C, (1.2)
{x* € H : supc (%, %) = (x*,%0)}, a9 €C\C.

f(-) being Fréchet differentiable, df (xo) is a singleton, Vf(x,); hence Theorem 1.1(b) of [6]
ensures that xg € C is a solution of (1.1) if and only if —Vf(xo) € 35¢(x0), i.e.

(Vf(x0),0) < (Vf(x0),%), VxeC.
In other words x¢ € C is a solution of (1.1) if and only if

(Vf(xo),x —x0> >0, VxeC. 1.3)
From (1.3), for every y > 0, xo is a solution for (1.1) if and only if

(xo - (xo - ny(xo)),x —xo) >0, VxeC, (1.4)

and, in view of Browder’s characterization of the metric projections Pc, to solve (1.4) is
equivalent to finding x, such that

X0 = Pc([ — )/Vf)xo

Therefore, to solve problem (1.1) (respectively to approximate solutions of (1.1)) is equiv-
alent to solving (resp. to approximate the solutions of) a fixed point problem which in-
volves the operator Vf.

It is well known, by the convexity of the functional f, that the operator Vf is a monotone
operator; indeed since

f@®) =f0) +(Vf(),y-x) VxeH,
fO)=f®) +(Vfx),x—y), VyeH,
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it easily follows that

(Vf()’) - Vf(x),y—x) >0, Vx,yeH.
If we assume that Vf is L¢-lipschitzian then, by Baillon-Haddad’s results [7], we have
2

(V) - Vf @)y —2) = % V@) - VA VxyeH,

. 1 .
ie. Vfis 1, -inverse strongly monotone.

Under such a hypothesis on Vf, Takahashi and Toyoda in [8] proved that Pc(I — ﬁVf )
is a nonexpansive mapping, hence to solve (resp. to approximate a solution of (1.1)) is
equivalent to finding (resp. to approximate) a fixed point of the nonexpansive mapping
Pc(I - éVf). Xu in 2011 [9] showed that, even if ¥ # @, it is not guaranteed that the
natural iteration

X1 =Pc (1— in)x,, = (PC<I - %Vf)) X0, (1.5)

strongly converges to a solution of . An example is given in the following.

Example 1.2 [9] Following Hundal [10], there exist in H = /2 two closed and convex subset
C; and C, such that: (i) C; N C, # @, and (ii) the sequence generated by xy € C, and the
formula x,, = (P¢, Pc,)"xo weakly converges but it does not strongly converge.

Let f(x) = %Hx — P¢,x||*>. We deal with minimized f(x) on C,. It follows that Vf(x) =
(I — Pc¢,)x. Since Pc, is firmly nonexpansive, i.e., 1-inverse strongly monotone, iteration
(1.5) becomes

KXntl = PC2 (1 - Vf)xn = PC2PC1xn’
that is, the sequence generated by (ii).

If we add to the lipschitzianity of Vf also the (stronger) assumption that Vf is a oy-

strongly monotone operator, i.e.

(Vf() - Vf(x),y —x) > ollx—ylI>,  Vx,yeH,

then the mapping Pc(I - Z—é Vf) is a contraction; therefore the contraction principle ensures

that problem (1.1) has a unique solution x* and the iterative sequence
o
X1 = Pc (1 - L_g Vf)x,, (1.6)
s

strongly converges to x*.
Notice that, if C = H, Pc = I, then the iteration

(of
Xntl = ( - _j;vf>xn
Ly

strongly converges to a zero of Vf.
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Hence a natural question is how to use the good properties of strongly monotone operators
to find a solution of (1.1) if Vf is only lipschitzian.
A well-known approach is to consider a regularized problem; an example is to appeal to

Tikhonov’s regularized problem:
min| /() + - [
xeC 2 ’
where ¢ > 0 is given.
This approach arises by the following idea: if Vf is only lipschitzian (for instance non-

expansive), we can perturb problem (1.1) by a convex and differentiable functional g such

that Vg is a o,-strongly monotone and L,-lipschizian operator in such a way that
minf(x) + eg(x). 1.7)
xeC

The operator (Vf + ¢Vg) is a lipschizian and a strongly monotone operator, the minu-

mum problem (1.7) has a unique solution and, for a suitable A > 0,
Xn41 = Pc (I - AMVf + SVg))x,,

strongly converges to this solution.
Let us observe that

%pi1 = Pc(I = M(Vf +Vg))x, = Pc( - AVf - 1eVg)x,

- Pc (A(I —Vf)+ (- A)( - (1’\_‘1) Vg))x,,

= Pc(MI - Vf) + (1= M) - y£ V@),

i.e. (x,)nen is generated by the composition of the projection P¢ and the convex combina-
tion of two maps: the first is a nonexpansive mapping; the second is a strongly monotone
operator. In fact for an opportune choice of A (and y := ﬁ), we find the results that

+ (I - Vf) is a nonexpansive mapping;

« the mapping (I — y&Vg) is a contraction.

For these reasons we are interested in the iteration
Xn+l = Wn (ansxn + (1 - an)(l - MnD)xn)r (18)

under the following hypotheses:
Hypotheses (H)
o (oty)uen is a sequence in [0,1).
+ §:H — H is a nonexpansive mapping not necessarily with fixed points.
« D:H — H is a o-strongly monotone operator and L-lipschitzian.
. 0</L,,§,uwithu<i—‘;,p=%.

o (Wy)nen is a sequence of mappings defined on H such that F := (") _ Fix(W,,) # @ and

neN
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(hl) W, :H — H are nonexpansive mappings, uniformly asymptotically regular on
bounded subsets B C H, i.e.

lim sup ” Wix — anH =0,
n—0o0 xeB
(h2) it is possible to define a nonexpansive mapping W : H — H, with
Wx := lim,,_, oo W,x such that Fix(W) = F.
An interesting example of sequence (W,,),cn satisfying our hypotheses is the following.

Example 1.3 Let f(x) be functional on H convex and lower semicontinuous. We recall
that the proximal operator of f on H is defined as

. 1 )
T0X, ((X) := argmin X))+ —I|x—V ,
prox; s(x) gm {f( ) o =l }

where A > 0.
The proximal operator obeys:
(1) itis a single-value firmly nonexpansive mapping (hence nonexpansive);
(2) it coincides with P¢ if f(x) = Sc(x);
(3) prox,, = (I + A9f )7L i.e. it is the resolvent of the subdifferential of f;
(4) prox;;x = prox, (3« + (1 - 3) prox;, x);
(5)
x"=prox, (x*) & 0edf(x*).

If (\y)nen converges to A > 0 then W, := prox,\nf(x) satisfied (hl) and (h2) where W :=
proxxf(x), In fact, the set of fixed point coincides by (3) and (5). Moreover, by (4),

W1 = Waxl| = |[prox,, (x) - prox, ,(x)] =

n

An
= proxknf(mx + <1 T ) prox)\nﬂfx) — prox; (%)

An An
< x+(1- prox, .rx|-—x
)"n+1 )\‘}’l+1 *
1 b I I
=1- X — prox x|,
}\n+l hnstf

so if x lies in a bounded subset, the uniform asymptotical regularity follows.
In any case we have the following.

Remark 1.4 If C = (), .y Cu, where C, C H are closed and convex for all # € N, we can
always suppose that C = (1), Fix(W,,) where (W,),cn is a sequence of nonexpansive
mappings satisfying (h1) and (h2). Indeed starting by the sequence of nonexpansive map-
pings T, = P¢, we can always construct a sequence (W,),en such that C = (), .y Cu =
(Myen FiX(T) = (),,en Fix(W},) and it satisfies (h1) and (h2) (see for details [11-14]).

Moreover, regarding the strongly monotone operator D we note that the sequence of
operators B,x := (I — u,D)x is a sequence of contractions when the sequence (u,),en lies
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in an opportune interval. Such an interval can be detected by the following lemma, proved
by Kim and Xu.

Lemma 1.5 [15] Let D : H — H be o-strongly monotone and L-lipschitzian. If i < %,

2
pP= %, and (Mn)nEN - (0, M]: then

| = D) = (I = 11, D)y|| < (1= up) =y,
ie. (I — u,D)isa (1- u,p)-contraction.

In this paper we study some asymptotic behaviors of the sequence generated by iteration
(1.8), supposing that there exists (finite or infinite)

. Ay
7:= lim —.
n— 00 /J,n

We will be able to show that (1.8) strongly converges to a solution of the variational in-
equality

(t(I—S)x+Dx,y—x> >0, VyeF,
when t € [0, +00), and to a special solution of
((I—S)x,y—x) >0, VyeF,
if T = +o0.

Our research is not far from the research area studied by Moudafi and Maingé and also

known as the hierarchical fixed point approach (see [16-19]).

2 Some asymptotic behaviors of the iterative scheme

To study the asymptotic behavior of our method
Xur1 = Wy (ansxn + (1 - an)([ - /‘LnD)xn) (21)

we suppose that there exists

. oy
T:= lim —.
n— 00 M}’l

The method can be equivalently written as
Xn+l = Wnym

where y, := «,Sx, + (1 — @,)B,x, and B, = (I — u,D). We will use the following convenient
notations:

+ We say that ¢, = o(,,) if r% — 0asn— oo.

+ We say that ¢, = O(n,,) if there exist K, N > 0 such that N < |$—Z| <K.
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A central role in proving the convergence results is played by the boundedness of the
sequence (x,),en. We want to put its role in evidence. An expected case occurs when there

are common fixed points between S and (W},),en.

Proposition 2.1 Suppose that (2.1) satisfies Hypotheses (H).
IfFix(S) N F # @ then (x,,)nen is bounded.

Proof Ifz e Fix(S)NF

”xn+1 - Z” = ||O[r15xn + (1 - an)ann - Z”
< aullSx, =zl + (1 — ap)|Buxy — Buzll + (1 — ) | Buz — ||

< aullxy -zl + 1 —0,) A = o) %0 — 2l + 1 — o) oy || Dz ||

| Dz||
= (1 -(1- an)ﬂnlo) lln =zl + (1 = ap) unp P . (2.2)
Calling B, := (1 — o), p we have
|1 Dz|| | Dz||
[%n1 = 2zll < (X = Bu)ll%n — 2ll + Bp—— < max{ l|x, —zll, .
o o
Since, by an inductive process, one can see that
|1 Dz||

%, — 2l EmaX{llxo -z, :

the claim follows. d

Notice that, in this case, boundedness does not depend by any hypotheses on ()N,
(in)nen, sequences in [0,1].
On the contrary, in the following proposition the boundeness of the sequence is guar-

anteed by the assumption on the coefficients.

Proposition 2.2 Let us suppose that (2.1) satisfies Hypotheses (H). Let (ay)uen be a se-
quence in [0,1] and let (1,),en be a sequence in (0, ). Assume that
(B) either a,, = O(jty) or oy = 0(1n) (a sufficient condition is that there exists
lim,,_, o0 Z—: =1 € [0, +00)).
Then (x,)nen is bounded.

Proof Let z € F. Then for every n € N,

41 = 2] < ”arzsxn + (1= an)Buxy — Z”
< ol S — Szl + nllSz — 2l + (1 — ) 1Buxn — Buzll + (1 — ) [|Buz — 2|
< oullxn —zll + nllSz = 2l + (1= )X = wnp) 1%n — 2l + (1 = ) |l Dzl

|1 Dz||
< (1=A=an)wnp) s — 2zl + aullSz = 2|l + (1 — @) ptnp P (2.3)
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Since (B) holds, there exist y > 0 and Ny such that, for all # > Ny, o, < y(1 — 0,) iu; hence

%1 =zl < (1= (= et penp) %0 — 2l + ¥ (1 = ) aull Sz = zl| + (1 = ) pnp 1P]
< (1-Q-an)unp)lxy —zll + (1 - an)unpw.
Calling B, := (1 — o) p we have
%ne1 =zl < (L= Bu)llcy — 2l + ﬁnw
< maxf s, -2, IR,
o
Since, by an inductive process, one can see that
lloe, — z]| < max{”xi —z|, 1Dzl + y 152 ~ 2| ti= 0,...,N0},
the claim follows. O

It is remarkable that, by boundedness, we can deduce the asymptotical regularity of the
iterative sequence, i.e. that

|1 — %u]l = 0, asn— oo,

which is often a key to prove convergent results when the mappings involved are contin-
uous.

To prove it, we use the Xu lemma.

Lemma 2.3 [20] Assume (a,)ncn is a sequence of nonnegative numbers such that
an1 < (1= yu)an +8,, n=0,

where (v,), is a sequence in (0,1) and (8,,), is a sequence in R such that:
1) Z:il Vn = O0;
(2) limsup,_, o 8u/yvn <0 or Y oo 18, < 00.

Then lim,,_, o a, = 0.

a

Proposition 2.4 Let Hypotheses (H) be satisfied. We suppose that lim,,_, =T E
[0, +00) and that:

(H1) Y02 pn = 00 and ity — fin-1] = 0(n);

(H2) lan —aual = o(in);

(H3) sup,cp | Wuz — Wzl = o(u,), with B C H bounded.
Then (x,)neN is asymptotically regular.

Remark 2.5 Note that, for (W,,),cn as in Example 1.3, hypothesis (H3) reduces to an hy-
pothesis on (A,),cn since

lim ”Wn+1x— an” - lim |)\n+1_)\n|

n—00 IJ/VI n—00 /J,n
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Proof of Proposition 2.4 First of all, from Proposition 2.2, (x,),cy is bounded.
If we denote by y,, = «,Sx,, + (1 — «,,)B,x,, then

Fni1 = %n = Wudn = Wio1Vn-1 = Woyn = Waynar + Wiyt = Wooryn-1
so, passing to the norm and by using the nonexpansivity of (W},)en,

%ne1 = %l < N1y = yu-1ll + I Wadn-1 = W1y ll- (2.4)
Now let us observe that

In = Yn-t = ou(Sn = Sxp1) + (0 — n-1) %1 + (1 = ) By — Byo16p-1)
+ (L= au)By1xn1 — (1= @p1)Byaxu
= 00, (Sxy — Sx-1) + (ot — 0ty-1)(Sxp_1 — Buo1%4-1)
+ (1= ) (Buxn — Bu-1%y1)-
Therefore replacing the last equality in (2.4) and by using the boundedness of (x,,),en, we
obtain
%1 = %nll < otnll St = S || + |ty — €1 |O(1) + (1 = ) [1Buxn — BpaXn-a l
+ | WaYn-1 = Wa1yn |l
< apllwn —xp1 [l + oty — p1|OQ) + (1= ) | By — By |
+ (1= )1 Buxn-1 = Buoaknall + I Wiyn1 = W1yl
< oy lln = xpa | + lotn — 21 |O() + (1 = ) (X = pnp) %0 — Xl
+ @ = a)ln1 = al D&y | + I Windno1 = Woaaya |
< (1= =an)ppn)1%n = %nall + 1 WY1 = W1yl

+ (|an - an—1| + (1 - an)“"ﬂ’t—l - Mn|)o(l) (25)
Denoting

Ay = |10 — %n-1 s Vn = (1= 0t,) P Ly

3 = | Wiyn-1 + Wyaynall + (|05n =]+ (1= o) - Mnl)o(l)»
(2.4) becomes
Ane1 = (1 - Vn)('ln + 871-

Thus, our hypotheses (H1), (H2), and (H3), are enough to ensure, by Lemma 2.3, that
(%n)nen is asymptotically regular. O

Remark 2.6 By the previous proof, it is clear that the hypothesis t € [0, +00) is needed
only to ensure the boundedness of (x,),cn. So, more in general, boundedness, (H1), (H2),
and (H3) are enough to prove asymptotical regularity.



Marino and Muglia Journal of Inequalities and Applications (2015) 2015:118 Page 10 of 23

From now on we will suppose that u,, — 0, as n — oo; then, since t is nonnegative,
either «,, — 0, as n — 00, or «;, = 0.

Since we are searching for solutions of variational inequalities on fixed points sets, we
show some sufficient condition for which the set of weak limits of (x,),cn lies in F.

Proposition 2.7 Let Hypotheses (H) satisfied. Let us suppose that lim, ..o, =
lim,, 0 iy, = 0. Let us suppose lim,,_ Z—Z =1 € [0,+00) and let (x,),cn defined by (2.1)
be asymptotically regular. Then w,(x,) C F.

Proof The proof is based on Opial’s condition. The condition on t gives the boundedness
of our sequence by Proposition 2.2.
Let thus z € wy,(x,,) and let (x,, )ren be a subsequence weak convergent to z. If z ¢ F then
z # Wz and
liminf ||lx,, —z|| < liminf|lx, — Wz||
k— o0 k— 00
= linlgf[”xnk _xnk+1|| + ||xnk+1 - WZ”]
< (by asymptotical regularity of (xn),,eN)
< Wminf[[| W,y = Wizl + | Wz = Wl ]
(by condition (h2) on (W,,)neN) < likm inf |y, -zl
—00
(since o, — 0) < likm inf(1 — ot ) | By %, — 2|
—00
= liminf(1 — ot ) 1%, — i, Dty — 2|
k— o0
< liminf[ |6, — 2|l + s (1D |l ]-
k— o0

Therefore, the boundedness of (x,),cn, along with the hypothesis u, — 0, produces the

contradiction
liminf ||x,, — z|| < liminf |lx,, — Wz|| <liminf |lx,, — z]. 0
k— 00 k— 00 k— 00
Now we are able to prove our first convergence result.

Theorem 2.8 Let Hypotheses (H) be satisfied. Let us suppose that ., — 0 and there exists

o
lim —= =7 € [0, +00).
n— o0 Mn

Moreover, suppose that
(H1) D02 tn = 00 and |ty — pna| = 0(n);
(H2) lan — oyl = o(in);
(H3) sup,p IW,z — Wizl = o(u,), with B C H bounded.

Then (x,),en defined by (2.1) strongly converges in F to x*, that is, the unique solution of
the variational inequality problem

(r(I—S)x+Dx,y—x>zO, VyeF. (2.6)
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Proof Recall that, since S is nonexpansive, (I - S) is 1 -inverse strongly monotone, so the
operator (t(I — S) + D) is a strongly monotone operator. Since F is closed and convex,
problem (2.6) has a unique solution in F, which we indicate by x*.

The hypotheses on t furnish, by Proposition 2.2, the boundedness of (x,),cn. Then, in
view of hypotheses (H1), (H2), and (H3), we can apply Proposition 2.4 to obtain asymptot-
ical regularity. This allows one to apply Proposition 2.7 to get w,(x,) C F. So, let x* € F,
the unique solution of (2.6); by using the convexity of the norm and the subdifferential
inequality

le+y1% < %1* +2(y,x +y), Vx,y€H,
we have, denoting again B, = (I — u,D),

[t = = Jer(S5 = 2°) + (1 =) (B ") |
= [ otn(Sxn = Sx*) + 0t (Sa* = &%) + (1 = &) (Bt — Bux™)
+(1—a,) (Bt —") |
= [ n(Sxn = Sx*) + (1 — t,y) (Buy — Bx™)
— (an(I = S)x* + (1 — @), Dx*) ||*
< oo — 2] * + (1 = @) = )| — 2|
= 2((atnI = S)x™ + (1 = ) onDx™), X1 — &%)

= (1 -(1- an)/«’vnp) ”xn - ”2
oy

-2(1- Oln)Mn<m

I -8)x™ + Dx*, %1 — x*> (2.7)

Denoting by

an = —2|% yu= Q@)

2
8, = ——<L(I—S)x* +Dx*,%,,1 —x*>,
1% (1 - an)ﬂn
(2.7) can be written a1 < (1 - y,)a, + Vudx.
To invoke the Xu Lemma 2.3, since Zn yu = 0o from (H1), we need to prove only that
limsup,,_, ., 6, < 0.

There exists a subsequence (%, )xen Of (%,)nen such that

limsup §,, = lim sup<a—"(1 - 8)x* + Dx*, x* - xn+1>

n—00 n—oo \(L—0) iy

o
= lim (—% (I - S§)x* + Dx*, x* — Xl )
k—oo\ (1 - ank)ﬂnk

Since (x,, )xen is bounded, we can suppose that (x,, )ren Weakly converges to p. Proposi-
tion 2.7 gives p € F. By using the asymptotical regularity of (x,),cn we have
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lim sup<L I -=8)x™ + Dx*,x* — xn+1>
n—oo \(1— an)ﬂn

o
= lim { ——%——(I = S)x™ + Dx*, x* = % 11
k=00 (l_ank)ﬂnk

(07
= lim [{ —2% (I - S)x* + Dx*,x* — x, >
|:< (1- ank)//«nk ¢

o
+ <¢(1 — S)x* + Dx*, %, — xnk+1>:|
(1- ank)ﬂnk

(07
= lim <¢(1 - S)x* + Dx*,x* — xnk>
k—oo\ (1 - ank)ﬂnk

= <r(1 —S)x* + Dx*,x* —p) <0 (since x* is the solution of (2.6)). a
Remark 2.9 Let us remark that, in the study of the behavior of (x,),en for T € [0, +00), the

set of fixed points of S never appears; all the properties, including the strong convergence,

have been proved only by the hypotheses on the control sequences.

Let us now suppose lim,_, s Z—Z =T = +00. In this case, necessarily u, — 0 as n — oc.
Therefore either o, — « > 0 or «,, — 0 too and u,, = o(w,,).

By Proposition 2.1, if Fix(S) N F is nonempty, the boundedness of (x,),cn follows. On
the contrary, if there are no common fixed points, the boundedness is not guaranteed as
shown by the following counterexample.

1
=

Example 2.10 Letusconsider H =R,xy=1, W,x=Dx=x,Sx=x+1, 0, = ﬁ, and pu, =

Our method gives the positive number sequence:

(-5
xn+1—ﬁxn+ + —ﬁ —Z Xn.

If there exists M > 0 such that x, < M then we note that, for every £,

g (l 1)<l 1)
Xpsl =Kk = —=+ —=+(1-— . P
N N N k)T

1 (l M ) 1
>—1-—|=—,
v\ VK)o Vi
and this is in contradiction with the boundedness of (x,),cx.

Nevertheless, we explicitly note that if W, = Pc and there exist solutions of the varia-
tional inequality problem

((I—S)x,y—x)zo, VyeC,

then the boundedness is ensured even if F N Fix(S) = @. This is shown in the following

proposition.
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Proposition 2.11 Let C be a closed and convex subset of H. Let us suppose that the varia-

tional inequality problem
((I—S)x,y—x) >0, Vye(C,

has at least a solution x*. Then the sequence defined by
%ne1 = Pc(nSxn + (1 — ) Bpxy)

is bounded.

Proof We know that, for all n € (0,1], we have
x* = PC(nSx* +(1- n)x*). (2.8)
Taking W,, = Pc, we have

a1 = 2*|| < ||Pc(tnSxn + (1 = 0t)Bun) — P (0tuSx™ + (1 — 0t))Byx™) |
+ | Pc(nSx* + (1 - ay)Bux*) —x*||  (as in Proposition 2.1 in (2.8))
< (1= @ - aninp) | a7
+ | Pc(otaSx™ + (1 - y)Bux™) —x*||  (taking n = @, in (2.8))
< (1= A= adunp) 2, — a7

+ || Pc(otnSa™ + (1 = ) Bux™) — Pe(enSx™ + (1 — at,)x™) |

D k
= (1 -(1- Ol,,)/,an) Hxn —-x" ” +(1—an)unp | :)C | .

So the boundedness follows as in Proposition 2.1. d
Therefore it is meaningful to prove convergence results if Fix(S) N F # @.

Theorem 2.12 Let Hypotheses (H) satisfied. Let us suppose that

o
lim w, =0, lim o, =« € [0,1), lim == =t = +00,
n— 00

n—00 n—00 I’L}’l
and Fix(S) N F # (. Moreover, suppose that:
(His) Zzoﬂ M =00 and |y — n-1] = 0(Qyfdn);
(H2s) |a, = ap1] = o(etuin);
(H3s) sup,.p |Wyz — Wizl = ol ity), with B C H bounded.
(H4) 1L - 21| = Oy,
(Note that (H1s), (H2s), (H3s) are stronger than (H1), (H2), (H3) of Theorem 2.8.)
Then (x,)nen defined by (2.1) strongly converges to x € F N Fix(S), that is, the unique

solution of the variational inequality problem

(Dx,y —x) >0, VyeFNFix(S). (2.9)
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Remark 2.13 Note that, if o, — « > 0, the requirements (Hls), (H2s), (H3s) reduce to
(H1), (H2), (H3).

Proof IfFix(S)NF # ¥, (x,)nen is bounded by Proposition 2.1. Since (H1s)-(H2s)-(H3s) im-
ply (H1)-(H2)-(H3), by using Proposition 2.4, we see that (x,).cy is asymptotically regular.
Let us divide the proof in steps.

Step 1. [|x41 — x4l = o(a,).

Proof of Step 1 We need to prove that

. ”xn+1 _xn”
lim —— =

n—00 oy

0.

If @, — o > 0 we do not need to prove anything; so let « = 0. Dividing by «, in (2.5) of

Proposition 2.4 we have

%41 = Xl < (1 —(L=ay)ppn

) B + I Wuyn-1+ Wau1ynll

oy, o, oy,
+ (lan —otp1] + (1= )| -1 — pnl) o(1)
ay
_ (1 (=) ) [l — %1l + (1 (=) ) o — %1l
n n-1
+ I Wn_yn—l + Wiyl + (lotyy — oty + (1 - an)l//vnfl - I'Ln|) o)
oy oy
%y —2xpall |1
< (1= -a)pp,) ="+ |— = —[|&s — 2,1
n-1 oy (07788
i ” Wnyn—l + Wn—lyn—l” i (|an _an—1| + (1 _an)lﬂn—l - Mn|) O(l)
oy oy

The boundedness of (x,,),cy and (H4) give

%0 = %l %0 — %l
— s < (1 -1~ an)pﬂn) — O(wn) %1 = %l

oy Oy-1

+ Wuyn-1+ Wa_1ynll + (I = po1| + | pno1 — tnl) o),
oy oy
so denoting
%0 — %l
an=——"—, Yu={=a)up,
Q-1

” Wnyn—l + Wn—l)’n—l” n (|an - Oln—1| + |/'Ln—1 - Mn|)
oy Ay

Sn = |:O(Mn)"xn—l - xn” + :|O(1);

our inequality can be written as a,,1 < (1 — y,)a, + 8,. In view of (H1s), (H2s), and (H3s),

we can apply the Xu Lemma 2.3 to conclude that ||x,,1 — ;|| = o(c,). O



Marino and Muglia Journal of Inequalities and Applications (2015) 2015:118 Page 15 of 23

Step 2. wy(x,) C F NFix(S).

Proof of Step 2 Let z € F N Fix(S); then by the boundedness and the subdifferential in-
equality
2
(%641 — Z||2 = ”an(sxn -2)+ (1 —0,)(Buxy — 2) ”
< [etn(S2n = 2) + (1 = ) (s = 2| = 240 (Ds X1 — 2)
< aullSx, - Z||2 + (1 =) llxn - Z||2 — (1 — e[| Sy _xnllz

+ 2 (DX, 2 = Xp141)

< [l = 201* = et (L — ) 1S = % ]|* + 20, O(1),
we have

(L = ) [1S% = %1% < Nl = 211 = %1 = 2I|* + 212,0(1)

= lln = %51 [10(1) + 24, O(1).
Dividing by «,, we obtain

”2 < 1%, = X ll o) + 2&0(1).
ay, oy

(1 - an) ”an —Xn

Since T = +00 and by using Step 1, ||x,, —Sx,|| — 0,as n — 0o, the demiclosedness principle
for nonexpansive mappings guarantees that w,(x,) C Fix(S). By Opial’s condition, if z €

(%) C Fix(S), (%, )xen weakly converges to z and z ¢ F then

liminf ||x,, - z|| < liminf|lx,, — Wz||
k— 00 k— o0
< timint{ o, — o1+ e — W2l
=< 11m1nf[||xnk = Xl + | Woy Y — Wzl + | Wiz — Wzl ]
=< hmmf[llxnk = Xt |l + |9 — 2l + | Wiy 2 — Wl ]
= hmlnf[”xnk _xnk+1” + Oy ”xnk -z|
+ (1 - a,,k)||B,,kx,,k - Z” + ” Wnkz - WZ”]
=< hminf[”xnk _xnkﬂ“ + ”xnk —-Z|
k—o00
+ (1= ) oy | Dt || + | Wiz — W]

< liminf o, ~ I,
which is absurd. So we have w,,(x,) C F N Fix(S). O

Finally we conclude our proof, showing the convergence of the sequence.
Step 3. (x,)nen strongly converges to X satisfying (2.9).
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Proofof Step 3 Let x the unique solution of the variational inequality problem (2.9). Since
x € FNFix(S), we have

i1 = 1% < [ora(Sxs = 2) + (1 - ) (B — %) |
= [t = ) + (1~ ) (Butn — Bu) + (1 — ) (B — B
= Jlotu(Sxu = %) + (1 ) (Bt — By®) — (1 - ) tu D |*
< oo = %1 + (1= ) (1 = ) 1w — 211> = 2{(1 = @) DX, %111 — X)

= (1 - (1 - an)ﬂnp) ”xn _9_6”2 - 2(1 - an)ﬂn (Da_cxxnﬂ _9_C>

Denoting

an = ||%, _7_5”2» Vn = (I —a,)pnp, 8y = (DX, X — Xp41)5

our inequality can be written as
2
ans1 < (L= yn)an + ;Vnan-

To invoke the Xu Lemma 2.3 we need to prove that limsup,_, ., 8, <0.
There exists a subsequence (%, )xen of (%,)nen such that

lim sup(Dx,x — x,,1) = lim (DX, % — %, 41).
n—00 k—00

Since (%, )ken is bounded, we suppose that (x,, )xen weakly converges to p. Step 3 guaran-
tees that p € F N Fix(S). By using the asymptotical regularity of (x,, )ren We have

lim sup(Dx, X — x,,,1) = klim (DX, X — Xpp41)
— 00

n—0o0

= lim [(D%, X — %) + (D%, %y, — Xp01) | = lim (DX, % — x,,,)

k— 00 k—o00

= (Dx,%-p) <O. O

Theorem 2.14 Let Hypotheses (H). Let us suppose that

lim pu, = lim o, =0 and 1= lim G = +00.
n—00 n—00 n—>00 [L,
Let us suppose that (x,)uen is bounded. Moreover, suppose that
(His) Zzil My =00 and |y — pn-1] = 0(Qyftn);
(H2s) |ty — ap1| = o(otnin);
(H3s) sup, g |Wyz — W1zl = ol pty), with B C H bounded,;
(He) | £ - 211 = ).
Let X be the set of solutions of the variational inequality problem

((I = S)x,y - x) >0, VyeF, (2.10)

and let us suppose that = # (.



Marino and Muglia Journal of Inequalities and Applications (2015) 2015:118 Page 17 of 23

Then (x,)yen defined by (2.1) strongly converges to x, that is, the unique solution of the
variational inequality problem

(Dx,y-x) >0, VyeX. (2.11)

Proof Since T coincides with the set of fixed point of the nonexpansive mapping PgS, it
is closed and convex. So (2.11) has a unique solution.
Let us note that (H1s)-(H2s)-(H3s) imply (H1)-(H2)-(H3); hence, by using Proposi-
tion 2.4, (x,,),cn is asymptotically regular. We divide the proof in steps.
Step 1. [|%411 — %ull = o(atn).
Proof As for Step 1 of Theorem 2.12. d
Step 2. w,,(x,) C T.

Proof of Step 2 Denoting by y, = «,Sx,, + (1 — «,,)B,x,,, we have

X — Y = Xy — €, Sxy — (L — 0) (% — D)
=Xn— ansxn - (1 - an)xn + (1 - an)Mann)

=a,(I - S)x, + 1 —a,)uuDx,,. (2.12)
Hypotheses «,, — 0 and p,, — 0 allow one to conclude that ||x, — y,|| — 0. As a rule
17 = Waynll < 1yn = %ull + %0 = Wiyl = 170 = %nll + %0 = Xpaall = 0,
as n — 00. Moreover,

Xp —Xn+l = Xy — Wnyn = (xn _yn) + (yn - Wnyn)
= (= S)xy + (1 = o) (o6 — Byoxu) + (I = W)y

= o, (I — S)xy + (1 — a)) oDy + (I - Wn)yno

Dividing by «,, we have

_x, 1- 1
W, = Xn — Xn+l :(I—S)x,,+ ( an)Mann+_(1_Wn)yn'
oy oy oy
Forallz € F,
1_ n n
<Wan - Z> = (([ - S)xn:xn - Z) + ﬂ(l)xmxn - Z)
Ay
1
+ —((1 - W)Y X — z) (by monotonicity of (I — S))
oy
1 —Un n
> (I -S)z, %, —2) + ﬂ(Dx,,,xn -z)
oy

1 1
+ _((1_ Wn)yn:xn _yn> + _((I - Wn)ymyn _Z)'
oy oy
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Sincez € F,z= W,z forall n € N, and (/ — W,,) is monotone:

(W = 2) = (I = S)z, 3, — 2) + (I_Sﬂwxmxn ~2)

1 1
+ O{_((I_ W)V Xn _yn> + Ol_((l_ W)yn + U = W)z, 3, _Z>
n n

> (I - S)z, %, —2) + %(Dxmxn -2)+ ain((l— Woi)Yis %on = Yin)-
By using (2.12)
Wiy —2) > ((I = S)z,2, — 2) + W (D2, 2 — 2)
+ (I = W)y, (I = S)x,) + m((l — W)y, D).

n

Let us denote by (x,, )ren a subsequence weakly converging to p; by the same proof as
Proposition 2.7 one can see that the boundedness of (x,,), combined with the assumptions
y, — 0 and o, — 0, is enough to guarantee that p € F. We have

+ (1 - ank),u'nk

(Wigr 20 — 2) = (I = S)z, %, —2) -

(Dxnk; xnk - Z)
k

) + (1- O‘nk),uvnk (

+ <(1_ Wnk)ynkv (I_S)xnk (1_ Wnk)ynklink>‘

Oy

Passing k — o0, since w, — 0 by Step 1, ||(I — W,,)y.|| = 0 and 7 = +00, we have
0>(U-S)zp-2z), VzeF.

If we replace z by p + n(z — p), n € (0,1), we have
(T-9)(p+nz-p))p-2)<0.

Letting n — 0, finally,
(U-S)p,p-2)<0, VzeF,

i.e. the claim follows. |

Step 3. Convergence of the sequence.

Proof of Step 3 Let x be the unique solution of the variational inequality problem (2.11).

As in Theorem 2.8 we have

1 — %1 < (1= A= o) tnp) 1% — %I
oy

-2(1- an)Mn<m

(I = S)X + DX, %41 — 5c>
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Denoting

an = ||x4 _5‘:”2: Yn = (L —a,)lnp,

2
(Sn — _<L([—S)5C+D5€,5C—xn+l>:
o\ (1= o)y

our inequality can be written as
2
ana < (1= yn)a, + ;anSm

To invoke the Xu Lemma 2.3 we need to prove that limsup,,_, ., §, < 0.
There exists a subsequence (x,,; )ken of (%4)nen such that

lim supﬂi (I - 8)x + Dx,x — x,,+1>

. a, o
n—oo \ (1 —0ot)ihy hm<(4k(1—5)x+Dx,x—x,,k+l>.

- k—oo\ (1 _ank)u’”k

Since (x,,; )xen is bounded, we can suppose that (x,, )ren weakly converges to p. We know,
by Step 2, that p € ¥ C F. By using the asymptotical regularity of (x,),cny we have

lim Sup<ﬁ (1 - S);C + D;C,;C - xn+1>

. ay - -~
= klggo<m(1 - 8)x + DX, x — x,,k+1>

o
= lim ¢(1—5)5C+D56,5c—x,,>
|:< (1- ank)ﬂnk ,

al’lk ~ ~
+{—"——(U -8)Xx + DX, x,, —x 1>]
<(1 —ank)ﬂnk " e

= lim (] — )& + D F — %, ).
k=00 (1_ank)ﬂnk

Sincet =00, pe F,andx € %,
(I - 8)%,% — x4 ) = (I - S)x, %~ p) < 0.
Moreover, since p € X and x is the solution of (2.11)
(DX, % — %, ) — (DX, % —p) <0,
so we have

o
lim <¢(1—S)&+D5c,5c—xnk> <0,
k—oo\ (1 - ank)ﬂnk

and the claim is proved. O
|

Before we show some applications, we would like to focus on some open questions.
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Open Question 1 Since F NFix(S) C ¥, we conjecture that the solution of (2.9) is a solu-
tion of (2.11) too, i.e. if F NFix(S) # @, x of Theorem 2.8 coincides with ¥ of Theorem 2.14.

Open Question 2 As we have seen in the above, Proposition 2.11, the existence of solu-
tions of the variational inequality problem

((I—S)x,y—x)EO, VyeC,

implies the boundedness of the sequence generated by

Xn+l ZPc(I—O[,,((]—S) + wD))xn

Uy

By Proposition 2.1, if Fix(S) N F # @, our method
Xns1 = Wi (0tnSan + (1= o) = p1n D))

is bounded. We do not know if the existence of solutions of
(I-S)x,y-x)>0, VyeF,

implies the boundedness of the sequence generated by
Xns1 = Wi (0tnSan + (1= o) = p1n D))

(i.e., in general, when W, replaces Pc).

3 Applications
Let f(x) and g(x) be functionals convex and Fréchet differentiable. Let Vf be L;-lipschitzian
and let Vg be o,-strongly monotone and L,-lipschitzian. Let us consider

mcin(f(x) +eg(%)),

where ¢ > 0 is given and C is a closed and convex subset of H. Without loss of generality we

can suppose that C = [, _y Fix(W,,) with (W,,),.cn is an opportune nonexpansive mapping,

neN

We have the following.

Theorem 3.1 Pick two sequences such that (i,,),en C (0, %g) and
g

.o 1
lim = =,
n—>00 (L, &

where w,, — 0, as n — o0, and
(H1) 3°02) pn = 00 and |y — pn| = 0(1an);

(H2) |an - an—l| = O(Mn);
(H3) sup,cp | Wuz — W1zl = o(u,), with B C H bounded.
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Then (x,),cN generated by

Xps1 = Wiy (an (1_ in) (xn) +(1 —0(,,)(1— &Vg> (xn))
Ly Ly

strongly converges to x*, that is, the unique solution of the variational inequality problem
(Vf(x) +eVgx),y-x)>0, VyeC. (3.1)

Proof The proof follows by Theorem 2.8 since (I — éVf ) is nonexpansive and (é Vg)isa
strongly monotone and lipschitzian operator. O

Choosing u, = % we immediately obtain the following.

Corollary 3.2 The sequence generated by

_ 1 1 Vg(x,)
w252

strongly converges to x*, that is, the unique solution of the variational inequality problem

Vf(x) +eVgx),y—x)>0, VyeC. (3.2)
{ )

Following [21], let f(x) = % |Ax—b||? where A is alinear and bounded operator and b € H.
Let g(x) = % ll%]|2. The next corollary easily follows.

Corollary 3.3 The (x,),cN generated by

wo(1- -2 (arax, +aps (1-1)*
KXntl = n = T a0 Xp + + - ) )
! nl|A|P? n)e

strongly converges to x*, that is, the unique solution of the variational inequality problem
(A*Ax +A*D + ex,y — x) >0, Vye(C, (3.3)
i.e. x* is the unique solution of
mcin % lAx — b + %sllxllz.

Let us consider a least absolute shrinkage and selection operator, called briefly the lasso
problem. Let H = R”; the lasso problem is the minimization problem defined as

in Ll Ax - b2 + > x|
min S {lAx = bll; + = %,

where A is a m X n matrix, x € R”, b € R” [22]. We consider a lasso problem with solutions.
This ill-posed problem can be regularized as

1 1
in —[|Ax - |3 —ellx3 + 8c(x).
min S {|Ax = blly + ¥ %l + e %y + dc ()

This regularization, called an elastic net, is studied in [23].
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Taking in account Example 1.3 the proximal operator of || - ||; on R” is defined as

. 1 )
prox,., (x) := argming y [lx[l1 + 3 lx—v|2t.
velR”

In [22] the author proved the following.

Proposition 3.4 [22] If g is a convex and Fréchet differentiable functional on H, a point
x* is a solution of the lasso problem if and only if

x" = prox; (I — AVg)x™.
Thus, by Theorem 2.8, we have the following.

Theorem 3.5 Pick two sequences such that

Lo
lim 2 =0
Vl—)OOl,Ln

and p, — 0, as n — 0o. Moreover, suppose that
(H1) Y02t = 00 and |[ty — pin-1] = 0(1in);
(H2) oty — apa] = o).

Then (x,),cN generated by

%na1 = P (0t prox,, , (1 = A*A + A*b)x, + (1 - o) (1 = 1))
strongly converges to x* € C, that is, the unique solution of

(x,y—x) >0, VyeFix(prox,  (I-A*A+A*b))NC,
i.e. the solution of the lasso problem with minimum || - ||o-norm solution.

Proof 1t is enough to choose S = prox (I-A*A + A*D), Pc. O

v
By Theorem 2.12, one can prove the following.

Theorem 3.6 Picku e H.Let u, =+ and a, = o > 0. Let (W) en such that sup,ep || Wz —

n

W1zl = 0(%), with B C H bounded. Then (x,),cn generated by
KXps1 = W, (a Prox,, ., (I —A"A + A*b)x,, +(1- a)(pc,,u +(1- un)xn))

strongly converges to x*, that is, the unique solution of the variational inequality problem
(x—u,y—x)>0, VyeFn l-“dx(proxwHl (I —-A*A +A*b)), (3.4)

i.e. the solution of the lasso problem nearest to u.
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