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1 Introduction and preliminary results

Let B(H) be the algebra of all bounded linear operators on a complex Hilbert space H. We
denote by Bj,(H) the real subspace of all self-adjoint operators on H. Bounds of X € B;,(H)
are defined by m := inf{(X§,§) : § € H, ||§|| =1} and M := sup{{X&,§) : &€ € H, ||§]| =1}.

A continuous real valued function f defined on an interval / is said to be operator convex
if fOX +(1-2)Y) <A (X) + Q- A)f(Y) for all self-adjoint operators X, Y with spectra
contained in / and all A € [0,1]. If the function f is operator convex, then the so-called
Jensen operator inequality f(P(X)) < ®(f(X)) holds for any unital positive linear mapping
® on B(H) and any X € B,(H) with spectrum contained in /. Many other versions of
Jensen’s operator inequality can be found in [1, 2].

Assume furthermore that (®y,...,®,) is an n-tuple of positive linear mappings &, :
B(H) — B(K).If in addition )", ®;(1y) = 1k, we say that Y -, ®;(1y) = 1 is unital.

Now we give the definition of classes of functions for which we observe Levinson’s op-
erator inequality.

Definition 1 ([3]) Letf € C(J) be a real valued function on an arbitrary interval / in R and
¢ € I°, where I° is the interior of I.

We say that f € KS(I) (resp. f € K5(1)) if there exists a constant « such that the function
F(t) =f(¢) — %tz is concave (resp. convex) on I N (—00,¢] and convex (resp. concave) on
IN[c,00). (See Figure 1.)

Moreover, we say that f € IC.f(I ) (resp.f € IC.§ (1)) if there exists a constant « such that the
function F is operator concave (resp. operator convex) on I N (—00, ¢] and operator convex
(resp. operator concave) on I N [c, 00).

The class of functions K{(/) can be interpreted as functions that are ‘3-convex at a
point ¢’ and extends 3-convex functions in the following sense: a function is 3-convex
on [ if and only if it is at every c € I°.
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Figure 1 Continous 3-convex function at a point c. F(t):f(t)_%tz

</

Next, we will review the history of research of Levison’s inequality.

Levinson [4] considered an inequality as follows:

If f:(0,2¢) - R satisfies f"" > 0 and p;, x;, y;, i =1,2,...,n, are such that p; > 0,
Yrpi=L,0<x;<c and

X1 +Y1 =% +Yr =" =%, +Y, =2¢, (1)

then the inequality

> pf @) —-f@ <> pf ) ~f6) @)

i=1 i=1

holds, wherex = " pix; andy = Y ., p;y; denote the weighted arithmetic means.

Numerous papers have been devoted to generalizations and extensions of Levinson’s re-
sult. Popoviciu [5] showed that the assumptions on the differentiability of f can be weak-
ened for (2); to hold it is enough to assume that f is 3-convex. Bullen [6] gave another
proof of Popoviciu’s result rescaled to a general interval [a, b].

Mercer [7] made a significant improvement by replacing (1) with the weaker condition
that the variances of the two sequences are equal: Y -, p;(x; — %)* = Y 1, pi(y;i — )*.

Witkowski [8, 9] extended this result in several ways. Firstly, he showed that Levinson’s
inequality can be stated in a more general setting with random variables. Furthermore, he
showed that it is enough to assume that f is 3-convex and that the assumption of equality
of the variances can be weakened to inequality in a certain direction.

Baloch et al. [10] built on and extended the methods of Witkowski [8]. They introduced
a new class of functions K{((a, b)) as in Definition 1.

Mici¢ et al. [3] built on the methods given in [11] on operators. We give Levinson’s opera-
tor inequality for unital fields of positive linear mappings and classes of functions given by
Definition 1. Moreover, we considered order among quasi-arithmetic means under similar
conditions.

Next, we give the main result in [3] for two operators and f € K{(I), i = 1,2.

Theorem 1 Let X,Y € By(H) be self-adjoint operators with spectra contained in [m, M]
and [n, N1, respectively, such that a <m <M < c <n < N < b. (See Figure 2.) Let ®, ¥ be
normalized positive linear mappings @,V : B(H) — B(K).

Iff € K<((a, b)) and C, < Cy, then

O(f(X) —f (@) < C1 < G < W(F(Y)) —F(¥(Y)), 3
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Figure 2 Spectra conditions in Levinson'’s inequality for two
operators and an operator 3-convex function.

a m M ¢ n N

where

Ci= [0 -00?],  Cri= S [w(r?) - w(r)] @)

But, iff € IC.E((a, b)) and C, > C, holds, then the reverse inequalities are valid in (3).

Proof This theorem is special case of [3], Theorem 1, for k = n = 1. For the sake of com-

pleteness, we give the proof.

Let f € K{((a, b)). So there is a constant « such that F(£) = f(¢) - %tz is operator concave
on [m, M] C (a,c]. Jensen’s inequality for an operator concave function implies

0 < F(®(X)) - ®(E(0) =f(D(X)) - %‘cp()()2 —O(F(X)) + %cp(x ).
It follows that
D(F(X)) —f(P(X)) < C1. (5)

Similarly, since F is operator convex on [n,N] C [c, b), then Jensen’s inequality for an
operator convex function implies

0 = W(FW) - F(¥() = (f(V)) - 5% (¥?) ~f(%(¥)) + S w(¥)"
It follows that
G < W(f(Y) -f (¥ (V). (©6)

Combining inequalities (5) and (6) and taking into account that C; < C, we obtain the
desired inequality (3). O

Applying Theorem 1 we obtain a version of Levinson’s inequality with more operators
as follows.

Corollary 2 ([3], Theorem 1) Let (X3,...,Xy ) be a ki-tuple and (Y1, ..., Y,) be a ky-tuple
of self-adjoint operators X;,Y; € By(H) with spectra contained in [m, M) and [n,N], re-
spectively, such thata <m <M <c<n <N <b. Let (y,..., Pi,) be a unital k-tuple and
(W1,...,Yy,) be a unital ko-tuple of positive linear mappings ®;,V; : B(H) — B(K).

Iff € K<((a,b)) and D < Dy, then

ki ki ko ka
> @i(f(X)) -f (Z @(X») <D <Dy <) Wi(f(Yy) —f(Z %(n)) (7)
i=1 i=1 i=1 i=1
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holds, where

k1 ki 2
- %{Z ®,(X?) - (Z <I>,»(Xi)) ]

Iff € IC.E((a, b)) and Dy > D, holds, then the reverse inequalities are valid in (7).

o
D22=5

Proof This result is proven directly in [3], Theorem 1, using Jensen’s operator inequal-

ity on the sum of the operators. We will give the proof by applying Theorem 1. We

set X = diag(X,,...,Xy,) and Y = diag(Y3,...,Ys,). Then X € By(H®---®H) and Y €
%/_J

ky
By(H @ --- @ H), with spectra contained in [m, M] and [n,N], respectively. Also, we
_\‘,—J

ko
set &J(diag(Al,...,Akl)) = Zﬁl ®;(A4;) and \il(diag(Bl,...,Bk2 Zl 1 Wi(B;). Then o :
BH® --®&H) — BK)and ¥ : BH® --- ® H) - B(K) are normalized pos1t1ve linear
—_—— —_———

k1 ka
mappings. We have

Cl=%[ (X?) - (%] |:Z<D (x2) - (ZQ(X))}

and
- O~ ~o I (32 o © 2 S 2
= E[\I,(Y )_\IJ(Y) ]:E[;‘Dx(}fz)— (;q)i(Xi)) :|:D2

Applying Theorem 1 on X, Y, ®, ¥ and taking into account that D; = Dz implies Cl C,
we obtain the desired inequalities (7) or their reverse inequalities. O

In this paper, as a continuation of the above consideration, we will observe other results
as regards Levinson’s operator inequality and its converse. We give a few examples for
power functions.

2 Converse of Levinson’s operator inequality
In this section we give the converse of inequalities (3) and (7) for f € K{(I), i = 1,2. First,
for convenience we introduce some abbreviations.

Let f: [m,M] — R, m < M, such that F(t) = f(¢) - %tz, o € R, be a convex or a con-
cave function. We denote a linear function through the points (m, F(m)) and (M, F(M)) by

line
wlm) €

: M-t t—-m o

line _ _ —
a,[m,M](t) = mf(m) + e mf(M) 5 ((M +m)t mM), teR,
and the slope of the line through (m, F(m)) and (M, F(M)) by ko fyman, i-e.

f) ~fom) @

Kaftman) == — = = = (M + m).
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Figure 3 Spectra conditions in the converse of Levinson’s F(t):f(t)-%tz
inequality for two operators and a 3-convex function.

O- ot

5 > 0—0—¢
amm, M, Mcnn, N, Nb

Next, we give the converse of Levinson’s operator inequality for two operators.

Theorem 3 Let X, Y, m, M, n, N, ®, ¥, C;, C, be as in Theorem 1 and m < M, n < N.
Let my, M, (m, < M,), and ny, N, (n, < N,) be bounds of the operators ®(X) and V(Y),
respectively. (See Figure 3.)

Iff € K{((a, b)) and C, > Cy, then

O(f(X0) —f(S(X)) + filk = Cy = C = W(f(Y)) —f(¥(Y)) + Bali, ©)
where

pr= max {f(t) - %rz — e (t)} >0, (10)

fr= min {f(t) - S (t)} <o. (1)

The constants P, By exist for any a, m, M, my, My and n, N, n,, N,,.

The value of the constant B is pr = f (to) — %tg - ﬁ“[“fn M](to), where ty may be determined
as follows:

o iff1(t) — ot < kyfiman for every t € (my, M), then to = my,

o iffi(0) — oty = Ko fiman = f1(t1) — aty for some ty € (my, M), then to = 4y,

o i f{(t) — at > ke fyman for every t € (my, My), then to = M.

The value of By can be determined as B, if we replace m, M, my, M, by n, N, n,, N,, respec-
tively, and with reverse inequality signs.

In the dual case, if f € K5((a, b)) and C, < Cy holds, then the reverse inequalities are
valid in (9), where By < 0 with min instead of max in (10) and B, > 0 with max instead of
min in (11). The value of the constants B, and By can be determined as above with reverse
inequality signs.

Proof We will give the proof for f € K{((a,b)). So there is a constant « such that F(¢) =
ft) - %tz is concave on [m, M] C (a, c]. The converse of Jensen’s operator inequality gives
(see [12], Theorem 3.4)

®(F00) - F(@00) = min, {50050~ 5 e

= () - %@(XZ) —f(D(X)) + %CD(X)Z + Bl >0

= O(f(X) —f(PX)) + Bilk = Cr. (12)
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Similarly, since F is operator convex on [#,N] C [c, b), then Jensen’s operator inequality

gives (see [12], Theorem 3.4)

W(F(Y) - F(¥(Y) = ma@{ e (6) = f(8) - %tZ}
= Y(f(Y)- %W(YZ) —f(w(Y)) + %LIJ(Y)z + Bl <0

= Gz Y(f(Y))-f(¥X) + Bl (13)

Combining inequalities (12) and (13) and taking into account C; > C, we obtain the de-
sired inequality (9). We obtain 8; = f (o) — %t(z) - ;“ffn M (to), where tg is determined as in the
statement of Theorem 3, by applying [12], Theorem 3.4, to f; = —min,, <<, {f;“f;l () =

S(#) + $t*}. Analogously we get By = f(to) — $£5 — 01”[1;1\1] (to). O

Remark 1 Let the assumptions of Theorem 3 be satisfied. If C; > Cy, f is strictly concave

differentiable on [m, c] and strictly convex differentiable on [¢, N], then (9) holds for

o . _ o _ : _
Br = (x0) = 5% ~ foman (%0) =f o) = 255 = foifrun o),

o ine - o_ ine -
B2 =f (o) - Ey(z) = fae 1 00) = £ Gio) — EJ% — St ny G0),

where x( may be determined as follows:
o if f'(my) — amy < Ko fiman, then xg = my,
o if f'(my) — amy = Ko fiman = f' (M) — aM,, then xy is the unique solution of the
equation f'(t) — ot = Ko fmm1»
o iff{(My) —aM, > Ko fimans then xg = My,
and X, is the unique solution in (1, M) of the equation f'(£) — at = ku fyma-
The values of yo, yo can be determined as xo, Xo, if we replace m, M, m,, M, by n, N, n,,

N,, respectively, and with reverse inequality signs.

Example1 Let ®,V,X,Y,m,M >0, n,N > 0, my, My, n,, N, be as in Theorem 3.

We will apply Theorem 3 putting f(¢) = # on (0,¢] and f(¢) = dt? on [c, 00), where ¢ > 0
and d = ¢’ 1.

(i) Ifp € (—00,0]U[1,00),q € [0,1],and & = 0, thenf € K5([0, 00)). So, (5) and the reverse
of (9) give

D(XP) - DX + Brlx <0 <dV(YT) —d¥(Y)7 + azlx < B51k,

where

. M-t t—-m

Bl = min & - P MPL <0,
My <t<My M-m M—-m
N-t t—n

B3 =d- max {t7- n? — N1t >0
ny<t=<Ny N-n N-n
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(ii) If p,g € (—00,0] U [1,2], p> —p > g* — g, and o« = &2 (p? — p + ¢* — q)/2, then

d? o _ . .
E(tp—gtz) =pp-1)¢& 2—a2p(p—1)cp 2_a>0, ifo<t<g
d2

7o (c”_qtq - %t2> =q(q-1)F11? —a <qlg-1)F*-a <0, ift>c

So, f € K5([0,00)). If

09 Ci=[0() - o] = o= S[W(r?) - w(r)’]

then the reverse of (9) gives
O(X?) - XY + Pilx < C1 < C <dV (YY) - dW(Y)! + Bolx,

where

t—m
M—-m

M-t
B1= min {tp—M m?
-m

My <t<Mjx

MP + %((M+m)t—mM—t2)} <0,

N-t t—
Bo= max qd|t?- ni— 27" Na +g((N+n)t—nN—t2) > 0.
ny<t<Ny N-n N-n 2

(iii) If p,g € [0,1] U [2,00), p* =p < ¢* =g, and & = > (p* - p + ¢* — 9)/2, then

d? b 9 o2 )
7 t_Et <pp-1DIF*-a<0, if0<t<c

2

d o .
Tl (cp_qtq - Etz) >qlg-D?—a>0, ift>c

So, f € K5([0, 00)). If C; > C,, then (9) gives
D(X?) = (XY + nlx = C1 > Cy > d¥ (YY) —d¥(Y) + plk,

where y; > 0 is defined similar to 8; with max instead of min and y» < 0 is defined similar

to B, with min instead of max.

Remark 2 Let the assumptions of Theorem 3 be satisfied. If f € Iéf((a,b)) and C; > C,,
we obtain the following extension of (9):

Ci+ Bl = P(f(X)) —f(PX)) + il = C1 = Cy
> W(f(Y)) —f(¥(Y)) + ol = Co + Bolk. (14)
In the dual case, if f € IC.E((a, b)) and C; < C,, then the reverse inequalities are valid in (14).

Applying Theorem 3 we obtain a version of the converse of Levinson’s inequality with

more operators.
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Corollary 4 Let X;, ®; (i=1,...,k), ¥;, ¥; (j = 1,..., ko), m, M, n, N, Dy, Dy be as in
Corollary 2. Let my, My (m, < M,), and n,, N, (ny < N,) be bounds of the operators
X= Z (X)) and Y = Zl L Wi(Yy), respectively. If f € K{((a, b)) and D, > D,, then

i=1

Z‘D (Fxi) - (Z@ (X)) + Bilk

k2 kz
>Dy =Dy = ) Wi(f(Y)) - (Zwm) + Boli, (15)

i=1 i=1

where B, and B, are as in Theorem 3.
Iff € K5((a, b)) and D, < D, holds, then the reverse inequalities are valid in (15) with p;
and B, as in Theorem 3 in the dual case.

Proof We use the same technique as in the proof of Corollary 2. We omit the details. [

Remark 3 Applying Corollary 4 to positive linear mappings ®;, ¥ : B(H) — B(K) de-
termined by ®; : B> p;B, i =1,...,k;, and V; : B ¢;B, i = 1,...,k;, we obtain the fol-
lowing obvious result with convex combmatlons of the operators X,, i= ., ki, and Y},
] = 1, ooy kg.

Let X;, ¥; be operators as in Corollary 4, such that a < m, <M, <c<m, <M, <b
for some a,b,c € R. Let (p1,...,px,) be a ki-tuple and (g1, ..., qx,) be a ky-tuple of positive
scalars such that Y%, p; =1and Z}kfl gi=1.

If f € K{((a,b)) and P < Q, then

ki ko

S pfX)—fX) + Bl <P<Q< > qf (V) ~f(¥) + Bol,

i=1 j=1

where B; and B, are as in Theorem 3,
a & a &
=5 ZPi(Xi - X)%, Q=7 Z%‘(Yj -Y),
i=1 j=1

and X := Y M pX;, ¥ := Zlkzll g;Y; denote the weighted arithmetic means of the operators.

3 Refined Levinson’s operator inequality
In this section we obtain a refinement of Levison’s operator inequality (7) given in Section 2
under weaker conditions.

The absolute value of B € B(H) is defined by |B| = (B*B)"2.

For convenience, we introduce the abbreviations A and § as follows:

o A=Ag(m,M):= g — 2 |B- M1,

where B € B, (H) is a self-adjoint operator, ® is a normalized positive linear mapping and

m, M (m < M) are some scalars such that spectra Sp(X) C [m, M]. Since mlg < B < Ml,
we have — 221, < B — My, < Moy, and 0 < [(B) — 21| < 221 It follows
A >0.

o 8= 080 (m, M) := 2f (M) — f(m) — f(M) + § (M — m)?,
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Figure 4 Spectra conditions in a refined
Levinson'’s inequality for two operators and a
3-convex function.

a m M ¢ ‘n N: b
G-0—600—000—0-0-0—6-00—006—0O
m M, mg Mim, M, n, N, n, N nN,

where f : [m, M] — R is a continuous function and « € R. Obviously, if F(¢) =f(¢) — %tz is
concave (resp. convex) then § > 0 (resp. § <0).

First, we give refined Levinson’s operator inequality for two pairs of operators.

Theorem 5 Let @,V : B(H) & B(H) — B(K) be normalized mappings such that
®(diag(By, By)) = @1(B1) + P2(By) and V(diag(Bi, By)) = W1(B1) + Wa(Ba), where &1, ®,
W, W, are positive linear mappings.

Let X = diag(X1, X,), Y = diag(Y1, Ya), where X1, X5, Y1, Yy € By(H) are self-adjoint opera-
tors with spectra Sp(X1) C [my, My], Sp(X2) C [m12, M], Sp(Y1) € [n1,N1], Sp(Y2) C [n2,N,]
My <my, Ny <my. Leta<my <My <my <M, <my <My <c<m=<N <n, <N, <
ny < Ny < b, where my, M, and n,, N, are bounds of ®(X) and V(Y), respectively. (See
Figure 4.)

Iff € K{((a, b)) and C, < C, (see (4)), then

D(F(X) —f(PX) < P(FX)) —f(@X) + 8 X < C
<G YY) -f(U(Y) +8Y < W(f(Y) -f(¥()),  (16)

where 8, = Sf,a(ﬁ'z,l\_/[) >0,X= Aq;(x)(rh, 0 for arbitrary numbers in € [My,m,], M €
(M., ms), m < M and 8 = 6f,a(;71,]§[) <0
[N1, 1], Ne [Ny, n3], 11 < N.

But, if f € K5((a, b)) and C, = Cy holds, then the reverse inequalities are valid in (16),
with 8, < 0 and 85 > 0.

V) >
, Y = Ay (i1, N) > 0 for arbitrary numbers i €

Proof We will give the prooffor f € K{((a, b)). Since F(t) = f(£)- %tz is concave on [my,c] C
(a, c] for some constant «, the refined Jensen’s operator inequality for a concave function
implies (see [13], Theorem 3)

F(®(X)) = ®(F(X)) + 8,.X > ®(F(X))

= Gz 0(f(X) —f(PX)) + 85X = O(f(X)) - f (X)), (17)
since 0 < &; = 2F(@) — F(m) - F(M) = Sf,a(;h,[\_/[) =61 and

- 11 1 x) X) m+ M
X=-1x—-—= D1(X7) + Dr(X5) -
5K i 1(X1 2(A2

k| = Ao (7, M).
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Similarly, since F is convex on [¢,N;] C [c,b) for some constant «, the refined Jensen’s

operator inequality for a convex function implies (see [13], Theorem 3)

F(W(Y)) < W(F(Y)) - 8,Y = W(E(Y))

= G YY) -f(¥(Y)+8&Y <U(f(V))-f(¥(Y)), (18)

since 0 <8, = F(N) + F(N) — 2F(;’*2N) = —Sf,a(ﬁ,N) = -8, and

-1 1 n+N _ o
Y=-1g - ——[Wi(Y1) + Yo (Vo) - x| = Ay (n,N).
2 N-n
Combining inequalities (17) and (18) we obtain the desired inequality (16). O

Example 2 Let ®;,V;, X;, Y;,m;,M; > 0, n;,N; > 0,i=1,2, ®, ¥, X, Y, m,, My, n,, N, be
as in Theorem 5.

We will use the same technique as in Example 1 and we will apply Theorem 5 putting
f(t) =t on (0,c], f(t) = dt? on [c,00), where ¢ >0 and d = ¢#1.

(i) If p € [0,1], g € (—00,0] U [1,00), and & = 0, then f € K{([0, 00)). So, (16) gives

D(XP) - DXV + 85X <0 <d¥(YT) -dV(Y)! +6,Y,

where
i _ -1 1 M + 7.
8= 2P+ MY il —MP >0,  X=-lg - —— }dD(X)— ] =0,
2 M-m
_ _ - 1 1 N + 7
8y = d(29( + N)7 - it — N) <0, V= Jlm o W) - "1kl = 0.
—-n

(ii) If p,g € [0,1] U [2,00), p* —p < ¢* —q, and a = P 2(p* — p + q* — q)/2, then f €
K5([0, 00)). If

Cii= S [0(0) - 0] = Gy 1= S[W(¥?) - w(¥)’]
then (16) gives
P(X?) - PXY + 88X < C < C <d¥ (YY) —d¥ (V) +6,Y,

where

81 =2P(m+ M) — i — MP + a(M - m)?/4 > 0,

8 =d(2"(+ N)T -7 = N) + (N - )*/4 < 0,

and X, Y > 0 as in the case (i).
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(iii) If p,q € (~00,0] U [1,2], p* -p>q®> =g, and o = " 2(p*> —p + ¢*> — q)/2, then f €
K5(10,00)). If Cy = C, (> 0), then (16) gives

O(XP) = DXV + 8K = C = Cy = dW(Y7) - dW(Y)! + 5,7,

where 8 > 0, 8, <0,and X, Y > 0 as in the case (ii).

The first and the last inequality in (16) are obvious, so we omit them.

Levinson’s operator inequality (7) holds with the weaker condition: f € K{(I) and with
spectra conditions (see [3], Theorem 5). Next, applying Theorem 5 we obtain a refinement
of this inequality. The proof is the same as for Corollary 2 and we omit the details.

Corollary 6 Let (®y,...,Dy) be a unital ki-tuple and (V1,...,Vy,) be a unital ko-tuple
of positive linear mappings ®;,V; : B(H) — B(K). Let (X,...,Xy,) be a ki-tuple and
(Y1,..., Y4,) be a ky-tuple of self-adjoint operators X; and Y; € By, (H) with spectra contained
in [m;, M;] and [n;, Nj], respectively, such that

a<m<M;<c<nm<Nj<b, i=1,...,k,j=1,...,k,
(mx»Mx) N [mirMi] =g, i= 1»-««1k11 (my)My) N [n])]\[]] =4, j: 1)"-1k2)
m< M, n<N,

where my, M and n,, N, are bounds of X = Zﬁl ®(X) and Y = 221 W,(Y;), respectively,
and

m = max{M;|M; <my,i=1,...,k}, M :=min{m;|m; > M,,i=1,...,k},

n:=max{N;IN; < n,,i= .k}, N :=min{n;|n; > Ny,i=1,...,k}.

Iff € K$((a, b)) and D, < D; (see (8)), then
Zd> (Fx) - (Zcb(X))
<Zd>(f(X (Zd) )+81X<D1
<D2<Zw(f(y) (Z\y Y))
<Z\y(fy) (Z\y(y)+52?, (19)

where §; = 8f,a(ﬁ1,1\_/1) > 0, X = Ax(m,M) > 0 for arbitrary numbers m € [m,m,],
(M, M], 71 < M and 8, = 8;,(i1,N) <0,Y
N € [N,N],n<N.
But, if f € K5((a,b)) and Dy > D, holds, then the reverse inequalities are valid in (19),

with 8, < 0 and 55 > 0.

> €
= Ay(i1, N) > 0 for arbitrary numbers i1 € [n, ],
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4 Refined converse of Levinson’s operator inequality
In this section we obtain a refined converse of Levison’s operator inequality (15) given in
Section 2.

For convenience, we introduce the abbreviation

1
M-m

B m+M1
5 H

~ o~ 1
A= A.:D'B(I’}’I,M) =& EIH -

)

where B € B (H) is a self-adjoint operator, ® is a normalized positive linear mapping and
m, M (m < M) are some scalars such that spectra Sp(X) < [m, M]. Obviously, A >0.
First, we give a refinement of (9) for two pairs of operators.

Theorem 7 Let &,V : B(H) & B(H) — B(K) be normalized mappings such that
®(diag(By, By)) = ©1(By) + ©a(By) and W(diag(By,B,)) = Vi(By) + Wy(B,), where @y,
Dy, Uy, Wy are positive linear mappings. Let X = diag(Xy,Xo), Y = diag(Y1, Ya), where
X1,X0, Y1, Yy € By(H) are self-adjoint operators with spectra Sp(Xi1),Sp(Xz) C [m, M],
Sp(11),Sp(Y2) C [n,N], such that a < m <M < c <n <N < b. Let my, M, and n,, N,
be bounds of the operators ®(X) and V(Y), respectively (see Figure 3). If f € K{((a, b)) and
C1 > C, (see (4)), then

D(f(X)) —f (X)) + Brlx
> O(f(X)) —f(®X)) + Bl - 86X = G

> Cy = U(f(Y)) —f(¥(V)) + Bl = 82Y > W(F(Y)) - f(¥(Y)) + Balk, (20)

where By, By are defined as in Theorem 3, 81 = &7, (m, M) > 0, X = Z¢,X(m,M) >0,68, =
8 (1, N) <0, and Y = Ay y(n,N) > 0.

Iff € K5((a, b)) and Cy < C, holds, then the reverse inequalities are valid in (20), with
81 <0 and 8y > 0 and B, and B, as in Theorem 3 in the dual case.

Proof We will give the proof for f € K{((a, b)). Since F(t) = f(t) - %tz is concave on [m,c] C
(a, c] for some constant «, the refined converse of Jensen’s inequality for a concave function
implies (see [14], Theorem 8)

=

O(F(X)) - F(®(X)) = min_ { o) (6) = (0) = %tz}lk - 51X
= ®(f(0) - %CD(XZ) —f(D(X)) + %CD(X)Z F Bk + 31X >0
= O(f(X) —f(®(0) + Bilk - 81X = Cy, (21)

since 0 2;51 =F(m) + F(M) — 2F(%) =8 (m, M) = -8, and

m+M m+M
Xl— ) 11—[ +<I)2 Xz— ) 11—1

%=1 L P
T T Mom| !
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Similarly, since F is convex on [c, N3] C [c, b) for some constant «, the refined converse of

Jensen’s inequality for a convex function implies (see [14], Theorem 8)

U (EF(Y))-F(¥(Y)) < _max {ﬁir[‘;,N](t) —f(t) - %ﬁ} _5,Y
= W) - %\II(YZ) —f(w() + %\P(Y)z +Bolx 8,7 <0

= G Y(f(Y))-f(¥(Y)) + Bolx - 5,7, (22)

since 0 §§2 =F(n) + F(N) —2F(%) =—8fq(m,N) = —8, and

vow(l L |y nN, Ay y(n,N)
= —1y - - = n,N).
SN, H w,Y
Combining inequalities (21) and (22) we obtain the desired inequality (20). O

Example 3 Let &;, ¥;, X;, Y}, i=1,2, m,M > 0,n,N >0, d, ¥, X, Y, m,, M,, n,, N, be as
in Theorem 7.

We will apply Theorem 7 putting f(¢) = £ on (0, c], f(£) = dt? on [c, 00), where ¢ > 0 and
d=c1.

(i) If p € (~00,0] U [1,00), g € [0,1], and « = 0, then reverse of (20) gives
O(XP) = DX + Bl -6 X <0 <d¥ (V) —dW (V)T + 51k - 5,7,

where B7, B5 are as in Example 1(i), and

-1 1 M
S =2 P+ MP - —MP >0, X ==l of [x- 21",
2 M—-m 2

)
)

(ii) If p,g € (~00,0] U [L,2], p* —p>q* —q and a = P 2(p* —p + ¢* — q)/2, then f €
K5([0, 00)). If

~ 1 1 N+n
8, =d(2"9(n+ N)1/2 —n? - N9) <0, Y="1g-—(|Y- 1
2=d(2"(m+N)1/2-n )< S, (' o

09 Ci=[0() - 2] = o= S[W(r?) - w(r)’]
then the reverse of (20) gives

D(XP) - DX + pilk — 81X < C1 < C <dW(YT) —dW(Y)T + Boli - 5,7,
where B;, B, are as in Example 1(ii),

81=2"P(m+ MY —m? = MP + a(M - m)*/4 >0,

8 =d(2"(n+N)T-n?=N?) +a(N-n)*/4 <0

and X, Y are as in the case (i).
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(iii) If p,g € [0,1] U [2,00), p* —p < ¢* =g, and a = " 2(p* —p + ¢* — q)/2, then f €
K{([0,00)). If C; = Cy, then (20) gives

D(XP) = DXV + il — 81X = C > Cp > dW (YY) —dW(Y)T + plx — 8,7,

where y; > 0 is defined similar to 8; with max instead of min and y, < 0 is defined similar
to B, with min instead of max, and §; <0, 8, > 0, X, Y are as in the case (ii).

The first and the last inequality in (20) are obvious, so we omit them.

Remark 4 Let the assumptions of Theorem 5 be satisfied. If f € KC{([r11, N>]) and C; > C;,

we obtain the following extension of (16):

Ci+ Bl = O(f(X)) —f(@(X)) + Bilk
> ®(f(X)) - f(PX) + Bilk -6 X > C
> Cy = U (f(Y)) - f(V(Y)) + Bk - 8Y

> W(f(Y)) - f(W(Y)) + Balk = Co + Balk. (23)

But, if f € K5((a, b)) and C; < C,, then the reverse inequalities are valid in (23).
Applying Theorem 7 we obtain a refinement of (15). We omit the proof.

Corollary 8 Let (®y,..., Py)) be a unital ki-tuple and (Y1, ..., Vy,) be a unital ko-tuple
of positive linear mappings ®;,V; : B(H) — B(K). Let (X,...,Xy) be a ki-tuple and
(Y1,...,Yy,) be a ky-tuple of self-adjoint operators X; and Y; € By(H) with spectra con-
tained in [m, M] and [n, N, respectively, such thata <m <M <c<n <N <b. Let m,, M,
and ny, N, be bounds of X = Zﬁl (X)) and Y = ijl W;(Y;), respectively.

Iff € K{((a, b)) and Dy > D, (see (8)), then

Zd> (Fxi) - (Z@ (X)) + Bilk

i=1

>Zd> (fx) - (Zeb (X)) ~8 X + Bilk = Dy

>D2>Z\I/(f(Y) <Z‘qf Y)>+,6211< 8Y

i=1

> Zw (F(vy) - (Z\v (Y)) + Balx, (24)

i=1

where 8, and B, are deﬁned as in Theorem 3, 81 = 87, (m, M) > 0, X = Z’q Aq;i)(i (m, M) >
0,8, = 87,,(n,N) < 0,and Y = Y12, Ay,,,(n,N) > 0.
Iff € K5((a, b)) and Dy < D, holds, then the reverse inequalities are valid in (24), with

81 <0 and 8, > 0 and B, and B, as in Theorem 3 in the dual case.
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