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Abstract

We introduce an Aharonov-Bohm type magnetic field on three-dimensional
Heisenberg group and show this quadratic form satisfy an improved Hardy inequality
with weights.
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1 Introduction
The classical Hardy inequality states that, for N > 3 and for all # € C§° (RM),

_9\? 2
/ |Vu|2dxz(u>/ 2 ax (L.1)
RN 2 ’N x|

and (%)2 is the best constant in (1.1). If N = 2, the classical Hardy inequality fails. How-
ever, for some magnetic forms in dimension two, the Hardy inequality becomes possible.

In fact, if Ba is the Aharonov-Bohm magnetic field

pa= ﬂ( e )
N x v a w? v al)
then for all u € C°(R? \ {0}) (cf. [1]),

2
(1.2)

. 2 .
/RJ(V+1,3a)u| dxzrlzlel%|k—ﬂ|2/RZ W .
Recently, a version of the Aharonov-Bohm magnetic field for a Grushin subelliptic oper-
ator has been introduced by Aermark and Laptev [2]. Furthermore, such quadratic form
also satisfies an improved Hardy inequality. In the same paper, they asked the following
question: does there exist a similar result for the Heisenberg quadratic form?

Recall that the three-dimension Heisenberg group H; = (R? x R, o) is a step-two nilpo-

tent group whose group structure is given by

@x,y,t) 0 (x,y,¢) = (x+x’,y+y/,t+t’— %(xy’—yx’)).
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The vector fields
B 0 0 ]
=_+Z_’ Y:__f_
ax 20t dy 20t

are left invariant and generate the Lie algebra of Hj. The Kohn sub-Laplacian on Hj is

y oy 079 x?+y2 9% 1 9 a\ o
Ag=X"+Y"=—+—+ —+—|y——x— )=
x%  9y? 4 9> 4\"oax 9y/)ot

and the subgradient is the vector given by Vi = (X, Y). For simplicity, we let z = x + yi.

Then |z| = \/x? + y2. Denote
1
p:=plzt) = (|z|* + 16£%) .

Similar as in [1, 2], we define an Aharonov-Bohm type magnetic field .A on Hj:

A= (A Ay) = (—Q,)ﬂ) (1.3)
p’ p

To our surprise, for such magnetic field (1.3), we cannot deal with the Hardy inequality

2
|vHu|2dzdtz/ @WHdezdt, u € C°(Hy), (14)
H; Hy p

but the Hardy inequality with weight

2 2
/ |VHu|2dZdtZ/ W dedr, we c ).
Hy [Vmpl Hy P

For the reasons, see Remark 2.2. For more Hardy inequalities on Heisenberg groups, we
refer to [3-10].
The main result is the following theorem.

Theorem 1.1 We have, for u € C3°(H;),

d ( . 2 |I/l|2
zdt > 1+r]£11%1|k—/3| ) ?dzdt. (1.5)
€

H

/ |(Ve + iBA)ul*
Hy [Vupl|?

2 Proof of Theorem 1.1

Before the proof of Theorem 1.1, we need a polar coordinate associated with p on H;. We
describe it as follows. For each real number A > 0, there is a dilation naturally associated
with the group structure which is usually denoted 8y (x, y, ) = (Ax, Ay, A2t). The Jacobian
determinant of §; is A<, where Q = 4 is the homogeneous dimension of Hj. For simplicity,
we use the notation A(x,y,£) = 8, (x,9,t). Given any & = (x,y,¢) € Hj, set x* = %, y* = %,
t* = p—tz, and &* = (x*, y*, t*) if p(&) # 0. The polar coordinate on Hj associated with p is the
following (cf. [11], Proposition (1.15)):

f(&)dzdt:/oo/f(ké*)ksdodk, fell'(H),
Hy 0 z
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where ¥ = {(x,9,£) € Hj : p(x,y,t) = 1} is the unit sphere associated with p. Moreover,
there is a parametrization of this polar coordinate (cf [12], Theorem 5.12):

X = ps/cosacosb;
y = pa/cosasinb; (2.1)

= %p2 sina,

where « € [-7/2,7/2), 8 € [0,27), and 0 < p < co. Using this parametrization, we can

rewrite the polar coordinate as follows:

1 oo /2 2
f(&)dzdt = —/ f / fE)p dpdads, fel'(H,). (2.2)
H, 4.)o JxnJo
Proof of Theorem 1.1 Using the identity
(a® + B*) (121 + |221%) = lazy + bza|” + lazy, — bz, a,b€R,z1,25 € C,
we have
Virp 2| (Ve + iBAul’

2
+

)

|Vipl*u

ﬂmﬁﬂmm(

Y X
Xu—ip=L| +|vu+ipZl
) p

2

= Xp-Xu+Yp-Yul*+ |Xp-Yu-Yp- Xu+ip (2.3)

By (2.1),

0 dxd 0yad il il
A L . (2.4)
00 000x 000y Qdy ~ox

and

9 9x9d dyad 9o

= + +
do  Odadx Odady Oduo dt

psinacos® 9  psinasingd 9 1 , 0
= —————— — - ——— — + —p-cosa—

2,/cosa  0x 2 /cosac 0y 4 ot
2t 9 29t 3 |z> 0

e A 2.5
|z|2 0x  |z|?dy 4 Ot (2:5)

Therefore, by (2.4) and (2.5)

Xp-Yu—Yp-Xu~ |z|2x+4yt(8u xau) ~ |z|2y—4xt<8u +28_u)

03 a_y T 20t 03 ax 2 ot
]2/ @ d dxt du 4yt du |z|* du
=5 |* e e e R e v
P p3 dx  p3 dy 2p3 0t
2P ou |l (4xt 9 4yt 0 |z)* @
03 90 * 03 Ax ay 2 ot

ay yax
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279 ad Vupl? [0 0
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p3 \ 30 da 0 a0 da
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To get the last inequality above, we use the fact |Vyp| = %. Combining (2.3) and (2.6)
yields

V ] 2 Xp - X Yo - Yul?
/ Mdzd;ﬁ:/ [ Xp-Xu+Yp - Yul dzdt
Hy Hy

[Vupl|? [Vupl*

|84 —23% 4 iBul?
+/ L dzdt
H; 1Y

= () + (1), 27)
where

dzdt

(1)~—/ |Xpo -Xu+Yp - Yul?
© e [Vrp|*

and

| 2 +iful?
(1) := / e dzdy
Hy
1 oo pm/2 p2w
- Z /(; \/:n/Z /

If we represent u by the Fourier series

2
— —2— +iBu| pdpdado.

u(p,a,0) = Y un(p,)e™ |/2m,
n=—00

then

2

0unpr®) s (v pdpder, 2.8)

0 1 poo pwl2
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Similarly, representing u,,(p, «) by the Fourier series

un(py0) = Y uni(p)e™ /7,

k=—00

we have

+00 +00

T P P it ﬂ'f l4ai(0) 0 dp

n=—00 k=—00

> min |k~ B - Z 2/ |wni(0)|* 0 dp
Vl

—00 k=—00

1 oo /2 2w 9
:1;161%1|k_‘3|2.1/ /771/2'/0 |u(p,a,9)‘ pdpdodd

|ul?

= min|k—ﬂ|2/ ——dzdt. (2.9)
keZ Hl p
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To finish the proof, it is enough to show

|uu]?

dxdydt > / F dxdydt.

H

()=

/ Xp-Xu+Yp - Yul?
H, [Vipl*

This will be done in Lemma 2.1. The proof of Theorem 1.1 is therefore completed. O

Before we turn to the proof of Lemma 2.1, we need the horizontal polar coordinates on
H; which have been introduced by Kordnyi and Reimann [13] (see also [14], pp.110-112).
Set

4i—L 1 1
yve(p) = (sze e 8P ;p2t>r £=(zt)eX.
The horizontal polar coordinate on H is

f(z,t)dzdt:/ /f(yg(p))p?’dsdo, feLl(Hl).
H; 0 )

Furthermore, we can also give a parametrization of this polar coordinate through setting
((14], pp.111-112)

x = p/cosacos(f + 4tana log p);

d: 1 y=pi/cosasin(d + 4tana log p);
t=p2sina.

The Jacobian determinant of ® is p® so that

— = 3
Hlf(z,t)dzdt—/o /Ef()/s(p))p dp d&

1 o9 /2 2
-1 /0 / /0 F(e(0))p® dp dar do. (2.10)

/2

Using this parametrization, we have (see [14], p.112)

d 2 2
— = x|z|” — 4yt) Xf + (y|z|]” + 4xt)Y]
dpf(ys(p)) p|z|2(( 21> — 4yt) Xf + (ylz| )Yf)
1 <VHP4; VHf) 102
=P R E (W,
re FE PR
_ <VH:07 VH'Hf>' (2'11)
[Vup|?
Lemma 2.1 We have, for u € C3°(H,),
Xp-Xu+Yp - Yul? 2
/ Xp X+ Yo Yl dzdtz/ 4 gz ar.
H [VEpl H P
Proof Notice that
o 4 2 s [ )
/ ()] p dp—/ If (ve(0))| 0 dp
0 P 0
00 d 2
:/ M ,Od,OZO. (2'12)
0 dp
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Integrating over —7/2 <« < m/2 and 0 <6 < 27 and using (2.10) yields

J,

Combining the inequality above and (2.11) gives

Xp-Xu+Yp - Yul|? 2
/ [Xp-Xu+ Yp - Yul dzdtz/ Wl .
Hy H

I (ve ()12

2
dzdt > 5

d
—f(v:(p)) dzdt.

dp

Hy

[Vipl* p*
This completes the proof of Lemma 2.1. d

Remark 2.2 If one considers the Hardy inequality (1.4) with the Aharonov-Bohm type
magnetic field A on Hj, then, following the proof above, one needs to show

/2
-/—71/2

However, to the best of our knowledge, it is not known whether inequality (2.13) is valid.

2 /2

cosa do > min |2k — ,3|2/ lu|? cos e da. (2.13)
keZ -1/2

ou 5
— —ifu
da

The reason is that, in this case, {€* /,/m} is not an orthonormal basis because there exists
a weight cos in (2.13).
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