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1 Introduction
In this paper we are concerned with multiple solutions for a class of systems of elliptic
equations with Dirichlet boundary condition

—Auy =F, (%, u1,...,u,) inQ,

—Auy = Fy, (%, u1,...,4,) ing,
(1.1)

—Au, =F,,(x,u1,...,u,) in g,

ui(x)=0, i=1,...,n, onog,

where Q is a bounded subset of R” with smooth boundary 92, n > 3, u;(x) € W&'Z(Q),

F:R" x R" — Ris a C? function such that F(x,0) =0, 6 = (0,...,0) and F,,(x, u1,...,u,) =
OF (x,u1,....15)
ou;
us define

,i=1,...,n.LetU = (uy,...,u,) and || - | z» denote the Euclidean norm in R". Let

dyF(x, U) = Fy(x, U) = grady, F(x, U) = (Fuy (6, 1, ., )y . Fuy (%101, 1))
and
dyF(U)-U=d(FyxU))-U VYUEeE.

Let A <Xy <--- < Ag <--- beeigenvalues of the eigenvalue problem —Au = Auin Q,u =0
on %2, and ¢y be an eigenfunction belonging to the eigenvalue X¢, k > 1.
We assume that F satisfies the following conditions:
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(F1) Fe C*(R" x R",R), F(x,0) =0, F;;(x,0) =0,x € 2,0 =(0,...,0).
(F2) There exist constants @ and 8 (o, B are not eigenvalues of the elliptic eigenvalue
problem) such that « < 8 and

ol <d*Fx,U) < Bl Y(x,U)eR" xR,
and there exists k € N* such that af < Al < d%,F(x, U) < Mgl < BI for every U,
where I is the # x n identity matrix.
(E3) There exist eigenvalues Ayi1,..., Ay such that

A <0< A1 <ot < A < B < Al

where h>1, m > 1.
(F4) There exist y and C such that A;,,, < ¥ < 8 and

F(x,U) > %ynunin -C, V(xU)eR"xR"

Some papers of Lee [1-4] concerning the semilinear elliptic system and some papers
of the other several authors [5, 6] have treated the system of this like nonlinear elliptic
equations. Some papers of Chang [7] and Choi and Jung [8] considered the existence and
multiplicity of weak solutions for nonlinear boundary value problems with asymptotically
linear term. The authors obtained some results for those problems by approaching the

variational method, critical point theory and the topological method.
Let W&’Z(Q, R) be the Sobolev space with the norm

/ |Vu>dx  forue WIZ(Q)

and the scalar product
(@, V)y12g.p) = (Vit VV) 20 0)-

Let E be a cartesian product of the Sobolev spaces Wé’z(Q,R), ie.,
E=Wy*(,R) x --- x Wy*(,R).

We endow the Hilbert space E with the norm

Iz = Z lilpa gy

where ||L¢,~||%)VL2(Q . Jo IVui(x)|* dx. From now on we shall denote by W,2() instead of
@,

W2 (S, R).
System (1.1) can be rewritten by

—-AU =grad, F(x,U) ing, (1.2)

U=0 ono<,
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where —AU = (—Auwy,...,—Au,) and 0 = (0,...,0). In this paper we are looking for weak
solutions of system (1.1) in E, that is, U = (u,...,u,) € E such that

/[—AU-V]dx—/Fu(x,L[)-Vzo forall V e E.
Q Q

Our main result is the following.

Theorem 1.1 Assume that F satisfies conditions (F1)-(F4). Then system (1.1) has at least
three nontrivial weak solutions.

The proof of Theorem 1.1 is organized as follows: We approach the variational method
and use the finite dimensional reduction method for the dimension of the system, which
reduces the infinite dimensional problem to the finite dimensional one, and we get criti-
cal points of the functional on the infinite dimensional space E from that of the reduced
functional on the finite dimensional subspace of E. We also use critical point theory on
the reduced finite dimensional subspace. In Section 2, we approach the variational method
and the reduction method. We show that the reduced functional satisfies the (PS) condi-

tion. In Section 3, we prove Theorem 1.1.

2 Reduction approach
We assume that F € C2(R" x R",R), F(x,0) = 0, Fy;(x,0) =0, 6 = (0,...,0) and there exist
constants « and § («, B8 are not eigenvalues of the elliptic eigenvalue problem) such that

o < Band
ol <d}Fx,U) < Bl Y(x,U)eR" xR,

and there exists k € N* such that ol < Ail < d%,F(x, U) < Ml < BI for every U, where

U =(w,...,u,) and there exist eigenvalues Aj,1, ..., Ajy such that
A <0< A1 <0 < M < B < Al
where h > 1, m>1.

Lemma 2.1 Let F, (x,U) € LX), U = (u1,..., 4., uy), i =1,...,n. Then all the solutions
of

—AU =grad, F(x,U)
belong to E.

Proof Let F,,(x, U) € L*(2). We note that {A, : |A,| < |c|} is finite. Then F,, (x, us,...,u,) €
L*(Q),i=1,...,n, can be expressed by

oo oo
F,(xu,...u,) = th¢k, Zh,% <oo foreachi=1,...,n.
k=1 k=1
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Then
AV Ey @y tn) = 3 I
u; \*» yeeeyhy )\k .
Hence we have the inequality
- 2 1
” (_A) IFM,'(x; Uly... un) ” Wé'z(ﬂ) = Z )\-k)\‘_lz(hi =< Z hi <00,
which means that

” (_A)_lFui(x’ Upyeoos un) ” Wé’z(ﬂ) = ”Fu,'(x» Uy.nns un) HLZ(Q) <00,

SO ||ui”Wé’2(Q) < 0. Thus

1

n 2
L) e = (Z ||ui||wé,z(m) < o0. .

i=1

By the following Lemma 2.2, weak solutions of system (1.1) coincide with critical points
of the associated functional /

I e C"Y(E,R),
[ Ywyre_
IU) = /Q [2|VL[| F(x, Ll)} dx, (2.1)

where U = (uy,...,u,) and [, [VU[*dx=Y"", [o |Vu|*dx, n > 1.

Lemma 2.2 Assume that F satisfies conditions (F1)-(F4). Then the functional I(U) is con-
tinuous, Fréchet differentiable with Fréchet derivative

DI(U) -V = / [(-AU) -V - Fyx U)- V]dx.
Q
Moreover, DI € C. That is, I € C.

Proof First we shall prove that /(1) is continuous. For U,V € E,

(U +Vv)-1U)| = ’1/(—AU—AV)-(U+ V)dx—/F(x,L[+ V)dx
2 Ja Q

1
_E/Q(—ALI)~de+/QF(x,U)dx

1
- ‘5/(_AL[-V—AV-LI—AV-V)dx
Q

—/ (F(x,L[+ V) — F(x, L[)) dx
Q

We have

=

=0(IVIE). (22)

/ [F(x,LI+ V) - F(«x, U)] dx
Q

/Q [Eule, ) -V + O(I V)] da
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Thus we have

(U +V)-1()| = O(IIVlg), (2.3)
[ + V) - I(U) - DI(U) - V| = O(I VI|2).

Next we shall prove that I(U) is Fréchet differentiable. For U,V € E,
\[(U +V)-1(U)-DIU) - V|

1
:‘EL(—ALI—AV)-(U+V)dx—/QF(x,LI+V)dx

1
—5/9(—AL[)~L[dx+/QF(x,LI)dx—/Q(—AU—FU(x,LI))-de

1
‘5/[—AL[~V—AV~U—AV~V]dx
Q

—/[F(x,L[+ V)-Fx,U)] dx—/[(—AU—Fu(x, u)-v]dx
Q Q

By (2.2),
|1 + v)-1(t) - DI - V| = O(IIVII2).
Thus I € CL. O

LetE = Wé’z(Q,R) X ooe X Wé’z(Q,R) and let {e;, e,...,e,} be an orthonormal basis in R”.
Then

L*(Q,R") = D M(h,n),

meN

where N is a natural number and M(%,,) = span{¢.e1,..., pme,} is the eigenspace of —A
with eigenvalue A,,, dimM(r,,,) =n, m=1,2,.... Let

L= @ MO,  Lo= @ MOw), L= @ M)

—00<A;<a a<im<p B<hm<oo

Then

L(QR") =L ®Lo®Ly. (2.4)
For each X € L?(Q2, R"), we have the composition

X=X7+Xy+Xo,

where X € Li, X € Lo, Xa € L,. Let P; be the orthogonal projection from L2($2, R") onto
L1, Py be that from L*(2, R") onto Ly and P, be that from L?(2, R”) onto L,. Let

V=(A) "Ly, Wi=(-A)'L,  Wr=(-A)"L,.
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Then E=V & W1 & W», and for U € E, U has the decomposition U =Y + Z; + Z, € E,
where

Y=(-A)X, eV, Zi=(-A) X e Wy, Zy = (=A)X, € W (2.5)

Let W = W1 @ W,. Then W is the orthogonal complement of V in E. Let P: E — V be the
orthogonal projection of E onto V and I — P : E — W denote that of E onto W. Then every
element U € E is expressed by U =Y + Z, Y = PU, Z = (I - P)U. Then (1.2) is equivalent
to the two systems in the two unknowns Y and Z:

—AY =P(grad, F(x,Y +Z)) in%, (2.6)
—-AZ=(I-P)(grad, F(x,Y +Z)) in%, (2.7)

Y =(0,...,0), Z=(0,...,0) onadQ.
Let Y € V be fixed and consider the function /2: W; x W, — R defined by
hW(Z1,Z,) =I(Y + Z1 + Z,).

The function /4 has continuous partial Fréchet derivatives D,/ and D, /s with respect to its
first and second variables given by

Dih(Zl,Zz) 'Xl‘ =DI(Y+Zl +Zg) -Xl' (28)
for X; € W;, i =1,2. By Lemma 2.2, I is a functional of class C.

By the following Lemma 2.3, we can get critical points of the functional /(U/) on the infi-
nite dimensional space E from that of the functional on the finite dimensional subspace V.

Lemma 2.3 (Reduction lemma) Assume that F satisfies conditions (F1)-(F4). Then
(i) there exists a unique solution Z € W of the equation

~AZ=(I-P)(grad, F(x,Y +Z)) inQ,

Z=(0,...,0) onoQ.

Ifwe put Z = ©(Y), then © is continuous on V and satisfies a uniform Lipschitz condition
in 'V with respect to the L> norm (also norm || - ||). Moreover,

DI(Y+©(Y))-X=0 forallXeW.

(ii) There exists my < O such that if Z; and Xy are in Wy and Z, € W, then
(Dih(Z4, Zy) = Dih(X1, Z2))(Z1 = X1) < | Zy = Xa |1

(iil) There exists my > 0 such that if Z, and X, are in Wy and Z; € W, then

(D2h(Z41,Z5) = Dah(Z1, X)) - (Z2 = Xo) = ma|| Zy = X ||
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(iv) If1: V — R is defined by I(Y) = I(Y + O(Y)), then 1 has a continuous Fréchet deriva-
tive DI with respectto Y, and

DI(Y)-B=DI(Y +O(Y))-B forallY,BeV. (2.9)
(v) Yo € V is a critical point of I if and only if Yy + O(Yy) is a critical point of I.
Proof (i) Let § = % Equation (2.7) is equivalent to
Z=(-A-8)""(I-P)(grad, F(x,Y +Z) - (Y + Z)). (2.10)
System (2.10) can be rewritten as

zZi = (_A _8)_1(1_P)(Fui(x)yl +Z1;'Hryn +Zrl) _8()/1 +Zly~-'1yrl +Zn))»
i=1,2,...,n, (2.11)

y=-=y,=0, z1=---=2,=0 ond<,

where u; =y;+z,i=1,2,...,m, U= (ug,...,u,), Y = 1,...,¥n), Z = (21,...,2,). The oper-
ator (—A —8)71(I - P) is a self-adjoint, compact and linear map from (I — P)L*(, R) into
itself, and by condition (F3) its L, norm is min{Aj,..1 — 8,8 — Ay} . Let Uy, U, € E. Since

(Fu,(x, Us) = 8U) — (Ful-(x, L) - 5U1)

oa+f

< max{la—8|,|8 - 8|} Us - Us|lpn = TIIUz = U ||gm,

it follows that the right-hand side of (2.11) defines, for fixed Y € V, a Lipschitz mapping of
(I - P)L*(2, R) into itself with Lipschitz constant r = (min{Ajm1 — 8,8 — Ax}) ™ x # <1
because Ay i1 — 8 > # and § — Ay, > # Therefore, by the contraction mapping prin-
ciple, for each given Y € V, i =1,2,...,n, there exists a unique z; € (I - P)L?*(2, R) which
satisfies (2.11). Thus, for fixed Y € V, there exists a unique Z € (I — P)L?(2, R") which sat-
isfies (2.10). If ©(Y) denotes the unique Z € (I — P)L?($2, R") which solves (2.10), then ® is
continuous and satisfies a uniform Lipschitz condition in ¥ with respect to the L?> norm

(also norm || - ||g). In fact, if Z; = ®(Y7) and Z, = ©(Y>), then

12 = Zall 2ipm = [|(=A = 8)'( - P)(grady, F(x, Y1 + Z1) - 8(Y1 + Z1))

— (grady, F(x, Y + Z5) = 8(Y2 + Z5)) HLZ(Q,R”)

< l"“(Yl + Zl) - (YZ + Z2) ||L2(Q,R"’)

< r(IV1 = Yall2iqpm + 1121 = Zall 2 (0,2m))

<rih-Yolg +7lZy - Zs|lE.
Hence

121 = Zoll 2oy < ClIY1 = Vall2@rny, C= =
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LetU=Y+Z YeVandZ=0(Y).IfX € (I - P)L*(Q,R") NE,
DI(Y +©(Y)) - X = /Q[—A(Y +0O(Y)) - X - P((grad, F(x,Y + Z) = 8(Y + Z)) - X)
—(I-P)((grad, F(x,Y + Z) = 8(Y + 2)) - X)] dx.
It follows from (2.7) that
/Q [-AZ(x) - X(x) - grad, F(x, Y (%) + Z(x)) - X(x)] dx = 0.
Since
/Q ~AY(x)-X(x)dx =0,
we have
DI(Y +©(Y)) - X =0. (2.12)
(ii) If Z; and X, are in W; and Z, € Wj, then
(D11(Z4, Z,) — Dih(X4,Z5))(Z1 - X1) = /Q[|V(z1 - X1)|2 —(grad F(x,Y + Z1 + Z,)
—grad, F(x,Y + X1 + Z5)) - (Z1 - X1) ] d.

Since [, [V(Z1 - X)I* = 121 - Xill} < Ml Zy —X1||iz( ) and

QR"
f (gradu F(x,Y + Z1 + Zy) —grad; F(x, Y + Xi + Zz)) (21 -X1)
Q
o
> allZy - Xillp2rn > W 1Z1 — X1l

(D11(Z1, Z5) - D1h(Xy, Z2))(Z1 - Xq) < <1 - %) 121 - X1z,

where 1 — f‘—h <0.
(iii) Similarly, using the fact that [, |V(Z, — Xo)|*dx = |1 Zy — Xall} = Aamn 22 —

X2 ”%Z(Q,Rn) and

/ (grad, F(x,Y + Zy + Z,) — grad, F(x, Y + Zy + X5)) - (Z, — X»)
Q

< BlZy = Xollp2(ormy < 1Z2 - Xz |2,

h+m+1

we see that if Z, and X, are in W5 and Z; € W3, then

(D2h(Z4, Z3) = Dah(Z4, X2))(Zn — X3) = <1 - ) 122 = X3

h+m+1

where (1 - }\hﬂ 1)>().
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(iv) Since the functional I has a continuous Fréchet derivative DI, I has a continuous
Fréchet derivative DI with respect to Y.

(v) Suppose that there exists Yy € V such that DI(Y,) =0.FromDI(Y)-B =DI(Y +©(Y))-
Bforall Y,B e V, DI(Y, + ©(Yy))(B) = DI(Y)(B) = 0 for all B € V. Since DI(Y + O(Y))-B =
0 for all B € W and E is the direct sum of V and W, it follows that DI(Y, + ©(Yy)) = 0.
Thus Y, + ©(Yp) is a solution of (1.1). Conversely, if U is a solution of (1.1) and Y = PU,
then DI(Y) = 0. O

Remark We note thatif Y € V, then ©(Y) = 0.

3 Proof of Theorem 1.1
Lemma 3.1 ((PS) condition) Assume that F satisfies conditions (F1)-(F4). Then 1) is
bounded from below and 1(v) satisfies the Palais-Smale condition.

Proof We have

I(Y) = 1(Y + ©,(Y) + ©5(Y))

) %/g(‘A(Y +01(Y) + 0a(Y)) - (Y + ©1(Y) + ©a(Y))) d

—/ F(x, Y +01(Y)+ ®2(Y)) dx
Q

= %/ﬂ(—A(Y+ ©1(Y)) - (Y + O1(Y))) dx

Q

—/F(x,Y+®1(Y))dx+l/(—A@g(Y))-@g(Y)dx

o 2

, f [E(x, Y + ©,(Y) + ©,(Y)) = E(x, Y + ©,(Y))] dx.
Q

We claim that

1/(—A@z(y))-@Z()/)alx—/[F(x,)/+@1(1/)+®2(1/))—F(x,1/+®1(1/))]alx
2 Jo

Q
<0.
In fact, we note that
1
5/Q(—A@z(y))-@z(Y)alx
=—%/§2(—A®2(Y))-@z(Y)dx+/Q(—A®2(Y))-@g(Y)dx
:_l/(—A®2(Y))-@2(Y)dx+/Fu(x,Y+®1(Y)+®2(Y))'®2(Y)dx
2 Ja Q
by (1.1). We also note that

F(x, Y +01(Y)+ @2(Y)) —F(x, Y+ @1(Y))

1
=/ Fu(x,Y + 01(Y) + tO,(Y)) - ©,(Y) dk.
0
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Thus we have

%/(—A@z()’))-®2(Y)dx—/[F(x,Y+®1(Y)+®2(Y))—F(x,Y+®1(Y))]dx
Q Q
= —l / (—A@z(Y)) . @2(Y) dx + / Fu(x, Y+ @1(Y) + @2(Y)) . @2(Y) dx
2 Q Q
1
—/ / Fu(x,Y+®1(Y)+t®2(Y)) ®2(Y)dxdt
0 JQ

We note that

%(Fu(x, Y +01(Y) +£0,(Y)) - tOy(Y))

= (diF (%Y + ©1(Y) + t0,(Y)) - tO2(Y)) - ©x(Y)

+ Fu(x, Y+ @1(Y) + t@z(Y)) . @2(Y),
which leads to
ld
/ E(Fu(x, Y+ @1(Y) + t@z(Y)) . t@g(Y)) dt
0
1
:/0 (d3F(x, Y + ©1(Y) + t05(Y)) - tO1(Y)) - O(Y) dt
1
+ / Fu(x, Y+ @1(Y) + t@g(Y)) . @2(Y) dt.
0
That is,
Fu(x,Y + O1(Y) + ©5(Y)) - ©5(Y)
1
:/0 (d3F(x, Y + ©1(Y) + t05(Y)) - tO1(Y)) - O(Y) dt
1
+/ Fu(x Y + ©1(Y) + t0y(Y)) - ©5(Y) dt.
0
Thus we have
1
Fu(xY + 01(Y) + ©5(Y)) - ©2(Y) —/ Fu(x,Y + O1(Y) + tO1(Y)) - ©,(Y) dt
0
1
=/0 (dLF (%Y + ©1(Y) + t0,(Y)) - tO2(Y)) - ©x(Y) dit.
Thus we have

%/(—A@z(Y))-@2(Y)dx—/[F(x,Y+®I(Y)+®2(Y))—F(x,Y+ ©1(Y))] dx
Q Q

=—l/(—A(~)2(Y))-(H)Z(Y)dx+/Fu(x,Y+ O1(Y) + ©2(Y)) - O,(Y) dx
2 Q Q

1
-/ /Fu(x,Y+(~)1(Y)+t(~)2(Y))-@2(Y)dxdt
0 JQ

Page 10 of 13
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1
:_E/Q(—A®2(Y))-®2(Y)dx

1
+f /(di,F(x,h@l(Y)H@z(Y))-t@z(Y))-(az(Y)dxdtgo
0 JQ

by condition (F2). Thus by condition (F3) we have

I(Y) < % / (~A(Y +61(Y)) - (Y + 61(Y))) dx—/ F(xY +0(Y)) dx
Q Q
1
< E(khw - y)” Y + ©1(Y) ||2 +C—> -0 as H Y + ©1(Y) ||E — 0. (3.1)
Thus —I(Y) is bounded from below and satisfies the (PS) condition. O

Lemma 3.2 Assume that F satisfies conditions (F1)-(F4). Then Y =60, 6 = (0,...,0) is nei-

ther minimum nor degenerate.

Proof By (3.1) we have

1Y) < lf(—A(Y+(~)1(Y))-(Y+(~)1(Y)))alx—fF(x,)’+(~)1()/)) dx. (3.2)
2 Q Q
Since
1
F(xY +©y(Y)) = d—F Lt(Y + ©1(Y))) dt
o dt

Fu tY +01(Y))) - (Y + O1(Y)) dt,

c\

we have that

F(x,Y+®1(Y))—%/d%,F(x,e).(YJr@l(Y))-(Y+®1(Y))dx
Q Q

[HAde+®AYDy—waﬂmM~dY+®ﬂYDy(Y+®AYDLMd4

1
< 5 sup |5 F (1Y + ©2(Y))) =dfF @ 0)] 1,1, Y + OLV)]

O<t<1

Thus we have
—/F(x,Y+®1(Y))
Q
< —% /Q(d%,F(x,e) (Y +6u(Y)- (Y +01(N)) +o(|Y + ©:(N)|*) -

Since ®; € CY(V,W,), it follows that if ||Y| — 0, then ||®;()|lz = O(|Y||g) because
®1(0) = 6. Thus

|Y + ©:1(Y)] . = O(IIYllg).
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Since Fy(x,6) = 0, there exists a bounded self-adjoint operator A € L(E, E) which com-
mutes with P, and P; such that

Ml <A < dLF(x,0).
Thus we have
. 1
1Y) =3 / (~A(Y +01(Y)) - (Y + ©41(Y))) dx
Q

_ % /Q(d%,F(x,e) (Y +01(Y)) - (Y + ©1(1)) dx + o1 Y1)

IA

3 Al reim)- (v our) s

—%/A(Y+®1(Y))-(Y+®1(Y))+o(||Y||%)
Q

1 1

1
QA(®1(Y)) O+ 5 / (-AY - Y)dx

Q

1
-5 L Am -y oz

as || Y||g — 0. Since Aj1] < A, it follows that

1 1
E/Q(—A(HDI(Y)-@1(Y))dx—§LA(®1(Y))-@1(Y)
< %L(—A&(Y)-@l(n)d —%/Q)»;Hl@l(Y)-@l(Y)fO.
Therefore we have

- 1 1
I(y) < 5fQ(-AY-1/)oix-§/QA(1f)-Y+o(||Y||,25)

1

<3 [TEAY)-Y =3 ds o(1¥13)

as | Y||g — 0. Similarly we can choose a bounded self-adjoint operator B € L(E, E) which
commutes with P, and P, such that

d%[F(x,Q) <B< )"h+m+11~
This leads to

. 1 1
1Y) > E/Q(—AY-Y)dx—E/;ZB(Y)-Y+o(||Y||%)

1

> 5 [IE81) Y = b ¥ s o1 1)
Q

as ||Y|lg— 0. Thus Y =0, 0 =(0,...,0) is neither minimum nor degenerate. (I
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Lemma 3.3 Assume that F satisfies conditions (F1)-(F4). Then
1Y) > 00 as|Y|g— oo.
Proof The proof can be found in the proof of Lemma 3.1. d

Proofof Theorem 1.1 By Lemma 2.2, I(Y) is continuous and Fréchet differentiable in V. By
Lemma 3.1, —1(Y) satisfies the (PS) condition. By Lemma 3.2, Y = 0 is neither minimum
nor degenerate. By Lemma 3.3, I(Y) — —o0 as || Y||z — 00. We note that maxycy I(Y) > 0
is another critical value of I. Thus there exists the third critical point of 7(Y). Thus (1.1)
has at least three nontrivial solutions. a
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