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Abstract

In this paper, we prove some new fixed point theorems for fuzzy mappings under a
G-distance function and a G'-distance function in complete metric spaces. Our results
extend, generalize, and improve some existing results. Moreover, an example and an
application are given here to illustrate the usability of the obtained results.
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1 Introduction and preliminaries

It is well known that the fuzzy set concept plays an important role in many scientific and
engineering applications. The fuzziness appears when we need to perform, on manifold,
calculations with imprecision variables. The concept of fuzzy sets was introduced initially
by Zadeh [1] in 1965. Since then, Heilpern [2] introduced the concept of fuzzy mapping
and proved a fixed point theorem for fuzzy contraction mappings in a metric linear space,
which is a fuzzy extension of the Banach contraction principle. Subsequently several other
authors [3—26] have studied existence of fixed points of fuzzy mappings satisfying some
different contractive type conditions. Recently, Abbas and Turkoglu [27] also proved some
useful fixed point results for fuzzy mappings, which is a fuzzy extension of some existing
results. However, the aim of this paper is to prove some new fixed point theorems for
fuzzy mappings under a G-distance function and a G'-distance function in complete met-
ric spaces. Our results extend, generalize, and improve the results of [2, 3, 6-10, 13, 14, 19,
27, 28].

Throughout this paper, we shall use the following notions.

Let (X, d) be a metric space. A fuzzy set A in X is a function with domain X and values
inI=1[0,1]. If A is a fuzzy set and x € X, then the function value A(x) is called the grade of
membership of x in X. The a-level set of A, denoted by A,, is defined as

Ay ={x:ulx) > a} ifa €(0,1],
Ao = s pulx) > 0},
where B is the closure of the non-fuzzy set B.

A fuzzy set A in X is said to be an approximate quantity if and only if A, is compact and
convex in X for each « € (0,1] and sup, .y A(x) = 1. We denote by W (X) the family of all
approximate quantities in X. Let A, B € W(X), then A is said to be more accurate A than
B, denoted by A C B, if and only if A(x) < B(x) for each x € X.
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For A,B € W(X), « € (0,1], define

pe(A,B)= inf d(x,y),

x€Aq,yE€By

Du (A’B) = H(AuuBa)x
where H denotes the Hausdorff distance. Also
D(A,B) =supD,(A, B),

p(A,B) = suppy (A, B).

Let « € [0,1], then the family W, (X) is given by {4 € I : A, is nonempty convex and
compact}. Let X be an arbitrary set, ¥ be a metric linear space. A mapping T is called a
fuzzy mapping if T is a mapping from X into W(Y), that is, T'(x) € W(Y) for each x in X.
Therefore, a fuzzy mapping 7 is a fuzzy subset on X x Y with membership function Tx(y).
A fuzzy point x, in X is called a fixed fuzzy point of the fuzzy mapping T if {x,} C Tx. If
{x} C Tx, then x is a fixed point of 7.

The following lemmas are needed in the sequel. Let (X, d) be a metric space.

Lemmal.l [2] Letx € X and A € W(X). Then {x,} C A if py(x,A) = 0.
Lemma 1.2 [2] Let A € W(X), then p,(x,A) < d(x,y) + po(y,A) for x,y € X.
Lemma 1.3 [2] If{x,} C A, then p,(x, B) < Dy (A, B) for each A,B € W(X).

Lemma 1.4 [4] Let (X, d) be a complete metric space and T be a fuzzy mapping from X
into W(X) with xo € X. Then there exists x, € X such that {x;} C Txy.

Next, we introduce some classes of functions.

Let @ be the set of all functions ¢ such that ¢ : [0, +00) — [0, +00) is a continuous and
nondecreasing function with ¢(¢) = 0 if and only if £ = 0.

Let W be the set of all function ¢ such that ¢ : [0,+00) — [0, +00) is lower semi-
continuous with ¢(¢) = 0 if and only if £ = 0.

Let Q be the set of all functions ¥ such that v : [0, +00) — [0, +00) is a nondecreasing
function with lim,,_, o, ¥"(¢) = 0 for all £ € (0, +00). If Y € , then ¥ is called a Q-map. It
is an easy matter to show that if y» € €, then

(1) ¥ (¢) < tforallte(0,+00),

(2) ¥(0)=0.

2 Fixed point theorems under a G-distance function
In this section, we will show a fixed theorem for fuzzy mappings under a G-distance func-
tion in complete metric spaces. Inspired by Constantin [5], we give the following defini-

tion.

Definition 2.1 A function g is said to be a G-distance function if g : [0, 00)° — [0, 0) is a
continuous function and the following properties hold:
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(i) gisnondecreasing in the 2nd, 3rd, 4th, and 5th variable;
(ii) if u,v € [0, 00) are such that u < g(v,v,u,u +v,0) or u < g(v,u,v,0,u +v), then
u < hv, where 0 < 1 <1 is a given constant;
(iii) if u# € [0, 00) is such that u < g(&,0, 0, %, u), then u = 0.

Next, we introduce and prove the following results which generalize the results of [2, 3,
6-8].

Theorem 2.1 Let (X, d) be a complete metric space and g be a G-distance function. Sup-
pose that T1, T : X — W, (X) are two fuzzy mappings on X satisfying the following condi-
tions:

qb(Da(Tlx, Tgy)) < qb(m(x,y)) +Lb(x,y) (2.1)
forallx,y e X, where L >0, ¢ € ®, and

m(x,y) = g(d(x,9), po (% T1%), o (¥ T2¥), Pec (%, T2y)s P, T1%)), )

b(x,y) = min{d(x,y), pa (%, T1%), Pu (3> T2), P (%, Toy), P (3, T1%) ).
Then there exists a point x* in X such that {x*} C Tix* and {x*} C Tox*.

Proof Let xy € X, by Lemma 1.4 there exists x; € X such that {x;} € T1xy, which implies
that

Pa(x1, Tixg) =0 for each o € [0,1],

which is possible only if x; € (T1x),. Since (T2x1), is @ nonempty compact subset of X,
there exists x, € (Tox1), such that

d(x1,%2) = po (%1, Toxr) < Do(T1x0, Toxy).

Continuing this process, one obtains a sequence {x,} in X such that xy,,; € (T1x3,), and
Xons2 € (Toxons1)e forallm > 0 and d(x2,41, %242) < Do(T1%2,, To%2,41)- By the nondecreas-
ing character of ¢, (2.1) and (2.2), we have

D (d(x2n41,%2042)) < G (Do Ti%ons Toxonsn)) < (Mm% Xons1)) + Lo, x2001),  (2.3)
where

(o Xona1) = &(A X2 X21:1)s Do K> T1%n)s Do Fane1, ToXonan),
P @2 To%oni1) Pa(F2ni1s T1%2m))
= g(d(xz;q, X2n11), AKX X2n11), A(X241, X2042),
d(x2n, X2n+2), A (X241, x2n+1))
= g(d(xzm X2n+1), (X2 X2n41), d(K2ns1, X2042),

d(x2n¢x2n+1) + d(x2n+17x2n+2)) O) (24)
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and

(%2> Xoni1) = min{d(Xo, X2n11), Pa (20> Ti%2)s P (241, ToXamin),
P2 ToXoni1)s Do (F2ne1, Ti%on) }
= min{d(Xa,, %201), A% Xans1), X1, X212),
d(x2mx2n+2)»d(x2n+1»x2n+1)}
= min{d(w, %2141), d (X X2001), A Xs1, X2042)5
A% X2142), 0}
- 0. 2.5)

According to (2.3), (2.4), (2.5), the nondecreasing character of ¢ and g, and the definition
of P,, we have

¢ (d (a1, %2n12)) < P (M2, X211))
= ¢ (g(dx2n, %2041)s P K2 T1%20), Pa K215 ToXonsn),
Po(Xans TaXoni1) P (K2ners T1%n)))
<¢ (g(d(xzm Xan41)s A2 X2n41)s A(X201, X242)5

d(x2nr x2n+2)’ d(x2n+1’ x2n+1))) .
By the rectangle inequality of d and the above inequality, we have

¢ (d(x2n+1: x2n+2)) =< (g (d(xZn: x2n+1): d(me x2n+1): d(x2n+lx x2n+2);

d(xan x2n+1) + d(x2n+l: x2n+2): O)) (26)

From (2.6) and the nondecreasing character of ¢, we get

A1, %2m:2) < (A X2n41) A2 X2m41)s AKoe1, K2s2)s

d(xon, X2n1) + A (X241, X2042), 0)'
Similarly, it can be shown that

d(x2n+21 x2n+3) =< g(d(x2n+1r x2n+2): d(x2n+1; x2n+2)1 d(x2n+2: x2n+3),

d(x2n+lr x2n+2) + d(x2n+2¢ x2n+3); O)
Therefore, for all n, we get
d(xm xn+1) =< g(d(xn—b xn); d(xn—ly xn); d(xn: xn+1); d(xn—b xn) + d(xn: xn+1)7 0) .

From (ii) of Definition 2.1, we can conclude that d(x,,x,,1) < hd(x,_1,%,), where 0 < & < 1.
By iteration, we have d(x,, x,11) < hd(x,-1,%,) < -+ < h"d(x0,%1). Furthermore, for m > n,

d(xmxm) = d(xn:erI) + d(xn+1)xn+2) L d(xm—lyxm)

hn
< (hn + W g hm_l)d(XO,xl) = 1

hd(xoyx1)~
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It follows that {x,} is a Cauchy sequence in X. Since X is complete, there exists x* such
that lim,,_, o %, = x*. Next, we show that {x*} C Tox*, i =1,2. Now, by Lemma 1.2,

Pl Tox®) < d(x*, 231 + pa (amet, Tox").
From

Do (6%, Tox™) — d(x*, %2041) | < P (%2151, Tox™) < Do (T1%20, Tox™)
and (2.1), we have

¢ (|pa (5", Tox™) — d(x*, %2041) |) < ¢ (Do (T1%20, Tox™))

<¢
< ¢ (m(x2mx")) + Lb(x2, %), (27)
where

(%2, %) = g(d (%20 X*) s P (F2ns T1%20)s P (57, Tox¥),
Pa (%2 Tox™), po (2", Ti%2n) )
= g(d(xZH) x*)) d(xZH) x2n+1))pa (x*r sz*),

Do (xZn: sz*), d(x*: x2n+1)) (2.8)
and

b2, %) = min{d (%2, x*), po(%2n, Ti%on), pa (6%, Tox*),
Pa (xan sz*),Pa (x*, Tlxzn) }
= min{d (%, 8*), d(X2n X2n11), P (%", Tax™),

Pa (x2n1 sz*);d(x*»xznn)}. (2.9)

In (2.7), (2.8) and (2.9), let n — oo, we get

¢ (pu (5", Tox™)) < ¢(g(0,0,po (5%, Tox™), po (x*, Tox*), 0))
+ Lmin{O, 0, P (x*, Tox"), po (%% sz*), 0}

= $(2(0,0,pu (%", Tox*), pu (6, Tx*), 0)).
Again, by the nondecreasing character of ¢, we have
Pa (x*, sz*) < g(O, O,pa (x*, sz*),pa (x*, T2x*), O)

Using (ii) in Definition 2.1, we can get p, (x*, Tox*) = 0. Therefore, we have {x*} C Tox™.
Similarly, {x*} C Thx*. O

Corollary 2.1 Let (X,d) be a complete metric space and g be a G-distance function. Sup-
pose that T1, T : X — W, (X) are two fuzzy mappings on X and the following inequality
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holds:

¢ (Do (Tix, Toy)) < ¢(mlx,y)) — @(d(x,))
forallx,ye X, whereL>0,¢p € ®,p €V, and

m(x,y) = g(d(%,), pa(®, T1x), pa (s Toy)s Pa (%, T2Y), Pa (95 T1)).
Then there exists a point x* in X such that {x*} C Tyx* and {x*} C Tox*.
Proof Since

¢(Da(Tix, Toy)) < ¢(m(x,y)) - (d(x,9)) < ¢(m(x,y)) + Lb(x,y),

hence, by using Theorem 2.1, there exists a point #* in X such that {x*} C T1x* and {x*} C
sz* . O

If in Corollary 2.1 we chose ¢(t) = t, we can obtain the following corollary.
Corollary 2.2 Let (X,d) be a complete metric space and g be a G-distance function. Sup-
pose that T1, Ty : X — W, (X) are two fuzzy mappings on X and the following inequality
holds:
D (T1x, Toy) < m(x,y) — ¢(d(x,))
forallx,y e X, where L >0, ¢ € ¥, and
m(x,y) = g(d(%,), pa (%, T1), pa (s Toy)s Pa (%, T2y), Pa (35 T1)).
Then there exists a point x* in X such that {x*} C Tix* and {x*} C Tox*.
Remark 2.1 By Theorem 2.1 and the nondecreasing character of ¢, we have
sgp 1) (Da (Tyx, Tg_)/)) < sgp ¢ (m(x, ) +L sgp b(x,y).
Therefore,
& (sup Da(Ti, T2)) < ¢ (supm(x, ) ) + Lsup bi ).

Again, by the nondecreasing character of ¢, g and the above inequalities, we have

¢ (D(T1x, Toy))

<¢ (sup m(x, y)) + Lsup b(x,y)

<¢ (g (d(x, ), 8up py (%, T1%), sup pe (¥, To), Sup po (%, Toy), sup pe (¥, Tpc)))
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+L min{d(x, ), Sup po (%, T1%), sup pe (v, Toy), Sup po (%, To¥), sup pe (v, T1x) ]

= ¢(g(d(x, ), p(x, Tix), p(y, Toy), p(x, T2y), p(3, T1)))
+ Lmin{d(x»)’),P(x, Tlx)rp(y’ sz),P(xr sz),p()/, Tlx)}'

Remark 2.2 In Remark 2.1, let ¢(¢) = £, we have

D(Tyx, Toy) < g(d(x,9), p(x, T1x), p(3, T2y), p(%, T2y), p(y, T1%))
+ Lmin{d(x,y), p(x, T1x), p(y, Toy), p(x, Toy), p(3, Tix)}.

From Remark 2.1 and Remark 2.2 , we can get the following corollary.

Corollary 2.3 Let (X,d) be a complete metric space and g be a G-distance function. Sup-
pose that Ty, T, : X — W(X) are two fuzzy mappings on X and the following inequality
holds:

¢(D(T1x, Toy)) < ¢(g(d(x,), plx, Tix), p(y, Toy), p(x, Toy), p(y, T1x)))

+ Lmin{d(x,y), p(x, T1%), p(y, T23), p(%, T2y), p(y, T1%) }

for all x,y € X, where L > 0. Then there exists a point x* in X such that {x*} C Tix* and
{x*} C Tox*.

If in Corollary 2.3 we chose ¢(t) = t, we can obtain the following corollary.

Corollary 2.4 Let (X,d) be a complete metric space and g be a G-distance function. Sup-
pose that Ty, T, : X — W(X) are two fuzzy mappings on X and the following inequality
holds:

D(Tix, Toy) < g(d(x,y), p(x, T1x), p(y, T2y), p(x, T2y), p(y, T1%))
+L min{d(x,y),p(x, Tix), p(y, T2y), p(x, Toy), p(y, Tlx)}

forall x,y € X, where L > 0. Then there exists a point x* in X such that {x*} C Tix* and
{x*} C Tox*.

If in Corollary 2.4 we chose L = 0, then we can obtain the following corollary.

Corollary 2.5 (Rashwan and Ahmed [6], Theorem 3.1) Let (X,d) be a complete metric
space and g be a G-distance function. Suppose that Ty, T, : X — W(X) are two fuzzy map-
pings on X and the following inequality holds:

D( Tlxr sz/) S g(d(x: )’),P(x; Tlx);P()’, T2J’);P(x; TZJ’);P()’, Tlx))
forall x,y € X. Then there exists a point x* in X such that {x*} C Tix* and {x*} C Tox".

Corollary 2.6 (Park and Jeong [7], Theorem 3.1) Let (X, d) be a complete metric space and
g be a G-distance function. Suppose that Ty, Ty : X — W(X) are two fuzzy mappings on X
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and the following inequality holds:

D(Tix,Try) < B max{d(x,y),p(x, Tix), p(y, Ty), & Toy) + pby, To) }

2

forall x,y € X and B € [0,1). Then there exists a point x* in X such that {x*} C Tix* and
{x*} C Tox*.

Proof We can consider the function g : [0, 00)®> — [0, 00) defined by

X4 + X5
9 .

g(x1,%0,%3,%4,%5) = B max{xl,xz,xg,

Since g is a G-distance function, hence, by Corollary 2.5, we can obtain Corollary 2.6.
O

Remark 2.3 (1) From Corollary 2.5, we can get Theorems 3.2 and 3.4 in Park and Jeong
[7]; Theorem 3.2 in Arora and Sharma [8]; Corollaries 3.5 and 3.6 in Rashwan and
Ahmed [6].

(2) From Corollary 2.6, we can obtain Theorem 3.1 in Estruch and Vidal [3] and Theo-
rem 3.1 in Heilpern [2].

3 Fixed point theorems under a G’-distance function
In this section, we will show some fixed theorems for fuzzy mappings under a G'-distance
function in complete metric spaces. However, our results extend and improve some exist-

ing results. Inspired by Sedghi et al. [12], we give the following definition.

Definition 3.1 A function g is said to be a G'-distance function if g : [0, 00)> — [0, 00) is
a continuous function and the following properties hold:

(i) gisincreasing in each co-ordinate variable;

(i) g(t ¢t t,at,bt) <tforeveryt e [0,00), wherea + b =2.

Firstly, we prove a fixed point theorem about ‘D, (4, B)’ under a G'-distance function.
The results extend and improve many well-known results obtained by [14, 27]. Now, we
establish and prove the following fixed point theorem.

Theorem 3.1 Let (X,d) be a complete metric space and g be a G'-distance function. Sup-
pose that T, Ty : X — W, (X) are two fuzzy mappings on X satisfying the following condi-

tions:
Dy (Tix, Toy) < ¥ (mlx,y)) + Lo (b(x,)) 3.1)
forallx,y € X, where L> 0,y € Q, ¢ € ¥V, and

m(xry) = g(d(xiy)rpot (x1 Tlx)’pot (J’: sz):pa (x: sz):Pa (yr Tlx))r (3 2)

b(xry) = min {pa (x! Tlx)!pot ()’, TZy)rpot (x! TZ)/),Pa (yr Tlx) } .

Then there exists a point x* in X such that {x*} C Tix* and {x*} C Tox*.
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Proof Let xy € X, by Lemma 1.4 there exists x; € X such that {x;} € T1xy, which implies
that

Pa(x1, Tixg) =0 for each « € [0,1],

which is possible only if x; € (T1x),. Since (T2x1), is @ nonempty compact subset of X,
there exists x, € (Tox1), such that

d(x1,%2) = po (%1, Tox1) < Do (T1xg, Tox1).

Continuing this process, for all # > 0, one obtains a sequence {x,} in X such that x,,; €
(Tix2u)o and 9,0 € (To%oni1)e. Hence, we have d(xy,11,%2142) < Do(T1%24, ToXons1). By
(3.1) and (3.2), we have

d(x2n+1,x2n+2) = Da(Tle;«u T2x2n+1) = 1# (m(me x2n+1)) + L§0 (b(xZn: x2n+l)),

where

M (X, Xons1) = g(d(xzn,mml),Pa (2, T1%2n), Po (X241, TaXone1),
Pa®20, To%oni1)s Pa(F2ns1s T1%2m))
= g(d(xzm Xans1), A(Xon, Xane1), A(Xans1, X2042),
d(Xan, X2n42), d(x2n+1’x2n+l))
= g(d(xzm X2n41), (X2 X2n41), d(X2ns1, X2042),

d(x2n;x2n+l) + d(x2n+1’x2n+2)r 0)

and

(%3, Xan1) = min{py (Xan, T1%n), Do Fane1, ToXonan),
P Xy Toxone1)s Pa(Foner, Tixon) }
= min{d(Xa, %2:1), A1, %2042),
d(x2nrx2n+2)’d(x2n+1’x2n+1)}
= min{d (%, X2141), A (K241, X2142)s AX2s X242), 0 }

=0.
Now, we prove that d(X2,.1, %2142) < d(X2, X2041). If d(X2041,%2042) > A(X24, X2041), then

(X241, X2n42) < g(d(me X2141)s AX25 X2ne1)s A X241, X242,
A(X2n, X2n41) + (%2041, %2042), 0)
= g(d(xznu» Xon42)s A X211, X2n42) A(X2111, X242)5

2d(x2n+17 x2n+2); 0 x d(x2n+1: x2n+2)) .
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Since g is a G'-distance function, by (ii) of Definition 3.1 we can conclude that

d(Xan41,X2n12) < Iﬁ(g(d(xznu;xznﬂ), AX2n415 X2042)s A(X211415 X242),5
2d(Xoni1, %2n42), 0 X A(Kpe1, %2042)))
=V (d(x2n+l;x2n+2))
< d(x2n+1; x2n+2); (33)
which is a contraction. Hence, we have d(xy,41, X24+2) < d(X24, X21141)- By (3.3) and the non-

decreasing character of ¥, we have d(%o.1,%21+2) < Y (d X1, ¥2n42)) < Y (Ko, X2141)).-
Similarly, it can be shown that

A(Xons2r %one3) < Y (d(Xama1, %2042)).

Therefore, for all n, we can conclude that d(x,, x,,1) < ¥ (d(x,,_1,%,)). Therefore, for posi-
tive integers m, n (n > m), we get

d(xm;xn) =< d(xmvme) t-t d(xn—lyxn)

<Y (d(xo, 1)) + -+ + Y (d(xo, %1))

n-1 0
= Z Y (d(xo,%1)) < Z Y (d(xo, x1)). (3.4)
k=m k=1

By virtue of the condition Y o, ¥"(t) < oo for each ¢ > 0, from (3.4) we can conclude
that {x,} is a Cauchy sequence. Since X is complete, there exists x* such that x, — x* € X.
Next, we show that {x*} C T>x*. Now, by Lemma 1.2 we have

Pa (5", Tox*) < d(x", %2n41) + Pa (%2041, Tox™)

IA

d(x*, %2n11) + Do (T1%0, Tox™)

<d(x",%0041) + ¥ (m(%20,5)) + Lo (b(x20, %)), (3.5)
where

(%20, %%) < g(d (2, 5%), d X2y H2n41)s P (8%, Tax™), po (%211, Tox™), d (%", %2.1) ) 6

b(%2,%") = min{d (@, %2u1), Pa (¥, Tox™), pa (%21, Tox*), d(x", x2n01) -

From (3.5) and (3.6) and the properties of ¥/, let # — 0o, we can get

Pa(x, Tox™) <0+ 9(g(0,0,po (x*, Tox™), pu (5%, Trx*),0)) + Lp(0)
< ¥ (g(pu (", Tox"), pa (x", Tox™), pu (", Tox"),
Pa (%" Tox"), po (7, To") ))
< ¥ (o (¥, Tox"))

< pa(x*, Tox"),
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which is a contraction. Hence, we can get p,(x*, Tox*) = 0. So, by Lemma 1.1 we have
{x*} C Tox*. Similarly, {x*} C Tix™. a

Next, we give an example to support our results.

Example 3.1 Let X = [0,1] and let d: X x X — [0, +00) be the Euclidean metric. Let o €
(o, %) and suppose that T, T, : X — IX defined by

1 ifx=0,
T1(0)x) = { o ifxe(0,3],
¢ ifxe(3,1],
1 ifx=0,
Ti(1)(x) = { 2 ifx€(0,3],
¢ ifxe(3,1],

and for any z € (0,1),

1 ifx=0,
Ti(2)x) = o ifx€(0,3],
0 ifxe(3,1].

Also they are defined by
1 ify=0,
L)) =y o ifye(0,3],
§ ifye(31],
1 ify=0,
T,W)0) = 1 2 ifye (0],
5 ifye (%,1],
and for any z € (0,1),
1 ify=0,

D@p)= 1« ifye(0,3],

Then
T1(0); = Ti(2)1 = T1 (1)1 = {0},

Ti(0) = Ti(D)a = Ty(V) = [o, g]

Ti0)g - iy = (0.1, Ti(2)g - [o, ﬂ

and

T5(0), = To(2)1 = To(1)1 = {0},
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T2(0)0t = TZ(Z)a = T2(1)a = I:O’ %];

T5(0)g = To(1)g = Ta(2)¢ = [0,1].
Consequently,

Dy(Ti(x), To () = H(T1(x)1, Ta(yh) =0 foranyx,y € X,
Dy (T1(%), T2 () = H(T1(%)a, T2(y)a) =0 foranyx,y € X,

D (Ti(x), To(y)) = H Ti(x)e, Ta(y)e ¢)=0 foranyxe{0,1}andy€[0,1],

o
2

o

0
1
2 for any x € (0,1) and y € [0,1].

5 (1), o) = H(Ti()g, T20)g) =
Let g(x1,%2,%3,%4,%5) = %1 and let k : [0,00) — [0,00), ¥ (£) = qt, g € (0,1). Thus ¥ (¢) <
tand ) 7, (g8)" < 00. Dy(Ti(x), T2(y)) = 0 < ¥ (d(x,y)) for each x,y € X. Hence, all the
conditions of Theorem 3.1 are satisfied. There exists a fuzzy point of fuzzy mappings 7;
and T5,. We can see by the definition of 77 and T that {0} is a fixed point.

Corollary 3.1 (Abbas et al. [14], Theorem 3) Let (X,d) be a complete metric space and g

be a G'-distance function. Suppose that Ty, Ty : X — W,(X) are two fuzzy mappings on X
satisfying the following conditions:

Dy (T1x, Toy) < ¥ (m(x,9)) + Lb(x,y)

forallx,y € X, where L >0, ¢ € Q, and

Pa(x, Toy) + po(y, T1x) }

m(x,y) = max { d(x, ), pa (%, T1x), po (¥, Toy), 3

b(x,y) = min{pa (x, T1%), u (¥, T2y): Pa (%, T2Y)s P (35 T16) }.
Then there exists a point x* in X such that {x*} C Tix* and {x*} C Trx*.

Proof We can consider the function g : [0,00)”> — [0, 00) defined by

X4 + X5
g(x11x27x3’x4;x5) = max\ X1, X2, X3, .

Therefore, g is a G'-distance function. Hence, by Theorem 3.1 we can obtain Corol-
lary 3.1. 0

Let T) = T, = T, then we can get the following corollary.

Corollary 3.2 (Abbas and Turkoglu [27], Theorem 2.1) Let (X,d) be a complete metric
space and g be a G'-distance function. Suppose that T : X — W, (X) are two fuzzy mappings
on X satisfying the following conditions:

Do (Tx, Ty) < ¥ (m(x,y)) + Lb(x,y)
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forallx € X, where L> 0,y € Q, and

pa(x! T)/) +Pa0’: Tx) }

i) = max{do«,y),pa (2, T, 2, T, :

b(x,y) = min{pq (x, T%), pa (v, T9), Pa (%, T), pa (v, T)}.
Then there exists a point x* in X such that {x*} C Tx*.
In Corollary 3.2, let ¥ (¢) = 6¢, we can get the following corollary.

Corollary 3.3 (Abbas and Turkoglu [27], Theorem 2.2) Let (X,d) be a complete metric
space and g be a G'-distance function. Suppose that T : X — W, (X) are two fuzzy mappings
on X satisfying the following conditions:

D, (Tx, Ty) < Om(x,y) + Lb(x,y)

forallx € X, where L> 0,0 € (0,1), and

Po(®, Ty) + po(y, Tx) }
2 b

)= ma{ d.9), 5 51,0 ),
b(x,y) = min{p, (x, Tx), pu (¥, T9), pu (%, T), pa (3, T) .
Then there exists a point x* in X such that {x*} C Tx*.
If in Corollary 3.3 we let L = 0, we can obtain the following corollary.

Corollary 3.4 (Abbas and Turkoglu [27], Theorem 2.3) Let (X,d) be a complete metric
space and g be a G'-distance function. Suppose that T : X — W, (X) are two fuzzy mappings
on X satisfying the following conditions:

Dy (Tx, Ty) < Om(x,y)

forallx € X, where L> 0,0 €(0,1), and

Po(®, TY) + pa(y, Tx) }

m(x,y) = max { d(x,9), pe (%, T1%), pa (¥, Ty), 3

Then there exists a point x* in X such that {x*} C Tx*.

Secondly, we prove some fixed point theorems about ‘H(A, B)’ under a G’-distance func-
tion. The results extend and improve some well-known results obtained by [10, 13]. Now,
we establish and prove the following fixed point theorems. But first, we must recall some
basic notions in [10] as follows.

Throughout the rest of the paper, we shall use the following notations for a metric space
(X,d). CB(X) is the set of all nonempty closed bounded subsets of X:

D(A,B) = inf{d(a,b):ac A,be B} foranyA,BCX,

H(A,B) = max{supD({x},B), supD(4, {x})} forany A,B C X.

xe€A xeB
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It is clear that H is a metric on CB(X) called the Hausdorff metric induced by d

(2].
For simplicity we write D(A, x) instead of D(A4, {x}):

K(X) = {u elf:pe CB(X)}, where [i = {x eX:ulkx) = max,u(y)},
yeX
H(A,B) = max[supD({x},B), supD(4, {x})} forany A,B C X,
x€A xeB

A:K(X)— CB(X), where A (u)=[.

Definition 3.2 [10] A fuzzy mapping F is a fuzzy set-valued mapping of X into K(X). For
a fuzzy mapping F : X — K(X) and a mapping A : K(X) — CB(X), the composition A o F
will be denoted by F. In other words,

) =F, = {yeX:Fx(y) =m€%?<Fx(Z)}. 3.7)

Definition 3.3 [10] A pointx™ € X is called a fixed point of a fuzzy mapping F : X — K(X)
if Fx (x*) > Fyx(x) for any x € X.

Lemma 3.1 [10] A point x* € X is a fixed point of a fuzzy mapping F : X — K(X) iff x* is
a fixed point of the induced mapping F : X — CB(X).

Lemma 3.2 [10] For any points w,a € X, D(a, B) < d(a,w) + D(w, B).

Lemma 3.3 [11] For any points A, B € CB(X) with H(A, B) < €, for each a € A, there exists
an element b € B such that d(a,b) < €.

Now, we present and prove our results.

Theorem 3.2 Let (X,d) be a complete metric space. Let F,G : X — K(X) be two fuzzy
mappings and F, G : X — CB(X) be mappings induced by F, G accordingto (3.7). Let { € Q
and g be a G'-distance function. Suppose that for any x,y (x #y) € X, the following holds:

H(Ex, Gy) < ¥ (M(x,9)), (3.8)
where
M(x,) = g(d(x,y), D(x, Ex), D(y, Gy), D(x, Gy), D(y, Fx)). (3.9)

Then F and G have a common fixed point.
Proof Let x¢ be a point in X. Since Fxy is nonempty, there exists a point x; € Fxo. Let
€= 1ﬁ(]\/1(7co,961))~

Then, by inequalities (3.8) and (3.9), we have H(Exo, Gx1) < €. Now, using Lemma 3.3 and
the properties of i, we obtain x; € X such that x, € le and

d(x1,%) < € = Y (M(x0,%1)),
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where

M(x07x1) :g(d(xO:xl):D(xO:ﬁ'xO)rD(xlﬁ le)»D(xo, le)’D(xl’f_va))
Sg(d(xoyxl)r d(xO)xl)) d(xlxe); d(x():xZ)) d(xl)xl))
< g(d(xo, 1), d(xo,x1), d(x1, %2), d(x0, %1) + d(%1,%2),0). (3.10)

Now, we prove that d(x;,x5) < d(xg,%1). If d(x1,%2) > d(x0,x1), by (3.10) we get
M(xo,%1) < g(d(x1, %), d(x1, %), d(1, %), 2d(%1,%2), 0) < (1, %2). (3.11)
Hence,
d(x1,%2) < Y (d(x1,x2)) < dlx1, %),
which is a contraction. Therefore,
d(x1,%2) < d(xo,%1). (3.12)

Thus by inequalities (3.10), (3.11) and (3.12), we have d(x1,x;) < ¥ (d(xg,1)). Continuing
in the fashion, we produce a sequence {x,} of points of X such that for all » > 1,

Xop-1 € Fxy, Xon € GXoy1
and

d(x2n7x2n+l) < w(d(xZn—ly x2n));
A(xon-1,%20) < Y (d(X2n-2, X2n1)).-

Consequently,

d(xnrxwrl) < w(d(xn—bxn)) E e E W"(d(xo,m))
for all n > 1. Therefore, for positive integers m, n (n > m), we get

d(xmrxn) =< d(xm:me) L d(xn—lxxn)

<Y (d(xo,%1)) + -+ + ¥ (d(x0, %1))
n-1

Y (dxo,x1)) < DY (dlwo, ). (3.13)

k=m k=

—_

By virtue of the condition ) -, ¥"(¢) < oo for each ¢ > 0, from (3.13), we can conclude
that {x,} is a Cauchy sequence. Let x, — u € X. Using Lemma 3.2, we have

D(L[, Gu) =< d(u) x2n—1) + D(x2n—1) Gu) = d(ur x2n—1) + H(ﬁx2n—2’ Gu)

< d(u, x201) + Y (M(x202, 1))
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= d(u,%25-1) + V¥ (g(d (202, 1), D22, F20-),
D(u, Gut), D(%21-2, Gut), D(u, Fx3)))
< d(u, %301) + ¥ (g(d(Xan-2, ), (22, X2n1),
D(u, Gut), D(x2,12, Gu), d(tt, %2-1)) ). (3.14)

In (3.14), let  — oo and using the properties of ¥/, we have

D(u, Gu) < 0+ ¥ (g(0,0,D(u, Gu), D(x2-2, Gu), 0))

< ¥ (¢(D(w, Gu), D(u, Gu), D(u, Gu), D(u, Gu), D(u, Gu))). (3.15)

From (3.15) and (ii) of Definition 3.1, we have D(u, Gu) < ¥ (D(, Gu)) < D(u, Gu), which
is a contraction and it follows from closedness of G that u € Gu. Now, by Lemma 3.1, we
insure that « is a common fixed point of F and G. 0

Corollary 3.5 (Kamran [13], Theorem 2.5) Let (X,d) be a complete metric space. Let F, G :
X — K(X) be two fuzzy mappings and F,G : X — CB(X) be mappings induced by F, G
according to (3.7). Let € Q. Suppose that for any x,y (x # y) € X, the following holds:

D(x, Gy) + D(y, Fx) })

H(ﬁx, Gy) <y (max{d(x, ), D(x, f-"x), D(y, Gy), 5

then F and G have a common fixed point.

Proof We can consider the function g : [0, 00)° — [0, 00) defined by

X4 + X5
g(xth:xB;xéerS) = max\ X1, X2, X3, .

Letx; =t, %y = t, x3 = t, x4 = at, x5 = bt and a + b = 2. Therefore,

at + bt
8wy, x2, 33, %0,5) = g6, 4,4, at, bt) = maxy 4,8, —— ¢ =
Hence, g is a G'-distance function. By Theorem 3.2, we can get Corollary 3.5. g

From Corollary 3.5 and the nondecreasing character of ¥, we can get the following

corollary.
Corollary 3.6 Let (X,d) be a complete metric space. Let F,G : X — K(X) be two fuzzy

mappings and F,G : X — CB(X) be mappings induced by F, G according to (3.7). Let
Y € Q. Suppose that for any x,y (x #y) € X, the following holds:

H(Ex, Gy) < ¥ (d(x,9)),
then F and G have a common fixed point.

Next, we give a more general result as follows.
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Theorem 3.3 Let (X,d) be a complete metric space. Let F;,F; : X — K(X) be two fuzzy
mappings and }A-",»,IA-",' : X — CB(X) be mappings induced by F;, F; according to (3.7). Let
¥ € Q and g be a G'-distance function. Suppose that for any x,y (x # y) € X, the following

holds:

H(F, Eyy) < ¥ (M(x,9)), (3.16)
where

M(x,) = g(d(x,y), Dx, Fx), D(y, Eyy), D(x, Fyy), D(y, Frw). (3.17)

Then {F,} has a common fixed point.
Proof Let x¢ be a point in X. Since ﬁlxo is nonempty, there exists a point x; € ﬁlxo. Let
€= W(M(xoyxl))

Then by inequality (3.16), we have H(Fxo, Fx,) < €. Now, using Lemma 3.3 and the prop-
erties of iy, we obtain x, € X such that x, € ﬁle and

d(x1,%9) < € = Y (M(x0,%1)),
where

M(xo,%1) = g(d(x0,%1), D(o, F1x0), D(1, Faxr), D0, Faxy), D(w1, Fiixo))
= g(d(x01 xl)y d(xO) xl)) d(xl) x2)’ d(xo, xZ)) d(xl: xl))

< g(d(xo, x1), d(x0, 1), d(x1,%2), d(x0, 1) + d(x1,%2), 0). (3.18)
Now, we prove that d(x1,x,) < d(xo,1). If d(x1,%2) > d(x0,%1), by (3.18) we get
M(xo,%1) < g(d(x1,%2), d(%1,%2), d(x1,%2), 2 (x1,%2),0) < (%1, %,). (3.19)
Hence
d(x1,%2) < Y (d(x1,%2)) < d(x1,%,),
which is a contraction. Therefore,
d(x1,%2) < d(xo,x1). (3.20)

Thus, by inequalities (3.18), (3.19) and (3.20), we have d(x1,x;) < ¥ (d(x9,%1)). Continuing
in the fashion, we produce a sequence {x,} of points of X such that for all » > 1,

Xn € Fux,
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and

d(x2n1x2n+1) < I/f(d(xZVl—l’xZVl));
A1, %2n) < Y (A20-2,%20-1)).

Consequently,
d(xnrxrwl) < 1p(‘i(xn—l’xn)) <= 1pn(d(x():xl))
for all n > 1. Therefore, for positive integers m, n (n > m), we get

d(xmrxn) = d(xm:xmﬂ) L d(xn—l:xn)

< " (d(xo,x1)) + -+ + ¥ (d(x0, 1))
n-1

= Y yH(dxo,x) < Yy (d(xo,x)).- (3.21)
k=m

= k=1

By virtue of the condition ) -, ¥"(¢) < 0o for each ¢ > 0, from (3.21), we can conclude
that {x,} is a Cauchy sequence. Let x,, — u € X. Using Lemma 3.2 we have
D(u, Fyu) < d(u, %) + Dy, Fytt) < d(, %) + H(EpyXn1, E it

< d(u, %) + Y (M(%n-1, 1))

= d(u, %) + ¥ (€(Am-1, 1), D1, Epim_1),
D(u,f-",,u),D(xm_l,ﬁnu),D(u,lA-"mxm_l)))

< d(u,x,) + W(g(d(xm_l, u), d(Xpm_1,%m),
D(ut, Ey), D1, Ftt), d(ut, %)) ) (3.22)

In (3.22), let n — oo and using the properties of v, we have

D(u, Gu) <0+ w(g(O, 0, D(u, Fnu),D(xzn_z,ﬁnu),O))

< ¥ (g(Dw, E), D(w, Fyu), D(ut, Frpe), D, Fya), D(u, Fy1))). (3.23)

From (3.23) and (ii) of Definition 3.1, we have D(u, F,u) < 1//(D(u,1:",,u)) < D(u, E,u),
which is a contraction and it follows from the closedness of F, that u € F,u for all
n=1,2,.... Now, by Lemma 3.1, we insure that u is a common fixed point of {F,}. O

Corollary 3.7 (Kamran [13], Theorem 2.6) Let (X, d) be a complete metric space. Let F;, F; :
X — K(X) be two fuzzy mappings and ﬁi,l:"j : X — CB(X) be mappings induced by F;, F;
according to (3.7). Let W € Q and g be a G'-distance function. Suppose that for any x,y (x #
y) € X, the following holds:

HEw Ey) < v (max{d(x,w,z)(x, Fa0 Dy, By), 220 DO })

then {F,} has a common fixed point.
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Proof We can consider the function g : [0, 00)> — [0, c0) defined by

X4 +x5}

g(x1, %0, %3, %4,%5) = max{xl,xz,xg, 5

Letx; =, xy = t, X3 = t, x4 = at, x5 = bt and a + b = 2. Therefore,

at + bt
g(x11x27x3’x4;x5) :g(t7 tr t,ﬂt, bt) =max t; t’ t) =t < t.

Hence, g is a G'-distance function. By Theorem 3.3, we can get Corollary 3.7. O

From Corollary 3.7 and the nondecreasing character of {, we can get the following
corollary.

Corollary 3.8 Let (X,d) be a complete metric space. Let F, F; : X — K(X) be two fuzzy

mappings and }A-",»,IA-",' : X — CB(X) be mappings induced by F;, F; according to (3.7). Let
Y € Q. Suppose that for any x,y (x #y) € X, the following holds:

H(F, Eyy) < ¥ (d(x,9)),
then {F,} has a common fixed point.

4 Application
In this section, we mainly want to give an application using Theorem 2.1.

Theorem 4.1 Let (X,d) be a complete metric linear space, and let Ty, Ty : X — W, (X) be
two fuzzy mappings on X satisfying the following conditions:

[Do(T1, sz)]2 < ad(x, J’)]2 + QoPa (¥, T1%)Pa (¥, T2y) + a3pa (x, Toy)pa(y, T1x)

+ 0540[(96;)/)1911 (x1 Tlx) + a5d(xry)pa ()’; TZJ’); (41)

where o; >0 (i =1,2,3,4,5), a1 + ag + 0g + a5 < 1, oy + a3 < 1. Then there exists a point x*
in X such that {x*} C T1x* and {x*} C Tox*.

Proof We can consider the function g : [0, 00)®> — [0, 00) defined by

[T

2
g1, %2, %3, %4,%5) = [ X7 + QoXoX3 + Q3xaXs + CaX1 X + U513 ] 2.

Next we prove that g is a G-distance function. Firstly, obviously, g is nondecreasing in the
2nd, 3rd, 4th, and 5th variable. Secondly,

ST

u<gv,u,v,0,u+v)= [oqv2 + UV + O UV + oe5V2]

ST

= [(oq +os)V? + (o + ot4)uv] . (4.2)
If u <v, from (4.2) we can get

ur < (oq + 015)1/2 + (g + ag)uv < (0q +og +0g + 0[5)1/2.
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Hence, there exists & = /a1 + a3 + 0ty + o5 < 1 such that u < hv, where 0 < h < 1. If u > v,
from (4.2) we can get

w? < (o +as)V? + (g + aa)uv < (o + 0 + ot + 051> < 4,

which is a contraction. Therefore, (ii) of Definition 2.1 holds. Thirdly, since u# < g(,0,0,
u,u) = [(a; + ag)uz]% = /o +azu < u, which is a contraction. Hence, u# = 0. Therefore,
Theorem 4.1 satisfies all the conditions of Theorem 2.1. Hence, there exists a point x* in
X such that {x*} C T1x* and {x*} C Tox*. a

Remark 4.1 In Theorem 4.1, we can conclude that foro; >0 (i = 1,2, 3,4,5), aq + ay + oty +

a5 <1, 01 + a3 <1, Theorem 2.1 improves Theorem 3.1 in [9].
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