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1 Introduction
Fractional maximal and fractional integral operators are two important operators in har-
monic analysis and partial differential equations. Multilinear maximal operator and mul-
tilinear fractional integral operator and related topics have been areas of research of many
mathematicians such as Coifman and Grafakos [1], Grafakos [2, 3], Grafakos and Kalton
[4], Kenig and Stein [5], Ding and Lu [6], Guliyev and Nazirova [7, 8], Ragusa [9] and
others.

Let k > 2 be aninteger and §; (j = 1,2,...,k) be fixed, distinct and nonzero real numbers,

and let f = (fi,...,fx). The k-linear convolution operator f ® g is defined by

(296 = | fils-)-file - 60) .

Let Q € L(S"!), s > 1 and Q be homogeneous of degree zero on R”, and let 0 < & < 1,
where S"! is the unit sphere in R”. The k-sublinear fractional maximal function with

rough kernel is defined by

Man®6) =sup - [ 20|~ 00)-..futs 609
r>0 I lyl<r
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and the k-linear fractional integral with rough kernel is defined by

Q)

|na

Iaa®0) = [ B2 A= 00)- o 603)

This paper consists of four sections. In Section 2, some lemmas needed to facilitate
the proofs of our theorems and the O’'Neil inequality for rearrangements of the k-linear
convolution operator f ® g proved in [7] are given. In Section 3, we prove the O’Neil
inequality for the k-linear convolution operator in the Lorentz spaces. Finally, in Sec-
tion 4, we obtain rearrangement estimates for the multilinear fractional maximal func-
tion and multilinear fractional integral with rough kernels. We prove the boundedness
of the multilinear fractional maximal operator Mg, and the multilinear fractional in-
tegral operator Ig, with rough kernels from the spaces L, X Ly,r, X -+ X Ly, to
Ly, n/(n+a) <p<qg<oo,0<r<s< oo, where p and r are the harmonic means of
PP Pk > land r, 1y, ..., 1k > 0, respectively. We show that the conditions on the pa-
rameters ensuring the boundedness cannot be weakened.

2 Preliminaries
We need the following two generalized Hardy inequalities (see [10]) which are to be used
in the proof of Theorem 3.1.

We denote by M(R”) the set of all extended real-valued measurable functions on R”.
When v is a non- negative measurable function on (O 00), we say that v is a weight. We
denote W(t) = fo )dr, V(t fo t)dr and U(r, ¢t ft u(t)dr. For 51mp11c1ty we sup-
pose that 0 < V(£) < 00, 0 < W(¢) < 0o for all £ > 0 and V(00) = 0o, W(o0) =

Lemma 2.1 [11] Let 0 < r <s< oo and let v, w be weights. Then the inequality

00 1/s 59 r
< / (g@®) w(t) dt) < C< / (g@®) v(®) dt) 2.1)
0 0

holds for all non-negative and non-increasing g on (0,00) if and only if

Ay =sup W) V() < oo,

t>0

and the best constant C in (2.1) equals A;.

Lemma 2.2 [11,12] Letr,s € (0,00) and let v, w be weights.
(i) Let 1 < r < s < 00. Then the inequality

/1 [t s 1/s ) . 1/r
(/0 (;/0 g(r)dt) w(t)dt) < C(/O (g(t)) v(t)dt) (2.2)

holds for all non-negative and non-increasing g on (0, 00) if and only if A; < oo,

00 Us ; pt ’ v
Ay = sup(/ () dr) </ v(r,)r dl’) < 00,
o \J: T° o V(1)

and the best constant C in (2.2) satisfies C = Ay + A,.
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(if) Let 0 < r <1, r <s. Then (2.2) holds if and only if A; < oo,

“w) A\,
Az =supt / dr ) V7(¢) < o0,
t

t>0 T$
and the best constant C in (2.2) satisfies C = A; + As.

Lemma 2.3 [13] Let r,s € (0,00) and let u, v, w be weight functions.
(i) Let 1 < r < s < 00. Then the inequality

00 00 s 1/s 00 1r
( /0 ( f g(f)u(r)dr) W(t)dt) §C( /0 (g(t))rv(t)dt) (2.3)

holds for all non-negative and non-increasing g on (0,00) if and only if
t 1/s
Ay =sup (/ L (t, 'L’)W(‘K)dt) VVr(t) < o0,
t>0 0

also

[} 1/7
As = sup W5(t) (/ LI',(r, t)V”/(t)v(r) dr) <00,

t>0

and the best constant C in (2.3) satisfies C = Ay + As.
(if) Let 0 < v <1, r <s. Then (2.3) holds if and only if Ay < 00 and the best constant C in
(2.3) equals Ay.

Lemma 2.4 [13] Let r € (0,00) and let u, v, w be weight functions.
(i) Let 1 < r < 00. Then the inequality

00 o0 1/r
sup (/ g(r)u(t)dr)w(t) < C(/o (g(t))rv(t) dt) (2.4)

t>0

holds for all non-negative and non-increasing g on (0,00) if and only if
o , 1/r
Ag =sup w(t)(/ u (r,t)v=—" (r)v(t)dt) < 00,
>0 t

and the best constant C in (2.4) equals Ag.
(ii) Let 0 < <1 and r <s. Then (2.4) holds if and only if

Ay = sup sup Uz, )w(t)V V" (t) < oo,

t>0 O<t<t

and the best constant C in (2.4) equals A;.

Lemma 2.5 [13] Let r € (0,00) and let u, v, w be weight functions.
(i) Let 1 < r < 00. Then the inequality

t oo 1/r
sup (/0 k(t,r)g(t)u(t)dr)w(t) < C(/O (g(t))rv(t) dt) (2.5)

t>0
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holds for all non-negative and non-increasing g on (0,00) if and only if

¢ ¢ v 1/
Ag = st%) w(t) (/0 </S k(t,t)V_l(r)dt> v(s) ds) < 00,

and the best constant C in (2.5) equals Ag.
(ii) Let 0 <7 <1, r <s. Then (2.5) holds if and only if

Ay = supsupK (¢, min(z, £)) w(t) V7" (¢) < o0,
t>0 >0

and the best constant C in (2.5) equals As.

Let g be a measurable function on R”. The distribution function of g is defined by the
equality

Ag(t) = |{xe R”: |g(x)’ > t}

, t>0.

We shall denote by Lo (R") the class of all measurable functions g on R”, which are finite
almost everywhere and such that () < oo for all £ > 0 (see [14]). If a function g belongs
to Lo(IR™), then its non-increasing rearrangement is defined to be the function g* which is
non-increasing on (0, 00) equi-measurable with |g(x)|:

Ht>0:g*(t)>r}‘ = Ag(7)

for all r > 0. Moreover, by the Hardy-Littlewood theorem (see [15], p.44) and for every
fi; 2 € LO (Rn)v

/ ()] dx < f PO 0 d.
R” 0

Equi-measurable rearrangements of functions play an important role in various fields of
mathematics. We give some of the main important properties (see, for example, [15]):
(1) if0<t<t+1,then

@+h)*t+1)<g*@)+h*(z),

(2) if 0 < p < o0, then

/ lg(x) |/ dx = / (g" (@) at,
R” 0

(3) forany ¢ > 0 and for any set E,

sup/}Jg(x)‘dx:/o g'(r)dr.

|E|=t

We denote by WL,(R") the weak L, space of all measurable functions g with finite norm

Ifllwz, = sup£2f*(t) <00, 1<p<oo.
t>0

The function g** : (0, 00) — [0, 00] is defined as g™*(¢) = % fotf*(s) ds.
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Definition 2.6 If 0 < p,q < 00, then the Lorentz space L,,(IR") is the set of all classes of
measurable functions f with the finite quasi-norm

© 1/q
”f“pqE”fHqu:(/o (tupf*(t))q?> |

If 0 < p < 00, g = 00, then L, (R") = WL,(R").
If 1 <q <porp=gq= 00, then the functional ||f||,, is a norm (see [16]). If p = g = oo,

then the space Loooo(R”) is denoted by L (R").
In the case 1 < p, g < 0o we define

00 d 1/q
Vi =( [ ey )

(with the usual modification if 0 < p < 00, g = 00) whichisanormon L,,(R") for1 < p < o0,
1<g<ooorp=g=00.lfl<p<ooandl<gq<oo,then

"f”pq = ”f”(pq) Sp,”f”pq

that is, the quasi-norms ||f|l,; and ||f || »4) are equivalent.

Lemma 2.7 [7] Letfi,fs,....fx € Lo(R"), k > 2. Then, for all x € R" and nonzero real num-
bers 01,...,0,

[ oo -t oy =G [ @5 frod o)
where Cy = |6y... 60"
Letf = (ffor....fe) and define
COFO-fO 0= [ FO O o

In the following, we give the O’Neil inequality for rearrangements of the multilinear

convolution operator f ® g proved in [7].

Lemma 2.8 [7] Letfi,fs,....fi,g € Lo(R"). Then, for all 0 < t < 00, the following inequality
holds:

f®9™(1) <G (tf**(t)g**(t) + / £*(s)g™(s) dS). (2.7)
t
Corollary 2.9 [7] Letfi,f2,....fx € Lo(R") and g € WL,,(R"), 1 < m < 0o. Then

fR9)*(#) <(f®2)* @)

t [e%e)
< Gyligllwe,, <m't_1/"’/ f*(t)dr +/ ‘E_l/mf*(l')d‘L'). (2.8)
0 ¢
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Lemma 2.10 [7] Letfi,fa,....fi,g € Lo(R"). Then for any t > 0
fR2)™) <Cy / £ (£)g™* (¢) dt. (2.9)
t
Corollary 2.11 Letfi,fs,...,fx € Lo(R") and g € WL,,(R"),1<m < 0o. Then
(f® )" (1) < (£ ® )™ (1) < m' Collgllwa,, / e (1) d. (2.10)
t

3 O’Neil inequality for the multilinear convolutions in the Lorentz spaces

In this section, we prove the O’Neil inequality for the multilinear convolutions in the
Lorentz spaces. It is said that p is the harmonic mean of py, ps, ..., px > 1if1/p = 1/p1 +1/py +
o+ 1l/pr Iffie Lp,.r/(R”),j =1,2,...,k, thenwesay that f € L, ,, X Ly, X -+ X Ly, (R").

Theorem 3.1 (O’Neil inequality for k-linear convolution in the Lorentz spaces) Suppose
that 1 <m < oo, g € WL,,(R"), p and r are the harmonic means of p1,pz,...,px > 1 and
r,7,..., 1k > 0, respectively. If 1< p<m’,1<r<s<ooorm'/(l+m') <p<1,0<r<l,r<
s<ooorp=m',1<r<oo,s=0c0orp=m,0<r=<1,s=00f €Ly, XLy, X+ XLy . (R")
and1/p—1/q=1/m', then f @ g € Ly(R") and

k
If ®gllgs < CoK (.o, 5m) [ Ifllpyr gl
j=1

where K(p,q,1,s,m) = k and

mA +m' Ay + Ay + As, ifl<p<m’,1<r<s<oo,

. !
m Ay + m' Az + Ay, fis<p=<10<r<lr<s<oo
K~
m' Ag + m' As, ifp=m',1<r<o00,s=00,
m' Az + m' Ay, ifp=m',0<r<1l,s=00

and

Al ) ( m/q )1/5(1)1” A2 ) 1( mq >1/S(p_/)1/r’
sim+q)) \p) ' p\s(g—m) r)

1/r 1/s 1/r

p s(g—m) p

A N+ T (g s , o A\ A T v
5= (m') ;(;) B(r+1Lrm'lp-7r))", 6=Wl<;) )

A7 _ (m,)lJrl/r/ (B(r/ i 1, }"/Wl//p _ r/))l/r/,

r 1/r p 1+1/7 ’ r ’ 1/r
o) G egm)) e we()
p p-r p-r p

Here B(s,r) = fol(l — )YtV dr is the beta function.

Proof Let 1 <m < oo, m'/(L+m') <p<m', 1/p—1/q =1/m/, p be the harmonic mean
of p1,p2,...,px > 1, r be the harmonic mean of r,7ry,...,7¢ >0, 0<r <s<oo and f €

Page 6 of 15
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Lyyy X Lpyry X -+ X Ly, (R"). By using inequality (2.8), we have

If @ gllgs = | (£ ® )" O o,

%} t 00 N 1/s
<Gy (/ <m’t‘””’/ f*(v)dr +/ ‘L'_l/mf*(l')d‘t> ¢lat dt)
0 0 t
00 t s 1/s
([ ([ Forie) e
0 0
0 [} s 1/s
+ Gy (/ (/ r””’f*(f)dr) gl dt) .
0 t

Casel. Suppose that1 < p < m’ (equivalently m < g < 00),1 <7 < s < 00. From Lemma 2.2,
for the validity of the inequality for 1 <7 <s< oo

o . s 1/s S rd 1/r
(/0 (%]0 f*(r)dr> t”/m”/qldt) Scl(/o (tl/pf*(t)) 7t> ’ (3.1)

the necessary and sufficient condition is

/ 1/s 1r
A = sup WI/S(t) V—l/r(t) _ ( mq ) (Z) sup tl/m/+1/q*1/l’ < 00
s(m’ +q)

t>0 p t>0
m/q 1/s r 1/r
& 1/p-1/g=1/m and A; = (/—) (—)
s(m’ +q) p

and

© Wt 1/s e ‘L'r/ 1/
Ay = sup(/ w©) dr) (/ al ,) dt)
t>0 \J¢ T8 o VP (1)
00 1/s t 1/
_ 1 sup(/ T—s/m+s/q—l dT> (/ .L,r/p—1+r’—rr’/p d‘[)
P >0 \J¢ 0

’ mq 1/s p/ 1/r )
_ _< ) <_/> sup t—l/m+1/q—1/p <00
p\slg—m) r >0

1/s s\ U7
& l/p—l/qzl/m/andAzzi( mq ) (11) .
p\s(q-m) r

Note that the best constant C; in (3.1) satisfies C; ~ A; + A,. Furthermore, from
Lemma 2.3 for the validity of the inequality for 1 < r <s< o0

o 00 s 1/s 00 1/r
( / ( / rl/mf*(r)dr> plat dt) <G, ( / (tl/"’f*(t))r£> , (3.2)
0 ¢ 0 z

the necessary and sufficient condition is

t 1/s t -1/r
/ /
.A4 - sup(/ (tl/m _ Tl/m )Sts/qfl d‘L’) (/ .L,r/pfl d‘L’)
t>0 0 0
1/r t 1/s
_ I’I’l/(1> sup </ (tllm' _ ,L.l/m’)srs/q—l dT> t—l/p
p >0 \Jo
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1/r
= (m’)“l/s (;) (B(s+1, sm’/q))l/s sup ¢~V Halp ¢ o
t>0

r

1/r
p) (B(s+ l,sm//q))l/s

& 1/p-1/g=1/m' and A, = (m/)1+1/s(
and

o0 1/7
As = sup Wl/s(t)(f U’ (v, ) V" (t)v(r) dr)

t>0

m'r q 1/s 0 , ur
(_) sup tl/q (/ (_L.l/m _ tl/m )’" o Ip+r/p-1 d‘C)
J 2N t>0 t
1/s [e%e) 1
m'r / /
(z) </ (}Ll/m _ 1)" )L—r//p—l d)\) sup tl/q+l/m/—1/p
1

p S t>0

, 1/s 1 Vg
_ (m/)1+1/r £<g> (/ (l_kl/m’)’/}\—r’/mﬁr//p—l d)\) sup tl/q+1/m/—1/p
0

JZANd t>0

v (q 1/s 1 17
/ J J oo /
— (m/) +1/r (_> (/ (1 _ _L,)r rrm /p-1 d‘L’) sup tl/q+1/m -1/p
p\s 0 £0
1/s

= (m/)lﬂ/r, r <Z> (B(r +1,r'm'Ip - r/))llr/ sup (/a1 p ¢ o
AN t>0

, 1/s
=4 l/p—l/qzl/m/ and As = (m/)lﬂ/r;(%) (B(r/+1,r/m//p—r/))1/r',

Note that the best constant C, in (3.2) satisfies Cy ~ A4 + As.
Casell. Letm//(1+m') <p <1,0 <r <landr <s < oo.From Lemma 2.3, for the validity

of inequality (3.1), the necessary and sufficient condition is .A4; < co and

00 W(‘L’) 1/s
As = supt(/ - dl’) V(@)
t

>0 T

r 1/r o9 1/s
_ (_) supt(/ _L,—s/m+s/q—1 d‘L’) t—l/p
p t>0 t

1/r 1/s
= <£) ( mq ) sup tl—l/m+1/q—1/p
p sl@=m)) 0

1/r 1/s
& 1/p-1/g=1/m' and A3 = <£> ( e ) .
p slq —m)

Note that the best constant C; in (3.1) satisfies C; =~ A; + A3. From Lemma 2.3, for the
validity of inequality (3.2), the necessary and sufficient condition is A4 < 0o0. Consequently,

using inequalities (3.1), (3.2) and applying the Holder inequality, we obtain
0 rdt 1r
If ® gllgs < Co (' Cr + Cs) (/ (£7£*(2)) 7) g llwi,,
0

00 k dt 1/r
:Cgl((p,q,r,s,m)</ ||(}§*(t)t1/p/)r7> lgllwz,,
0o
J=1
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k o0 rdt 1/1”]'
SC@K(p,q,r,s,m)H(f (}?*(t)tl/p/)’Y) Igllwe,,
j=r N0
k
= CoK(p,q,r,5,m) [ | Il g w-

j=1

Caselll. Letp=m',g=s=00,1<r<ocorp=m',qg=s=00,0<r<landfel,, x

L

PZ"Z

- X Ly, r, (R"). By using inequality (2.8), we have

If ®glloo = su(l))(f®g)*(t)
>

t [e%e)
<Gy sup(m’tl/mf f*(r)dt + / rl/”’f*(t)dr) lgllwz,,
0 t

t>0

t [e'e]
< Comt’ sup(t‘””’/ f*(r)dt) + sup(/ t‘”mf*(t)dt) ligllwz,,
t>0 0 t>0 t

/ *© sk ’”dt
< Cym (/ (£P£*(2)) T)Hg”WLm'
0

From Lemma 2.5, for the validity of the inequality for 1 < r < co

t 00 rdt 1/r

sup(t”’”/ f*(t)dr) <GCs (/ (tl/pf*(t)) —) , (3.3)

£>0 0 0 t
the necessary and sufficient condition is

A\ t t v 1/
Ag = <—) supt /™ (/ (/ TP dl’> st ds)
t>0 0 s
t 1

( ) sup t—l/m (/ (tl—r/p _ _L,l—r/p)r'_[r/p—l d‘[)

-tV 0 0

1+1/¢ 1 17
( r ) ( ) < f (1 _ tl—r/p)s.[r/p—l dr) sup fUm=1p+1
p 0 >0
1+1/7 1/
r r
(—) ( ) (B(r’ +1, —)) sup ¢ Vm=lpl ¢ o
V4 p-r t>0
1/r 1+1/r 1/
& p:m’andAg:(z) ( P > (B(r’+1, ! >) .
p p-r p-r

From Lemma 2.5, for the validity of the inequality for 0 <r <1

m t* - 00 Upes rﬂ 1/r
s;:g(t /0 f (r)dr) _Cg(/o (£77£%(1)) t) , (3.4)

the necessary and sufficient condition is

NI

1/r
Ag = sup supK(t, min(t,t))w(r)\/_l/’(t) = (1) sup £ oo
t>0 >0 p t>0

1/r
& p:m/and.A9=<£> .
4
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From Lemma 2.4, for the validity of the inequality for 1 < r < 0o

00 o0 de\""
sup(/ r‘””’f*(t)dr) < Cs (/ (t””f*(t))r—) ,
>0 \J¢ 0 ¢

the necessary and sufficient condition is A

o) 1/7
Ag = sup(/ LI',(t,t)V_’/(t)v(r)dr)

t>0

0 , 1y
_ </ (Tl/m’ _ tl/m’)r .L.—rr’/p+r/p—l dT>
t

00 , 1/r
_ </ (Al/m’ _ 1)’ k—r'/p—l d)\) sup tl/m’—l/p
1

t>0

m'r 1 N4 I 1l oo 1 /
_ </ (1 _ )\llm ) A" Im'+r' [p-1 d)u) sup tl/m -1/p
0

p t>0

m/r 1 7 St ur ’
_ (/ (1 _ _L,)r L Arm /p-1 d‘L’) sup tl/m -1/p

p 0 £>0

/

mr 1/r /_

=—B(F +1L,7/m'Ip-7))" sup <00
B(r +1.7 // / tllm 1/p
V4 t>0

/

& p=mand Ag = mr (B(r' +1,7'mIp - r/))W.

Furthermore, from Lemma 2.4, for the validity of the inequality for 0 < r <1

00 00 dt 1/r
sup(/ r‘”’”f*(t)dr) <GCs (/ (tl/pf*(t))r—) ,
0 \J¢ 0 4

the necessary and sufficient condition is

A7 = sup sup U(z,)w(z)V V(1)

t>0 O<t<t

t -1/r
=m'sup sup (¢ — " )(/ TPl dr)
0

t>0 O<t<t

1/r

r / /

= m/<—) sup sup (£ — 1) P
P t>0 O<t<t

1/r

r ’

:W/(—) sup /" 1P < o0
p >0

1/r
& p=mw'and A, =m’<£) .
p

Thus the proof of Theorem 3.1 is completed.

Page 10 of 15

(3.5)

O

Corollary 3.2 [8] Suppose that 1 <m < oo, g € WL,,(R") and p is the harmonic mean

of pupos...,pk > L Ifm' [l +m) <p<m,fel, xLy, x---x L, (R") and q satisfy
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1/p-1/g=1/m', thenf @ g € L,(R") and
k
If®¢gllqy < CoK(p, q,m)l_[ il gl W

j=1

where inthecasel<p=r<m',q=s

/ 1/q 1/q
I((p,q,m):m/( m ) +I’I’/(L>

m +q q-—m

/

+ (m,)1+l/q (B(q +1, m/))l/q + (m,)1+1/p’ (B(p, + Lp’m//p _p/))l/p )

and inthecasem'|(1+m)<p=r<l,m<q=s

m \" m \" 141/ I

K(p,q,m)=m' +(m + 1)) ——) + () T (B(g+1,m)) "

=i (7)) () (o) (Bl 1)

4 Thelp,,, x Ly, X -+ x Ly, boundedness of rough multilinear fractional
integral operators

In this section, we prove the Sobolev type theorem for the rough multilinear fractional

integral I ,f.

Lemma 4.1 Let 0 < & < n, 2 be homogeneous of degree zero on R", Q € Lyj(u_q)(S"™) and

Q(x)

- |x|n—a'

gx)
Then g € WLyj(n-o)(R") and

-1
”g” WLy(n-a) = na/rl ” Q ||Ln/(n—o()’ (4'1)

where

n/(n—a) (n—a)/m
||Q||Ln/w:( fsn_l|£2(x’)| do(x/)) .

Proof Note that

x5k n
nl(n-a)’ g (t) = a_g (t)’

g0 =m*" Q).
therefore g € WL,/(,-)(R") and equality (4.1) is valid. O
Lemma 4.2 Suppose that 0 <a <n, Q € Ly(S" ™) and s > 1. Then

Mg of(x) < Ligo (If]) (%), (4.2)

where |f| = (|fil,..., |[fx])-



Guliyev et al. Journal of Inequalities and Applications (2015) 2015:71 Page 12 of 15

Proof Indeed, for all r > 0, we have

Q
o (1)) = [ y 'lyl,%' it~ 0uy) .. fulx — 89| dy

>

= n{a / |Q0)|[fi(x = 619).. fulx — Ocy)| dy,
r E(0,r)

where E(0,r) is the open ball centered at the origin of radius r. Taking supremum over all
r>0, we get (4.2). a

By Lemmas 2.8 and 4.2, we obtain a pointwise rearrangement estimate of the rough

k-sublinear fractional maximal integral Mq,f and k-linear fractional integral I . f.

Lemma4.3 (7] Suppose that Q is homogeneous of degree zero on R" and . € Lyj(_a)(S™),
0 < a < n. Then the following inequalities hold:

(Io.uf)" () = (gl0)™(t)

t [ee)
§C9n°‘/”_1||§2||Ln/(na)<§t“/”_1/ f*(t)dt+/ r“/”_lf*(r)dt>,
0

t

(Ma,of)*(£) < (Maof)™(2)

o/n-1 n o/n-1 ! * > a/n—1gx
< Cyn 12112,/ 00r Et f*(r)dr + T f*(r)dt ).
0

t

From Theorem 3.1 and Lemma 4.3, we get the following.

Theorem 4.4 Let Q be homogeneous of degree zero on R", Q € Lyju-)(S"™), 0 < < 1,
p and r be the harmonic means of p1,ps,...,px > 1 and r,ry,...,rx > 0, respectively, and
O<r<s<oo,gsatisfyllg=1/p—a/n. Ifl<p<n/a,l1<r<s<ooorn/(n+a)<p<l,
O<r<s<ooorp=nla,r=1,then lg, is a bounded operator from Ly, X Lpypy X -+ X
Ly r, (R") to Ly(R") and

k

Maafllgs < Con®" K (p, g 1,511 = ) 122011, 0) [ T Wil
j=1

Corollary 4.5 [8] Let Q2 be homogeneous of degree zero on R", Q € Lyj(—a)(S" ™), 0 < < 11,
p be the harmonic mean of p1,pa,...,pk > 1, and q satisfy 1/q =1/p — a/n. Then I, is a
bounded operator from Ly, x Ly, x -+ X Ly, (R") to Ly(IR") for n/(n + o) < p < n/ct (equiv-
alently 1 < q < 00) and

k

Maaflly < Con™" K (p,q,n 01 = )11, o) [T 1l
j=1

Corollary 4.6 [8] Let Q be homogeneous of degree zero on R”, Q € Ly/(4-0)(S" 1), 0 < < 1,
p be the harmonic mean of p1,ps, ...,px > 1, and q satisfy 1/q = 1/p — a/n. Then Mg, is a
bounded operator from Ly, X Ly, X --- x L, (R") to Ly(R") for n/(n + o) < p < n/a (equiv-
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alently 1 < q < 00) and

k
IMaaflly < Con“"" 'K (p, g, n/(n = ) 1L, [ [ 161l

j=1
when n/(n+ o) < p < nla, and

k

IMoaflloc < CollQIL, ) [ [ Iillyy 2= nle.
j=1

Finally, in the following theorem we obtain the necessary and sufficient conditions for
the rough k-linear fractional integral operator I , to be bounded from the Lorentz spaces
Lpir X Lpypy X oo X Ly, (R”) to Lgs(R"), n/(n+a) <p<g<00,0<r<s<oo.

Theorem 4.7 Let 0 < o < n, Q be homogeneous of degree zero on R", Q € Ly_a)(S™),
p and r be the harmonic means of p1,pa,-..,px > 1 and ry,ry,...,rx > 0, respectively. If 1 <
p<nla,l1<r<s<ooorn/(n+a) <p<1,0<r <s<oo,thentheconditionl/p-1/q=aln
is necessary and sufficient for the boundedness of Ioy from Ly y, X Ly,p, X -+ X Ly, (R")
to Lg(R™).

Proof Sufficiency of the theorem follows from Theorem 4.4.

Necessity. Suppose that the operator I, is bounded from Ly, X Ly,r, X -+ X Ly, (R")
to Lg(R"), and n/(n + «) < p < n/a (equivalently 1 < g < 00). Define f;(x) =: f(tx) for £ > 0
and [|f|l,- = ]_[]I»‘=1 |U§||p].,/.. Then it can be easily shown that

k k
- — ~nlpj || f. _ 41,
Wellor = TTIGN,, = TTE" 160y = 1€l
j=1 j=1
and
Ioafi(x) =t Ioof(tx),  Moafles =" nafllgs

Since the operator I is bounded from Ly, ,; X Ly,p, X +++ X Ly, 1, (R”) to Lg(R"), we have
Hoafllgs < CllEllpr

where C is independent of f. Then we get

o, fllgs = £ Iq 0kl 4s < CE|E, |l pr = CEXTE | If |y

If1/p <1/q +a/n, then forall f € Ly, X Ly, X -+ X Ly (R") we have | Igefll,, = 0 as
t— 0.If1/p>1/g+a/n, thenforallf € L, ,, x Ly,r, X -+ X Ly, (R") we have |[Igqf]l4 =0
as t — 00. Therefore we get 1/p =1/q + a/n. a

Corollary 4.8 [8] Let 0 < « < n, p be the harmonic mean of p1,pa,...,px > 1, Q be ho-
mogeneous of degree zero on R" and Q € Lyju-o)(S"). If n/(n + @) < p < nla, then the
condition 1/p — 1/q = a/n is necessary and sufficient for the boundedness of Io from
Ly, X Ly, x --- x Ly, (R") to Ly(R").
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Remark 4.9 Note that the sufficiency part of Corollary 4.8 was proved in [7] and in the
case 2 =11in [2], and in the case Q € Ly(S" 1), s > n/(n — ) in [6].

Theorem 4.10 Let 0 <« < n, Q be homogeneous of degree zero on R", Q € L,,/(,,,a)(S”‘l),
p and r be the harmonic means of p1,pa,...,px > 1 and r,ry, ..., 1 > 0, respectively. If 1 <
p<nla,l<r<s<ooorn/(n+a)<p<1,0<r<s<o0o,thentheconditionl/p-1/q=aln
is necessary and sufficient for the boundedness of Mqq from Ly, y, X Lp,r, X ==+ X Ly, (R")
to Lg(R™).

Proof Sufficiency part of the theorem follows from Theorem 4.7 and Lemma 4.2.
Necessity. Suppose that the operator Mg, is bounded from Ly, ,, X Lp,ry X -+ X Ly, (IR")
to Ly(R”), and n/(n + @) < p <n/a, 0 <r <s < oo. Then we have

Maufi(x) = 7 Mqof (£x)

and

IMaafillgs =t 4 | Maafllgs-

By the same argument in Theorem 4.7, we obtain =2 O

1_1
P 4

Corollary 4.11 [8] Let 0 < « < n, p be the harmonic mean of p1,pa,...,px > 1, Q be ho-
mogeneous of degree zero on R" and Q € Lyju_o)(S" ). If n/(n + ) < p < nla, then the
condition 1/p — 1/q = a/n is necessary and sufficient for the boundedness of Mq, from
Ly, X Ly, % -+ x Ly, (R") to Ly(R").
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