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Abstract

In this paper, by using the atomic decomposition theory of weighted Herz-type Hardy
spaces, we obtain some strong type and weak type estimates for intrinsic square
functions including the Lusin area function, Littlewood-Paley G-function and
G;-function on these spaces.
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1 Introduction and main results
Let R™! = R” x (0,00) and ¢;(x) = t"¢(x/t). The classical square function (Lusin area
integral) is a familiar object. If u(x, ) = P; * f(x) is the Poisson integral of f, where P;(x) =
W denotes the Poisson kernel in R”*!

(Lusin area integral) S(f) by (see [1] and [2])

1/2
S(f)(x) = (f/r( )|Vu(y, t)|2t1”dydt) )

where I'(x) denotes the usual cone of aperture one

, then we define the classical square function

I'(x) = {(y,t) c IRZ” dle—y] < t}

and
n

+D

j-1

ou |?

2

du|?
ot

We can similarly define a cone of aperture y for any y >0
L) ={0,0) R lw -yl < vt}

and corresponding square function

1/2
Sy(f)(x) = (f/; ( )’Vu(y,t)‘Ztl—n dydt) )
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The Littlewood-Paley g-function (could be viewed as a ‘zero-aperture’ version of S(f))
and the gi-function (could be viewed as an ‘infinite aperture’ version of S(f)) are defined
respectively by (see, for example, [3] and [4])

o) ) 1/2
g(Nx) = </0 |Vl )| tdt>

and

i B ¢ An 21 1/2

The modern (real-variable) variant of S, (f) can be defined in the following way (here
we drop the subscript y if y = 1). Let Yy € C*°(R”) be real, radial, have support contained
in {x: |x| <1}, and [, ¥ (x)dx = 0. The continuous square function Sy, (f) is defined by
(see, for instance, [5] and [6])

dvd 1/2
s 6= ([[ renor )

In 2007, Wilson [7] introduced a new square function called intrinsic square function

which is universal in a sense (see also [8]). This function is independent of any particular
kernel v, and it dominates pointwise all the above-defined square functions. On the other
hand, it is not essentially larger than any particular Sy, (f). For 0 < B <1, let Cg be the
family of functions ¢ defined on R” such that ¢ has support containing in {x € R" : |x| <1},
Jan @) dx =0, and for all x,x" € R”,

o) - ()| < [x-2".

For (y,£) e R and f € L} _(R"), we set

loc

Ap(f)y,t) = sup V* (pt(y)| = sup f 0y — 2)f (2) dz|. (1.1)
veCp peCplJR"
Then we define the intrinsic square function of f (of order 8) by the formula
dydt
s =([[ o0y o )" 12
I'(x)
We can also define varying-aperture versions of Sg(f) by the formula
Spy () = (// ()(Aﬁ(f)(y,t))zty,?) . (1.3)
Iy (x

The intrinsic Littlewood-Paley G-function and the intrinsic G; -function will be given re-

spectively by

R d
Go(F)() - ( /0 (A () (x, )’ t) (14)
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and

i _ t An 2dydt 1/2
gA,/S (f)(x) = (_/:/Rfrl (m) (Aﬁ(f)()/, f)) tn+l ) > )\ > 1 (15)

In [8], Wilson showed the following weighted L” boundedness of the intrinsic square

functions.

Theorem A Let0< B <1,1<p<ocandwe A, (Muckenhoupt weight class). Then there
exists a constant C > 0 independent of f such that

|85, < CIf Iz

Moreover, in [9], Lerner obtained sharp L% norm inequalities for the intrinsic square
functions in terms of the A, characteristic constant of w for all 1 < p < co. For further dis-
cussions about the boundedness of intrinsic square functions on various function spaces,
we refer the readers to [10-16].

The aim of this paper is to discuss the boundedness properties of intrinsic square func-
tions on the homogeneous (non-homogeneous) weighted Herz-type Hardy spaces (see
Section 2 below for the definitions). Moreover, at the endpoint case, we will obtain their

weak type estimates. Our main results are stated as follows.

Theorem 1.1 Let wi,wy € A}, 0 <p<oo,1<qg<o0,0<B <1and n(l-1/q) <ac<
n(l —1/q) + B. Then Sg is bounded from Hf(;’p(wl,wz) (HI(;’p(wl,wz)) into I'(g’p(wl,wz)
(I<qayp(w1r W2))'

Theorem 1.2 Let wi,wy € A;,0<p<1,1<g<0o0,0<B<landa=n1-1/q)+B. Then
S is bounded from HK; (wy, wa) (HKy” (wy, wy)) into WKy (wy, w) (WKg™” (w1, ws)).

Theorem 1.3 Let w;,wy € A;, 0 <p<o00,1<g<o0,0<B <1landnl-1/q) <ac<
n(l — 1/q) + B. Suppose that ) > 3 + (28)/n, then g;‘ﬁ is bounded from Hf(g’p(wl,wz)
(HKG? (w1, wa)) into K (w1, wa) (Kg” (w1, ws)).

Theorem 1.4 Let w;,w, € A, 0<p<1,1<qg<00,0< B <1land a=nl-1/q) +B.
Suppose that ). > 3 + (2B)/n, then G} , is bounded from HKg" (w1, w,) (HKg” (w1, w,)) into
WK™ (i, ws) (WKG™ (w1, w»)).

In [7], Wilson also showed that for any 0 < 8 < 1, the functions Sg(f)(x) and Gg(f)(x) are
pointwise comparable, with comparability constants depending only on 8 and #. Thus, as

a direct consequence of Theorems 1.1 and 1.2, we obtain the following.

Corollary 1.5 Let wy,wp, € A}, 0 <p<00,1<g<00,0<pB<landnl-1/q) <ac<
n(l —1/q) + B. Then Gg is bounded from Hf(;’p(wl,wz) (HI(;’p(wl,wz)) into I'(g’p(wl,wz)
(K3 (w1, wy)).

Corollary 1.6 Let wy,wy € A;,0<p<1,1<g<00,0<B<landa=n(l-1/q)+ B. Then
Gg is bounded from HK;" (wi, wy) (HKy¥ (w1, w2)) into WK (wy, wa) (WK™ (wy, wy)).
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2 Notations and preliminaries

2.1 A, weights

Let us first recall some standard definitions and notations. The classical A, weight theory
was first introduced by Muckenhoupt in the study of weighted L” boundedness of Hardy-
Littlewood maximal functions in [17]. A weight w is a locally integrable function on R”
which takes values in (0,00) almost everywhere. B = B(xy, R) denotes the ball with the
center x¢ and radius R. Given a ball B and A > 0, AB stands for the ball concentric with
B whose radius is A times as long. For a given weight function w and a measurable set E,
we also denote the Lebesgue measure of E by |E| and the weighted measure of E by w(E),
where w(E) = [, ¢ w(x) dx. We say that w is in the Muckenhoupt class A, with 1 < p < oo if

1 1 p1
(— f w(x) dx> <— / w(x) Y e-D dx) <C foreveryball BCR",
|Bl Js |B| /s

where C is a positive constant which is independent of the choice of B. For the case p =1,
we A, if

1
— / w(x)dx < C-essinfw(x) for every ball BC R".
1Bl /5 xeB

The smallest value of C such that the above inequality holds is called the A; characteristic
constant of w and is denoted by [w]y, . A weight function w is said to belong to the reverse
Holder class RH, if there exist two constants r > 1 and C > 0 such that the following reverse

Holder inequality holds:

1 1/r 1
(—/w(x)’dx) < C(—/w(x) dx) for every ball BC R”.
1Bl Jp 1Bl Jp

It is well known that if w € A, with 1 < p < oo, then w € A, for all > p, and w € 4,
for some 1 < g < p. Moreover, if w € A, with 1 < p < oo, then there exists r > 1 such that
w € RH,.

We state the following results that we will use frequently in the sequel.

Lemma 2.1 ([18]) Let w € A;. Then, for any ball B, there exists an absolute constant C > 0
such that

w(2B) < Cw(B).
More precisely, for any A > 1, we have
w(AB) < [wla, - A"w(B).

Lemma 2.2 ([1,18]) Let w € A;N\RH,, r > 1. Then there exist two constants Cy, C, > 0 such

that
E E E (r-1)/r
()-8 (2)
|B| w(B) |B|

for any measurable subset E of a ball B.
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2.2 Weighted Herz-type Hardy spaces

Next we shall give the definitions of the weighted Herz space, weighted weak Herz space
and weighted Herz-type Hardy space. In 1964, Beurling [19] first introduced some funda-
mental form of Herz spaces to study convolution algebras. Later Herz [20] gave versions
of the spaces defined below in a slightly different setting. Since then, the theory of Herz
spaces has been significantly developed, and these spaces have turned out to be quite use-
ful in harmonic analysis. For instance, they were used by Baernstein and Sawyer [21] to
characterize the multipliers on the classical Hardy spaces, and used by Lu and Yang [22,
23] in the study of partial differential equations. The weighted version of Herz spaces was
also introduced and investigated in [22, 24-27].

On the other hand, a theory of Hardy spaces associated with Herz spaces has been devel-
oped in [28, 29]. These new Herz-type Hardy spaces may be regarded as a local version at
the origin of the classical Hardy spaces H?(R") and are good substitutes for H”(R") when
we study the boundedness of non-translation invariant operators (see [30-32]). For the
weighted case, in 1995, Lu and Yang [33, 34] introduced the following weighted Herz-type
Hardy spaces HK; " (w1, wy) (HKy” (w1, w,)) and established their central atomic decom-
positions. For further details about the properties and boundedness of some operators
on weighted Herz-type Hardy spaces, we refer the readers to [35-39] and the references
therein.

Let By = {x € R": |x| < 2%} and Cy = By\By_1 for k € Z. Denote xi = xc, fork € Z, X = xx
ifk € Nand Xy = xp,, where xg is the characteristic function of a set E. For any given weight
function w on R” and 0 < g < 0o, we denote by LY, (R") the space of all functions f satisfying

1/q
”f”LZ, = (./1;{" [f(x)|qw(x) dx) < 00. (2.1)

Definition 2.3 ([26]) Let@ € R, 0 < p,gq < 0o and wy, w, be two weight functions on R”.
(a) The homogeneous weighted Herz space K ¥ (wy, w,) is defined by

KgP(wi,wy) = {f € L (R"\{0},w,) : VN & ) < oo},

where

1/p
apln
Ul e = (Z[wl(Bk)] v ufmn’;%) . (22)

keZ

(b) The non-homogeneous weighted Herz space K (wy, ws) is defined by

<ap Wl,Wz {fELIOC( ) ”f”]( (wy,w2) <OO},

where
00 l/p
P g ) = (Z [w1(Bx) aankall ) . (2.3)
k=0

For any k € Z, A > 0 and any measurable function f on R”, we set Ex(A,f) = {x € Cy:
[f ()| > 1}. Let E¢ (A, f) = Ex(A,f) for k € Nand Eo(A,f) = {x € B(0,1) : |f(x)] > A}.
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Definition 2.4 ([25]) Let @ € R, 0 < p,g < 0o and wy, w, be two weight functions on R”.
(c) A measurable function f(x) on R” is said to belong to the homogeneous weighted
weak Herz space WK (w1, wy) if

1/p
I Wi ) = iugk(Z[m(Bk)]"‘”’”[Wz(Ekwf))]”/q) < 00. (2.4)
> keZ

(d) A measurable function f(x) on R” is said to belong to the non-homogeneous
weighted weak Herz space WK (wy, wy) if

oo 1/p
IV Iy gy = SUP A (Z[wl(Bk)]ap/"[wz(Ek(A,f))]p/q> < 00. (2.5)

A>0 =0

Let .(R") be the class of Schwartz functions and let .#’(R") be its dual space. For any
given f € .#”(R"), then the grand maximal function of f is defined by

G(f)(x) = sup sup |g; *f(y)

pedy ly—x|<t

’

where @y = {p € S (R") : sup,y; 51<n |x*DPp(x)| <1} and N € N is sufficiently large.

Definition 2.5 ([33]) Let 0 <o < 00,0 < p<00,1<q<o00and wy, wy be two weight func-
tions on R”.

(e) The homogeneous weighted Herz-type Hardy space HK ¥ (wy, w,) associated with
the space K; ¥ (w1, w,) is defined by

HKP (wy,wa) = [f € 7 (R") : G(f) € K& (wr,w)},

and we define |[f||Hkg.p(W1’W2) = ||G(f)||1'<q“"’(wl,wz)-
(f) The non-homogeneous weighted Herz-type Hardy space HK,” (w;, w,) associated
with the space K (w1, w,) is defined by

HEK P (w,wy) = {f € " (R") : G(f) € K (wy, wa) },

and we define ”f”HK‘;"’(wl,wz) = ||G(f)||K;,p(wl,W2).

In this article, we will use Lu and Yang’s central atomic decomposition theory for
weighted Herz-type Hardy spaces in [33, 34] (see also [38]). We characterize weighted
Herz-type Hardy spaces in terms of central atoms in the following way.

Definition 2.6 ([33]) Let1<g<oo,n(l-1/q) <a <ooands > [a +n(l/q-1)].

(i) A function a(x) on R” is said to be a central («, g, s)-atom with respect to (wy, wy)
(or a central («, g, s; wy, wy)-atom) if it satisfies
(@) suppa CB(0O,R)={xeR":|x| <R},R>0;
(b) lallg, = [w1(B(0, R))]™"";
(c) fRn a(x)x? dx = 0 for every multi-index y with |y| <s.

(ii) A function a(x) on R” is said to be a central (¢, g, s)-atom of restricted type with
respect to (wy, wa) (or a central (, g, s; w1, wa)-atom of restricted type) if it satisfies
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the conditions (b), (c) above and

(@) suppa C B(0,R) for some R > 1.

Theorem 2.7 ([33]) Let wi,wy € A;,0<p<o0,l<g<oo,n(l-1/q) <a <ooands >
[ + n(1/q —1)]. Then we have
(i) f € HKy? (w1, wy) if and only if

fx) = Z Maj(x), in the sense of " (R"),

jeZ

where ZjeZ |17 < 00, each a; is a central (a,q, s; wi, wa)-atom with suppa; C B; = B(0, 2/).

Moreover,

1/p
- ~ 1 1P
WM i G mf(Z 141 > ’

JEL

where the infimum is taken over all the above decompositions of f.
(i) f € HK" (w1, wy) if and only if

fx) = Z Ajaj(x), in the sense of ' (R"),

j=0

where Z/.Ofo [AjlP < oo, each a; is a central (a,q,s;wy, wa)-atom of restricted type with
suppa; € B; = B(0,2). Moreover,

00 1/p
~ P
|lf||H1<§"”(w1,wg) ~ 1nf<§ 2,1 ) ,
j=0

where the infimum is taken over all the above decompositions of f.

Throughout this article, we will use C to denote a positive constant, which is indepen-

dent of the main parameters and not necessarily the same at each occurrence.
3 Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1 First we note that the assumptions n(1 -1/q) <« <n(1-1/q) +  and
0< B <limplythat N = [« + n(l/qg-1)] = 0.
We start with the case of 0 < p < 1. For any central («, g, 0; w;, wo)-atom a with suppa €

By = B(0,2%), ¢ € Z, we are going to show that ||5ﬁ(f1)||1'<g'1’( y =G where C >0 is a

w1,W2
universal constant independent of the choice of a. By definition,

[S@) 4y = 2 L2 BOT [ Syl

wi,w2)
keZ
£+1 , o0 ,
= 2 MBI [Sp@xilfy + D [mBI]"" [ Sp@xily
k=—00 "2 k=0+2 2

=11 +12.
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Since wy € Ay, then wy € A, for any 1 < g < co. It follows from Theorem A that

041 £l
b= 3 [mBI " [Ss@ly =€ 37 [mBII"" lally .
k=—00 k=—00

Since w; € A1, we know that w € RH, for some r > 1. When k < £ + 1, B; C By,;. Conse-

quently, by Lemma 2.2, we have

wi(By) 1Bl \°
wi(Bea) =¢ <|B[+1|) ’ (3.1)

where § = (r — 1)/r > 0. Thus, by using the size condition of central atom a and (3.1), we
obtain

£+1
Il < C Z 2(/(—@—1)0(5[7

k=-00

0
-C Z 2ka8p
k=—00
<C.

To estimate the other term I, we first claim that for any (y,¢) € R”*, the following in-

equality holds:

2Z(n+f3)

Ap@(y, ) <C- [mi(B)] " [wa(B)] . (32)

B

In fact, forany ¢ € Cg with 0 < 8 <1, by the vanishing moment condition of central atom a,
we have

|ax @) = ‘fB [0:(y - 2) — 9:(y) |a(2) dz
5/ 21 \a(2)| dz

B, tn+h

28
<
- tn+ﬁ

/B ‘a(z)! dz. (3.3)

Denote the conjugate exponent of g > 1 by ¢’ = /(g —1). Using Holder’s inequality, A, con-
dition and the size condition of central atom a, we can get

1/ 1/q
/B l|a(z)|dz§ ( /B é‘a(z)]qwz(z)dz) ,,( /B l wz(z)‘q//qdz) !

-v
=C-lalyg, |Be|[wa(Be)]

< C-|B|[m(B)] " [wa(B)] . (3.4)

Substituting the above inequality (3.4) into (3.3) and then taking the supremum over all
functions ¢ € Cg, we obtain the desired inequality (3.2).
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Observe that if x € Cy = Bx\Bk_1, k > € + 2 and z € By, then we have |z]| < %|x|. We also
note that suppg C {x € R”: |x| <1}, then for any z € B, N B(y,t), (y,£) € I'(x) and x € Ci
with k > £ + 2, we can deduce that

2> lx—yl+ly—zl =[x —z| = x| - |2z| = 7

Hence, for any x € Cy = Bx\Bk_1 with k > £ + 2, by using inequality (3.2), we obtain

" oy dydt 172
|Sﬂ(a)(x)| = C(Zl( g [WI(BZ)] W (B q (/x| /y —xl<t t2n+2ﬁ+n+1>

» ¢ 1/2
C(ZZ n+h) [w1 (Be)] [wa(B0)] q)(/ﬂ W)

1

FIo (3.5)

< C- 2P [y (B) ] [wa(B)] 7 -

Substituting the above inequality (3.5) into the term I, we can see that

[e¢]

e B

k=0+2

plq
|Sp(a)(x)|"wa (%) dx)

—le|x| <2k

[e¢]

<C Z [Wl(Bk)]ap/n(ZZ(mﬂ) [WI(BZ)]—a/n [W2(B£)],1/q)p

k=0+2

( / wa (%) )P"f

X dx

ok-1 g <ok [%]901+F)

-C i 200N iy (BR) \ Y™ ( wa(B) p/q.
T G, \ 2B S\ wa(By) wa(Be)

In this case, when k > € +2, we have By 2 By,2 2 By. Since wy, w, € Aj, by using Lemma 2.2

again, we can get

(B B
wilB) _ o 1B i o 1and 2, (3.6)
wi(Be) |B¢|

Hence, from inequality (3.6) it follows that

X 7 otp(n+p) okn\ @pln s okn\ pld
n=e () () ()
k=0+2
> /1 p(n+B)-ap-nplq
-2 (x)
k=2

=G

where the last series is convergent since « < n(1 — 1/q) + 8. Combining the above esti-
mates for I; and I,, we get the desired result. In the general case, let f € HKy” (w1, ws).

We have the decomposition f = )", Aear, where >, |A¢|P < 00 and each a, is a central
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(a, g, 0; wy, wy)-atom with suppa, € B, = B(0,2%), according to Theorem 2.7. Therefore

p
IS0 e 10 = € ST (Sl e,

keZ Lel

< CZ wy (Bk) apin (Z |Ael? ||Sl3(614 )(k”Lq )
keZ LeZ

<CY Il
LeZ

»
< Clf Wy

wi,wa)"

We now consider the case 1 < p < 0co. As above, we write

p
S0 %ty = € D_[W1(Be) “"/”(Z el Sp(@o) e g )

keZ L=k-1

k-2 »
+C Y [wi(Bx ap/n< 3 |M|||S,3(ug)x;<HL3V2)
l=—00

keZ

=L +1,.

Let us first deal with I]. Applying Holder’s inequality, Theorem A and the size condition
of central atom a, with suppa, C By, we have

p
L <CY [m(Bo] "‘"’”(Z hellael g )
L=k

keZ 1

»
< CZ wi(By)] ap/n(z el [wi(Br)] d/n)

keZ L=k-1

x 00 plp’
<CY [m@)]"" ( Y Ix |P[W1(Be)]‘°‘"’2”> ( [wi(B)] ™ /2"> ,
£

keZ L=k-1 k-1

When £ > k —1with k € Z, Bx_1 C By. Since w; € Ay, as before, there exists a number r > 1
such that w; € RH,. Setting § = (r —1)/r > 0. Thus, by Lemma 2.2, we can see that

i 12 12 i wi(Bi-1) ap'/2n
[mB)] ™" = [wiBe)] " < )

=k-1 t=k-1 wi(By)

<C- [Wl (Bk—1)]7ap//2n (Z(kfl)’l)asp//z

M8

l=k-1

1
>

2—[0(6[1’/2

e

<C-[m (Bk-l)]_apl/zn
¢

Il
(=}

<C-[m@B)] "™
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Similarly,

£+1

3 B i B] " < C,

k=-00

where C > 0 is an absolute constant which is independent of £ € Z. Thus, we obtain

L <CY [wi(Bi)] “’”’“(Z Ihel? [wi(Be)] ""””)

keZ l=k-1

£+1
=CY I |P( 3 B [wi (BU]““’””)

LeZ k=—00

<CY Il

el

p
S C”fv”HK:,p(Wl,MQ).

We now turn our attention to the estimate of I;. Observe that when ¢ < k — 2, that is,

k > € +2, it follows immediately from the pointwise inequality (3.5) that

9l(n+B) p
n<cy| wl(B)“P’”<Z el - >z [ (B [wZ(Be)]‘”q[wZ(Bk)]”q)
keZ
apln p/ 2tm) Y 3
=C Y [wB)]™"" [wa(By)] Q(ZM o B wa(By)] q).
keZ o=

By using Holder’s inequality, we obtain that the above expression in the brackets is
bounded by

=2 20\ Pl /2 /2
(Z Aol - (2k) [wi(B)] " [wa(BO] ")
L

& ZZ pp)/2 —ap//2n —p' 12
X (Z (?) [mB)] ™ [wa(B)] q)
4

plp

When ¢ < k — 2 with k € Z, we have B, C Bx_y C By. Since wy, wy € Ay, it follows directly
from Lemma 2.2 that

k=2 o\ P (n+B)12 , ,
3 (;) [wa(B] " [wa(B)] 7"

£=—00

= [ B wa(BO] "

x kZZ (2—[)”’(”*”’2(wl<Bk>)“P”Z”<WZ<Bk>)P’”q
S\ 2k w1(By) wa(By)

C - [mB] " [wa(B] "
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k=2 2[ P (n+p)/2 2kn ap'2n 2](?1 P'i2q
XZ_Z oK S S

—00
1 )p’(n+/3)/2—a¢p’/2—p'n/2q

<C- [W1(Bk)]7ap//2n[Wz(B/<)]7p//2q ‘ Z(ﬁ

=2
< C-[mBI] "> [waB] ",
where the last inequality holds under our assumption that « < n(1 —1/g) + 8. Similarly,

i (z_e)p(n+ﬂ)/2<Wl(Bk)>ap/2n(W2(Bk) )p/Zq —c
S\ 2k wi(Be) wa(By) -

where C > 0 is an absolute constant which is independent of £ € Z. Hence, we finally obtain

I < C Y [wi(B)] " [waB)]*

keZ
k=2 o\ p(n+p)12
2 —ap/2 —pl2
x (Z [Ael? - <?) [W1(Bz)] ap n[wz(Bg)] ? q)
£=—00
NP> (ﬁ)p‘”*ﬁ)”(wlusk))“P/2"<W2(Bk>>P’2q
= k=t+2 2 wi(Be) wa(By)
<CY Il
LeZ
p
< C”f”Hkq”"’(wl,wz)'

Therefore, summing up the above estimates for I and I}, we get the desired result. This

completes the proof of Theorem 1.1. O

Proof of Theorem 1.2 First we note that our assumptions « = n(1 — 1/g) + B and 0 <
B <1 imply that N = [« + n(l/g — 1)] = [B] = 0. According to Theorem 2.7, for every
f € HK; ¥ (w1, wy), we have the decomposition f = 3",., hear, where Y, |A¢|? < 00 and
each ay is a central («, g, 0; w;, wy)-atom with suppa; € By = B(0,2°). Then, for any given

o > 0, we write

o? 3 [wi(B)] " wa({x € Cu: |Sp(F) )] > o )

keZ

00 rlq
<o?. Z[Wl(Bk)]ap/"WZ ({x € Cy: Z |Ag||85(a@)(x)| > (7/2})

keZ =k-1

k-2 rlq
+oP. Z[Wl(Bk)]ap/nw2<{x € Cy: Z |)»g|i3ﬂ(ﬂg)(x)| > 0/2])

keZ {=—00

=N+
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Since wy € A, we have wy € A, for any 1 < g < 0o. Note that 0 < p <1. Applying Cheby-
shev’s inequality and Theorem A, we get

oo b
h=<2f Z[Wl(Bk)]ap/n ( Z [Ael ||5ﬂ(ﬂe)Xk||Lgvz)

keZ L=k-1
/ o0
<2 [wi(B)]™" ( > el |Span] 7 )
keZ £=k-1 b

< cz[wlwk)]""”’”(z el el )
¢ 2

keZ =k-1
Changing the order of summation yields
£+1 ,
» aplny p
h<CY Il ( > [m(Bo)] ||ae||%>.
LeZ k=—00

Following along the same lines as in Theorem 1.1, we can also show that the series in
the brackets is convergent. Furthermore, it is bounded by an absolute constant which is
independent of £ € Z. Hence

h=CY Il <CIFIE,

HEKG (wi,wa)’
Lel

On the other hand, observe that when £ < k-2, for any x € Ci = Bi\Bi_1, by the pointwise
inequality (3.5), we deduce that

—aln _ 1
|Sp(ar)(x)| < C- 21 [wy(By)] ! [wa(B)] v X
2£(n+ﬁ) —aln B
<C- W[Wl(BZ)] ! [WZ(B(Z)] .

Since B; C Bi—y € By and wy, wy € Ay, it follows from our assumption « = n(1 - 1/g) + B
and inequality (3.6) that

£\ n+p kn\ o/n kn\ l/q
Sptanw] = - pma] e (3) (55) (5w
< C- [mBI] " [wa(B] ™. (37)

Set Ax = [w1(Br)]™"[wo(Bi)] V4. We will consider the following two cases. If {x € Cy :
ifjoo [Ael|Splae)(x)| > 0/2} = 9, then the inequality

b
Ja < W g

w1,wg)

holds trivially. Now we assume that {x € Cj: Z’Zioo [Ael|Splae)(x)| > 0/2} # 9, then by the
above inequality (3.7) and the fact that 0 < p <1, we have

1/p
o< c-Ak(Z IMI) < c-Ak(Z w) < C - Al 11

el Lel
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It is easy to verify that limg_. o Ax = 0. Then, for any fixed o > 0, we are able to find a
maximal positive integer K, such that

o<C-Ag, ”f”]-[]'(;‘p(wl,wz)'

From the above discussions, we know that By C Bk, . Furthermore, by using Lemma 2.2

again, we obtain

(B Bil \%
wiBy) §C~(|k|> fori=1and 2,
w;(Bx,) |Bg, |

where §; > 0, i = 1,2. Therefore

Ko

Lo 3 [mB)]"" [wa B0}

k=—00

—c wi(Be) \*?" [ wa(Br) \*'
Ilf”HKapw W) Z w1 BIQ7 WZ(BI(J)

1 adip/n+daplg

< CIfIY ap

H. K (w1,w3)

k=-00

p
= C”f”Hk;up

(wrwp)

Combining the above estimates for /; and J,, and then taking the supremum overall o > 0,

we complete the proof of Theorem 1.2. d

4 Proofs of Theorems 1.3 and 1.4
In this section, we first establish the following three estimates which will be used in the

proofs of our main theorems.

Proposition 4.1 Let w € Ay and 0 < B <1. Then, for any j € Z,, we have
[Sso@l 3 =C-22] 5,0 5.

Proof Since w € A;, by Lemma 2.1 we know that for any (y,¢) € R,
w(B(7,2t)) =w(2B@,1)) < C-2"w(B(y,t)), j=L2,....

Therefore, for any j € Z, and 0 < 8 <1, we have

dydt
ISl = [, ([ 4000ty T Jtoras
dyd
:// (/ , W(x)dx) (A5@)(y,0)’ ymt
R\ jxyl <2t ‘
’ dydt
=c2 / /Rz“ (fx—yq v dx) (a@0.)’ el

=C- V' Sp@];.

Taking square-roots on both sides of the above inequality, we are done. O
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Proposition 4.2 Letwe Ay, 0< B <1land2<q<oo. Then, for any j € Z,, we have
jnt

|Ss2@l g = C- 2" |Sp@] -

Proof ForanyjeZ, and 0 < B <1, it is easy to see that
2

|S5.2(@ 19 = [Sp2(@” | g (4.1)
Since g/2 > 1, by the duality argument, we then have

|85

= sup /Rn Sﬁ’y(u)(x)zb(x)w(x) dx

”b”LSg/Z)/ <1

dyd
= sup /R” (//}R”*l (A,q(a)(y, t))2xx_y<2jt%)b(x)w(x) dx

Il =1
L@

dydt
= b d A : 2 .
||b||LS(;l,g/51 //]MH (fpc_ykm (w() ")( s@00)

For w € A;, we denote the weighted maximal operator by M,,; that is,

(4.2)

1
M) = sup [ 17 0) wi
e =3 gy J OO
where the supremum is taken over all balls B which contain x. Hence, by using Lemma 2.1,
we can get
. 1
bx)|\wx)dx < C-2"w(B(y,t)) - 7/ b(x)|w(x)dx
o) B0 80,50 Sy "
<C- 27”W(B(y, t)) inf M, (b)(x)
xeB(y,2/1)
<C.-2" M, (b)(x)w(x) dx. (4.3)
lx—yl<t

Substituting the above inequality (4.3) into (4.2) and then using Holder’s inequality to-
gether with the L% boundedness of M,, we thus obtain

Sy i(a)? <C-2" sup
Stz
w

Sp(a)(x)* M, (b)(x)w(x) dx
RVI

5C.2/n||3ﬂ(a)2||L€V/2 sup ||Mw(b)||L(V?,2),

161 gy <1
<C-2"|S5(@)* || a2

= C-2"| (@)

This estimate together with (4.1) implies the desired result. O
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Proposition 4.3 Letwe A;,0< B <land1<q<2. Then, foranyje€ 7Z,, we have
jn
|Sp(@ g = C- 2" Sp(@)] 4
Proof We will adopt the same method given in [40] to deal with the weighted case. For any

j€Zyand 0 < B <1, set Q ={x € R":Sg(a)(x) > 1} and Q;; = {x € R": S 5i(a)(x) > 1}.
We also set

* n. 1
Q)L = {xER ~MW(XQA)(x) > W[W]Al}

Observe that w(£2;,;) < w(2}) + w(2,; N (R"\Q})). Thus, for any j € Z,,
q o0
|Ss@]7s = / P w(Q,5) dA
W 0
< / I w(Q) i+ / P9 w( 2y 0 (RN\G)) d
0 0
=I1+1l.

The weighted weak type estimate of M,, implies

(o]
I<C.2" / g w(Q)dh < C- 2" Sp(a)] ] (4.4)
0 w

To estimate I, we now claim that the following inequality holds.

/ Sﬁ'y'(a)(x)zw(x) dx<C- 2’"/ Sﬁ(a)(x)zw(x) dx. (4.5)
R\QE

R™M\Q,

Assuming this claim for the moment, we have from Chebyshev’s inequality and inequality
(4.5) that

w(2:,; N (RN\Q3)) < A‘Z/ Sy 5 (@) (%)?w(x) dx
QNERNDE)

< A_Z/ Sﬂ’y-(cz)(x)zw(x) dx
R1\Q¥
<C- 2/"A_2/ Sp (a)(x)>w(x) dx.
R7M\Q),
Hence
n<c-2m / gr ! ()Fz / S,g(a)(x)zw(x)dx) dx.
0 R7\Q

Changing the order of integration yields

oo

n<c-2| s 2(
=co [ siwwr(f

gri3 d)») w(x) dx
Spla)@)|

in q
<C.om". m”sﬁ(a) ||Z,3V. (4.6)
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Combining the above estimate (4.6) with (4.4) and taking gth roots on both sides, we
are done. So it remains to prove inequality (4.5). Set I'y;(R"\Q2}) = UxERn\Q: I'y(x) and
C(R™M\Q;) = UxGW\QA ['(x). For each given (y,t) € I',;(R"\2}), by Lemma 2.1 we have

w(B(y,2t) N (R"\2;)) < C-2"w(B(,1)).

It is not difficult to check that w(B(y,t) N ;) < B(yt and 'y (R"\Q2}) € T'(R"\2;). In
fact, for any (y, ) € 'y (R"\Q2}), there exists a point x € R"\Q} so that (y,£) € I'y(x). Then
by Lemma 2.1 we can deduce

w(BO, 1) N ) < w(B(,20) N9,) = /B RCCICE

< [wla, - 2"w(B(,1)) - Xo, (2)w(z) dz.

w(B(y, 21)) Jy,20
Notice that x € B(y,2t) N (R"\Q}). So we have

wiB0, 1)

w(B, ) Q) < Wlay - 2"w(B(y, ) - Miu(xe,)(x) < 5

Hence

w(B(y, t)) =w(B(y,t) N Q) + w(B(y, N (R"\QA))
< B (6,00 (2,
which is equivalent to

w(B(y,8)) <2-w(B(y,t) N (R"\Qy)).

The above inequality implies in particular that there is a point z € B(y,£) N (R"\2,) # @.
In this case, we have (y, t) € I'(2) with z € R”\ 2, which implies I'y;(R"\Q}) € I'(R"\ ;).
Thus we obtain

w(B(y,2t) N (R"\Q3)) < C-2"w(B(y,£) N (R"\,)).
Therefore

/ Sgo (a)(x)*w(x) dx
RM\QF

-/ (// (45(@)0.) ”lifft) W) d
RM\Q* F
dydt
dx | (A 1)’
S'/j/lizj(Rn\Q* (-/l;(ﬂ/t R”\QK)W(x) x>( ﬁ(ﬂ)(y t)) g+l

| dydt
<C.o" // (/ w(x)dx)(Aﬁ(a)(y,t))z e
F®RM\2;) \JBE.HNRMNR;) ¢

<C- 2’”/ Sﬁ(a)(x)zw(x) dx,
RN\Q;

which is just what we want. This finishes the proof of Proposition 4.3. d
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We are now in a position to give the proof of Theorem 1.3.

Proof of Theorem 1.3 In view of Theorem 2.7, as in the proof of Theorem 1.1 for the
case of 0 < p < 1, we only need to show that for any central («, g, 0; w1, wy)-atom a with
suppa C By = B(0,2), ¢ € Z, there exists a constant C > 0 independent of a such that
1G5 4 (@) ”I'C}"p(mm) < C. As before, we write

£+1

1G:.6@ a0y = D 1B |G @y

k=—00

o]

+ 2 (B 1G1 @y,

k=0+2

= 1<i +-1<Q.

First, from the definition of G} 5, we readily see that

67 p@@) /Ln+1<t+|x y|) (A5(@)0) t))z%
/ -/x—y|<t<t+|x y|> (Ap(a)(y, t))”gjf
B o2
- C[Sﬁ (@) + i 2778 (a)(x)z] (4.7)
1

Since A > 2 > max{1,2/q} and w, € A;. Thus, by applying Propositions 4.1-4.3, Theorem A
and inequality (4.7), we obtain

G0, =l 32 5mto s,)
< C(”‘Sﬁ(a)”Lﬁz + 22_1/\7’1 . [2,7” + 2%1] ||Sﬁ(ﬂ)Hszz)
j=1

[e¢] B
_jn n mn
SC||61||L32<1+22 2 ~[22 +2q]>
j=1
< Cllally, (48)

Hence, for the term Kj, it follows directly from the above inequality (4.8) that

2+1 £+1
K< 3 [mBI)""Gp@7y <C 37 [m@B0]"" lall),
k=—00 k=—00

Following along the same lines as in Theorem 1.1, we can also prove that K; < C. On the
other hand, in the proof of Theorem 1.1, for any fixed £ with £ < k—2 and x € Cy = Bi\Bk-1,
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we have already proved
Ss@)®)] < C- 1P [wy(B)] " [wa(B)] ™) - 1. (4.9)

We are now going to estimate |Sﬁ,gj(a)(x)| forj=1,2,.... Observe that if x € Cx = By \Bx_1,
k> £ +2 and z € By, then we have |z| < %|x|. We also note that suppp C {x e R": |x| <1},
then for any given z € B, N B(y, 2t), (y,t) € I'yj(x) and x € Ci with k > £ + 2, by a simple
calculation, we can see that

x|

t+2t>|x—yl+ly—zl > lx—z| > || - |Z|>—

For every j € Z, and for all x € By\By_; with k > ¢ + 2, it then follows from the preceding
inequality (3.2) that

B dvd 1/2
|Sﬂ’2}(ﬂ)(x)| < C(zlf(rlJrﬂ)[ ( )] 2(B ) l/q </x| f 5 Y t2n+Zﬂ+i+1>
y—x|<Vt

(n+p) —a/n ~1/q * dt v
< C(2 n+p [WI(BZ)] [Wz(Bg)] )</x| on . W)

ojt2
2/(3n+2f5)
n+ —a/ -1
SC(Zé( ﬂ>[w1(Bl)] ”[Wz(Bg)] 1fI). T (4.10)
Consequently
o —af —1/ Jj(Bn+2p)
[Sp@xil,g, = C- 2P [wa(BO] ™ [wa(B)] 272
1/q
()
ok-1 <ok |x|0+P)
jBn+28) cain [ 28PN wa(Br) \ M
<C-2 2 B
= [Wl( l)] <2k(n+/3) WQ(B[)
Hence
o £(n+p) >
jn —ainf2 G 3n j(n-3n-28)
2 ISl = Do) (G ) (250) 22
Jj= j=
—aln 2L’(n+ﬁ) W2(Bk) 1
C- B , 4.11
[m1(B0)] (zk(w) 2 Bo) (4.11)

where the last inequality follows from the assumption that A > 3 + (28)/n. Substituting the
above inequality (4.11) into the term K; and using (4.7), we thus obtain

e o o r
K, < C Z [Wl(Bk)]Otp/n{ HSﬁ(ﬂ)Xk”lzz/z + (Z 2_]7 Sﬁ‘y(ﬂ))(k”L%) }
j=1

k=0+2

° Lp(n+p) apln plq
<c Z 2 wi(By) wo(By) '

S, \280B) [\ wy(By) wa(Be)

The rest of the proof is exactly the same as that of Theorem 1.1, we can get Ky < C. There-

fore, we conclude the proof of Theorem 1.3 for the case 0 < p <1 by combining the above
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estimates for Kj and K;. Finally, by using the same arguments as in Theorem 1.1, we can
also obtain the desired results for the case of 1 < p < 00. We leave the details to the reader.
O

Proof of Theorem 1.4 According to Theorem 2.7 again, for every f € Hf(:; P (wy, wy), we
have the decomposition f = )", , A¢ay, where ) _,, |A¢|’ < 00 and each ay is a central
(o, g, 0; wy, wy)-atom with suppa, € B, = B(0,2¢). Then, for any fixed o > 0, as in the proof
of Theorem 1.2, we write

o? 3 [wiB)] " wa({x € Cu: |G 5 (@) > o))"

kel

) plq
<ot Z[Wl(Bk)]Dtp/nwz ({x € Cy: Z %l |G plae)(x)] > 0/2})

keZ =k-1

k-2 pla
+of. Z[Wl(Bk)]ap/ﬂwz ({x € Cy: Z Ael G5 p(ae) ()| > 0/2}>
keZ =—00
=K +K;.
Note that 0 < p <1and A > 2 > max{1,2/q}. Applying Chebyshev’s inequality and inequal-
ity (4.8), we get

o) b
K =22 [wi(Bo)]™" ( > Il ng‘,ﬂ(ae)Xk||Lgv2>
4

keZ =k-1

<27 [wi(Bi) ap/n(Z hel? |G pla) )

keZ
%)
apl/n
<Y [mB)] ( > Il llacll, )
%
keZ =k-1 >

Changing the order of summation gives us that
£+1 ,
/ » apln, p
K[ <CY |nl ( > [mBo)] ||ae||%>.
el k=-00

Arguing as in the proof of Theorem 1.2, we can also show that

K< CI[fIIp i@

(wi,wp)*

We now turn to deal with K7. In this situation, it follows from inequalities (4.7), (4.9) and
(4.10) that

G5 plan)(x)| < C(ISﬁ(az)(x)I £y 27 ISﬁ,gj(az)(x)I)

j=1

< C(Zé(mﬁ)[wl (BE)]_M” [WZ(Be)]_l/q) |x|_n_5 (1 + Z 2_/('“—32"—2/5))

j=1

< P [wn(B)] " [wa(B)] ) Il F,
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where in the last inequality we have used the fact that A > 3 + (28)/n. Again, the rest of the
proof is exactly the same as that of Theorem 1.2, we finally obtain

K < CIfI

HEG? (wi,wa)
Therefore, we conclude the proof of Theorem 1.4. g

Remark The corresponding results for non-homogeneous weighted Herz-type Hardy
spaces can also be proved by atomic decomposition theory. The arguments are similar,
so the details are omitted here.
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