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Abstract

In this paper, we give three different characterizations for the boundedness and
compactness of generalized weighted composition operators on Bloch-type spaces,
especially we characterize them in terms of the sequence of Bloch-type norms of the
generalized weighted composition operator applied to the functions /(z) = Z.
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1 Introduction

Let D be an open unit disk in the complex plane C and H(D) be the space of analytic
functions on D. For 0 < « < 00, the Bloch-type space (or «-Bloch space) B* is the space
that consists of all analytic functions f on D such that

By (f) = sup(1- |z*)"|f'(2)| < oc.
zeD
B becomes a Banach space under the norm ||f|| g« = |[f(0)| + Bo(f). When « = 1, Bt = B is
the well-known Bloch space. See [1, 2] for more information on Bloch-type spaces.
Throughout this paper, ¢ denotes a nonconstant analytic self-map of D. The composi-
tion operator C, induced by ¢ is defined by C,f =f o ¢ for f € H(ID). For a fixed u € H(DD),
define a linear operator uC, as follows:

uCuf =u(f o 9), feH(D).

The operator uC, is called the weighted composition operator. The weighted composition
operator is a generalization of the composition operator and the multiplication operator
defined by M, f = uf.

A basic problem concerning composition operators on various Banach function spaces
is to relate the operator theoretic properties of C, to the function theoretic properties of
the symbol ¢, which attracted a lot of attention recently; the reader can refer to [3].

The differentiation operator D is defined by Df = f', f € H(D). For a nonnegative inte-
ger n, we define

(D°f)(2) = f (), (D'f)(2) =f"(2), n=>1feHD).
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Let ¢ be an analytic self-map of D, u € H(D), and let # be a nonnegative integer. Define the

linear operator D , called the generalized weighted composition operator, by (see [4-6])

(D)@ =u@) - (D'f)(p(2), feHD),zeD.

When # = 0 and u(z) = 1, D)) , is the composition operator C,,. If n = 0, then D)} , is the
weighted composition operator uC,. If n = 1, u(z) = ¢'(2), then Dy, = DC,, which was
studied in [7-10]. For u(z) = 1, Dg, =C,D", which was studied in [7, 11-14]. For the study
of the generalized weighted composition operator on various function spaces, see, for ex-
ample, [4—6, 15-19].

It is well known that the composition operator is bounded on the Bloch space by the
Schwarz-Pick lemma. Composition operators and weighted composition operators on
Bloch-type spaces were studied, for example, in [20—28]. The product-type operators on
or into Bloch-type spaces have been studied in many papers recently, see [7-11, 13, 14, 18,
29-36] for example. In [27], Wulan et al. obtained a characterization for the compactness

of the composition operators acting on the Bloch space as follows.

Theorem A Let ¢ be an analytic self-map of D. Then C, : B — B is compact if and only if

tm /] 5 = .

j—o0

In [14], Wu and Wulan obtained two characterizations for the compactness of the prod-

uct of differentiation and composition operators acting on the Bloch space as follows.

Theorem B Let ¢ be an analytic self-map of D, n € N. Then the following statements are
equivalent.

(a) C,D": B — Biscompact.

(b) limjo [|C,D" V|5 = 0, where I'(z) = 2.

(¢) limyy—1 1CyD"0,4(2) |5 = 0, where 0,4(2) = (a — z)/(1 — az) is the Mobius map on D.

Motivated by Theorems A and B, in this work we show that D} , : B* — B? is bounded
(respectively, compact) if and only if the sequence (j* ||DZ,u1j | zs )]‘?fn is bounded (respec-
tively, convergent to 0 as j — 00), where I/(z) = Z. Moreover, we use two families of func-
tions to characterize the boundedness and compactness of the operator Df .

Throughout the paper, we denote by C a positive constant which may differ from one
occurrence to the next. In addition, we say that A < B if there exists a constant C such that
A < CB. The symbol A ~ B means that A < B < A.

2 Main results and proofs
In this section, we give our main results and proofs. First we characterize the boundedness
of the operator D! , : B* — BF.

Theorem 1 Let n be a positive integer, 0 < «, B < 00, u € H(D) and ¢ be an analytic self-

map of D. Then the following statements are equivalent.
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(a) The operator Dy, B* — BP is bounded.
(b) sup,.,j* D} P (2)| gs < 00, where I(z) = 2.
(©) ue B, sup,p(1- 2P u(2)ll¢'(2)| < 00 and

sup| D}y ufal gs <00, sup| Dy f1al| gs < 00,
aeD aclD
where
1-al? 1-lal?)?
a = d ha = D.
J42) a-az* (Z) (1-az)*+
(d)
sup 1 - 1213 |u2)ll¢’ (2)] and 1 - 1213 1u (2)|
b (1=|p(2)2)e zen (1= |p(z)[?)x -t

Proof (a) = (b) This implication is obvious, since for j € N, the function j*"1// is bounded
in B and j*1||7/]| g« ~ 1.

(b) = (c) Assume that (b) holds and let Q = sup;..,,j*""||D}; /| gs. For any a € D, it is
easy to see that f, and %, have bounded norms in B¥. It is clear that

~ e T +a)_
ful2) = (1~ al );;‘ e a7,
T+1+a)_
ha(@) = (1= lal?)’ 2 e

By Stirling’s formula, we have ;g?g)) ~ j*! as j — oo. Using linearity we get

o0
|05 el o < CA=1al) D lal* | Dp, ] g < Q and
j=0

oo
10 0] 55 < C1=1aP)” 320 + Dlalj [0, 55 < Q.
j=0

Therefore, by the arbitrariness of a € D,
sup|[ DG ufall s <00 SUP DG a5 < 0.
achD acD
In addition, applying the operator Dj , to I’ with j = 1,1 + 1, we obtain

(D2 1) (2) =/ (2)n!  and

(D2 1) (2) = (2)(n + 1)1g(2) + u(z)(n + 1)g' (2),

while for j < n, (D;,MI/ ) (2) = 0. Thus, using the boundedness of the function ¢, we have

u € BP and sup, .y (1 - |21?)P|u(z)||¢’(2)] < o0.
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(c) = (d) Assume that (c) holds. Let
Cre=sup|Dy ful gpr  Coi=sup| Dy i 5p-
aeD aeD

For w e D, set

1-|w? a  (1-|w*)?
1-wz)* a+n(1-wz)*l’

gw(z) = weD.

It is easy to check that g,, € B%, ||gu || 5« < o0 for every w € D. Moreover,

o
up|| D g | o < SUP| D ufs | o + o sup D o
<C+ Cy <0
+n

In addition,

()™

o) =0, (g% (eW)] =ale+1) - (@ +n- I)W'

It follows that

o

Ci+ G > ”D(Z,ug(ﬂ()\) ”3/3

od+n
@ = AP @) 19’ M) ()™

>af@+1)---(a+n-1) (2.1)
1= p@a)[2)arn
for any A € D. For any fixed r € (0,1), from (2.1) we have
" 1= AP lu)lle' (V)] < w 1A= P @) e Wlle)™
|lp(X)|>r (1 - |§0()‘)|2)0Hn - lo(x)|>r il (1 - |<P()»)|2)a+"
C1 + %Cz
g . 2.2
_r”+1a(a+1)~~-(a+n—1)<oo 22)
From the assumption that sup, (1 — |2]2)?|u(2)||¢’(2)| < 0o, we get
1= A2 lu(V)] ¢ (A su (L= A2 a9 (A
(L= A1D)Plu()l" (V)] - Plowyi<r (L= AP 1) [@"(M)] <00 (2.3)

sup <
woy<r 1= lp()2)e (1 - r2)asm

Therefore, (2.2) and (2.3) yield the first inequality of (d).
Next, note that

G = ”Dﬁ,ufwm ||Bﬁ
A= APl W) le(A)]”
(1= Jp@)[2)x+n-t

(L= AP @) 1o G e
1= lp@)2)*

>ale+1)---(@+n-1)

—ale+1)--(a+n)
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for any A € D. From (2.1) we get

(L= AP 1 W)l ()"
1= le@)[2)*nt

105, o) | 88 (o +m) (= [A2)P ()] @' (W) lo(h) "
Tal@+l)- - (@+n-1) (1= lp)[2)e+n
C (¢ +n)C1 +aCy

= +
Tale+l)-(a+n-1) ala+l)---(@+n-1)

(¢ +n+1)Cp+aC,

“ale+l) - (@+n-1)

By arbitrary A € D, we get

u (L= AP 1 Bl )I"
red  (1=lp@)P)ernt

(2.4)

Combining (2.4) with the fact that u € B, similarly to the former proof, we get the second
inequality of (d).
(d) = (a) For any f € B*, we have

(1-12P)"[(D.f) (2]

= (1-12P)"|(F" (0)u) (2)|

< (1= 12)’ |u(2)|¢'(@)] lf““” (e@)]+ (112’1 @[ (¢ ()]
1 - 1212’ u(2)||¢' (z cd-l )P ()|

= C oo e Ty Ve (25)
where in the last inequality we used the fact that for f € B* (see [2])
sup(L - [21*)|f @] < |f (O)] + - + [f*(O)] + sup(1 - o) | ") .
Moreover
|(D2.f)0)] = [F™(¢(0))u(0)| < % IF 1l 3=
From (d) we see that
125 5 = | (P O]+ sup(1 = 1) | (Pf) )] < 0.
Therefore the operator D} , : B* — B? is bounded. The proof is complete. O

For the study of the compactness of D)) , : B — B?, we need the following lemma, which
can be proved in a standard way; see, for example, Proposition 3.11 in [3].

Lemma2 Let n be a positive integer, 0 < o, B < 00, u € H(D) and ¢ be an analytic self-map
of D. Then D)) ,: B* — BP is compact if and only ifDy , : B* — B is bounded and for any



Zhu Journal of Inequalities and Applications (2015) 2015:59 Page 6 of 9

bounded sequence (f})jen in B which converges to zero uniformly on compact subsets of D,
1Dy, fillgs — 0 as j — oo.

Theorem 3 Let n be a positive integer, 0 < o, f < 00, u € H(D) and ¢ be an analytic self-
map of D such that Dy, , : B* — BP is bounded. Then the following statements are equiva-
lent.

(a) D}, : B* — BP is compact.

(b) hm,_,oo JHND P llgs =0, where I(z) = 2.

() limjyg) -1 ”D(p,uﬁo(a)”Bﬂ = 0 and limyy()| -1 ”Dg,uhqo(a) llgs =0

(d)

1= 12’ lu@)l¢' (@) o A=1z2P)P1u (2)

im =0 and lim ——————"— =0
le@l—>1  (1—|@(z)[>)m+e le@I—1 (1 - |p(2)|?)+e1

Proof (a) = (b) Assume that D}, , : B* — B? is compact. Since the sequence {j*"'/'} is
bounded in B* and converges to 0 uniformly on compact subsets, by Lemma 2 it follows
that /*(|D Fllgs — 0 as j — oo.

(b) = (c) Suppose that (b) holds. Fix & > 0 and choose N € N such that j*||D V|| gs <
¢ for all j > N. Let zx € D such that |¢(zx)] — 1 as kK — 0o. Arguing as in the proof of
Theorem 1, we have

1D} St | 56

C- o)) D | | D | 55

j=0
N oo ) .
C(1- ez (Z @O Dl | s + Dl [0 7 HBﬁ)
i=0 j=N
<CQ1-|e@|") + Cz,
where Q = sup;.,, j*~ -1 1Dy, Ll gs. Since |¢(zx)| — 1 as k — oo, from the last inequality and

the arbitrariness of ¢, we get limy_, oo ”Dz,uﬁﬂ(zk) 56 =0, ie., limyg) -1 ||nguf(p(a) llgs = 0.
Notice that

N-1
Z(j+1)ri:1‘rN(IiV:;V2(l"r), 0<r<l,
=0

arguing as in the proof of Theorem 1, we get

||D$,uh«z<zw||sﬂSC(1—|¢(Zk)|2)2 | (a) 7| D |

M2

z

-1

< C(1- @) DG+ Do DL | 5o

)
)

C(1-|e@)[*)* D G+ 1)@ D27 | 55
j=N

< - |p@)[N = N[N (1- |o(z)]) + Ce.
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Therefore, limg_.oo [|D) ,1y(z) | 35 < Ce. By the arbitrariness of ¢, we obtain the desired
result.

(c) = (d) To prove (d) we only need to show that if (zx)rcn is a sequence in D such that
lp(zx)| — 1 as k — oo, then

im A = lz|®)P lu(zi) 1@’ (z0)] 0o im @ - |z ®)P | (zi)| _
k=00 (1= lp(ze)[2)xn ’ k=00 (1 —|g(zx)]?)* -1

Let (zx)ren be such a sequence that |¢(zx)| — 1 as k — oco. Arguing as in the proof of

Theorem 1, we obtain

o

lim ||Dg'uh¢(zk) [ 6 = 0.

Jim D7 goten | o = Jim D5 foteu | o + —— lim

Hence limi—. o |1 D ,84(z) | 3s = 0. Similarly to the proof of Theorem 1, we have

n(1 = |zie|)P |ulzi) ¢ (i) 19 (zi) "
(1= lp(ze)|2)2n

= “D;,ug(ﬂ(zk) ||Bﬁ —0 ask— oo,

which implies

im A = lz|®)P lu(zi) 1@’ (z0)] - lim @ = |z lu(z) ¢ (zi) |l (ze) " _
k—oo (1 - |e(zi)[2)* " k=00 (1 - [p(zx)[2)*m

In addition,

§ (n + )11 — |z )P luz) 1@’ (i) g (zic) |+
125t 5+ 1= IRy
nl(1 - |zx*)P |/ (z) | o (z) 1"
(1 - |p(zi)|2)ernt

From (2.6) and the assumption that ||D}) ,fy(z)llgs — 0 as k — oo, we have

L A la el L A la D ElleE)”
k—oo (1 —|@(zx)|2)" kooo (- |o(z)[2)e 1 )

as desired.
(d) = (a) Assume that (fi)xen is a bounded sequence in B* converging to 0 uniformly
on compact subsets of D. By the assumption, for any ¢ > 0, there exists § € (0,1) such that

1 - 12?19 (2)||u(z)| 1 - 12?1 (2)]

A-lp@Pr ¢ M A prpet <F (27)

when § < |¢(z)| < 1. Suppose that Dy , : B* — B# is bounded, by Theorem 1, we have

Cs = sup(1 - |z|2)ﬁ|u’(z)| <00 (2.8)
zeD
and
Cy = sup(l - |z|2)ﬂ|u(z)‘ ’ga/(z)| < 00. (2.9)

zeD
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Let K = {z € D:|p(z)| < 38}. Then by (2.8) and (2.9) we have that

sup(1— 21)| (D) @)

< sup(1 - 12 ut2) [ 000) |+ sup (1 - ) @ (012)

1 - 2P lu@)l¢' ()] (1-12)P1/ (2)]
C o« + C -~ =~
T (- le@PR)e Viells= + sk (L= ()R

< Casuplfi™™ (p(2))| + Cssuplf” (0(2))] + Cellfell e,
zeK zeK

[fell 3=

i.e., we get

| D5 e 6 = Ca |Sl‘1P8 Lfk(nﬂ)(w)| +Cs |SL|1p6 [fk(")(w)|

+ Cellfillge + |u(©)]|£ (0(0))]. (2.10)

Since f; converges to 0 uniformly on compact subsets of D as k — oo, Cauchy’s estimate

gives that fk(") — 0 as k — oo on compact subsets of D. Hence, letting k — oo in (2.10) and

using the fact that ¢ is an arbitrary positive number, we obtain ||D fillzs — 0 as k — oc.

Applying Lemma 2 the result follows. O
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