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Abstract

This article is a part of the theory developed by the author in which the following
problem is solved under natural assumptions: to find necessary and sufficient
conditions under which the union of at most countable family of algebras on a certain
set X is equal to P(X). Here the following new result is proved. Let { A, },.ea be a finite
collection of algebras of sets given on a set X with #(A) =n > 0, and for each A there

exist at least %n +./ 2?” pairwise disjoint sets belonging to P(X) \ A,. Then there

exists a family {U;, U3 hrea Of pairwise disjoint subsets of X (U; N U’;\, = () except the
case A =/, i=j); and for each A the following holds: if Q € P(X) and Q contains one
of the two sets U]w Uf\, and its intersection with the other set is empty, then Q ¢ Aj,.
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1 Introduction

The present article is a further development of the theory formulated in [1-7]. The topic
studied in these articles, as well as in the present paper, is sets not belonging to algebras
of sets.

Definition 1.1 An algebra A on a set X is a non-empty family of subsets of X pos-
sessing the following properties: (1) if M € A, then X \ M € A; (2) if My, M, € A, then
M UM, € A.

It is clear that if M, M, € A, then M; N M, € A and M; \ M; € A; also, it is clear that
XeA

1.1 Some notation and names

All algebras and measures are considered on some abstract set X # . When it is clear
from the context, we will not state explicitly that a set belongs to the family P(X) of all
subsets of X. By N* we denote the set of natural numbers. If #;, 75 € N* and n; < n,, then
[n1,m3] = {k € N* | iy <k < ny}. Let p be a real number. By | p] we denote the maximum
integer < p. By [p] we denote the minimum integer > p. The symbol #(M) denotes the
cardinality of the set M. A set M is countable if #(M) = R,.

The following concept was used in [5].

Definition 1.2 An algebra A has k lacunae, where « is a cardinal number, if there exist «
pairwise disjoint sets not belonging to .A.
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Let {A;},ca be a family of algebras and A; # P(X) for each A € A. The following
natural question arises: what are possible conditions that distinguish between the cases
Usen Ar # P(X) and [, 5 Ax = P(X)? Let #(A) < Ro, and let us assume that A; are o-
algebras if #(A) = Ry. In [6] we obtained necessary and sufficient conditions for the equal-
ity U, cs Ax = P(X) to hold. The first publication connected with this topic was that of
Erdos [8] (this paper contains the well-known theorem of Alouglu-Erdds). Some informa-
tion about the history of the subject after the publication of [8] and before the publication
of [1] is presented in [2]. In fact, Alouglu and Erdds studied non-measurable sets with
respect to families of measures. Let &; < #(X) < 2%, Let a 0-additive measure 1 be de-
fined on X. Here u(X) = 1, the measure of a one-point set equals 0, and the measure of
each p-measurable set equals 0 or 1. Such a measure p is called a o-two-valued mea-
sure. Clearly, there exist u-non-measurable sets. The Alouglu-Erdés theorem states that
if #(X) = Ny, then for any countable family of o -two-valued measures u1, ..., iix, ... there
exists a set which is non-measurable with respect to all these measures. The proof of the
Alouglu-Erdos theorem is very simple and is based on the possibility of constructing the
well-known Ulam matrix (see [9]). The non-trivial Gitik-Shelah theorem (see [10]) asserts
the validity of the Alouglu-Erdés theorem if #(X) = 2%0. Obviously, the Gitik-Shelah the-
orem is a generalization of the Alouglu-Erdos theorem. The Gitik-Shelah theorem can
be reformulated in our language. As before, let us consider the o-two-valued measures
15 -r ks - - - - FOr €ach measure i, we examine the algebra Ay of all u; measurable sets.
The Gitik-Shelah theorem asserts that | J;y+ Ax # P(X). We note that here each algebra
Ay has Rq lacunae. If #(X) = 8, then the situation is much simpler: each algebra Ay has
®; lacunae. The Gitik-Shelah theorem is used in the proofs of our theorems for countable

families of o -algebras.

Definition 1.3 Let {A;},ca be a family of algebras, and {U/}, U)%}AeA be a family of sets
with the following properties:
1 Uin Lli, = except when A = A/, i = ;
(2) forany A € A, the following holds: if a set Q contains one of the two sets U}, U? and
its intersection with the other set is empty, then Q ¢ A;.
Then we say that the family {4; }sc has the full set of lacunae (U}, U?};ca.

Now we give a simple proposition.

Proposition 1.4 If a family of algebras {A;},ca has the full set of lacunae {U}, U?}en,
then there exists a_family of pairwise distinct sets {Qy}yeo such that the following holds:

1) Qp & U, cp Asforany 9 € 6;

(2) any set Qy is a union of sets U.;

(3) Qo \ Qu, €[ scp A for any pair t # 0o;
(4) #(©) = 2%,

Proof Put ® = P(A). If € P(A), put

o= (1) ) :
A€V LEA\D
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In this paper we deal mostly with the following problem: under which conditions a family
of algebras {A; };.ca has a full set of lacunae. We assume that #(A) < Ry. This was studied
in [1-3]. The proof of the two following theorems can be found in [2].

Theorem 1.5 Let Aj,..., A, be a finite family of algebras, and assume that for each k €
[1, n] the algebra Ay has 4k — 3 lacunae. Then this family has a full set of lacunae.

It is easy to prove (see [2], Chapter 14) that the estimate 4k — 3 is the best possible in

some sense.

Theorem 1.6 Let {Ay}ren+ be a family of o -algebras, and assume that for each k the al-
gebra Ay has 4k — 3 lacunae. Then this family has some full set of lacunae.

Remark 1.7 Using the notion of absolute introduced by Gleason in [11], we can construct
a family of algebras { By }ren+ with the following properties: each algebra By has Xy lacunae,
is not a o -algebra, and | ;. Br = P(X) (see [2], Chapter 5). Hence, Theorem 1.6 and
Theorem 2.4 below do not hold if we claim them for algebras which are not assumed to
be o -additive. Therefore, we suppose that all algebras of a countable family of algebras are

o -algebras.
The following definition was given in [2].

Definition 1.8 For each n € N*, denote by v(#) the minimal cardinal number such that
if {A; }rea, #(A) = n, is a family of algebras, and for each A € A the algebra A, has v(n)
lacunae, then the family {4, },ca has a full set of lacunae.

In [2] we proved that:

(1) v(n) =4n -3 forn <3;

(2) v(n) <4n-5formn>3;

(3) v(n) <4n- L”zﬁj for any #;

(4) 3n-2<v(n) for any n.

In this paper we will improve the upper bound of v(#).

From here until the end of Section 1 we present propositions and notions which form
the method of proofs of our theorems. This method first appeared in [1] and was later used
in [2-7]. Let BX be the Stone-Cech compactification of X with the discrete topology; X
is the family of all ultrafilters on X.

Consider an algebra A. We say that a,b € BX are A-equivalent iff a N A=5bnN A. Let
[b] 4 denote the A-equivalence class of b, and define the kernel of the algebra A:

ker A = {b e BX | #([bl4) >1}.

If A =P(X), then ker A = . From now on, when we say a and b are .A-equivalent ultrafil-
ters, we always assume that a # b. If a, b are A-equivalent ultrafilters, then we say that a
has an A-equivalent ultrafilter b, or a is A-equivalent to b.

Statement 1.9 Consider an algebra A and sets U,V € P(X) such that U NV = . The
following two conditions are equivalent. (1) Each set Q containing one of the sets U/, V and
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being disjoint from the other does not belong to A. (2) There exist .A-equivalent ultrafilters
a,bsuchthat U €a, V eb.

Proof 1t is obvious that (1) follows from (2). Let us prove that (2) follows from (1). Let us
assume the contrary. We fix an ultrafilter g > U. For any ultrafilter r > V, we choose a set
W (r) € r such that W(r) € A and W (r) ¢ g. Since the set of all ultrafilters which contain
V is a compact subset of X, there exists a finite sequence of sets W(ry),..., W(r,,) with
the following properties:

(1) W(rx) € Aforany k € [1,m];

(2) W(rk) ¢ q for any k € [1,m];

3) Vel W)
Let

W) =x\ Jweo.
k=1

It is clear that ﬁ;/(q) €q, f\;/(q) € A, and \TV(q) NV = @. Since the set of all ultrafilters which

contain U is a compact subset of BX, there exists a finite sequence of sets \77(511), ces V~V(q,,)
such that VNV(qk) € A for any k € [1,n], Uy, \TV(qk) =W D U,and W NV = . We have
W € A, a contradiction. O

The following crucial claim is a direct consequence of Statement 1.9.

Claim 1.10 Counsider an algebra A and U € P(X). Then U ¢ A if and only if there exist
A-equivalent ultrafilters p and q such that U € p and U ¢ q.

Proof The sufficiency is obvious. If U ¢ A, then the sets I/ and V = X \ U satisfy the
condition (1) of Statement 1.9. Therefore, there exist the corresponding ultrafilters p and q.
O

It is clear that if A # P(X), then #(ker A) > 2. It is rather easy to show that an algebra A
has k lacunae, where 2 < k < Ry, if and only if #(ker.A) > k.2

Definition 1.11 A set M C BX is said to be A-equivalent if #(M) > 1, any two distinct
ultrafilters in M are A-equivalent, and there exist no A-equivalent ultrafilters a, b such
thatae M, b ¢ M.

Obviously, an .A-equivalent set has the form [b] 4 (see above). Also it is obvious that an
A-equivalent set is closed in SX.

Remark1.12 Consider algebras A, B. It is very easy to prove that the following statements
are equivalent.

1) ADB.

(2) If a and b are A-equivalent ultrafilters, then a and b are B-equivalent ultrafilters.

(3) If M is an A-equivalent set, then M is contained in a certain 3-equivalent set.

Remark 1.13 If M C BX (in particular, if M C X), then by M we denote the closure M in
BX. The following arguments will be used later in this paper. Let A C X, 2 < #(A) < Ro.
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The set A is divided into pairwise disjoint sets Ay, ..., A,, and #(Ax) > 1 for each k € [1, m].
Two different ultrafilters are called a-equivalent if and only if they belong to the same
set Ar. We can construct the algebra 4 such that the a-equivalence relation is in fact the
A-equivalence relation, ker A = A, and A;,...,A,, are all A-equivalent sets. Indeed, by
definition M € A if and only if for each k € [1, m] either Ax N M=, or Ay CM.

Remark 1.14 Let us recall that an algebra which does not have &, lacunae is called w-
saturated. So, an algebra A is w-saturated if and only if #(ker .A4) < 8. The algebra .4 from

Remark 1.13 is w-saturated.

Remark 1.15 Further we use two following very simple statements. (1) By Statement 1.9
a finite family of algebras A;,...,.A, has a full set of lacunae if and only if there exist 2n
pairwise distinct ultrafilters ay, ..., a,, by, ..., b, such that ay, by are Ay-equivalent ultrafil-
ters for each k € [1,7]. (2) Let A = {A; },ea and A’ = {A] },ca be two non-empty families of
algebras, and A} D A, for every A € A. Assume that the family 2 has a full set of lacunae
{U},U?}en- Then the family 2 has the same full set of lacunae {U}, U?}ica.

2 Main results. An open problem
The following result was announced in [3]: v(n) < (%n + %ﬁ] for any #. In this paper a

stronger theorem is proved.
Theorem 2.1 v(n) < [2n + /2.

Remark 2.2 The combinatorial nature of Theorem 2.1 is discussed in Section 4. Also in

Section 4 the proof of Theorem 4.5 uses the classical Ramsey theorem.

Problem 2.3 We know that v(n) > 3n — 2 for any », and v(n) > 3n — 2 if n = 2,3 since
v(2) =5, v(3) = 9 (see Section 1). Is it true that v(n) = 3n — 2 for any n #2,3? This result is

obviously true for n = 1.

The final section of this article is devoted to the proof of the following theorem, which

is a generalization of theorems of Alaouglu-Erdos and Gitik-Shelah.

Theorem 2.4 It is possible to construct nondecreasing functions ¢ : N* — N* such that the
following conditions hold.:
n)— mn
(1) lim, 2 = /2,
(2) if {Ak}ken+ is a family of o -algebras and each algebra Ay has ¢(k) lacunae, then this

family has a full set of lacunae.

3 Finite families of algebras. Proof of Theorem 2.1

The following lemma is used in the proof of Lemma 3.2.

Lemma 3.1 Cownsider an algebra A which is not w-saturated;® let a number & € N* be
given. Then it is possible to construct an w-saturated algebra A’ such that #(ker A') > &
and A’ O A.
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Proof Take two distinct A-equivalent ultrafilters s;, #;. Consider two distinct ultrafilters
ay,ay € ker A\ {s1,41}. If a; has an A-equivalent ultrafilter in {s;,#;}, and a, has an A-
equivalent ultrafilter in {s1, 1}, then a; and a, are A-equivalent ultrafilters. Denote s, = a1,
ty = ay. If, for example, a; does not have an A-equivalent ultrafilter in {s;,#}, then take
an ultrafilter ¢ such that a; # ¢ and a3, ¢ are A-equivalent ultrafilters. In this case denote
$2 = a1, b = ¢. Now take three pairwise disjoint ultrafilters by, by, b3 € ker A\ {s1, 1,82, t2}. If
every ultrafilter b; has an A-equivalent ultrafilter in {s, f;, 52, £}, then in the set {by, by, b3}
we can choose two distinct A-equivalent ultrafilters, for example, b; and b,. Put s3 = by,
t3 = by. If, for example, b; does not have an A-equivalent ultrafilter in {s;,#,s,, %}, then
take an ultrafilter d such that b; # d and by, d are A-equivalent ultrafilters. Denote s3 = by,
t3 = d. It is clear that for every £ € N* it is possible to construct a sequence of pairwise
distinct ultrafilters sy,4,...,8¢, ¢ such that s; and ¢; are A-equivalent ultrafilters for all
i€[l,£]. Let 2¢ > £. Define M; = {s1,t1},...,M; = {s¢,¢;}. By Remark 1.13 it is possible
to construct an algebra A" such that ker A’ = UleMi and My, ..., M, are A’-equivalent
sets. O

The following lemma is given in [2] without proof.
Lemma 3.2 v(n) e N*, and v(n +1) —v(n) < 4.

Proof 1Tt is obvious that v(1) = 1. Let # € N* and assume that v(n) € N*. Consider a family
of algebras A, ..., A,,1 with #(ker Ax) > v(n) + 4 for each k € [1,7n + 1]. We must prove
that this family has a full set of lacunae. By Lemma 3.1 and the arguments in Remark 1.15
we can assume that the algebras A, ..., A, are w-saturated. We choose A,,,1-equivalent

ultrafilters 551131, 551221' Put By = ker Ax \ {s(nlzl,s(z) } for each k € [1, n]. Put

n+l

B, = {q € By | g does not have an Ag-equivalent ultrafilter in By

and has an Ag-equivalent ultrafilter in {5231; 351221 1}

It is clear that #(B;) < 2. Put B] = B \ B,. Clearly, each ultrafilter in B} has an A-
equivalent ultrafilter in B;. Therefore, by Remark 1.13, we can construct an algebra A such
that ker A} = B} and the A -equivalent relation in ker A} is in fact the A;-equivalent re-
lation. We have #(ker A}) > v(n) for each k € [1, n]. Therefore, there exist 2 pairwise dis-

tinct ultrafilters sﬁl) ,sﬁz), e sﬁ,l), 55,2), and sg), s,((z) are Ai-equivalent ultrafilters from ker A;.
We have pairwise distinct ultrafilters s§1),s§2), . ,sfqlll,sfqzzl, and s,((l), s(kz) are Ag-equivalent
ultrafilters for each k € [1,n + 1]. O

Remark 3.3 It is obvious that v(1) = 1. Therefore, by Lemma 3.2 we have v(n) < 4n -3
for any #. In Chapter 14, [2], we proved that v(4) < 11. Therefore, by Lemma 3.2, we have
that v(n) <4n -5 for any n > 4.

We now turn to the proof of Theorem 2.1. This proof is a strong improvement of the

proposition v(n) < 4n — L”ZLBJ mentioned above (see [2], Chapter 14).
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Proof of Theorem 2.1 (1) By Remark 3.3 our theorem is true for all » < 13. (This can be
verified by a simple computation.) Fix a natural number # > 14 and a real number

2n
n)>.—.

w(n) >/ 3

Let Ay, ..., A, be algebras such that
10

#(ker Ay) > En + w(n)
for each k € [1,n]. By Lemma 3.1 and arguments in Remark 1.15, we can assume that the
algebras A, ..., A, are w-saturated. We will prove that there exist pairwise distinct ultra-
filters

* * 7ok *
aj,...,a,,bi,...,b,

such that a3, b} are Ag-equivalent ultrafilters for each k € [1, #]. Our goal is to contradict
the assumption that ultrafilters af,...,a}, b},..., b}, do not exist. Inductively assume that

p(n—1) < ’72(71—1) + 2"3‘1.

Then there exists a set of pairwise distinct ultrafilters

S: {ﬂly...,ﬂn_l,bl,...,bn_l}

such that ay, by are Ag-equivalent ultrafilters for each k € [1,n —1]. Consider ker A,,. It is
clear that

#ker A, \ F) > %n +w(n)-2n+2= gn +w(n) + 2.

If there exist two A, -equivalent ultrafilters in ker.4, \ §, we immediately obtain the re-
quired construction yielding the existence of ultrafilters af,...,a},b;,...,b}. Therefore,
each ultrafilter from ker A4, \ § has an 4,,-equivalent ultrafilter in §. Therefore, there exist
distinct ultrafilters ¢,,d, € ker A, \ § and k; € [1,n —1] such that (a4, c,) and (b, d,,) are
two pairs of A, -equivalent ultrafilters. For simplicity, say k; = 1. Now consider ker A;. It is
clear that

#(ker.A1 \ (3 U {cn,dn})) > ?n +w(n)—2n= %n + w(n).

If there exist two .4; -equivalent ultrafilters in ker 4; \ (§ U {c,, d,}), we immediately ob-
tain the required construction yielding the existence of ultrafilters af,...,a},b],...,b.
Similarly, if an ultrafilter in ker.A; \ (§ U {c¢,,d,}) has an A;-equivalent ultrafilter in
{a1, by, ¢y, d,}, then the construction which contradicts the non-existence of ultrafilters
a;,...,as,by,..., b is yielded immediately. So, each ultrafilter in ker A; \ (§ U {c,, d,}) has
an A;-equivalent ultrafilter in the set § \ {a1, b1}. Therefore, there exist distinct ultrafil-
ters c1,dy € ker A; \ (§ U {c,,d,}) and ky € [2,n —1] such that (ax,,c1) and (by,,d;) are two
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pairs of A; -equivalent ultrafilters. For simplicity, say k, = 2. This process can be continued.
Suppose that there exists a natural number 7 such that

1
3<n< §n+w(n)+2.
Suppose also that there exists a set of pairwise distinct ultrafilters
¢={c,..., Cn-1,Cn>» di,..., dr]—l» dn}

and the following holds:
(A) (aj41,c:) and (b1, d;) are two pairs of A;-equivalent ultrafilters for each i € [2,n —1];
(B) gNneE=40.
Let us recall what we have said above: (a;, ¢,) and (by, d,,) are two pairs of A,-equivalent
ultrafilters; (a3, ¢1) and (b, d;) are two pairs of A;-equivalent ultrafilters.
Define L, =ker A, \ (§ U €). It is clear that

10 4
§n+a)(n)—(2n—2)—2n=§n+a)(n)—2n+2.

#(Ly) =
If there exist two A,-equivalent ultrafilters in L,, we immediately obtain the required
construction yielding the existence of ultrafilters af,...,a},b},...,b}. Similarly, if an ul-
trafilter in L, has an A, -equivalent ultrafilter in {a,...,ay,b1,...,b,} U &, then the con-
struction which contradicts the non-existence of ultrafilters aj,...,a, b,..., b}, is yielded
immediately. Therefore, every ultrafilter from L, has an A,-equivalent ultrafilter in
{an1s. o @n-1,byst1s ..., by ). We have

#(L,) - #(n+1,n-1]) >

W

1
n+a)(n)—2n+2—n+n+1:§n+a)(n)+3—n>0.

Therefore, there exist distinct ultrafilters c,,d, € L, and k,,1 € [ + 1,1 — 1] such that

(ak,,1»¢y) and (D

4.1 dy) are two pairs of A, -equivalent ultrafilters. For simplicity, say

kyu =1 + 1. We have that (a;,1,¢;) and (b,1,d;) are two pairs of A;-equivalent ultrafilters
for each i € [1,n].

Put p = | 3]. In view of the above, we can assume that there exist pairwise distinct ultra-
filters ¢y, ...,¢p-1,Cus a1, ..., d 1, d, such that the following holds:

(@) (ay,cy) and (by,d,,) are two pairs of A, -equivalent ultrafilters;

(b) (@is1,¢i) and (byy1,d;) are two pairs of A;-equivalent ultrafilters for each i € [1, p — 1];

(© §Nfc....cpm1snrdhs ... dpr,dy} = 9, see Figure 1.

(2) Put

Zp = {ﬂl,...,dp,bl,...,bp,Cl,...,Cp_l,Cn,dl,...,dp_l,dn},

a; Ch a; G a, Co-1 Opia a,-1

*—0 *——o *r—0 l

*—0 *—0 *r—0

b, d, b, d, b, dp_y bpes b, 1
Figure 1 Ultrafilters a;, b;, ¢;, and d;.
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/

Zp = {ﬂl; ey Ap-1, bl; ceey bn—l: Cly.eesCp-1,Cn» dlr oo dp—ly dn}x
17

Zp = {apﬂ; ceerQp-1, bp+1; ceobyal,

L,=kerA,\Z,.

Clearly,

#(L,) > §n+a)(n)—4' {gJ —2(11—1— \‘gJ)

4 n 2
=—n-2-|=|+om)+2>-n+wk)+2,
3 3 3

#(Lp)—#([p+1,n—1]) > §n+a)(n)+2— (n—l— {gJ)

=L§J—g+w(n)+3>0.

The above arguments show that the following assumption should be made: for each ultra-
filter g € L,,, there exists an ultrafilter g € Z7 such that g and g are A,-equivalent ultrafil-
ters. In general, there can be such g for which the number of corresponding g is greater
than 1. We choose in an arbitrary way only one g for each g € L,. We obtain the mapping

fiL, — Z}, f(q) = g. The map f is one-to-one. (If f(q1) = f(g2) and g1 # ¢, then g1, q»
are A,-similar ultrafilters, and the construction which contradicts the non-existence of
ultrafilters aj, ..., a},b5,..., b} is yielded immediately.) Put

I = {k € [p +1,n —1] | there exist ultrafilters g7, q,lj el,

such that f(gf) = ak,f(qi) = bk},
39 ={kelp+1,n-1]\77 | there exists an ultrafilter g € L,

such thatf(q,f) € {ay, bk}}.
Obviously, 31 N J5 = . Since #(L,,) — #([p + 1,n —1]) > 0, we have #(J7) = 7 > 0. Clearly,
#(35) =#(L,) -2t > %n +o(n) +2-2r1.
Put
L,=kerA,\ Z,.

We have obtained above the estimate #(L,) > %n + w(n) + 2. In exactly the same way, the

following estimate can be obtained:
2
#(L,) > gn +w(n) + 2.

If there exist two A,-equivalent ultrafilters from L,, we immediately obtain the required
construction regarding the existence of ultrafilters af,...,a}, b}, ..., b}. Similarly, if an ul-
trafilter in L, has an A, -equivalent ultrafilter in {ay, by, c1, ..., o1, Cy d, . . ., dp_1, dyy}, then
it is easy to find the corresponding ultrafilters a5, ..., a}, b}, ..., b}.
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We are interested in the following situation: let g € L,;, and ¢ has an A,-equivalent ul-
trafilter in {a,,...,a,,b1,...,b,}. Let, for instance, g and a, be 4,-equivalent ultrafilters.
Then let us consider d;. For d; there are four possible cases:

(1) di ¢ ker Ay;

(2) by, dy are A,-equivalent ultrafilters;

(3) di has an A,-equivalent ultrafilter in {as,...,a,,bs,...,b,};
(4) dy has an A,-equivalent ultrafilter in ZZ.

In case (2) let us consider ¢;. For ¢; the possible corresponding cases are:

(i) o ¢kerA,;
(ii) ¢ hasan A,-equivalent ultrafilter in {as,...,a,,bs,...,b,};

(iii) ¢; has an A,-equivalent ultrafilter in zZ.

Consider case (3) for d;. Let dy, b3 be A,,-equivalent ultrafilters. Let us consider c;. For ¢,
there are four possible cases:

(1) cp ¢ ker Ay;

(2) as, cp are A,-equivalent ultrafilters;

(3) co has an A, -equivalent ultrafilter in {a4,...,d,,b2,b4,...,b,};
(4) ¢y has an A, -equivalent ultrafilter in Z”f.

Consider case (3) for ¢;. Let by, ¢; be A,,-equivalent ultrafilters. Let us consider c;. For ¢;
the possible corresponding cases are:

iy ¢ ¢kerA,;
(i) ¢ hasan A,-equivalent ultrafilter in {as,...,d,,b4,...,b,};
(iii) ¢; has an A, -equivalent ultrafilter in ZZ.

Continuing these constructions in an obvious way, we find an ultrafilter
qx« € {Cl, .. .,Cp_l,dl, .. .,dp_l}

such that one of the following two statements is true: (1) g, ¢ ker A,; (2) g, has an A,-
equivalent ultrafilter in Z7. Let us put

o #({q € L, | g has an A, -equivalent ultrafilter in {ay,...,a,, bs,. ..,bp}}),

,3 = #({cl,...,cp_l, dl,...,dp_l} \ kerA,,),
y = #({q* €f{ct,....¢p1,d1,...,dp 1} | g« has an A, -equivalent

ultrafilter in Z) })
The above constructions clearly show that « < g + y. Put
L= {geL,Ufcr,...cpm,dh,...,dypr} | q has A,-similar ultrafilter in Z;;}.

Clearly,

~ 2 2
#(L)z#(Ln)+y—ot2§n+a)(n)+2+;6+y—a2§n+a)(n)+2.
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So, for every ultrafilter g € L, there exists an ultrafilter g € Z,, such that g and g are A,-
similar ultrafilters. In general it can happen that for some g there exist more than one
corresponding g. Choose arbitrarily only one ultrafilter g for each g € L. We obtain a map-
pingf L Zg,f(q) = g. Consider the corresponding mapf : ip — Z). It is one-to-one.
Indeed, if f(q1) = f(q2) and q1 # q>, then qu, g5 are A,-similar ultrafilters, and the con-
struction which contradicts the non-existence of ultrafilters a3, ..., a}, b, ..., b}, is yielded
immediately. Put

5, = {k € [p +1,n —1] | there exist ultrafilters qf, q,l: el

such thatf(qZ) = ak,f(qi) = bk},
32 = {k elp+1,n-1] \31 | there exists an ultrafilter q; € L

such thatf(q,’j) € {ax, bi}}.
Obviously, ﬁl N ffz = {). Since #(L) — #([o + 1,n —1]) > 0, we have #(ﬁl) =17 > 0. Clearly,
#(3,) =#(l) -2t > %n +w(n) +2-2%.
If T > 7, put
J=G1Ud)NTY.
If r <7, put
J=(3 U)o
Clearly,

#(J) >

Wl N

n+w(n)+2—n+1+{gJ>a)(n)+2.

(3) We fix v € 3. A number k € [1, p] is called v-marked if the following is true:
for k =1: (ay,d,) and (by, ¢,,) are pairs of A, -equivalent ultrafilters;
for k > 1: (ak, di_1) and (b, cx_1) are pairs of A, -equivalent ultrafilters.

Put

x» =#({k € [1, p] | k is a v-marked number}).

Our aim is to prove that

w(n)
p> — .
=y

We have the following options:

(1) There exist ultrafilters g%, 4% € 37 and an ultrafilter q* € J,.
(2) There exists an ultrafilter g* € J5 and ultrafilters q%, g% € 3.
(3) There exist ultrafilters g%, 4% € 37 and ultrafilters q%,q> € .
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Denote ¢* by q,. Denote q* by ¢,. Choose one of two ultrafilters g%, 4> and denote it by g,;
at this step we do not consider the second ultrafilter. Choose one of two ultrafilters q%, ¢’
and denote it by ¢/; at this step we do not consider the second ultrafilter. If possible, the
ultrafilter q, is taken from L\ L,. Let v = p + 1. We know that there exists a corresponding
ultrafilter g,,; € L, which has an A,-equivalent ultrafilter in {a,.1,5,.1}. We also know
that there exists a corresponding ultrafilter g, ; € L which has A,-equivalent ultrafilter in
{ﬂpm bp+1}-

When the number ., attains its minimal value, we must assume the following: there

exist pairwise distinct ultrafilters

/ / / / ! /
AppgrovsWy gy b by Eker Ay (Zp U {qp+1,qp+l}),

and (ax, ay), (br, by,) are pairs of A,,,-equivalent ultrafilters for each k € [p +2,n —1]. We
will only consider the cases where finding ultrafilters af, ..., a, b}, ..., b, is not immediate.

Casel.q),,; € Ly.

Case1-1.qps1 = q), -

We consider only two subcases of Case 1-1.

Case 1-1-1. There exists an ultrafilter g* ¢ Z, such that g%, g, are A,,;-equivalent ul-
trafilters.

Case 1-1-2. There exists an ultrafilter g* € Z, such that g%, g,,1 are A,,;-equivalent
ultrafilters.

Case 1-2. qpi1 7 q)p1-

We consider only two subcases of Case 1-2.

Case 1-2-1. qp.1, q,,,, are A,,1-equivalent ultrafilters.

Case 1-2-2. There exists an ultrafilter ¢g* € {a,...,a,,b1,...,b,} such that g%, g,,; are
A,.1-equivalent ultrafilters.

Before we consider these cases, let us denote R, = {ay, by, ¢y, b,.}, and Ry = {ax, bi, ck-1,
dra}ifk € [2,p].

First we consider Cases 1-1-1 and 1-2-1. For the situation where the number x,,; attains

its the minimum value, we have the following options for the set R;:

(1) a1, by are A,,;-equivalent ultrafilters and #(ker A,,; NRy) = 2;
(2) @, d, are A,,1-equivalent ultrafilters and #(ker A,,1 NRy) =2;
(3) b1, ¢, are A, iq-equivalent ultrafilters and #(ker A, NR1) = 2;
(4) the number 1 is (p +1)-marked.

If k € [2, p], by analogy, we have the following options for the set Ry:

(I*) ax, by are A,,;1-equivalent ultrafilters and #(ker A,,; N Ryi) = 2;

(2%) ax, di-1 are Ap,i-equivalent ultrafilters and #(ker A,.1 N Ri) = 2;
(3%) b, ck-1 are A,,q-equivalent ultrafilters and #(ker A1 N Ry) = 2;
(4%)

4*) the number k is (o + 1)-marked.

So we have

10
d(n—=1-p) +4 Xpe1+2(0 = xps1) = #(ker A1) > 3t w(n).
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a a a,H— ﬂ_\
lo o Cn % o€l P, i oL o . °
p—2 Cp—1 Apt+1 dp+1
o0 0
[ L] [ L] *———0
by dp by d; bp—1 dy—2 b, dp—1 bpi1
a / Ay — !
o o dpt2 n—ly = ¢4n—1
[ ] [ ] [ ]
/ [ 2 e/
b[)+2 bp+2 bn—l bn 1
Figure 2 lllustration for Case 2.

Recall that p = | ]. Therefore we have

w(n)

Xp+1 > +1.

Now consider Case 1-1-2. The situation is as follows:

a) Cp-1, 441 are A, ,q-equivalent ultrafilters;
b) a,,d,-1 are A,,1-equivalent ultrafilters;
) for R1 one of the options (1)-(4) is fulfilled;
d) for Ry, where k € [2, p — 1], one of the options (1*)-(4*) is fulfilled.

C

(
(
(
(

Now consider Case 1-2-2. The situation is as follows: b,, g,,1 are A,,1-equivalent ultra-
filters, and the conditions (b), (c), (d) are fulfilled. It is clear that in Cases 1-1-2 and 1-2-2

we have

w(n)
Xp+l > T +1.

It is clear that in Case 1 there may be subcases which we have not considered. But always

w(n)

Xp+1 > +1.

Case2.q,,, € L \ L. Suppose that q),,; = ¢,2 and ¢, ,a,,1 are A,-equivalent ultrafil-
ters. For the number x,,; to be minimal and the situation to be nontrivial, we assume the
following:

(i) (ap-1,bp-1), (cp-2,dp-2), (@2,qp+1), (b2, 1) are pairs of A,,;-equivalent ultrafilters;
(ii) @p+1, gp41 are A,-equivalent ultrafilters;

(iii) ker A, CZ,U{a,,,..

We assume that one of the cases (1)-(4) holds for R and that one of the cases (1*)-(4*)
holds for Ry, where k € [3, p] \ {p — 1}. We have

@y 1,0, by, 1} U g0}, see Figure 2.

10
An—-1-p)+4- xps1 +2(0 =2 — xp41) + 6 =H#(ker A 1) > En + w(n).
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Recall that p = | 3]. Therefore we have

w(n)
2

Xp+l >

Analyzing the other situations in Case 2, we come to the same conclusion: x,.1 > @; and
we can assume that if k is a (p + 1)-marked number, then ¢q),,; ¢ Ry. It is obvious that the
same conclusion is true in Case 1.

(4) It is obvious that for each v € J we have x, > #, and g, ¢ Ry if k is a v-marked
number. We know that

w(n) > \/232, #(J) > w(n) + 2, 0

Therefore we have

@~#(3)>@~(w(m)+2)>p.

Il
—
Wl
|

Therefore there exist distinct numbers vy, v, € Jand kg € [1, p] such that kj is a v;-marked
number and v;-marked number. Let v; = p + 1, v; = p + 2. Consider the ultrafilters g,.1,

Tpi2- U o1 7 G100 PUt Zps1 = Gpi1s 240 = Gp- L€t g1 = q,,,,. There are two possible
cases.

/

L. There exist the ultrafilters g5, qﬁﬂ, and assume thatg,,; = qu. Putz,1=45,1,2,,, =

q,,o+2'
IL. The ultrafilters ., qﬁjﬂ do not exist. Then there exist the ultrafilters q7,,, q2+1, and

/

assume that g}, ,; = qu. Put z,42 = qpi2. 1 4,1 # 2p42, put 2,,,; = q,,;- Otherwise we have

q5.1 € L, since q,,; = q,.2 € L, (see in the part (3) of our proof how we have chosen the
ultrafilter g,); and put z,,; = q7,;.

Thus, we consider either the pair of ultrafilters z,,1, z},,,, or the pair of ultrafilters 2,

p+1?

Zp+2. These two pairs have the same properties. We will consider the pair z,,1, 2,,,. We

,,0+2 .
have the following:

1° z,, has an A,-equivalent ultrafilter in {a,.1,b,.1};
2° Z;n+2 has an A, -equivalent ultrafilter in {a,.2,b,:2};
3° Zp+1 ?/Z,,()+2;

4° Zp+1 ¢ YA ;

5° Z,/0+2 ¢ 5 U Ry,

Suppose that a,.1 and z,,; are A,-equivalent ultrafilters, 4,5 and z;,+2 are A, -equivalent
ultrafilters, and ko = 3. It is possible that

Z;J+2 € {63, e Cp1y dg, ey dp_l}.
Suppose that
Z;;+2 ¢ {dg, ey dp_l}.

Now it is easy to construct the corresponding ultrafilters a7,...,a},bj,...,b}. Let us

list them in pairs: (a7, 1) = (a1, b1), (a3, b3) = (a2, b2), (a3,b3) = (ba, d3), ..., (@) 1, b}, ;) =
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a; a, as G 0y Zp41
*—o
*——=0 *——=o
b, b, by d, b, ds b, dy_y
0y 2 le+z 043 ap-1
J
bp+3 bn—l
Figure 3 Construction of ultrafilters a7, ..., ay, b}, ..., b}.

(bp,dp—l): (ﬂf),b;) = (ap+lrzp+l)7 (a;rpb;rl) = (a3rd2)7 (ﬂ;+2’b2+2) = (b3rc2)r (ﬂ2+3:b2+3) =

(@043, bp43), s (@51, by, 1) = (@n-1,bu1), (a3, b)) = (@42, 2,,,,), see Figure 3. O

4 Combinatorial theorems
In this section we consider for each n € N* a matrix 91(n) which has 7 rows and R,
columns. We denote by a{‘ the element of 2(#) in the ith row and the kth column. The
following holds:

(1) af eN;

(2) for any oclk > 0, there exists af/ such that ozlk = af/ and k # k.
We denote by w(1(n), i) the number of nonzero elements in the ith row of 9i(n). It is clear
that

0 < w(M(n),i) < Ro.

Definition 4.1 A matrix 21(») is said to be saturated if there exist pairwise distinct natural

. 14
numbers ky, ki,...,k,, k, such that Olf’ =q;' >0 foreach i e [1,n].

Definition 4.2 For each n € N*, denote by v'(n) the minimal natural number such that if

for some matrix 9t (n) we have w(91(n), i) > v'(n) for each i € [1, n], then M(») is saturated.
We suppose that v'(n) € N* since, obviously, v'(n) < Ro.
It is easy to prove that v(n) = v’(#n). Therefore, by Theorem 2.1, the following theorem is

true.

Theorem 4.3 If for some matrix 9M(n) we have

foreach i € [1,n], then 9(n) is saturated.
The following theorem is a particular case of the well-known theorem of Ramsey [12].

Theorem 4.4 Consider a set S, #(S) = n € N*, and let T be the family of all two-element
subsets of S. We divide T into two disjoint sub-families T1, T. Fix a natural number i > 2.

Page 15 of 19
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We claim that there exists the minimal number R(i) € N* such that if n > R(w), then there
existsa set S' C S, #(S') = wu, and either all two-element subsets of S’ belong to Ty or they all
belong to T,.

In the formulation of the following theorem, we use the number R(x) from Theorem 4.4.

Theorem 4.5 Consider a matrix M(n), and fix a natural number . > 2. Let

forany i€ [1,n], and n> R(u). Then
(1) there exist pairwise distinct natural numbers

/ /
ki ki ks ko,

such that af" = af(i >0 and k; < k' foreach i € [1,n];

(2) there exists a family of segments
D [k K} o

#(D) = p, and one of the following two cases holds;
(a) ifh, I, € D are distinct, then L NI, = ¥
(b) ND#9.€

Proof Let us use the notation of Theorem 4.4. By Theorem 4.3 there exists a correspond-

ing family of segments

S= {[/<irk£]}i5n'

Let T be the family of all subsets of S with the exact two elements. Divide T into two
disjoint sub-families 77, T. Let T} be the family of pairs of disjoint segments. Let T be
the family of pairs of distinct joint segments. By Theorem 4.4 there exists a family D C §
such that #(D) = u and all pairs of distinct segments from D belong either to T3 or to T5.
If all pairs of distinct segments belong to T3, then it is easy to see that ND # (). O

Remark 4.6 The following well-known result is given, for example, in [13]:

R(p) < (2M_2>.
n—1

Therefore Theorem 4.5 is true if the condition # > R(u) will be exchanged by n > (2:__12)

5 Countable families of ¢ -algebras
In the first nine subsections we present facts from [1] and [2].

Definition 5.1 A point a € X is said to be irregular if for any countable sequence of sets
My,...,Mg,...C BX such that a ¢ M, for all k, we have a ¢ UM,.



Grinblat Journal of Inequalities and Applications (2015) 2015:116 Page 17 of 19

Since a point of X is an ultrafilter on X and, vice versa, an ultrafilter on X is a point of
BX, we will also call an irregular point an irregular ultrafilter. All points of X are irregular.

Definition 5.2 An algebra A is said to be simple if there exists Z C X such that:
1) #(Z) < No;
(2) if Z # 9, all points of Z are irregular;
(3) kerACZ.

The proof of the following theorem is in [2], Chapter 17.

Theorem 5.3 Let Ay,..., Ag,...and By,..., By, ... be two countable families of o -algebras.
Let all algebras Ay be simple, and among the algebras By let there be no simple algebras.
Then there exist pairwise disjoint sets W, Us,..., Uy, ..., V1,..., Vi, ... such that:
(1) ker Ax € W for each k;
(2) for each k € N*, the following holds: if a set Q contains one of the two sets Uy, Vi and
intersection with the other set is empty, then Q ¢ By.

Remark 5.4 The Gitik-Shelah theorem is essentially used in the proof of Theorem 5.3.
Under the assumption that the continuum hypothesis (X; = 2%) is true, the proof of The-
orem 5.3 essentially uses not the nontrivial Gitik-Shelah theorem but the rather simple
Alaoglu-Erdos theorem.

Definition 5.5 The set {a € ker.A | a is an irregular point} is called the spectrum of an
algebra A and is denoted sp.A.
It is clear that if A is a simple algebra, then #(sp.A) < Ro.

The proof of the lemma below is in [2], Chapter 7.
Lemma 5.6 If A is a simple o -algebra, then ker A C sp A.
The proof of the lemma below is in [2], Chapter 7.
Lemma 5.7 If A is a simple o -algebra and a € sp A, then
{bespA|ais A-equivalent to b} # (.
Remark 5.8 If an w-saturated algebra A is a o -algebra, then A is simple and ker A = sp.A.

The proof of the following lemma is easily derived from Lemma 5.7 and arguments in
Remark 1.13.

Lemma 5.9 Let A be a simple but not w-saturated o -algebra A and let v € N*. We can
construct an w-saturated o -algebra A’ such that ker A’ C sp A, #(ker A’) > v, and two ul-
trafilters are A'-equivalent if and only if they are A-equivalent.

Proof of Theorem 2.4 Consider a sequence of integers 7y =0 <n <My <+ <My < ---.
Construct the function ¢ : N* — N* as follows: if k € [n,,_1 + 1, n,,,], where m € N*, then

(k) =4 - nyq + ’7?(”;44 —Hpo1) + M—‘

3
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We can choose numbers ny,#5,...,1,,... such that condition (1) of our theorem is true.
By Theorem 5.3 and Lemma 5.9 we can suppose that all algebras Ay are w-saturated o -
algebras. Put A) = Ay if k € [1,m]. By Theorem 2.1 there exists a set of pairwise distinct
irregular ultrafilters Gy = {s1,t1,...,8u, s }, and s, tx are A -equivalent ultrafilters for each
ke [1,m]. Letk € [m +1,n,] and

E; = {a e ker Ay \ G; | a has Ag-equivalent ultrafilter in ker Ay \ Gy}

We can construct (see Remark 1.13) w-saturated o -algebra Aj and

(1) ker A; = Ey;

(2) two ultrafilters are A -equivalent if and only if they are A;-equivalent.
In view of Remark 1.12, A} O A;. It is clear that

#(ker Ay) > ’7?(112 —m)+ M—‘

By Theorem 2.1 there exist pairwise distinct irregular ultrafilters s,,+1, £y +1 - - - » Suy» Eny» and

Sk, tx are Aj -equivalent ultrafilters for each k € [ + 1, n5]. Put
Ga={sut1,--»Suys bny -

It is clear that #(G,) = 2n,. Consider algebras A,,41,...,.4,,. We can construct corre-
sponding algebras A A, and

nyAlr

ker A, N Gy =,

10 2 —
#(ker Ay) = | — (3 —my) + 205 —12)
3 3
for each k € [ + 1, n3] and so on. Further, we consider algebras A,;.1,...,.4,, and so on.

So we can construct pairwise distinct irregular ultrafilters
Sty e s Sirbicseees

such that s, ; are Ag-equivalent ultrafilters for each k € N*. We can construct a corre-

sponding family of sets {U}, U} }xen+ (see Definition 1.3). O
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Endnotes
3 If #(ker.A) > R, then, as it is shown in [2], #(ker A) > b2l
In footnote a we already noticed that in this case #(ker .A) > 2ZRO .
€ Itis clear that if "D #{,then #(ND) > 2.
d Itis clear that A’ D A (see Remark 1.12).
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