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1 Introduction
For a,b > 0 with a # b, the first and second Seiffert means P(a, b) [1] and T'(a, b) [2] are

defined by
a-b
P(a,b) =
(@) 4.arctan(«/a/b) —
and
a-b
T(a,b) = , 1.1
(@b) 2 arctan[(a — b)/(a + b)] (L1)
respectively.

Recently, both means P and T have been the subject of intensive research. In particular,
many remarkable inequalities for P and T can be found in the literature [3—-9]. The first
Seiffert mean P(a, b) can be rewritten as (see [10, Eq. (2.4)])

a-b

Plab) = Sl b ol

(1.2)

Let H(a,b) = 2ab/(a+b), G(a,b) = vab, L(a,b) = (b — a)/(logh — loga), I(a,b) =
1/e(b?1a®)V -4, A(a,b) = (a + b)/2, Qla,b) = /(a® + b?)/2, Cla,b) = (a®> + b®)/(a + b),
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L(a,b) = (@' + b /(a" + b"), and M,(a, b) = [(a” + b")/2]"" (r #0) and My (a, b) = G(a, b)
be the harmonic, geometric, logarithmic, identric, arithmetic, quadratic, contraharmonic,
rth Lehmer and rth power means of two distinct positive real numbers a and b, respec-
tively. Then both L, (a, b) and M, (a, b) are strictly increasing with respect to » € R for fixed
a,b > 0 with a # b, and the inequalities

H(a,b) =L_1(a,b) = M_i(a,b) < G(a,b) = L_15(a, b)
=My(a,b) < L(a,b) < P(a,b) < I(a,b) < Aa,b) = Ly(a,b)
=Mi(a,b) < T(a,b) < Qla,b) = My(a,b) < C(a,b) = Li(a, b)

hold for all ¢, b > 0 with a # b.
Jagers [11] and Seiffert [2] proved that the inequalities

Mya(a, b) < P(a, b) < Mys(a, b), M(a,b) < T(a,b) < My(a,b)

hold for a, b > 0 with a # b.
Costin and Toader [12] proved that the double inequality

Mays(a, b) < T(a,b) < Ms3(a, b)

holds for a,b > 0 with a # b.
In [13-17], the authors proved that the inequalities
M,(a,b) < P(a,b) < My(a, D), M,(a,b) < T(a,b) < Ms(a,b),

Ly(a,b) < P(a,b) < Lg(a, b), Ly(a,b) < T(a,b) < L(a,b),

b — g+ 1/x bH — gt 1/
P(a,b _ , T(a,b _—
@ “[x(logh—loga)} (@ b[u(logb—loga)}

hold for a,b > 0 with a # b if and only if p <logm/log2, g > 2/3, r <log2/(logw —log2),
$s>5/3,a<-1/6,8>0,0 <0,7>1/3,A>2and u > 5.

Gao [18] proved that « = e/, B =1, A =1 and u = 2e/m are the best possible constants
such that the double inequalities

al(a,b) < P(a,b) < Bl(a,b), M(a,b) < T(a,b) < ul(a,b)

hold for a, b > 0 with a # b.
In [19, 20], the authors proved that the double inequalities

a1C(a,b) + 1 - o1)Gl(a, b) < P(a,b) < p1C(a,b) + (1 - B1)G(a, b),
arA(a,b) + (1 — an)Gla, b) < P(a,b) < BA(a,b) + (1 - B>)G(a,b),
a3C(a,b) + 1 —a3)H(a,b) < T(a,b) < B3C(a,b) + (1 - B3)H(a,b)

hold for a,b > 0 with a #b if and only if oy <2/9, 1 > 1/, ap <2/m, B2 > 2/3, 3 < 2/7
and B3 > 2/3.
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Letp>1/2,g>1, t,t € (1/2,1) and t3, ¢4 € (0,1/2). Then the authors in [21, 22] proved
that the double inequalities

cr [tlll + (1 - tl)b, lflb + (1 - tl)ﬂ]A]_p(d, b)
<T(a,b)<C? [tza +(1=t)b,trb+ (1 - tz)a]Al_”(a, b),
G? [tg&l + (1 - tg)b, tgb + (1 - tg)ﬂ]Al_q(d, b)

<P(a,b) < G4 [tw + (1 —t4)b,tyb+ (1 - t4)a]A1_q(a, b)

hold for a,b > 0 with a # b if and only if 1 < [1 + /(4/7)P - 1]/2, &, > 1/2 + /3p/(6p),
t3 <[1-+/1-(2/m)%4]/2 and t > (1-1/,/34)/2.

Yang et al. [23] proved that the double inequality

Q@b Qb
La@h TP L b

holds for a,b > 0 with a # b if and only if p > 5/3 and g < 1.
Séndor [24] and Jiang et al. [25] proved that the inequalities

G"3(a, b)A*>(a, b) < P(a,b) < %G(a, b)+ %A(a, b), (1.3)
T(a,b) < %C(d, b) + %A(d, b) (1.4)

hold for a, b > 0 with a # b.
In [26], Sdndor found that T'(a, b) is the common limit of the sequences {u,} and {v,}
given by

Uy + vy

up =A(a, b), vo = Q(a, b), Ut =~ Vil = VUnVy (1> 0)

and established a more general inequality

2
Junv? < T(a,b) < o +3 Y (1.5)

for all > 0 and a,b > 0 with a # b. In particular, let # = 0, then (1.4) and (1.5) together
with the identity Q*3(a, b)AY3(a, b) = CY3(a, b)A*>(a, b) lead to

1 2
CY3(a, b)A*>(a,b) < T(a,b) < §C(a, b)+ §A(a, b) (1.6)
for all a,b > 0 with a # b.

Motivated by inequalities (1.3) and (1.6), we naturally ask: what are the best possible
parameters «, 8, A and p such that the double inequalities

o [%G(u, b) + %A(a, b)] +(1-a)GY3(a,b)A*?(a, b)

<P(a,b) < ﬂl:%G(ﬂ, b) + %A(a, b)i| + (1= B)GY3(a,b)A*?(a, b),
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K[%C(ﬂ,b) + %A(a,b)] + (1= A)CY3(a, b)A¥3(a, b)
< T(a,b) < M[%C(a, b) + %A(a,b):| + (1= ) CY3(a,b)A%>(a, b)

hold for all 4, b > 0 with a # b? The purpose of this paper is to answer this question.

2 Lemmas
In order to establish our main results, we need two lemmas, which we present in this

section.

Lemma 2.1 Let g(t) = —p*t® — 2p%t° + 3(p* — 4p + 2)t* + 2(2p* — 9p + 6)t> — (4p* + 6p —
9)t2 + 6(1 — p)t + 3(1 — p). Then the following statements are true:
(1) Ifp=4/5, then g(t) >0 forall t € (0,1).
(2) Ifp =3Im, then there exists Lo € (0,1) such that g(t) > 0 for t € (0, ro) and g(t) < 0 for
t € (Ao, 1).

Proof Part (1) follows easily from
1
HORE-t £)(16£° + 48t* + 90£> + 864> + 45¢ +15) > 0

forall t € (0,1) if p = 4/5.
For part (2), if p = 3/, then numerical computations lead to

272 —127 +9

p2—4p+2=T<0, (2.1)
0?9 g 67 -27m+18 0o
p - p+ - 7T2 < ’ ()
) 972 +187 +36
ap’ +6p-9= ————— >0, (2.3)
b
3(r-3
g(0) = & )>0, (2.4)
9(4m —15
g) = Slar ~15) <0, (2.5)

g2 ) = -6p°t> —10p*¢* +12(p* — 4p + 2)¢°
+6(2p> = 9p +6)t” - 2(4p> + 6p - 9)t + 6(1 - p),

6(r -3)

£(0) = >0, (2.6)

84w — 360
=<
T

g 0, (2.7)
g'(t) = -30p°t* — 40p*® + 36(p* — 4p + 2)1°

+12(2p* - 9p + 6)t - 2(4p* + 6p - 9). (2.8)

It follows from (2.1)-(2.3) and (2.8) that ¢’ is strictly decreasing on (0,1). Then (2.6) and

(2.7) lead to the conclusion that there exists A; € (0,1) such that g is strictly increasing on
(0, 11] and strictly decreasing on [A4,1).
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Therefore, part (2) follows from (2.4) and (2.5) together with the piecewise monotonicity
of g'. O

Lemma 2.2 Let h(t) = q(q + 3)t* + 2q(q + 3)t® — 3(g> — 6q + 1)t> — 2(24> — 9q + 3)t + 44°.
Then the following statements are true:
(1) Ifq=1/5, then h(t) > 0 for t € (1, v/2).
(2) Ifq=[3(2m —4)]/[(3¥2 - 4)] = 0.1814...., then there exists j1o € (1, v/2) such
that h(t) < 0 for t € (1, o) and h(t) > 0 for t € (1o, v/2).

Proof Part (1) follows easily from

4(t-1)

o =—¢

(48 +12¢% +15t - 1) > 0

forall £ € (1, v/2) if g = 1/5.
For part (2), if ¢ = [3(v/27 — 4)]/[(3+/2 — 4)7], then numerical computations lead to

q* —6q+1=-0.0556...<0, (2.9)
h(1) =9(5¢-1) = -0.836... <0, (2.10)
h(V/2) =0.548...> 0, (2.11)
H(t) =4q(q +3)t* + 6q(q + 3)t* — 6(q* — 6q + 1)t — 2(2¢° — 9q + 3). (2.12)

It follows from (2.9) and (2.12) that

H(t) > 4q(q +3) + 6q(q + 3) - 6(q* — 69 +1) —2(24* = 9q + 3)
—12(7g-1)=3.239...50 (2.13)

for ¢t € 1, J2).
Therefore, part (2) follows easily from (2.10) and (2.11) together with (2.13). O

3 Main results
Theorem 3.1 The double inequality

a[%G(ﬂ, b) + gA(a, b)] +(1-a)GY3(a,b)A*3(a, b)
<P(a,b) < ﬁ[%G(a, b) + %A(a, b)j| +(1- B)GY3(a,b)A*>(a, b)

holds for all a,b > 0 with a # b if and only if « <4/5 and B > 3/x.

Proof Firstly, we prove that the inequalities
411 2 L s 2/3
P(a,b) > —| =G(a,b) + =A(a,b) | + =G "°(a,b)A”"°(a, b), (3.1)
513 3 5
311 2 3\ 2/3
P(a,b) < - gG(a,b)+ gA(a,b) +(1- - G"°(a,b)A*"(a, b) (3.2)

hold for all ¢, b > 0 with a # b.
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Since P(a, b), A(a,b) and G(a,b) are symmetric and homogenous of degree 1, without
loss of generality, we assume that a > b. Let x = (@ — b)/(a + b) € (0,1) and p € (0,1). Then
(1.2) leads to

Plab) Gab)  r—s
A(a,b)  arcsin(x)’ A(a,b) 1-4%

P(a,b) — GY3(a, b)A*?(a, b)
G(a,b)/3 +2A(a, b)/3 — G'3(a, b)A?3(a, b)

x/ arcsin(x) — /1 — x2

T3+ VI3 V- (3.3
im x/ arcsin(x) — v/1 — x2 _4 (3.4)
>0 2/3 4 V1-a2/3— S1—a2 5 '
im x/ arcsin(x) — v/1 — &2 3 35)
=123 /1-a2/3-V1-a2 7 '
P(a,b) —p[%G(ﬂ, b) + %A(ﬂ, b)] — (1-p)GY3(a,b)A*>(a, b)
:A(a,b)|: z —p(lvl—x2+z)—(l—p)v61—x2]
arcsin(x) 3 3
_ Ala,b)[p(2 + V1 - le) +3(1 - p)V1-«u?] G, 3.6)
3 arcsin(x)
where
3x
Glx) = _ arcsin(x),
() D) 230 arcsin(x)
G(0) =0, (3.7)
3 n
GQ1) = E -3 (3.8)
_ Y1422
&) d-vi-27) (V1=2), (3.9)

) S -22)5[p2+v/1-2%) +3(1 - p)V1 —xz]zg

where the function g(-) is defined as in Lemma 2.1.
We divide the proof into two cases.
Case 1. p = 4/5. Then (3.1) follows easily from (3.6), (3.7), (3.9) and Lemma 2.1(1).
Case 2. p = 3/m. Then Lemma 2.1(2) and (3.9) lead to the conclusion that there exists
%0 € (0,1) such that G is strictly decreasing on (0, %] and strictly increasing on [xo,1).
Note that (3.8) becomes

G() = 0. (3.10)
It follows from (3.7) and (3.10) together with the piecewise monotonicity of G that
G(x) <0 (3.11)

forallx € (0,1).



Chu et al. Journal of Inequalities and Applications (2015) 2015:44 Page 7 of 9

Therefore, (3.2) follows from (3.6) and (3.11), and Theorem 3.1 follows from (3.1) and
(3.2) in conjunction with the following statements.

o Ifa > 4/5, then equations (3.3) and (3.4) lead to the conclusion that there exists
0 < 8; < 1 such that P(a, b) < «[G(a, b)/3 + 2A(a, b)/3] + (1 — «)G"3(a, b)A*>(a, b) for
all 4, b > 0 with (a — b)/(a + b) € (0, 61).

« If B < 3/m, then equations (3.3) and (3.5) imply that there exists 0 < 8, < 1 such that
P(a,b) > B[G(a,b)/3 + 2A(a, b)/3] + (1 - B)G"3(a, b)A*>(a, b) for all a,b > 0 with
(@a=b)l(a+b)e(1-25,1). O

Theorem 3.2 The double inequality
1 2 1/3 2/3
A gC(a, b) + gA(a, b)|+(1-21)C"(a,b)A""(a,b)
1 2 1/3 2/3
<T(a,b)< gC'(a, b) + gA(a, b)|+(1-w)C"(a,b)A”"(a,b)

holds for all a,b > 0 with a # b if and only if A < [3(~/27m — 4)]/[(3v/2 — 4)] = 0.1814...
and jt > 1/5.

Proof Let A* = [3(~/21 — 4)]/[(3+/2 — 4)7r]. Firstly, we prove that the inequalities
11 2 4 s 2/3
T(a,b) < = §C(a, b) + §A(a, b)|+ gC (a,b)A™"(a, b), (3.12)
1
T(a,b) > \* |:§ C(a,b) + %A(a, b)i| + (1 - A*)Cl/s(a, b)AY3(a, b) (3.13)

hold for all 4, b > 0 with a # b.

Since T'(a,b), A(a,b) and C(a, b) are symmetric and homogenous of degree 1, without
loss of generality, we assume that a > b. Let x = (a — b)/(a + b) € (0,1) and g € (0,1). Then
(1.1) leads to

T(a,b)  «x Cla, b) 2
A(a,b)  arctan(x)’ Ala, b)
T(a,b) — CY3(a, b)A*3(a, b)
C(a,b)/3 + 2A(a,b)/3 — CY3(a, b)A%3(a, b)

x/ arctanx — /1 + x2

(3.14)
2/3+ A+42)/3-I1+a2
— N a2 1
fim x/ arctan x 3+ x = (3.15)
#>0"2/3 4 (1+x2)/3-/1+a% 5
Ny a?
lim x/ arctanx +x -, (3.16)
=17 2/3 1+ (1 +42)/3 — V1 + x2
1
T(a,b) - q[g Cla,b) + gA(a, b)} - (1-q)C"*(a,b)A*"(a, b)
X q 2 3/
:A(a,b)[ -2(B3+4*)-(1-9q) 1+x2]
arctan(x) 3
_ A, 2 1-q)V1+42]
(a,0)[g(3 +x%) +3(1 — ) V1 +4°] H(x), (317)

3arctan(x)
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where
3x
H ) - ’
(%) q(3+x2) +3(1 - q)m arctan(x)
o (3.18)
3 b4
"= sy & .
e I e (Vi+a2), (3.20)

_ h
(1+x2)[q(3 +x2) +3(1 - q)\/3 1+x2]2

where the function 4(-) is defined as in Lemma 2.2.
We divide the proof into two cases.
Case 1. g = 1/5. Then (3.12) follows easily from Lemma 2.2(1), (3.17), (3.18) and (3.20).
Case 2. g = A*. Then Lemma 2.2(2) and (3.20) lead to the conclusion that there exists
x* € (0,1) such that H is strictly increasing on (0, x*] and strictly decreasing on [x*,1).
Note that (3.19) becomes

H(Q) =0. (3.21)

Therefore, (3.13) follows from (3.17), (3.18), (3.21) and the piecewise monotonicity of H,
and Theorem 3.2 follows from (3.12) and (3.13) in conjunction with the following state-
ments.
« If u < 1/5, then equations (3.14) and (3.15) lead to the conclusion that there exists
0 < 83 <1 such that T(a, b) > u[C(a, b)/3 + 2A(a, b)/3] + (1 — u)C"3(a, b)A*3(a, b) for
all a,b > 0 with (a - b)/(a + b) € (0, 33).

o If A > 1%, then equations (3.14) and (3.16) imply that there exists 0 < §4 <1 such that
T(a,b) < L[C(a,b)/3 + 2A(a, b)/3] + (1 = L)CY3(a, b)A*3(a, b) for all a,b > 0 with
(@a—=b)/(a+b) e -384,1). O
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