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1 Introduction

Consider the following DC infinite optimization problem:

Min f(x) - g(x),
P) s.t. filx)-gx)<0, teT, (1.1)
xeC,

where T is an arbitrary (possibly infinite) index set, C is a nonempty convex subset of a
locally convex Hausdorff topological vector space X and f,g,f,,g : X — R := R U {+00},
t € T, are proper convex functions. This problem has been studied extensively by many
researchers. For example, the authors in [1-11] studied Lagrange dualities, Farkas lemmas,
and optimality condition in the case when g = g; = 0, £ € T and the authors in [12] estab-
lished the Fenchel-Lagrange duality in the case when X = R” and T is finite, and Sun et
al. gave some dualities and Farkas-type results in [13, 14]. In particular, the authors in [15]
defined the dual problem of (1.1) by

(D) sup inf L(w%A), (1.2)
}»ER&T) w*eH*

where H* = domg* x [[,.;domg}, and the Lagrange function L : H* x R - R for (1.1)
is defined by

*
L(w*,2) =g*(u*) + Zktg;“ ) - (f +8c+ Z)‘Eﬁ) (u* + E Atv;‘) (1.3)

teT teT teT
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for any (w*, 1) € H* x RE,T) with w* = (u*, (v})) e H* and A = (A¢) € R&T), and they estab-
lished some Lagrangian dualities between (P) and (D).

Usually, the main interest for the above optimization problems is focused on two aspects:
one is about strong Lagrangian duality and the other is about total Lagrangian duality. For
the strong Lagrangian duality for problem (1.1), one seeks conditions ensuring

@ -g@) = may, ol 102 .

and, for the problem of total Lagrangian duality, one seeks conditions ensuring the follow-

ing equality holds:
. B _ . .
min {f(x) —gx)} Arilﬂg;) jnf L(w*, 1), (1.5)

where A := {x € C: fi(x) — g¢(x) < 0,for each ¢t € T}. To establish the strong Lagrangian
duality, the authors in [15] introduced the following constraint qualification (the conical

(WEHP)):
epi(f —g+84)" = U < m (epi<f+ S+ Z)“‘ft) = (g ("))
)Le]RgT) (w*,v*)eH* teT
~Ynbh )
teT

and to consider the total Lagrangian duality, the authors in [16] introduced two constraint
qualifications: the quasi-(WBCQ)

0 -g+sW< | ( N (a(f+5c+ > )w:ft)(x)—u*— > Atv;">>,

AGRS.T) (u*,v*)€dH (x) teT(x) teT(x)

and the (WBCQ)

of -g+s)w < ( N (a(f+ac+ > m)(x)-u*— > Atv;‘)>,

)\eR(p (u*,v*)eH* teT(x) teT(x)

where 9H (x) := 9g(x) x [[,cr 0g:(x), for each x € X and T'(x) := {t € T : f(x) — g:(x) = 0}.

In this paper, we continuous to study the general case, that is, C is not necessarily closed
and f, g, f;, g, t € T, are not necessarily Isc. Our main aim in the present paper is focused
on the relationships among the conical (WEHP), the quasi-(WBCQ), and the (WBCQ).
The paper is organized as follows. The next section contains some necessary notations
and preliminary results. In Section 3, some relationships among the conical (WEHP), the
quasi-(WBCQ), and the (WBCQ) are obtained and some examples illustrating the rela-
tionships are given.

2 Notations and preliminaries
The notations used in this paper are standard (cf [17]). In particular, we assume through-
out the whole paper that X is a real locally convex space and let X* denote the dual space
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of X. For x € X and x* € X*, we write {(x*,x) for the value of x* at x, that is, (x*,x) := x*(x).
Let Z be a set in X. The closure of Z is denoted by cl Z. If W C X*, then cl W denotes the
weak*-closure of W. For the whole paper, we endow X* x R with the product topology of
w*(X*, X) and the usual Euclidean topology.
The normal cone of Z at zy € Z is denoted by Nz(zp) and is defined by
Nz(zp) = {x* exX*: (x*,z —zo> <Oforallze Z}.

The indicator function §z of Z is defined by

5(x) = 0, x€eZ,
2 +00, otherwise.

Let f be a proper function defined on X. The effective domain, the conjugate function, and
the epigraph of f are denoted by domf, f*, and epif, respectively; they are defined by

domf := {xeX:f(x) < +oo},

S5 (x*) = sup{(x*,x) - f(x) :x € X}, for each x* € X*,
and
epif = {(xr) e X xR:f(x) <r}.

It is well known and easy to verify that epif™* is weak*-closed. The closure of f is denoted
by clf, which is defined by

epi(clf) = cl(epif).
Then (cf [17, Theorems 2.3.1]),

£ =l 21)
By [17, Theorem 2.3.4], if clf is proper and convex, then the following equality holds:

™ =clf. (2.2)
Let x € X. The subdifferential of f at x is defined by

af (x) := {x* eX*:f(x)+ (x*,y —x) <f(y),foreachye X} (2.3)
if x € domf, and 9f (x) := ¥ otherwise. We also define

domdf = {x € X : 9f (x) # 0},
and

Imof = {x* € X" :x* € 9f (x) for some x eX}.
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By [17, Theorems 2.3.1 and 2.4.2(iii)], the Young-Fenchel inequality below holds:

f@&) +f*(x*) = (x,2*), for each pair (x,x*) € X x X*, (2.4)
and the Young equality holds:

f&) +/*(x*) = (x*,x) ifandonlyif x*€of(x). (2.5)

Furthermore, if g, / are proper functions, then

epig* +epih* Cepi(g + h)*, (2.6)

g<h = g'>h" <& epighCepih’ (2.7)
and

dg(a) + dh(a) C 9(g + h)(a), for each a € domg N dom#. (2.8)

We end this section with the remark that an element p € X* can be naturally regarded
as a function on X in such way that

px) = (p,x), foreachwxeX. (2.9)
Thus the following fact is clear for any 4 € R and real-valued proper function f:
epi(f + p +a)" =epif” + (p,-a). (2.10)

3 Relationships among constraint qualifications

Let X be a real locally convex Hausdorff vector space, and C € X be a convex set. Let T
be an index set and let f, g, f;, g, t € T be proper convex functions such that f — g and
ft — g, t € T, are proper functions. Here and throughout the whole paper, following [17,
p-39], we adapt the convention that (+00) + (—00) = (+00) — (+00) = +00, 0 - (+00) = +00,
and 0 - (—o0) = 0. Then

¢ #domf Cdomg and @ +#domf; C domg;. (3.1)

Let A # ) be the solution set of the following system with the assumption that A N dom(f —
g) is nonempty:

x€C; fix)—g(x) <0, foreachteT, (3.2)
and let A be the solution set of the following system:
x€C; filx)—clg(x) <0, foreachtzeT. (3.3)

Then A¢! C A. Following [18], we use R() to denote the space of real tuples A = (;) with
only finitely many A, # 0, and let R{" denote the nonnegative cone in R, that is,

R :={r =) eRD 2, >0,foreachte T}
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For simplicity, we denote

H*:=domg* x l_[domg;k

teT

and

9H (x) := 9g(x) x 1_[ dg;(x), foreachxe X.

teT

To make the dual problem considered here well defined, we further assume that clg and
clg, t € T, are proper. Then H* # (. For the whole paper, any elements A € R and v* €
[1,cr domg’ are understood as A = (A;) € R and v* = (v}) € [[,. domg, respectively.
Following [15], we define the characteristic set K for the DC optimization problem (1.1) by

K= < N <epi<f +8c+ Z,\Eft>* ~ (g (")) - Zkt(vf,gf(v’f)))),

AER&T) (u*,v*)eH* teT teT
(3.4)
where we adopt the convention that (1,4 S; = X (see [17, p.2]). Below we will make use of
the subdifferential d/(x) for a general proper function (not necessarily convex) #: X — R;
see (2.3). Clearly, the following equivalence holds:
%o is a minimizer of /1 if and only if 0 € 9/A(xo). (3.5)

For each x € X, let T'(x) be the active index set of system (3.2), that s,

T(x):={t € T:fi(x) - g(x) = 0}.

Define N'(x) by
N'@:= ( N (a(f+5c+ > m)(x)-u*- > m;‘)) (3.6)
Ae]RgT) (u*,v*)eH* teT(x) teT(x)

and define Nj(x) by

Ny = < N (8<f+8C+ > m)(x)—u*— > m;‘)). (3.7)

)Le]RErT) (u*,v*)€dH (x) teT(x) teT(x)
Then, for each x € X,
N'(x) € Ny(x).

Definition 3.1 The family {f,g,8c;f:,g: : t € T} is said to satisfy
(a) the lower semi-continuity closure ((LSC)) if

epi(f —g +84)" =epi(f —clg + 8,4a)%; (3.8)
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(b) the conical weak epigraph hull property (WEHP)) if

epi(f —g+684)* =K; (3.9)
(c) the quasi-weakly basic constraint qualification (the quasi-(WBCQ)) at x € A if

A(f — g +84)(x) S Ny(x); (3.10)
(d) the weakly basic constraint qualification (the (WBCQ)) at x € A if

A(f —g +84)(x) S N'(x). (3.11)

It is said that the family {f,g,dc;fi. g : £ € T} satisfies the quasi-(WBCQ) (resp. the
(WBCQ)) if it satisfies the quasi-(WBCQ) (resp. the (WBCQ)) at each point x € A.

Remark 3.1
(a) The notions of (LSC) and the conical (WEHP) were introduced in [15] and the
quasi-(WBCQ) and the (WBCQ) were taken from [16].
(b) Recall from [3, 4] that the family {dc;f; : t € T} has the conical (WEHP); if

epi(f +84)* = U epi(f +68c + Z)\zft) (3.12)
keRiT) teT

and has the (WBCQ)r at x € domf N A if

A(f +684)(x) = U 8<f +8c + ZA,f,) (x). (3.13)

AeRgT) teT
Yter Mft(x)=0

Thus, in the special case when g = g; = 0, t € T, the conical (WEHP) coincides with the
conical (WEHP)y for the family {éc;f; : t € T} and the quasi-(WBCQ) and (WBCQ) are
reduced to the (WBCQ)s for the family {8¢;f; : t € T'}.

Theorems 3.1 and 3.2 characterize the relationships among the quasi-(WBCQ), the
(WBCQ), and the conical (WEHP).

Theorem 3.1 The following implication holds:

[epi(f —g+84)" C K] = the quasi-(WBCQ). (3.14)
Consequently,
the conical ( WEHP) —>  the quasi-(WBCQ). (3.15)

Proof Suppose that epi(f — g + 84)* C K. To show the quasi-(WBCQ), let xo € A and let
x* € d(f — g+ 84)(x0). Then, by (2.5),

(5",%0) = (f = g + 84)(x0) = (f = g + 84)" ().
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This implies that
(", (x",x0) = (f =g + 8a)(w0)) € epi(f —g +84)" S K.

Hence, there exists A € Rg) such that, for each (u*,v*) € 0H(xo),

(x*’<x*,x0)—(f—g+8A)(x0))eepi(f+8c+2)%ft) —(u*, g ( ZA vig (Vi)

teT teT

Let (u*,v*) € 9H(xo). There exists (x{,71) € epi(f + 8¢ + ), Aft)" such that

K=ot = Ay (3.16)
te]
and
(x*,xo) (f —g +84)(xo) =11 — Zktgt vt (3.17)
te]

where J := {t € T : A, # 0} is a finite subset of T. Below we only need to show that x{
A(f + 8¢ + sy Mf)(x0) and J € T(xo). To do this, note by the definition of epigraph, one
has

(f +8c + ka>*(xf) <rn. (3.18)

te]

Note that (u*, v*) € 0H (xo), it follows from (2.5) that
glxo) +g° (u*) = (u*,xo) and gi(xo) + g/ (V’;) = <V’:,x0), foreachte T. (3.19)

This together with (3.16), (3.17), and (3.18) implies that

(f+8C+ZAtft)*(xl

te]
< (" %0) = (f —g +84)(x0) + g%( Z)\tgt Vi)
te]
< <xi‘ - - ZMZ‘»xo> - (f—g+ Sc+ Y hlfi —gr)>(xo)
te] te]

+ lektgf (v7)

<t 0) - (f csc+ Zktﬂ)(xo) + {olro) — (i x0) + g (1)
te]
£ hefleo) - (v o) + £ (7))

te]

= (xi‘,x()) - (f +8c + Z)»J,)(xo),

te]
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where the second inequality holds because x, € A. Hence,

(f+5c+2m) (f+ac+2m>(xo) (et o)

te] te]

since

(f +8c + Zktﬁ)*(xf) > (x},%0) - <f +8c + Zm) (x0)

te] te]

holds automatically by the Fenchel-Young inequality (2.4). Therefore, by (2.5), x* € 9(f +
S¢ + Zte] Aeft)(x0). To show J € T'(xp), note that xy € A, then

(f+8c+2)»tft) (xf) §(x*,x0>—f(x0)+g x0) +g Z)»tgt vt

te] te]

and

(f+8c+ZAtﬁ) () = (x5, 20) = £ (x0) = D _ Afelovo).

te] te]

Thus, by (3.16) and (3.19), we have

f(x0) — glxo) — {x*,x0) < g*( Z)”tgt Vi) (f+5€+2)‘tft) (1)

te] te]

Zktgt Vt xl,xo +f(x0) + quﬂ(xo)

te] te]

= f(x0) — g(x0) — (", x0) + Y _ Ae(fi(x0) — ge(ao))

te]

<f(x0) — g(x0) — <x*,x0>.

Since A; > 0 and f;(xo) — g:(%0) < O, for each ¢ € J, it follows that A.(f;(x0) — g:(x0)) = 0, that
is, fe(x0) — gi(x0) = 0, for each t € J. Thus, ] € T(x¢) and hence the quasi-(WBCQ) holds.

O
Theorem 3.2 Ifdom(f — g+ 84)* Cima(f — g+ 84), then
the (WBCQ) => [epi(f —g+84)* SK]. (3.20)
Furthermore, if the (LSC) holds, then
the (WBCQ) = the conical (WEHP). (3.21)

Proof Suppose that dom(f —g+384)* € imd(f —g+34) and that the (WBCQ) holds. To show
epi(f—g+84)* CK,let (x*, &) € epi(f —g+84)*. Since x* € dom(f —g+84)* Cima(f —g+384),
it follows that there exists xy € dom(f — g) N A such that x* € 3(f — g + 4)(x0) S N'(x0),
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thanks to the assumed (WBCQ). This means that there exists A € R(),T) such that, for each
(u*,v*) € HY,

x* e 8<f+8c + Z)»,ft>(x0) —u* —Zktv;"
te] te]

for some finite subset ] C T'(x¢) and {A,} C R with A; > 0, for each ¢ € J. Let (u*,v*) € H*.
Then there exists x] € d(f + ¢ + Zte] Afz)(x0) such that

X =K —u - Z Avy. (3.22)

te]

By the Young equality (2.5), we have

(x5, %0) = (f +dc+ ZM:) (f +8c + Zm)(xo) (3.23)

te] te]

and

(", 20) = (f — g+ 8a)" (x*) + (f — g + 84)(x0) < & +f(x0) — g(x0), (3.24)

where the last inequality holds because of (x*, &) € epi(f —g+84)* and xy € A. This together
with (3.22) and (3.23) implies that

(f +8c+ Z)\tﬁ)*(xf) < (u*, %) + Zkt(v;‘,x0> +a = glxo) - Z)\zft(xo)

te] te] te]

<a+g"( th v;) Z)\t(ﬂ(xO) - g(x0))

te] te]

—0t+g th Vt

te]

where the second inequality holds by the Fenchel-Young inequality and the last equality
holds because J C T'(xg). This means that

<x1,ot+g D IrA ) >eepi<f+5c+2m)*.

te] te]
Hence,
() = (sf000 () + Ll ) g ) = o (7)
te] te]
%
€ epl(f+5c+Z)\.tft> - ,g Z)\-t Vtrgt Vt
te] te]

and so (x*,«) € K by the arbitrary of (u*,v*) € H*. Therefore,

epi(f —g+384)" € K. (3.25)
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Furthermore, we assume that the (LSC) holds. Then (3.8) holds. By [15, Lemma 3.1], we
see that

k=[] (f—clg+8c+Z)\t(ft—c1gt))*; (3.26)

AE]R(,,T) teT

while by [3, (3.5)],

U (f —clg+éc+ Z Melfe — clgt)> Cepi(f —clg + 84a)™ (3.27)
)»E]R&T) teT

Combining (3.26), (3.27) with (3.8), we have

K Cepi(f —g+84)". (3.28)
Hence, by (3.25), the conical (WEHP) holds and the proof is complete. O
Remark 3.2 By [16, Remark 3.2], we see that

the (WBCQ) — the quasi-(WBCQ)
and by Theorems 3.1 and 3.2, we get

[the (WBCQ) & dom(f —g +84)* Cima(f — g + §4) & the (LSC)]

= the conical (WEHP) — the quasi-(WBCQ).

By Theorems 3.1 and 3.2, we get the following corollary directly, which was given in [4,
Proposition 3.1]. Note that the conical (WEHP); and the (WBCQ); for the family {¢;f; :
t € T} were introduced in [3, 4]; see also Remark 3.1(ii).

Corollary 3.1 For the family {8¢;f; : t € T}, the following implication holds:
the conical ( WEHP); =  the quasi-(WBCQ)r

and
the conical ( WEHP); <=  the quasi-(WBCQ)y

ifdom(f +84)* Cima(f + 84)-

The following example illustrates (3.14) and shows that the quasi-(WBCQ) in (3.14) can-
not be replaced by the (WBCQ).

Example 3.1 Let X = C:=R and let T = {1}. Define f,g,fi, g1 : R — R, respectively, by

-0 0, x>0,
) x — ’
fx):= * glx):=11, x=0, foreachxeR,
+00, x<0,
+00, x<0,
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Jfi:=8[0,+00) and g := 0. Then f, g, fi, and g1 are proper convex functions and A = [0, +00).
Note that, for each x € R,

X, x>0,
f-g+8a)x)=1-1, x=0,
+00, x<0,

and f + §c + Afi =f holds, for each A > 0. Then, for each x* € R, g* = §(_o0,0),

(f—g+8A)*(x*)={L vt

+00, x*>1,
and, for each A > 0,

0, x* <1,

+00, «x*>1.

(f +8c +M)*(x") = {
This means that domg* = (o0, 0],

epi(f —g +84)* = (~00,1] x [1, +00)
and

epi(f + 8¢ + AMi)* = (—o0,1] x [0,+00), foreach A > 0.

Hence

K= U( ﬂ (epi(f + 8¢ + AA)* - (u*,g*(u*)))) = (—00,1] % [0, +00).

A>0 “u*e(-00,0]

This implies that epi(f — g + §4)* C K. Moreover, it is easy to see that, for each x € A4,

{0}, x>0,

8g(x)={ﬂ ‘0

and, for each A > 0,

1, x>0,

Af —g+84)x) = 0(f +8c + Mi)(x) = [(_oo, 1], x=0.

Hence, for each x € A,

N(’)(x):U( ﬂ (3(f+8c+klﬁ)(x)—u*)> - {Il&: x>0,

A>0 “u*edg(x) x=0,

and

N/("):U( M (3(f+80+klﬂ)(x)—u*)):[®’ x>0,

A>0 “u*edomg* (_Oox 1], x=0.
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This means that d(f — g + 84)(x) € Ny (x) but d(f — g + 84)(x) € N'(x), for each x € A. Thus,
the quasi-(WBCQ) holds but not the (WBCQ).

Example 3.2 illustrates Theorem 3.2 and Example 3.3 shows that the condition (LSC) is
essential for (3.21) to hold.

Example 3.2 Let X = C:= R. Definef,g,fi,g : R — R, respectively, by f = fi = g:= 8_oo0)s

g1:=0. Then f, g, fi, and g are proper convex functions. Consider the system (3.2) with
T := {1}. Then one sees that

A= {x eR:filx) —gx) < 0} = (—00,0].
It is easy to see that

f-g+84=64 and (f—g+684)" =6/0,400)-
Hence,

dom(f — g +84)* = [0, +00),
and, for eachx € A,

{0}, x<0,
[0, +00), x=0.

O(f —g +684)(x) = Na(x) = :

This implies that dom(f — g + §4)* € imd(f — g + 84). Note that g = 80}, £* = 8[0,400), and
(f + M1)* = 8[0,400), for each A > 0. It follows that, for each x € A,

'(x) = PPN R UF x<0,
N(x)—g)(u*egoo)(NA(x) ”)>‘[[o,+oo), w0

Thus, d(f — g + 84)(x) = N'(x) and the (WBCQ) holds. Therefore, by Theorem 3.1, we see
thatepi(f —g +64)* € K. Moreover, since g is Isc, it follows that the (LSC) holds. Therefore,
by (3.21), one sees that the conical (WEHP) holds. In fact, it is easy to see that

epi(f —g +84)* = [0, +00) x [0, +00)

and

K= U( ﬂ (epi(f + Af)" - (u*,g*(u*)))> =0, +00) x [0, +00).

A>0 “u*€[0,+00)

Example 3.3 Let X = C := R. Define f,g,fi,& : R — R as in [15, Example 3.1], that is,
f=f:1=08o00), & :=0and, for each x e R,

0, x<0,
g(x) = 11 X = 0)
+00, x>0.
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Then f, g, fi, and g; are proper convex functions. Consider the system (3.2) with 7 := {1}.

Then one sees that
A={xeR:filx) - @i(x) < 0} = (-00,0].
It is easy to see that, for each x € R,

0, x<0,
(f-g+d4)x)=4-1, «x=0,
+00, x>0,

and, for each x* € R,

1, x* >0,

+00, x*<0.

(f - g+ 64" (+°) - {
Moreover, for each x € A, we see that

x <0,

Af —g+84)(x) = [Qj’

[0, +00), x=0.

Thus, dom(f — g + 64)* Cimd(f — g + 84). Note that gi' = 8j0}, £ = 5[0,+00), and (f + Afi)* =
8[0,+00), for each A > 0. It follows that, for each x € A,

N'(x) = U( N (Nat)- u*)) - {{0}’ x<0,

A>0 “u*e[0,+00) [0,+00) x=0.

Therefore, the (WBCQ) holds. However, the conical (WEHP) does not hold as shown in
Example 3.1 in [15]. Actually, the family {f,g,5¢;fi,g: : £ € T} does not satisfy the (LSC),

since
epi(f — g +84)* = [0, +00) x [1,+00);
but

epi(f —clg +384)" = [0, +00) x [0, +00).
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